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Unobservable systems are ubiquitous in practical engineering ap-

plications and have attracted sustained attention in the control

field. Unobservability typically results from limited sensor number

or placement, inability to directly measure certain states, signal

loss or communication delays, and rank deficiencies in the obser-

vation matrix caused by complex system structures. These issues

arise in many applications, including rocket engine start-up, co-

operative control of unmanned systems, power system monitor-

ing, and industrial processes. Under such conditions, conventional

methods such as the Luenberger observer and the Kalman filter [1],

which rely heavily on system observability assumptions, may be-

come unreliable or inapplicable. Therefore, achieving effective and

accurate state estimation for unobservable systems has become an

important and open problem in modern control theory.

To address this issue, existing research on state estimation for

unobservable systems mainly focuses on system decomposition

methods [2], Petri net-based approaches [3], and data-driven or

deep learning techniques [4]. System decomposition methods aim

to partition an unobservable system into observable and unobserv-

able subsystems and then design observers to estimate the states

of the observable components. Petri net-based methods emphasize

the modeling and analysis of logical behaviors, state transitions,

and event-triggering mechanisms, enabling indirect inference of

system state evolution. Deep learning approaches typically ex-

ploit Bayesian inference or data augmentation techniques to en-

rich the measurement information [4], and further employ deep

neural networks to approximate the underlying state trajectories.

Despite these efforts, each of the aforementioned approaches suf-

fers from inherent limitations. System decomposition methods are

generally incapable of recovering the full system state, particularly

when the overall system is entirely unobservable. Petri net-based

approaches tend to incur rapidly increasing modeling and compu-

tational complexity as the system scale grows, which restricts their

applicability in large-scale engineering systems. Deep learning-

based methods strongly depend on the availability and quality of

training data, exhibit limited generalization capability, and lack

rigorous theoretical guarantees on the estimation accuracy and

stability. The estimation performance may significantly deterio-

rate or even become unstable in the presence of insufficient data

or severe measurement noise. Consequently, the development of

an effective state estimation framework for unobservable systems

that simultaneously achieves high estimation accuracy, strong ro-

bustness, and clear structural interpretability remains a significant

problem.

Based on the above-mentioned discussions, this paper investi-

gates the state estimation problem for unobservable systems and

proposes a zonotope-based radius-constrained interval estimation

framework. Compared with existing works, this paper first intro-

duces the zonotope design into the state estimation of unobserv-

able systems, which provides a novel geometric perspective that

eliminates the reliance on system observability. To address the is-

sue of conservative estimation sets, a radius-constrained strategy

is proposed. By explicitly imposing an upper bound on the al-

lowable radius of the zonotope and analyzing its evolution over a

prescribed time horizon, the convergence and compactness of the

estimation set are rigorously guaranteed. The proposed method

enables direct regulation of the estimation accuracy, in the sense

that a smaller prescribed maximum radius leads to a tighter state

enclosure and improved estimation precision. Overall, the pro-

posed method establishes a novel and theoretical framework to

deal with the issue of state estimation in unobservable systems,

offering enhanced robustness, improved estimation accuracy, and

clear geometric interpretability.

Problem formulation. Consider the discrete-time system
{

x(k + 1) = Ax(k) +Bu(k) + d(k),

y(k) = Cx(k) + ω(k),
(1)

where x(k) ∈ Rnx , u(k) ∈ Rnu , and y(k) ∈ Rny are the system

state, control input, and system output, respectively. d(k) ∈ Rnd

represents the disturbance, which includes the model uncertainty,

etc, and ω(k) ∈ R
nω denotes the measurement noise in sensors,

satisfying ‖d(k)‖
∞

6 d̄, ‖ω(k)‖
∞

6 ω̄, where d̄ > 0 and ω̄ > 0

stand for the upper bounds of d and ω, respectively. A, B and C

are all system matrices with suitable dimensions.

Definition 1. Define Υ =
[

CT (CA)T · · ·
(

CAnx−1
)T

]T

. If

rank(Υ) = nx, then system (1) is observable. Otherwise, if

rank(Υ) < nx, system (1) is unobservable.
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Definition 2 (see [5]). A zonotope is defined as Z(k) =

〈c(k), H(k)〉 = c(k) ⊕ H(k) × Bm ⊂ Rn, where c(k) ∈ Rn

and H(k) ∈ R
n×m stand for the center point and the gener-

ator matrix of Z(k), respectively. n and m represent the di-

mension and the order of Z(k), respectively. Bm = [−1,+1]m

is the m-dimensional unit hypercube. For any G ∈ R
p×n,

it has G ⊙ Z(k) = 〈Gc(k), GH(k)〉. For any two zonotopes

Z1(k) = 〈c1(k), H1(k)〉 and Z2(k) = 〈c2(k),H2(k)〉, it follows

Z1(k) ⊕ Z2(k) = 〈c1(k) + c2(k), [H1(k) H2(k)]〉.

Assumption 1. The initial state x(0) is unknown, but there ex-

ists a known zonotope Zx(0) = 〈cx(0), Hx(0)〉, such that the initial

state is enclosed in the zonotope, i.e., x(0) ∈ Zx(0).

Definition 3. For a zonotope Z(k), the radius function of

which is defined as r(k) = max
z∈Z

‖z(k)− c(k)‖ = max
bz∈Bn

‖H(k)bz‖.

Meanwhile, the weighted radius function is defined as R(k) =

max
z∈Z

‖z(k)− c(k)‖2P = max
bz∈Bn

‖H(k)bz‖
2
P , where P > 0 stands for

the weighted matrix.

Definition 4. If there exists a constant r̄, with r̄ > r̄0 > 0, such

that for any initial radius function satisfying r(0) 6 r̄0 and for

all k ∈ [0,K], K ∈ N+, the inequality r(k) 6 r̄ holds, then the

zonotope Z(k) is said to be radius bounded.

Zonotope design. Since the disturbance d(k) and the noise

ω(k) are bounded in magnitude, it is straightforward to con-

struct the zonotopes Zd = 〈0, Hd〉 and Zω = 〈0, Hω〉, where

Hd = diag
{

d̄, . . . , d̄
}

and Hω = diag {ω̄, . . . , ω̄}, such that

d(k) ∈ Zd and ω(k) ∈ Zω . Then, for each k ∈ N+, a zono-

tope Zx(k) = 〈cx(k), Hx(k)〉 can be constructed to enclose the

state x(k), with cx(k) = ε {Acx(k − 1) +Bu(k − 1)} + ϕy(k) and

Hx(k) = [εAHx(k − 1) εHd − ϕHω], where ε = I − ϕ · C, and

ϕ ∈ Rnx×ny is the parameter to be designed.

Remark 1. Unlike the Luenberger observer or the Kalman fil-

ter [1], the proposed method does not rely on system observabil-

ity. Instead, it achieves an effective enclosure of the unknown state

trajectory through geometric intersection operations between the

model-based zonotope and the measurement-induced zonotope,

thereby providing a practical and reliable solution for state es-

timation in unobservable systems.

Radius analysis. Constraints are designed to regulate the size

of Zx, thereby preventing excessive expansion of the interval hull

and the associated degradation of state estimation accuracy.

Theorem 1. For the zonotope Zx, if the weighted radius function

satisfies

R(k + 1) < αR(k) + ζr2d(k) + ℓr2ω(k), (2)

where α ∈ (0, 1), ζ > 0 and ℓ > 0 are all given constants, rd(k)

and rω(k) represent the radius of zonotopes Zd and Zω at the k-

th time instant, then the zonotope Zx is radius bounded, and the

magnitude of radius is not greater than

r̄ =
√

γ/λmin(P ), (3)

where γ is defined as γ =

{

λmax(P )r̄2
0
+

ndζd̄
2 + nωℓω̄2

1− α

}

, and

r̄0 stands for the upper bound of r(0).

Remark 2. Many existing zonotope-based estimation methods

mainly focus on asymptotic convergence performance [5], while

the variation of the zonotope size during the transient stage is sel-

dom considered. However, an excessively large interval hull can

significantly degrade state estimation accuracy and lead to overly

conservative results. To address this issue, this paper introduces

the concept of zonotope radius boundedness and develops a radius-

constrained analysis framework for zonotope design. By regulat-

ing the zonotope evolution over each prescribed time interval, the

zonotope radius is explicitly confined within a predefined upper

bound. This mechanism effectively reduces the interval hull size,

ensures the desired estimation accuracy, and enhances robustness

against disturbance and measurement noise.

Parameter computation. Useful conditions are derived to com-

pute the zonotope parameter that satisfies the radius constraint.

Theorem 2. For the zonotope parameter ϕ, and constants α ∈

(0, 1), ζ > 0, ℓ > 0, if there exists a positive definite matrix P > 0,

such that















W 11 ATεTPε −ATεTPϕ

∗ W 22 −εTPϕ

∗ ∗ W 33















< 0, (4)

where W 11 = −αP + ATεTPεA, W 22 = −ζI + εTPε, W 33 =

−ℓI + ϕTPϕ, then the zonotope Zx is radius bounded, and the

maximum radius is not greater than r̄.

Corollary 1. For the zonotope Zx, given constants α ∈ (0, 1),

ζ > 0 and ℓ > 0, if there exist P > 0 and F , such that





















−αP 0 0 Π14

∗ −ζI 0 Π24

∗ ∗ −ℓI −FT

∗ ∗ ∗ −P





















< 0, (5)

where Π14 = ATP − ATCTFT, Π24 = P − CTFT, then Zx is

radius bounded, and the maximum radius is not greater than r̄.

Furthermore, the zonotope parameter is computed as

ϕ = P−1F. (6)

Remark 3. In (4), the matrix W 11 consists of the terms −αP

and ATεTPεA. For stable or marginally stable systems, as well as

unstable systems with slow divergence, a positive definite matrix

P can usually be computed to satisfy the inequality (4). However,

for rapidly diverging unstable systems, the term ATεTPεA grows

rapidly, making (4) hard to be satisfied. Therefore, the effective-

ness of the proposed method is mainly challenged in the case of

rapidly diverging unstable systems.
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