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Appendix A Symbol Definition

N and N4 denote the sets of nonnegative integers and positive integers, respectively. R" represents the n-dimensional Euclidean space. I
and O stand for the identity matrix and the zero matrix with appropriate dimensions, respectively. For a matrix P, PT and P~1 denote
its transpose and inverse, respectively. Apin(P) and Amax(P) are the minimum and maximum eigenvalues of P, respectively. P > 0
indicates that P is positive definite. For a vector s € R™, ||s|| means its Euclidean norm, ||s||, is the infinity norm, and ||s||p = V'sT Ps
is the weighted norm. diag{...} stands for a block diagonal matrix. The operators @ and ® represent the Minkowski sum and the linear
mapping operation, respectively.

Appendix B Zonotope Design

Detailed designing procedures of the zonotope Z; are given as follows. According to (1), it derives
a(1) € Zo(1) = (&:(1), Hz (1)),
where (1) = Acg(0) + Bu(0), Hx (1) = [AH,(0) H,]. Therefore, there exists a unit vector by, such that
2(1) = &(1) + Hu(1br. (B1)
Meanwhile, since the following relationship holds
Cz(1) € Zy(1) = (y(1), —Hw) ,

there also exists a unit vector b, such that
Cz(1) = y(1) — Hu,ba. (B2)

According to (B1) and (B2), it obtains
CH,(1)by = —Cé;(1) + y(1) — Hy,bo. (B3)

Define a variable as ¢ € R”=*™y. From (B1) and (B3), one has

2(1) =& (1) + ¢ - CHy(1)b1 +{I — ¢ - C} Hy(1)by

(B4)
=co(1) + Ho(1) by by]T,
where ¢z (1) = ez (1) + py(l),e =1 — ¢ -C, Hz(1) = [eAH.(0) eHgy — ¢H,]. By (B4), it knows
z(1) € Zz(1) = (cz(1), Hx (1)) -
Using the similar procedure, for each & € N, a zonotope
Zz (k) = (ca(k), Hz (k) , (B5)

is constructed to enclose x(k), where cz (k) = e {Acs(k — 1) + Bu(k — 1)} + py(k), and Hy (k) = [cAHs(k—1) eHy — @H].
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Appendix C Proof of Theorem 1
According to (2), for each k € [0, K], it obtains

k—1 k—1
R(k) <a® - RO)+¢ > o 071n3(0) +£> o012 (0).
0=0 0=0
Since 72(6) < ng - d?, r3(0) < ny - ©2 holds for each 6 € [0, k), the above inequality is transformed as

k—1 k—1
R(k) < R(0) + ng¢d> Z P07 0w Z ak—0-1
6=0 6=0

1— k

<R(O) + (nal P +not?®) - T @ (C1)
—a
d? Ung
< R(0)+ ngCd* + ny b .
l-«a
From the definition of R(k), it knows

R(k) = max ||Hs(k)balp

b, €B”

= max. {[Ho(e)ba] ™ P [Ha (k)b }

> max {Amin (P) [ Ha(k)ba|” }

= Amin(P) - 72 (k).

Similarly, at the initial time instant k = 0, one has

R(0) = max [[H:(0)bsl}

< 2

< max {Amax(P) || He (0)be*}
= Amax(P) - 7%(0).

Therefore, the formula (C1) further derives

ngCd? + neta?

Amin(P) - 72(k) < Amax(P) - 72(0) + T

(C2)
ndCJQ + ng,lin?

< Amax(P) - 73 +
1—«

According to (C2), for each k € [0, K], r(k) < 7 holds, and the zonotope Z, is radius bounded, which completes the proof.

Appendix D Proof of Theorem 2

Define by € B", by € B4, b, € B, b = [bl bl bZ]T. Let zg = Hy(k)ba, 2g = Hgbg, 2, = H,b,. Multiplying both sides of (4)

by [2I 21 2T] and [2I 2T zz;]T, it obtains

— abTHT (k)PH, (k)b + bTHY (k + 1)PH,(k +1)b
—¢bTHTHyby — tbT HY H,, by, < 0.
The aforementioned inequality further gives

- Ho(k)bg |2 H )bl
abTé’%‘n | Hz(K) x”P+BeB£?§+“W H «(k+1) Hp

2 2
Cb;ré%),gd | Habal| ¢, max [ Hubo |7 <0,

which shows that (2) holds. According to Theorem 1, it knows that Z; is radius bounded, and the maximum radius is not greater than
7, which completes the proof.
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Appendix E Proof of Corollary 1

Define the matrix as

—aP 0 O m
M=| « —¢I 0o |, S=|n
* x  —L] —FT

Based on the Schur’s complement, the condition (5) gives
M+ spP~1sT <o,

which equals to the inequality (4). Therefore, Z; is radius bounded, and the maximum radius is not greater than 7, which completes
the proof.

Appendix F Simulation Results
Appendix F.1 Application to The Unobservable and Stable System

Consider a two-node RC differential circuit as shown in Fig. F1.

Figure F1 Two-node RC differential circuit

To suppress common-mode signal interference, the differential voltage between Vi and V3 is typically chosen as the measurement
output. At this point, since the measurement only reflects the voltage difference between these two nodes, the actual values of V7 and
V> are not directly obtained. According to Kirchhoff’s law, it follows that

. Eivl—vngVs—%

cVy =— ,
Ry R. Rs
- \% Vo — V;
V= Y2 V2 Vi
Ro Rc

Define the system state as = [V1 VQ}T, the control input as u = Vj, and the system output as y = 0.1 (V4 — V). Choose Rs =5
kQ, Re =10 kQ, R1 =5 kQ, Ry = 2.5 kQ and C = 1 uF. After discretization, the system matrices are obtained as

0.6096  0.0608 0.1576
A= , B= , C=[0.1 —0.1].
0.0608  0.6096 0.0072

T
From Definition 1, it knows rank([ cT (CA)T] ) =1 < 2. Therefore, the system (1) is unobservable. Let d(k) = 0.1 - cos(k),

w(k) = 0.05 - sin(k), u = 20 - sin(k), and z(0) = [0.2 0.1]T. Then, one has d(k) € Z4 = (0,d), and w(k) € Z,, = (0,®). The simulation
duration is set as K = 20, and the following parameters are selected.

Parameter 1. a = 0.6, = 0.2, £ =0.1,d = 0.15, @ = 0.1, ¢, (0) = [0 0]T, H.(0) = diag {0.3,0.3}. It can be verified that 72 =0.18.

T

By solving the inequality (5), and from (6), the zonotope parameter is obtained as ¢ = [0,1146 —0,1146] . Then, according to (3),
the upper bound of radius is computed as ¥ = 0.83.

Parameter 2. o = 0.8, ( = 0.5, £ = 0.1, d = 0.1, & = 0.05, ¢;(0) = [0 0]7, H,(0) = diag{0.2,0.2}. It knows that 72 = 0.08.

T

By solving (5), and from (6), the zonotope parameter is obtained as ¢ = [040363 —0.0363} . According to (3), the upper bound of
radius is computed as 7 = 0.46.
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Figure F2 State estimation results in Parameter 1
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Figure F3 State estimation results in Parameter 2

The results are shown in Fig. F2(a)-Fig. F3(d), where Fig. F2(a)-Fig. F2(d) demonstrate the state estimation performance by the
zonotope under Parameter 1, and Fig. F3(a)-Fig. F3(d) show the state estimation performance under Parameter 2. First, from Fig. F2(a),
Fig. F2(b), Fig. F3(a) and Fig. F3(b), it can be observed that the designed zonotope encloses the actual state trajectory, achieving
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effective state estimation for the unobservable system. Furthermore, as shown in Fig. F2(c), Fig. F2(d), Fig. F3(c) and Fig. F3(d), by
presetting the upper bound of the radius for the zonotope Z, the actual maximum radius values under Parameter 1 and Parameter 2
are rmax = 0.678 and rmax = 0.435, respectively, both below the computed upper bounds # = 0.83 and ¥ = 0.46. Therefore, the
proposed radius-constrained method can effectively regulate the size of the interval hull, ensuring the accuracy of state estimation under
the effect of disturbance and noise. Based on this, by comparing Fig. F2(a) and Fig. F3(a), as well as Fig. F2(b) and Fig. F3(b), it can
be seen that with a smaller preset upper bound on the radius, the estimation interval more closely follows the actual state trajectory,
resulting in higher estimation accuracy. The proposed method not only provides a novel approach for state estimation of unobservable
systems, but also offers a theoretical reference for designing state estimation accuracy in practical engineering applications.

Appendix F.2 Application to The Unobservable and Unstable System

The system matrices are given as

T
It can be verified that rank([CT (CA)T] ) =1 < 2, and the eigenvalues of A are greater than 1. Therefore, system (1) is

unobservable and the corresponding state trajectory is divergent. Let o = 0.6, ¢ = 1076, £ =2x1076,d = 0.1, @ = 0.05, ¢, (0) = [0 0]7,
and H,(0) = diag {0.2,0.2}. As illustrated in Remark 3, by solving inequality (5), the solution exhibits the singular characteristic. At
this point, the computed zonotope parameter is ¢ = [2,9394 —2.9394 ], with a radius bound of 7 = 27.18. The simulation results
are shown in Fig. F4(a)-Fig. F4(d). Despite the zonotope can enclose the divergent state trajectory, the actual maximum radius of the
zonotope is rmax = 37.62, exceeding the preset upper bound 7 = 27.18. For the rapidly diverging unstable system, due to the limitation
in feasibility of the inequality, the radius constraint is not guaranteed.
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Figure F4 State estimation results for the unstable system

To deal with this issue, stabilization can be further considered through appropriate controller design, thereby transforming the state
estimation problem of an unobservable and unstable system into that of an unobservable but stable system.
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