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Many complex systems can be modeled as complex networks for
analysis [1]. Recently, the controllability of multilayer complex
network systems has become a topic of considerable interest. The
controllability of deep-coupling network systems was investigated
in [2], and the influence of interlayer couplings on the controlla-
bility was clarified. Moreover, the controllability of some special
structural networks was also considered. Furthermore, the tar-
get controllability of multilayer network systems was considered
in [3]. The relationships between controllability, target controlla-
bility, and output controllability were clarified. The controllability
of multilayer network sampled-data systems was also studied in [4],
and some sufficient conditions were proposed.

Although the aforementioned studies consider the interactions
between different networks, these approaches require that different
layers have the same number of nodes. In practice, the number of
nodes in different layers is usually different. For example, in the
bus-subway network, the number of buses and subways is usually
different, constituting a multilayer network system with nonuni-
form layer scales. It may not be possible to describe network
systems if the layer scales are still assumed to be the same.

The main contributions of this study are fourfold. First, a
model of multilayer network systems with nonuniform layer scales
is established, in which nodes in different layers can be heteroge-
neous, and the interconnections can be arbitrary. This model is
more general. Second, some necessary and/or sufficient conditions
for verifying the controllability of multilayer network systems with
nonuniform layer scales are proposed. Compared to the conditions
of controllability proposed in [2—4], the conditions of controllability
derived herein are applicable to more general multilayer network
systems with nonuniform layer scales. Moreover, the conditions
presented in this study only involve low-dimensional matrix oper-
ations, which have lower computational complexity than classical
criteria. Third, some easily verified conditions for network systems
with drive-response mode are also given, and the effects of the con-
trollability of the drive layers on the controllability of the entire
network are clarified. Finally, the influence of node dynamics on
the controllability of multilayer network systems is analyzed. The
study may lead to a better understanding of complex network the-
ory, and the realistic model may facilitate the control of practical
networks.

Notations. o(A) denotes the set of the eigenvalues of matrix A.
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Let [A;;] denote a matrix A, where A;; is the element in the ith
row and jth column of matrix A. M(0|A) denotes the eigenspace
of A corresponding to eigenvalue . A ® B denotes the Kronecker
product of matrices A and B. M; & Ms denotes the direct sum of
space M1 and Ms. () denotes the null set.

Model formulation. Consider an M-layer network system with
nonuniform layer scales, where layer K consists of Nx node sys-
tems. The network system can be described as follows:

N
oK = AKgK 4 Y WKHKCKgK
j=1,j#1
Mo U ks kI T L sK KK 1)
+ Zdin ij+5iB u;t,
J=1,J#K j=1

yK=CEaK i=1,--- Ng,K=1,---, M,
where le € R", uZK € RP, and yl-K € R™ denote the state vector,
input vector, and output vector of node i in layer K, respectively.
AK ¢ Rnxn BK ¢ R"XP and CK € R™*" denote the state
matrix, input matrix, and output matrix of node 7 in layer K,
respectively. HX € R?*™ is the inner-coupling matrix, which de-
scribes the inner-couplings of nodes in layer K. HEJ ¢ R?X™ jg
the interlayer matrix, which describes the intercouplings of nodes
in layer K and layer J. wg # 0 if there exists an edge from node
7 to node i in layer K, otherwise wg- =0. dg-J # 0 if there exists
an edge from node j in layer J to node ¢ in layer K, otherwise
dﬁJ =0. 51'K = 1 if node 7 in layer K is under control, otherwise
K =o.

Let WK = [wf] € RNk XNk and DK/ = [df§/] € RNxxNo
denote the intralayer network topology matrix of layer K and
the interlayer topology matrix of layer K and layer J, re-

spectively. Also, let AK = diag{é{(, e ,65}(} Set xX =
[("Eﬁ)T7 7(x]I§K)T}T and uK = [(uﬁ)T7 7(U§K)T]T' Let
T = [(wl)Tv T ("ENI)T}T and u = [(ul)T7 Ty (UNI)T]T' Then

the multilayer network system can be represented as follows:
& = Pz + Yu, (2)
where ¢ =[] ¥ = [WKT] oKE = |y AR+ WEgHECK,

eKJ — pKJ ®HKJCJ, yKK — AK ®BK,\I/KJ = 0, for
K,J=1,---,M,K # J.
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Let Ny + ---+ Ny = MN, then & € RMNnXxMNn 514
T € RMNnXMNp - Also, let

General multilayer network systems. Here, we derive some con-
trollability conditions suitable for general multilayer network sys-
tems.

Lemma 1. The network system (2) is controllable, if and only
if

FE(sI, — ARy — (WKYTFEgKCK

M
— Z (DJK)TFJHJKCK, (3)
J=1,#K

ARKFEBK =0, K=1,--- M
have a unique solution FX = 0, where FX =
[(O‘{()Tv T (aII\(;K)T]Tv O‘{( € (clxn7 1= 17 o 7NK-

See Appendix C.1 for the proof of Lemma 1.

Remark 1. The necessary and sufficient condition is given in

Lemma 1, which is applicable to multilayer networks with an in-
terlayer structure. Compared with M Nn dimensional matrix op-
erations while directly using PBH criteria, Lemma 1 only involves
Nig (K =1,---,M) and n dimensional matrix operations.

The index set of the controlled nodes is denoted by
UK = {i|6k #0,i=1,--- ,Ng},K=1,--- , M.

Define a vector set

MK(S) = {[af(v 70‘11\(]K}

af € ME(s),i ¢ UK}
ok € ME2(s),i e UK |’
where K =1,--- , M, with
M (s) = {€f e CPxngf(s1 — AK) = 0}, and
ME2(s) = {¢FK e C|¢EBE = 0,6F € MK (s)}.

Theorem 1. Assume HX € ¢"*1 BK ¢ cnxl oK ¢ clxn,
HEXJ ¢ ¢n*1 and HXV = HX  where K,J =1,--- ,M,J # K.
The network system (2) is controllable if the following conditions
hold:

(1) (AK,CX) is observable, K = 1,--- , M;

(2) (AK, HX) is controllable, K = 1,--- , M;

(3) For any s ¢ o(AK), rank (I — W o 8,Ay) = MN, where
BK — CK(SI— AK)leK’BKJ — CK(SI _ AK)leK(]7,\{K —
CE(sI — AKX 1BK K, J=1,--- M, J# K, and

Bl L. BIM ,Yl

BA{ M

BMl"' ~

(4) For any s € o(AX) and v = [of, ...
if W = 0, then n = 0, where n = [n',---,n™M], ¥ =
i, Lol =ofHN K =1,--- M, i=1,---,Ng;

(5) For any s € o(AL), L € {1,---,M}, then AL = Iy, ;
(AL, BT) is controllable; rank(I — W o 8, A¥) = M N, where

SR ) € ME(s),

October 2026, Vol. 69, Iss. 10, 209204:2

Lth
Bl 0 BgiM
E: ’
BMl 0 BM
3= dlag{’ylv 7’YL71707’YL+17"' 7FYM}

Remark 2. In multilayer network systems, the nodes are divided
into different layers based on the node dynamics, leading to a net-
work system with nonuniform layer scales. Because the node dy-
namics are heterogeneous between different layers, the eigenvalues
of AK(K =1,---, M) may be different. Theorem 1 takes this into
consideration and provides the controllability conditions verified
by low-dimensional matrix operations. The computational com-
plexity is no more than O(Mn* + M3 N3 4+ M Nn3), verifying that
controllability is achievable with Theorem 1, whereas the compu-
tational complexity of applying the PBH criteria is O(M*N*n?).
Note that Theorem 1 is easier to apply in large-scale networks
than the classical criteria. Moreover, the relationship between the
controllability of the network systems and the controllability and
observability of subsystems is also analyzed in Theorem 1.

See Appendix C.2 for the proof of Theorem 1.

See Appendixes C.3 and C.4 for the other controllability con-
ditions suitable for general multilayer network systems.

The conditions suitable for multilayer network systems with
drive-response mode are derived, including directed chain struc-
tures and directed star structures, and the conditions for verifying
the controllability of multilayer network systems with special node
dynamics are presented. Furthermore, some simulated examples
are given (Appendixes D-F).

Conclusion. The controllability of multilayer network systems
with nonuniform layer scales is investigated herein. In the future,
the controllability of networked systems with replay attacks will
be considered, as described in [5].
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