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Appendix A Related work

The concept of controllability was first proposed by Kalman in 1960s, see [1] and [2]. In the past decades, controllability has
become the most fundamental aspect in system control, and some criteria for verifying controllability were presented, [3-6]
and the references therein. With the development of network science, it has been discovered that a large number of practical
systems can be modeled as networks to analyze, such as traffic networks in [7], grid networks in [8], social networks in [9],
and communication networks in [10] and [11]. Therefore, the study of controllability of networks will help control the
networks to serve human society. Initially, some results of controllability of networks were derived with the assumption that
the nodes are one dimensional, see [12] and [13].

However, the assumption that nodes are one-dimensional cannot describe the dynamics of nodes, where node systems
usually have high-dimensional states in reality. Then, some conditions for verifying the controllability of networked systems
with high-dimensional multi-input-multi-output (MIMO) nodes were derived in [14], in which the influence of node dynamics
on the controllability was illustrated. In 2017, the controllability of networked systems with single-input-single-output
(SISO) nodes was analyzed in [15], where the methods are economical in practice. New methods based on Jordan chain
theory for verifying the controllability of networked systems with linear-time-invariant (LTI) node systems were presented
in [16] and [17], where the relationship between the eigenvalues and eigenvectors of node systems and networked systems was
clarified. Furthermore, the controllability of networked sampled-data systems was studied in [18] with single and multirate
sampling.

The above studies assume that nodes in the networks have the same dynamics. Considering a more general situation
where nodes in networks may have different dynamics, some conditions of controllability are derived. In [19], the control-
lability of networked MIMO systems were considered, in which the nodes are heterogeneous high-dimensional dynamical
systems. Besides, the special case that networked systems with controllable nodes was also considered. Furthermore, the
controllability of heterogeneous networked systems with nonidentical inner-coupling matrices was investigated in [20], in
which the influence of inner-coupling matrices on the controllability of networked systems was clarified. Besides, the methods
in [16] and [17] were extended to networked sampled-data systems with some assumptions in [21]. Then, the controllability
of networked systems with nonidentical dimensional nodes was studied in [22], and some necessary and sufficient conditions
were provided.

Nevertheless, the above studies do not take into account the interaction between different networks. However, the
networks in reality are usually not independent of each other. For example, the network composed of buses and the network
composed of subways together form a multi-layer transportation network due to the common stations, see [23]. The
controllability of networked systems with multiple coupling relationships was cnonsidered in [24]. Then, the controllability
of multilayer snapback networks was studied in [25], and some conditions for verifying the controllability by small scale
factor networks were proposed.

Appendix B Definitions used in the body of the letter

Definition 1. ( [26]) For two matrices Apxm and Bpxm, Hadamard product is just the multiplication of each element
of one matrix by the corresponding element of the other matrix. Hadamard product is denoted by o, i.e.,

ai1bir -+ armbim
AoB=| 1 . . (B1)
anlbnl s anmbnm

Furthermore, an extended Hadamard product is defined as follows: if A = [A;;] € C™$*™t where A;; € C**, B = [b;;] €
C"X™_ then

* Corresponding author (email: fhao@buaa.edu.cn)
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Aq1b11 o+ Aimbim
AoB=

Anlbnl o Anmbnm

Definition 2. ( [27]) A row vector vy, is called the mth-order generalized left eigenvector of matrix A € C™*™ corre-
sponding to p € o(A) if

Um (A — plp)™ =0 and vm (A — ,uln)m’1 #0,

then vy, v, -+ ,vq form a left Jordan chain of A about p on top of vy, where the maximum value of « is the length of this
Jordan chain.
Definition 3. ( [17]) Let A € C"*™ H € C"*", § € o(A). If row vectors 1,82, - - , & satisfy

51(9171 - A) =0and 5](01-” _A) = gj—le J=2,--0,1,
then &1,&2, -+ ,& form a generalized left Jordan chain of A about H corresponding to 6, where &; is the top vector and

the maximum value of r is the length of this generalized Jordan chain.

Appendix C Supplementary of general multi-layer networked systems

Appendix C.1 Proof of Lemma 1

Proof. According to PBH criteria, the networked system (2) is controllable if and only if a(slp N, — P, ¥) = 0, that is,

K K RIS K KKK MNJJKJJKK
a;t(sI - A )—Z wiot HECH = 50 ;dﬂ a; HORCOR, o1
J=1,j#1 J=1,J#K j=1 ( )
K, KpK _ — .
0;fa; B =0,K=1,--- ,M,i=1,---,Ng
have the unique solution o = [al,--- ,aM] = 0, where o € C1XNk™_ Tt is easily to verify that (C1) is equivalent to (3).
Appendix C.2 Proof of Theorem 1
Proof. According to PBH criteria, for s € C, there exists a vector a = (al,--- ,ocM) € CYXMNn - where o =
(afS, - ,afng), akect*n K=1,---,M,i=1,---, Nk, satisfying that (s — ®,¥) =0, i.e.,
Ng M Ny
K K K KK K JK J K ~K
aff(s1— Ay — N wlalfHNCK - N N afKalH KO =0, (C2)
Jj=1,j#1 J=1,J#K j=1
Kol BX =0, for K=1,--- ,M, i=1,---,Ng. (C3)
If s¢ o(AX), K =1,---, M, according to (C2), one can get that
K Wk KkpK Mo X kg IR K Ky—1
oy :(. ) _wjz‘aj H" + Z Z dji Oc]»H )C (SI—A ) .
J=15#i J=1,J#K j=1
For K=1,---,Mand¢=1,---, Nk, let
Ng M Ny
= D0 wkakHNy S StalKolnik, )
J=1,j#1i J=1,J#K j=1
then
aff = KK (s1 — AK)L. (C5)

Substituting (C5) to (C4) leads to
Ng M Ny
¢ = 3 whefCR(sI - AR THK v+ ¥ Y dlFe/CI(s1 - AT HIK.
j=1,j#1 J=1,J#K j=1
Define 8% =: CK(sI — AK)Y-1HK pEJ —. CK (s — AK)"'HEJ K, J=1,---,M and J # K. Besides, let ¢& =

[6{(7 e 75]}\§K]7 then

M
X1 -WwEpE) — 27& ¢/DIEBIK =0 K, J=1,---,M and J # K.
J=1,J#4K
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One can get
€t eMUnn =W o B) =0. (C6)
Let ¢ = [¢1,--- ,&M]. (C6) can be written as
EImNn —WopB) =0, (C7)

where $ is defined in condition 3).
Substituting (C5) to (C3), it is able to get

KKK (sI — AKY 1BE =0, for K=1,---,M, i=1,---, Nk. (C8)

Define v =: CK(sI — AX)~1BK  then (C8) can be written as

§Ay =0, (C9)
where v is defined as condition 3).
Combining (C7) and (C9), one can get
E(Imn —WopB,Ay)=0.

Since the condition 3) that rank(I —Woj3, Ay) = M N, it is easy to obtain £ = 0 and hence flK =0,where K =1,--- , M,
i=1,---,Ng. From (C5), this is equivalent to oo = 0.
If s € o(AK), K =1,---, M, then rank(s] — AX) < n. Based on (C2), it can be got

Nk M Ny
S owhalHE+ Y N alfel/HIE =0 (C10)
J=1,5#i J=1,J#K j=1

If (C10) is not satisfied, then

I—AK
rank [s } =rank(sI — AX) < n,
CK

which contradicts the observability of (A%, CK). Combing (C2) and (C10), it can be obtain that for K = 1,---, M,
t=1,---,Ng,
aff (sT — AF) =0, (C11)
which means that a® = [aF ... ,a%K} € ME(s). Let o HX = nK € C, In light of (C10) and HX7 = HE one can get
Ng M Ny
X owkf e S Syl <o
j=Lj#i J=1,J#K j=1
Let n& = [nf(, e ,nJI\fK}, n=[n',---,n™], then nW = 0. Based on condition 4), it is concluded that nZK =0, that is,
ofHE =0, for K=1,---,M, i=1,---, Nkg. (C12)

Combining (C11), (C12) and the controllability of (A¥, HX), one can draw that af( =0, holds for K = 1,--- , M,
i=1,---,Ng, that is, & = 0 holds.
If s € o(AL), L € {1,--- , M}, then

Np, M Ny
af(sI— A" — > whakabct - > > dftalHIFCE =0, (C13)
G=1,j7i J=1,J#L j=1
aF B =o. (C14)
Since rank(sI — AL) < n and the observability of (AX, CT), one has
Np, M Ny
> w]’ficfoL-&- > > djiLajH‘]L:().
J=1,j#1i J=1,J#Lj=1
Furthermore,
af(sI — ALY = 0. (C15)
Combining (C14), (C15) and the controllability of (AL, BL), one can draw that
af =0, fori=1,---,Np. (C16)
Obviously, one has
Nk M Ny
(sl - AK) S wKaKHKCK - S S alKalHIKCK — (crm)
J=1,j#1i J=1,J#K j=1
sKal BX =, (C18)

hold for K =1,--- ,M and K # L. Then,
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K R K KK Mo ™ kg pIK K Ky—1
ol =( > wy; o H* + > Zdji och YO (sI — A®)~ L.
J=Toj#i J=1,0#K j=1
Let
Nk M Ny
T ST LR Sl ST €19
j=1,j#i J=1,J#K j=1
Substituting (C19) to (C17) leads to
aff = KoK (s1 — AK)L, (C20)

Then, substituting (C20) to (C19), it implies that

Ng M Ny
(= 3 whefCR(sI-AR)THE v+ ¥ Y dlfe/ 0T (s - AT HIK.
j=1,j#1 J=1,J#K j=1
Define K =: CK(sI — AK)"1HE pKJ = CK(s] — AK)=1HEJ for K,J =1,--- ,M, K # L and J # K. Besides,
let £K = [Ei’<7 oo ,§]I\§K]’ one has

M
Ku-wrkgy— Y ¢/D/KBIK =0, for K=1,--- M and K # L. (C21)
J=1,J#K,L

Define ¢L =: [0,---,0) € C**Ne | gL =: 0 and /L =: 0, for J = 1,--- ,M and J # L. According to (C21), it can be
obtained that

€00 I - WoB) =0 (C22)
Let € =[¢1,---,0,--+,&M], then (C22) is equivalent to
€1 -WoB) =0, (C23)

where 3 is defined in condition 5). Substituting (C20) to (C18) leads to
SEERCR (s1 =A%) BK <o, (C24)

Define
A = CB(sT — AFYIBX | for K # L. (C25)

Substituting (C25) to (C24), one can draw 5Z-K€iK'yK =0, holds for K # L, that is,

EXAKAK — 0, for K # L. (C26)
Let vL = 0, and define 7 = diag{vl, cee 0y ,WM}. Based on (C26), one can get
EAF = 0. (C27)

In view of (C23) and (C27), one has £(I — W o 8, A¥) = 0. Since rank(I — W o 3, AF) = M N, one can obtain £ = 0, i.e.,
€K =0, holds for K=1,---,Mand K #L,i=1,--- , Ng. Then,

of =0, for K=1,--- MK #L,i=1,---,Ng. (C28)
Combining (C28) and (C16), it is concluded that O‘zK =0, holds for K =1,--- ,M,i=1,--- ,Ng, i.e.,, a = 0.

Appendix C.3 Proposition C1

Proposition C1. If there exists node i in layer K without incoming edges from other nodes in layer K or other layers,
the node system can be described as

i = AR K 1 §E B K. (C29)

The node system is controllable, if and only if it is equivalent to the following form:

@i = AKaf + BEuf, (C30)
S K S K K AK AK K
i1 &;.(1) U1 AR - A By
Where:%iK: : ,:%fi: E]R“k,uf(: ,Af: : ,B’f: ,
S K S K K AK .. AK K
Zip &5y (1) Uip Api App (nxn) By (nxp)
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in which
0o , 1
o .
AE = : : E (C31)
0 1
—aff(0)! —aff (1) - —aff (u — 1) G X )
0 e e 0
AL = : : (C32)
0 e 0
—af5(0) —ap (i — 1) (ke x3)
0 «vv onn 0
BE = |" : (C33)
[ I . .0
0 b bk Y ey

Proof. 1If node i in layer K without incoming edges from other nodes in layer K or other layers, then the node system is
controllable, if and only if the node is under control and the system (A%, BK) is controllable. Not difficult to find (C30) is

the controllable canonical form of (AKX, BK).

Appendix C.4 Theorem C1

Before giving Theorem C1, a lemma is introduced.

Lemma C1. ( [28]) The linear system (C29) is controllable, if and only if it can be equivalently converted into a linear
high-order fully actuated (HOFA) system in the form of

AKKW AR GKOD o AKEK  AKGK = BRWE,

where ziK is a p dimensional vector, AJK € RPXP j=0,---,u, are the cofficient matrices, and
K K K
1 b1y b1 -~ by,
1 b - bK
BK _ 23 2p
1

Since some matrices AJK may be singular, the above system can generally written as

i (1) Li(z5(0 ~ pg — D|g=1~p)
fs (u2) Lo(xf (0 ~ pe — Dlp=1~p)|
= . +BKuf(,
e (up) Lp(z5 (0 ~ pge — D)k=1~p)
where
[ 2f(0) ]
ol (1 —1)
2 (0~ pg = 1) |p=1~p = )
2k (0)
_xf;(#p -1)]

Li(-), for k=1,---,p, are some linear functions. uy, for k =1,---,p, are a set of integers, and p1 + -+ + pp = n.
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Theorem C1. Consider the networked system (2). If there exists node 4 in layer L without incoming edges from
other nodes in layer L or other layers, where L € {1,--- ,M}, i € {1,---, N}, then the multi-layer networked system is
controllable, only if the following conditions hold:

1) k=1

2) (AL, BL) can be converted into an HOFA system:

A‘I:ZZ_L(H) +A,L17131L(“71) +. +ALZL+AL L ,BLuiL7

- . j—1 . .
F [zlL177ZZIZI7}T7x'LL£(]):ZzL£(] )7t:17"'7p7.7:17“'7Nt7/1/:max{ui77/:17"'7p}7u1+"'+}’617:n7

Wherez =
=[5 (K)lpxp, k=10, , , and

1 bfz ...... ble

L L

BL — - byy - by
1

pXp

where o (k) and b are defined as (C31)-(C33), s,l=1,--- ,p, k=1,--+,u; and

Proof.  Since node ¢ in layer L without incoming edges from the other nodes in layer L or other layers, the ith row block of
®LL is[0--- AL ...0]. If condition 1) is not satisfied, then §7' = 0. the ith row block of WL is [0---0]. For any so € o(AL),
the rank of (sol — ®, ¥) will reduce at least 1, which means the networked system is uncontrollable. If condition 2) is not
satisfied, one can get (AL, BL) is uncontrollable based on Lemma C1. For any sg € o(AF), rank(soI — ALY, BY) < n, then,
rank(sol — ®,¥) < MNn. One can get the networked system is uncontrollable.

Remark 1. In multi-layer networked systems with non-uniform layer scales, the controllability of networked systems is
usually not related to the controllability of node systems because of the influence of couplings of other nodes in the same
layer or the other layers. Nevertheless, if a node without incoming edges, the controllability of this node system have a great
influence on the controllability of the entire networked system according to Theorem C1, which is convenient for verifying
the uncontrollable networked systems. Besides, some physical systems with high-order original models may detach from
the physical background if it is converted into first-order systems. In addition, it may increase the difficulty of research,
see [28]. This situation is considered in Theorem C1, which makes it applicable in practice. The controllability of multi-layer
networked systems with malicious attacks will be further considered, as described in [29].

Appendix D Multi-layer networked systems with drive-response mode

Many practical networks only have edges pointing from the upper layers to the lower layers, which is called drive-response
mode. Among the multi-layer networked systems with drive-response mode, the most typical types are directed chain and
directed star structures, see [30] and [31]. Besides, for the one-layer networked systems, directed chain and directed star
are the typical structures, see [18] and [20]. The typical multi-layer networks will be analyzed.

Based on Lemma D1 and Lemma D2, the eigenvalues and left eigenvectors of state matrix of each layer can be obtained.

Lemma D1. ( [17]) Denote o(W¥) = {u{(,~-~ ,uffK}, o(AK + pKHEY = {)\g,~~- ,Apr}, fori = 1,--- ,rg,

K=1,---,M. Then o(®KK) = {)\ﬁ ,/\{fp{<w- AR ’/\vapﬁ‘K
Lemma D2. ( [17]) Suppose the left Jordan chain of WX about uX are af(1), -+, af (%), and the generalized
left Jordan chain of AX + X HE about HX corresponding to )\5 are £K( ), -+ ,ﬁK(OK), Where t={1,---,rx}, j =

{1,---,pE}. Then the left eigenvectors of ®XX corresponding to AK are 7;5 K1) = alK( ) ® ffJ{(l) nk (2) a1 ®
55(2)+0‘§(2)®55(1)7"'7775(575)*a 1 )®§K(€ )+ +04K(6 )®£ (1), Whereegzmln{'y , U} =1, vk,
j = 17 7pZI(

The left eigenspace of ®KE corresponding to )\5 is M()\ﬁ\@KK) = V()\g) = span {17{5-(1)7 ,77” } If \E. =

i1J1
- = )\f;jq, where g > 1, the left eigenspace about )\g is the direct sum of all the left eigenspace of Alka’ k=1,---,q,
e, MOAS|@KF) = @i VNS,

Appendix D.1 Directed chain structure

For multi-layer networked systems, if there only exists edges from upper layers to the lower layers, i.e., all the inter-topology
matrices are zero matrices, except DK’K_I(K = 2,---, M), then this type of interlayer coupling mode is called directed
chain structure. Firstly, the controllability of directed chain multi-layer networks is analyzed, where each layer of the
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networks has directed chain structure. This type of networked system is as shown in Fig. D1, and the state matrix and
input matrix in (2) are as follows:

P11

11
@21 q>22 v

\IJMM

(I)M,Mfl (I:,MM

where
AK

K 7K
wyy A

K K
WN e ,Ng—1 A

.—> coe — Layer 1
|

. cee Layer 2
|

@ —@® L[yoM

Figure D1 A directed chain multi-layer networked system with directed chain in each layer

Theorem D2. Suppose c(AX)N (A7) =0, for K,J =1,--- ,M,and K # J. The networked system (D1) is controllable,
if the following conditions hold simultaneously:

1) for m1 € M(Gilj|<1>11) and 1 #0, then m(A'®@ BY) #0,i=1,--- ,r1,5=1,--- 7p};

2) for nxc € M(0f5|®55), n # 0 and ny € Ef, then [np(A” @ BY), nk (AKX @ BX)] # 0, where E; =
{77J ECIXNJTL'UJ(G{J{I_CDJJ) :nJ+1¢'J+LJ}7 2<K<M1<J<K-1,Pc¢ {17"' 7K_1}7 =1, 7k,
j =1, ,P1K~
Proof. Firstly, o(®) = o(@)Uo(®22)J---Jo(@MM). According to PBH criteria, the networked system (&, ¥)
is uncontrollable, then there exists 8§ € o(®), such that rank([0I — ®,¥]) < MNn, i.e., there exists a nonzero vector
n=[m,---,nu] satisfying

n(0I — ®) =0, (D2)
n¥ = 0. (D3)

where ng € CY*Nk™ K =1,... /M.

If 6 € o(®MM) then nyy € MO|OMM). If npr # 0, then np (01 — MM = 0, npy (0 — @M-LM-1) —
nu®MM=1 0y (0T — ®11) = o @21 that is, nJ(egj‘.JI—cb”) =n;1®/tH7 1< J < M—1. Since ny (AM @ BM) =0
and n;(A7 ® B’) = 0, condition 2) is not satisfied. If np; = 0, then nar_1 (0 — ®M-LM=1y — 0 If 3, 1 # 0, one
can draw 0 € o(®M—1LM—1) " which contradicts the assumption. If np;_1 = 0, there exists L € {1,--- , M — 2}, such that
1L (01 —®LL) = 0, where 1y, # 0. Since 8 € o(®LL), the assumption is not satisfied. If € o(®KK), where 2 < K < M —1,
then 0 ¢ o(®5%), ie., ng =0, K < S < M. np(0I — ®KK) =0,... ,m (0] — &) = no®?!, where nx € M(0|®KK) and
nsO5 1 —@77) =0y @71 <J <K — 1. If g = 0, there exists L € {1,---, K — 1} satisfying (01 — ®*F) =0
with 07, # 0, that is, § € o(®LL). Tt is concluded that nx # 0, nx (AKX @ BE) =0, and n;(AY®B7)=0,2< K < M —1,
1<J<<K-1 If § € o(®'), it is obviously nayr = 0,-+- ,m2 = 0,11 # 0, and 71(0] — ®'1) = 0. One can obtain
m € M(Gl-lj|<1>11) and 71 (A! ® B!) = 0, which contradicts condition 1).
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Remark 2. Based on the relationship of the eigenvectors and eigenvalues of ®¥ X (K = 1,-.. , M) and the eigenvectors
and eigenvalues of the subsystems established in Lemma D1 and Lemma D2, Theorem D2 gives conditions to verify the
controllability of the networked systems by verifying the controllability of single layers. The controllability of drive layers
can be verified independently, while the controllability of response layers can not be verified independently due to the
inter-layer couplings.
Corollary 1. The networked system (D1) is controllable, only if the following conditions hold:

)6 =1

2) (AL, B') can be converted into an HOFA system:

ALt Al 21D ALl 4 Al = Bl

IS . j—1 . .
Wherezl:[21117""lep}Tyz}t(]):Z%t(J )7t:17"',}77]:1,"‘7#t7H:maX{Hi’Z:17""P}, ;U'1+"'+)ufp:n7
A = log (B)lpxp, k=0, s,

1 b% g e b%p

N

1
pPXp

in which a;l(k) and b;l are defined as (C31)-(C33), s, I=1,---,p, k=1,---,u;, and

al(k)=0, if k> ps or k= ps and s # 1,
ais(us) =1 ifs=1,---,p

Proof.  Obviously, node 1 in layer 1 without incoming edges from other nodes in layer 1 or other layers. Based on Theorem
C1, the proof is omitted.

Appendix D.2 Directed star structure

For multi-layer networked systems, if there only exists edges from upper layers to the lower layers, i.e., all the inter-topology
matrices are zero matrices, except DE1 #£ 0 (K = 2,---, M), then this type of interlayer coulping mode is called directed
star structure. The controllability of directed star multi-layer networks is considered, in which each layer of the networks
has directed star structure. This type of networked system is as shown in Fig. D2, and the state matrix and input matrix
in (2) are as follows:

@11
11
@21 @22 v
¢ = 7\1’ = ’ (D4)
MM
(I)Ml @MM v
where
AK
KK — w3
K K
WN 1 A

Layer 1

Layer 2 Layer M

Figure D2 A directed star multi-layer networked system with directed star in each layer
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Theorem D3. Suppose 0(AX)No(A7) =0, for K,J =1,--- ,M,and K # J. The networked system (D4) is controllable,
if the following conditions hold:

1) for 1 € M(0};|®™) and m # 0, m(A' @ BY) #0,i=1,---,r1, j =1, ,pj;

2) for nx € M(Qfﬂq)KK), nk #0and m € 55, then [n1(A! ® BY), nx (AKX @ BX)] # 0, in which Eg =
{m € ClXNlnml(a{j.I — ol :anbKl}, 2<K<M,i=1,---,rg,j=1,--,pK.
Proof.  First of all, o(®) = o(®'1)---|Jo(®MM). If the networked system (®, ¥) is uncontrollable, there exist § € o(®)
and a nonzero vector n = [n1,--- ,nar] satisfying

n(6I — ®) =0, (D5)
n¥ =0, (D6)
where ng € CYXNKk K =1,... , M. That is,
(0 — ®11) — @l — ... — @M =g, (D7)
n2(01 — ®22) = 0,--- ,mpr (01 — @MM) = 0. (D8)

If 6 € o(®KK), then nx € M(O|®KK) and n; = 0, in which 2 < K < M, 2 < J < M, J # K. (D7) is equivalent to
m(OI — &) = ngdKL. If ng = 0, one can deduce 71 # 0 and 6 € o(P1), which contradicts the assumption. Then,
i # 0. Since nx (A ® BE) =0 and 1 (A! ® B!) = 0, condition 2) is not satisfied. If § € o(®!1), based on (D8), it can
be get nx = 0, K = 2,--- , M. Otherwise, there exists L. € {2,---, M}, such that n, # 0 and 0, (6] — ®LL) = 0. Then
one can draw that @ € o(®LL), which contradicts the assumption. It is obviously that n; € M(6|®!!) and 11 # 0. Since
11 (Al ® B') = 0, condition 1) is not satisfied.
Remark 3. Based on the relationship of the eigenvectors and eigenvalues of ®X ¥ (K =1,... M) and the eigenvectors
and eigenvalues of the subsystems established in Lemma D1 and Lemma D2, Theorem D3 gives conditions to verify the
controllability of the networked systems by verifying the controllability of single layer networks. The directed star network
structure makes the verification of controllability easy, which motivates these controllability conditions.
Corollary 2. The networked system (D4) is controllable, only if the following conditions hold:

1) 61 = 1;

2) (A1, B1) can be converted into an HOFA system:

AL Al D ALl 4 AL = Bl

- . j—1 . .
where Z% = [Z%lv"' 7Z%p}T7 xit(]) :Z%t(] )7 t = 17 Dy ) = 17 sty = max{“i’lzly"' ap}’ M1 ++ll‘p =n,

Ai = [all(k)]PXP’ k= 07 My

1 b% g e e b%p

. 1 1
r ’ b23"'b2p

1
pPXp

in which ail(k) and b;l are defined as (C31)-(C33), s, I=1,---,p, k=1,---,u;, and
ail(k)zo, if k> ps or k= ps and s #1,
a%s(“s) = 17 if s = 1,---,p.

Proof.  Obviously, node 1 in layer 1 without incoming edges from other nodes in layer 1 or other layers. Based on Theorem
C1, the proof is omitted.

Appendix E Multi-layer networked systems with special node dynamics

Multi-layer networked systems with special node dynamics are considered here, where each node has chain dynamics, i.e.,
for K=1,---,M,

AK =

c RnXn,

Define QK = {[07 701qK]|qK € Rqu 7£ O} and GK = {[gK)Ov ,O}TIQK € RﬂgK 7£ 0}
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Corollary 3. Suppose HX € ¢n*1 BK ¢ cnxl oK c clxn HKJ = HK for K,J=1,---,M, J # K. The networked
system (2) with chain node dynamics is controllable, if the following conditions hold simultaneously:

1) CK c QK and HX e GK, K =1,--- , M;

2) for s = 0 and any v& = [vff, ... ,vﬁK] € MK (s),ifnW = 0, thenn = 0, wheren = [p',--- ,nM], n¥ =k, ... ,nﬁK],

mKZUiKHKvK:L'”7M7i:1,"':NK§

3) if s # 0, rank (I — W o 8,Ay) = MN, where 85 = CK(sI — AK)"1HEK gEJ = CK(s] — AK)"1HKJ ~K =
CE(sI - AK)"1BEK K J=1,---,M, J # K, and

Bl . Bl]% "/1
BMl . ﬂM 'YM
Proof.  For s € C and CK € Q¥, there exists a vector ¢K = [¢f,... ¢K]T € C" satisfying that (sI — AK)¢K =0,
CK¢K =0, K=1,---,M. Specifically,
sk =0
self —affet =0
& —ap_ 1651 =0
g =0
If s #0, then ¢f = ¢ff = ... =¢K =0 If s =0, then ¢ = ... = ¢K | = 0. Since ¢ # 0, ¢X =0. In
summary, £5 =0, i.e., (A%, CK) is observable, K = 1,--- , M. Similarly, for s € C and H¥ € G¥, there exists a vector
¥ =k, - nK] satistying n% (s — AK)=0and nKHEK =0, K =1,--- , M. ie,
snft —afingt =0
stp_y — af_ynf =0
snff =0
g0t =0
If s # 0, then ni£ = ... :n{( =0. If s =0, then 775( =...=nK = 0. Since & # 0, it is easy to get nf( = 0. One can
get € =0, i.e., (AKX, HX) is controllable, K = 1,---, M. Based on Theorem 1, the rest of the proof is omitted.
Remark 4. For the node systems with chain dynamics, the controllability of the subsystem (A%, H¥) and the observ-
ability of the subsystem (A%, C¥) are not need to be verified specifically if HX € GX and C¥ € Q¥, where K =1,--- , M.

In addition, although the node dynamics of each layer are heterogeneous, the eigenvalues of the state matrix of nodes are
the same, i.e., zero. Therefore, the situation of condition 5) in Theorem 1 does not exist.

Appendix F Simulated examples

Some examples are given to illustrated the applicability of the conditions proposed in this letter.

Appendix F.1 Numerical examples

Example 1. Consider a two-layer networked system with non-uniform layer scales, i.e., layer 1 with 3 nodes, and layer 2
with 4 nodes. 6% =1,

0000 100
000 1000 000 1
Wl=|100|,W2= , D = JH2 =
0100 000 0
010
0010 001

e[

A? = [O 0 ,B2 = m ,H? = H ,C2 =10 1].

11
It is obviously that node 1 in layer 1 without incoming edges from other nodes of layer 1 or layer 2. The controllability
of this network can be easily verified by Theorem C1. Since 6% = 0, one can get the networked system is uncontrollable.
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Example 2. Consider a two-layer directed chain structured network, where layer 1 with 2 nodes and layer 2 with 3 nodes.
Each layer is a chain network. 6% = 6% = 5% = 5% =1,

00 000 10 1
Wl:Lo]’WZZ A R ’HQI:H’
010 01

A

[
1
S =
N =
—
sy
—
Il
—
= o
| I —
T

— 1 1 _
_ {0 0],32: H,m: H,Cz:[o 1
13 0 1

Since o(A!) = {1, 2}, 0(A?) = {0, 3}, and o (A') N o(A?) = ), the controllability of this networked system can be verified
by Theorem D2. o(W1!) = {0,0}, c(W?2) = {0,0,0}. o(Al + piHY) = {1,2}, 0(A% + u2H?) = {0,3}. Then,

S

A

AL =1,AL =2;02, =0,22, =3.
aj() =101 0l,01(2)=[0 1,af(1)=[1 0 0,af(2)=[0 1 0,af(3)=[0 0 1],
i) =01 —1L&,1)=[0 1,&,1) =1 0],&,(1) =1 3],
(1) =af() @& (1) =[1 =1 0 0,77,(1) = aj(1) ®Ef,(1) =[0 1 0 0],

nf () =af(H) @& 1) =[1 00 0 0 0],n{,(1) =af(1)@&H(1)=[1 3 0 0 0 0].

1
Case 1: X € o(®22). If Ay = 0, then 11 = [-1 B 0 0. If \a =3, then mz2 =1[2 2 0 0]. For n?; € M(\},|®?2) and

1
m1 € E1,, (At @ BY),n?, (A% @ B?)] = [504 0 a 0 0]. If n?, #0, then [m1(A' ® BY),n?, (A2 ® B?)] # 0. For n?, €
M(A\2,]922) and n12 € iy, [m2(A'@BY), 12, (A2®@B%)] = [2a 0 a 0 0]. Ifn?, # 0, then [m2(A'®B1), 73, (A2 B2)] # 0.
Case 2: A € o(®!). For m1 € M(A\,|@M), nl (A ® BY) = [-~a 0]. That is, ni; # 0, ni,(A' ® B!) # 0. For
iy € M(AL,|®11), n}, (Al ® B!) = [ 0]. One can get ni, # 0, niy (Al ® B1) # 0. In summary, the networked system is
controllable.

Appendix F.2 A practical example

Consider a two-layer autonomous driving intelligent transportation networked system. The two vehicles in layer 1 receive
control signals and keep driving side by side based on the positions of each other. In layer 2, vehicles 1 and 3 directly receive
signals transmitted by vehicles in layer 1, while vehicle 2 maintains normal driving based on the signals transmitted by the
other two vehicles, as shown in Fig. F1.

Motion Direction

Layer 2

Figure F1 A two-layer autonomous driving intelligent transportation networked system

The dynamics of the vehicles in layer 1 and layer 2 can be described as:

11 1 17 1
1 T0 T™m Ti 9 T0O Tu Tu
A=11 o o4 =]1 0 o]

o
—
o
o
—
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respectively, where 79, Tm, T;, Tu, and 7, are time constants.
The state of the network is z = [(z1)T (23)T (22)T (23)T (232)T]7, where 2K = [aX vF dK]T. aF,vK, and dF represent
acceleration, velocity, and displacement, respectively. For K = 1,7 = 1,2; for K = 2,7 = 1,2,3. The topology matrices of

layer 1 and layer 2 are

000
1 01 2
W= 10,W= 101},
000

respectively. Let 79 = 0.5, 7, = 0.1, 73 = 0.25, 7, = 0.25, 7 = 2.5, then

—2 10 4 —2 10 4 10 1 0
Al=11 0 o0|,A*=|1 0 0|, D¥= 00| ,H?2=|1]|,H* = 1],
0 10 0 10 01 1 0
1 1 1 0
Bl=|o|,H'=|1|,C'=0 0 1],B2= |1|,H%= |1]|,C? =0 1 1].
1 1 0 0
8329 1507 729
The controllability of this network can be verified by Theorem 1. 0(A') = 0(4?) = 4 ——, ——, ——— . (AK CK)
1998° 592 1934
is observable, (AX, HX) is controllable, K = 1,2.
If s ¢ 0(AK), K = 1,2, then
s243s—7 s243s—7 s2425—9 0
8= §3 4252 —10s—4 s3 +2s2 —10s —4 5= 83 4+252 —10s — 4
s24+3s+2 s24+3s+2 ’ s2+4s+3
0 (A LA
s3 4252 —10s—4 s3 +2s2 —10s—4 83 4+ 252 —10s — 4
One can get that rank (I — W o 8, Ay) = 5.
467 739 484 1639 958 327
If s € o(AK), K = 1,2, =[000000] € M(s), v2 = [-—v? — ——v} ——v? ——v3 ——v2 02
481 3173 8663 1779 2647 2300
114 1108 397 739 958 1108
—w2 — ——v? ——v?] € M?%(s). One can get n* = [0 0], n? = [-——v2 ——0v2 — ——02]. Then, W =
365 U3 31603 12873 (s) get nt = 1[0 0], n 3173”0 26272 31603 7
739 1108 958 958
[—ﬁv% - %Ug mv% 0 mvg] It is obviously that if n # 0, then nW # 0. The networked system is
controllable.
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