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Human behavior and the surrounding environment form a com-
plex, bidirectionally coupled system:
resources, ecological balance, or climate, while environmental
changes feed back to influence cognition, decision-making, and so-
cial behaviors. Co-evolutionary game theory provides a powerful
framework to study such feedback-evolving systems [1,2]. Prior
studies have shown that bidirectional feedback can produce rich
dynamical outcomes, including monostable, bistable, and oscil-
latory behaviors, but often neglect the role of adaptive external
interventions in steering the system toward desirable states.

In this work, we propose a probabilistic hybrid incentive strat-
egy, in which an institutional agent adaptively adjusts the prob-
ability of implementing rewards or punishments according to the
fraction of cooperators in the population. This mechanism makes
incentives an endogenous part of the feedback loop, reflecting real-
world policy practice. For example, public health measures during
COVID-19, where vaccination rates and outbreak severity drive
shifts between reward-dominant and punishment-dominant strate-
gies [3]. Unlike previous studies that treat rewards and punish-
ments as independent interventions [4], our approach integrates
them adaptively and synergistically, enabling analysis of both co-
operation levels and potential social welfare outcomes.

Model and Methods. We consider a symmetric two-player game
with cooperation (C') and defection (D), represented by the stan-

individual decisions affect

dard 2 x 2 payoff matrix A = . To promote cooperation, we

introduce a probabilistic incentive mechanism. Each cooperator is
rewarded with strength v with probability A, and each defector is
punished with strength u with probability 1 — A. The resulting
payoff matrix is
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In an infinite well-mixed population, the frequency of cooperators
x evolves according to the replicator equation & = z(1 — z)(pc —
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pp), where pc and pp are the average payoffs of cooperators and
defectors. The coevolutionary dynamics are captured by a closed-
loop system where strategy evolution and reward probability in-
fluence each other:

A= X1 = NF(z,\), W

{efc = 2(1 - 2)[2(dps — 67R) — Ops + Mv — ) + ),
with épg = P — S, 0rg = T — R, and ¢ the relative timescale
of strategy updates. The function F'(z, A) defines how the reward
probability depends on the population state, ensuring A € [0, 1].

We consider both linear and nonlinear forms of F'(x,\). In the
linear case (System I), F'(x,\) = 0(1 —z) —x, where reward proba-
bility decreases with increasing cooperation, representing adaptive
institutional behavior that targets the minority strategy. In the

. —n(z—7) _gn(z—7)
nonlinear case (System II), F(z,\) = %, captur-
ing situations where reward adjustments are abrupt near thresh-
olds, as in real-world policies such as epidemic control (Figure B1
in Appendix B). Here, n controls the steepness of feedback, 7 the
regulation threshold, and p a scaling factor. Appendixes A and
B provide detailed theoretical derivations for linear and nonlin-
ear feedback, respectively, including conditions for Hamiltonian
dynamics or heteroclinic cycles when oscillations occur.

Results. We first summarize the global evolutionary outcomes
of the coupled system under linear and nonlinear feedback. To this
end, we present in Figure 1 the phase-partition diagrams in the
parameter space (u,v), where v and v denote punishment and re-
ward strengths, respectively. The two panels correspond to linear
feedback (System I) and nonlinear feedback (System II). In both
systems, the parameter plane is divided into several regions with
qualitatively distinct long-term dynamical outcomes. Although
the detailed existence and stability conditions of equilibrium points
are provided in the Appendix, Figure 1 offers a compact overview
of the global state structure of the coupled system.

Linear feedback. Under the linear feedback scheme, the top row
of Figure 1 provides a complete phase diagram of System I in the
(u,v) parameter plane, where u and v denote the punishment and
reward strengths, respectively. The figure shows that the long-
term evolutionary outcome is partitioned into distinct regions by
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(Color online) Phase diagrams of the evolutionary dynamics under linear and nonlinear feedback. Panels (a)—(c) correspond to the

linear system and panels (d)—(f) to the nonlinear system. Panels from left to right show the cases dps < drgr, 6ps = drr, and Sps > SR,
respectively. Different colors indicate different stable dynamical regimes in the (v, u) parameter plane.

the critical thresholds dpg, drr, and (6ps + 097r)/(1 + 6). De-
pending on the relative ordering between dpg and d7 R, the system
exhibits three qualitatively different phase organizations. When
dps < Org, as shown in Figure 1(a), the (u,v) plane is divided
into multiple regions supporting different asymptotic outcomes, in-
cluding boundary equilibria, bistable regimes, and a stable interior
equilibrium. In particular, when v < (0pg + 067r)/(1 +0) < v,
the interior equilibrium (z*, A*) is stable, indicating a monostable
coexistence state of cooperators and defectors. In other parameter
regions, the system converges either to boundary equilibria such as
(z1,0) or (xz2,1), or exhibits bistability between corner or bound-
ary states. This result means that, in this case, varying v and v
can switch the system among several stable cooperative-defective
configurations. When dpg = drg, as shown in Figure 1(b), the
phase structure becomes much simpler. The parameter plane is es-
sentially divided into four regions, where the system converges ei-
ther to (0,1), (1,0), or exhibits a neutral-stable oscillatory regime.
In particular, when v < dpgs = drr < v, the system enters the
neutral-stable region, where trajectories form closed periodic or-
bits around the interior equilibrium. Thus, this case represents
the transition point between stable coexistence and more strongly
When dps > drpg, as shown in
Figure 1(c), the phase diagram is further simplified and becomes

unstable oscillatory dynamics.

dominated by corner equilibria and oscillatory behavior. In this
case, the interior equilibrium is no longer stable. Instead, when
u<drr < (Ops +00rr)/(1+60) < dps < v, the system exhibits
a heteroclinic cycle, implying persistent large-amplitude oscilla-
tions between states near full cooperation with punishment and
near low cooperation with reward. Outside this oscillatory region,
the system converges to corner equilibria such as (0,1) or (1,0).
Therefore, as 6 pg becomes larger than dr g, the long-term dynam-
ics shift from stable coexistence to oscillatory instability.
Nonlinear feedback. Under nonlinear feedback, the bottom row
of Figure 1 shows a phase structure in the (u,v) plane similar to
that under linear feedback. The reward strength v and punishment
strength wu still determine whether the system evolves to a monos-
table, bistable, or oscillatory regime, while the mixed threshold is
replaced by (1 —7)dpgs + 70rgr. In particular, the system exhibits
a stable interior equilibrium when dpg < d7 R, a neutral-stable os-
cillatory regime when dpg = dr g, and a heteroclinic-cycle regime
when dpg > 0rpr. This finding further demonstrates that the
global dynamical organization of the system is robust to the feed-

back form.

Conclusion. We develop a feedback-evolving game framework
with adaptive incentives, in which institutions dynamically ad-
just reward probability according to the current cooperation level.
By incorporating both linear and nonlinear feedback forms, we
show that adaptive incentives can generate rich dynamical be-
haviors, including monostable, bistable, and oscillatory regimes,
while achieving socially optimal full cooperation with minimal in-
stitutional cost. These results demonstrate that state-dependent
incentive regulation provides a more efficient and flexible path-
way for resolving social dilemmas than conventional static mech-
anisms. Building on this theoretical foundation, future work may
extend the present framework by examining a broader class of
feedback forms, incorporating bounded rationality and external
perturbations, and exploring the adaptive incentive mechanism
from a Stackelberg game perspective. It should be noted that our
incentive design is based on a population-level approximation of
cooperation and defection frequencies. In realistic social-ecological
systems, individuals may not respond fully rationally to rewards
or punishments, and unexpected external perturbations may also
arise. Exploring these factors within the present adaptive feedback
framework is an important direction for future work.
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