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Over the past decade, intelligent optimal control for nonlinear sys-

tems has made great progress, and numerous intelligent optimal

control policies have been developed. For example, Ref. [1] pro-

posed an adaptive neural network (NN) optimal control scheme

for unknown nonlinear systems. Ref. [2] developed a Laval Nozzle-

based NN optimal intermittent control of nonlinear systems. Al-

though the above mentioned intelligent optimal control schemes

can achieve optimal control performance, they require controlled

systems to reach their equilibrium points over an infinite time. To

overcome this problem, the finite-time NN optimal control [3] was

developed.

An inherent drawback of finite time optimal control is that the

settling time function is not uniformly bounded, the convergent

time to the equilibrium point may increase as the vector norm

of the initial condition increases. Alternatively, Ref. [4] proposed

a predefined-time NN optimal control policy for nonlinear sys-

tems. The presented predefined-time optimal controller is able to

guarantee that the closed-loop system is stable and minimize the

performance index over a given finite time. However, the optimal

policy in [4] requires that the controlled system states must be

available for measurement.

This study investigates the predefined-time adaptive NN opti-

mal output feedback control problem for nonlinear systems with

unmeasurable states and the input saturation. An NN state ob-

server is first established to estimate the unmeasurable states.

Then, a predefined-time adaptive NN optimal output feedback

control scheme is proposed, where an NN is used as a critic net-

work to learn the solutions of Hamilton-Jacobi-Bellman (HJB)

equation. The proposed NN optimal control scheme can ensure

that the controlled system is predefined-time stable and control

inputs do not exceed the given saturation bounds.

Problem formulation. Consider the following nonlinear dynam-

ical system with the input saturation:

{

ẋ(t) = f(x(t)) +G(x(t))v(u(t)),

y(t) = Cx(t),
(1)

where x(t) ∈ R
m and y(t) ∈ R

s are the system state and output

vector. f(x(t)) is an unknown nonlinear function. G(x(t)) is a

known invertible matrix function and C ∈ R
s×m is the system

output matrix. v(u(t)) = [sat(u1), . . . , sat(um)]⊤ ∈ R
m is the

control input with actuators saturation. sat(ui(t)) is defined with

saturation bounds ū > 0.

Assumption 1 ([1]). Assume that f and G are Lipschitz con-

tinuous with f(0) = 0.

Control objective. This article will develop an NN optimal

output feedback control, which ensures that the nonlinear system

(1) is predefined-time stable and optimized.

Main results. Let BM(x(t)) = f(x(t))−Ax(t), then Eq. (1) is

ẋ = Ax+ BM(x) +G(x)v(u(t)), (2)

where A ∈ R
m×m, B ∈ R

m×s are known matrices and assume

that rank(B) = s. Similar to [1], by using an NN Λ∗⊤ψ(x(t)) to

approximate the unknown function M(x(t)), and assume that

M(x) = Λ∗⊤ψ(x) + ǫ, (3)

where Λ∗ is an ideal weight matrix, ψ(·) is the NN activation func-

tion and ǫ is the approximation error. From (2) and (3), one has

ẋ(t) = Ax(t) + B(Λ∗⊤ψ(x) + ǫ) +G(x(t))v(u(t)). (4)

An NN state observer is constructed as

{

˙̂x(t) = Ax̂(t) + B(Λ̂⊤ψ(x̂(t)) + ǫ̂) +G(x̂(t))v(u(t)) + Lỹ,

ŷ(t) = Cx̂(t),

(5)

where ỹ = y − ŷ, L ∈ R
m×s is the observer gain. Λ̂ and ǫ̂ are

the estimates of Λ∗ and ǫ. Select the observer gain L such that

A−LC is a stable matrix. There exists a positive definite matrix

P > 0 satisfying the following equations:

(A− LC)⊤P + P (A− LC) = −c0I and B⊤P = C, (6)

where c0 > 0 and I is a identity matrix.

The adaptive laws of weight Λ̂ and ǫ̂ are designed as

˙̂
Λ = Proj(η1ψ(x̂)ỹ

⊤, Λ̂) and ˙̂ǫ = Proj(η2 ỹ, ǫ̂), (7)

where η1 > 0 and η2 > 0 are the learning rates of Λ̂ and ǫ̂.
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Theorem 1. Consider the system (1) under Assumption 1, the

designed observer (5) with weight adaptive laws (7) can ensure

that the observer error x̃(t) converges to zero.

Proof. Please see Appendix A.

Inspired by [4], define cost function J(x̂) and value function

V1(x̂(t)) as follows:

J(x̂(t)) =

∫ ∞

0

K(x̂, u) dt, V1(x̂(t)) =

∫ ∞

t

K(x̂, u) dτ. (8)

The optimal value function V ∗
1
(x̂(t)) is defined as

V ∗
1 (x̂(t)) = min

u

∫ ∞

t

K(x̂, u) dτ, (9)

whereK(x̂, u) = K1(x̂)+K2(x̂)u+U(u), K1(x̂) > 0 and K2(x̂)u > 0

are continuous on R
m. U(u) = 2

∫ u

0

(

ūϕ−1(s/ū)
)⊤

R(x̂) ds,

R(x̂) > 0 and ϕ = tanh(·). Select K1(x̂) and K2(x̂) to satisfy

∇V ∗⊤
1 (x̂)

[

Z(x̂, y)−
1

2
GR−1(K2(x̂) +∇V ∗⊤

1 (x̂)G)⊤
]

6 −
γ

Tc

(

αV
∗ p+1

2

1
(x̂) + βV

∗ q+1

2

1
(x̂)

)

,

(10)

K1(x̂) +∇V ∗⊤
1 (x̂)Z(x̂, y)− 2ūD∗⊤Rϕ (D∗/ū)

+ U
(

− ūϕ(D∗/ū)
)

= 0,
(11)

where D∗ = 1

2
R−1(K2(x̂) + ∇V ∗⊤

1
(x̂)G)⊤, α > 0, β > 0,

0 < p < 1, q > 1 and γ > 0.

The Hamiltonian function is as follows:

H(x̂, u,∇V ⊤
1 ) = K(x̂, u) +∇V ⊤

1 (Z(x̂, y) +G(x̂)u). (12)

Therefore, design the optimal control law u∗(t) as

u∗(t) = −ū tanh(D∗/ū). (13)

By using a critic NN Λ∗⊤
c φ(x̂) to simultaneously approximate the

optimal value function V ∗
1
(x̂) and its gradient ∇V ∗

1
(x̂), one has

V ∗
1 (x̂) = Λ∗⊤

c φ(x̂) + ǫc,∇V
∗
1 (x̂) = ∇φ⊤(x̂)Λ∗

c +∇ǫc, (14)

where Λ∗
c is an ideal weight vector, φ(·) is the NN activation func-

tion and ǫc is the approximation error. Then, the estimations of

V ∗
1
(x̂) and ∇V ∗

1
(x̂) are

V̂1(x̂) = Λ̂⊤
c φ(x̂),∇V̂1(x̂) = ∇φ(x̂)⊤Λ̂c. (15)

Then, Eq. (13) is estimated by

û(t) =− (ū− ξ) tanh(D̂/(ū− ξ))− ξ, (16)

where D̂ = 1

2
R−1(K2(x̂) + Λ̂⊤

c ∇φ(x̂)G)⊤, ξ = a‖x̂‖2

b+‖x̂‖2
1m is a ro-

bustifying term to reduce the effect of the approximation errors.

1m = [1, 1, . . . , 1]⊤ ∈ R
m and b is a given positive constant. a > 0

is a design parameter.

Similar to [3], we design the weight adaptive law as

˙̂
Λc =

(

− ̺
Ξ(t)

Ψ̄(t)

⌈

̟(t)

Ψ̄(t)

⌋γ1

− ̺
d
∑

k=1

Ξ(tk)

Ψ̄(tk)

⌈

̟(tk)

Ψ̄(tk)

⌋γ1

− ̺
Ξ(t)

Ψ̄(t)

⌈

̟(t)

Ψ̄(t)

⌋γ2

− ̺
d
∑

k=1

Ξ(tk)

Ψ̄(tk)

⌈

̟(tk)

Ψ̄(tk)

⌋γ2
)

,

(17)

where ̟(t) = H(x̂(t), û(t), Λ̂⊤
c (t)∇φ(x̂)), ̟(tk) = H(x̂(tk), û(tk),

Λ̂⊤
c (t)∇φ(x̂)), Ξ(t) = ∇φ(x̂) ˙̂x and Ψ̄(t) = Ξ(t)⊤Ξ(t)+1. 0 < γ1 <

1, γ2 > 1, ̺ > 0 is the learning rate. ⌈·⌋h = | · |hsign(·), where

h > 0. Let H = [Ξ(t1)/Ψ̄(t1), . . . ,Ξ(td)/ Ψ̄(td)].

Assumption 2 ([4]). Assume that H is sufficiently rich, i.e., the

matrix H satisfies rank(H) = N ′, N ′ is NN hidden layer number.

Theorem 2. Consider the system (1) under Assumptions 1 and

2. The optimal controller (16), with the NN weight updating law

(17) can make the controlled system predefined-time stable within

the predefined time Tc.

Proof. Please see Appendix B.

Simulation. Take the spacecraft system as an example to illus-

trate the effectiveness of the presented optimal control approach.

The simulation results are shown in Figure 1. The simulation re-

sults indicate that the proposed optimal controller can guarantee

the system is predefined-time stable within Tc = 5.8097 s and does

not exceed the input saturation bound ū = 0.5. In addition, we

make a simulation comparison with the existing NN output feed-

back control method. The detailed simulation and comparison

results are provided in Appendix C.

Figure 1 (Color online) The system states x1(t), x2(t) and con-

trollers û1(t), û2(t).

Conclusion. This study has investigated the predefined-time

optimal output feedback control problem for the nonlinear sys-

tems with unmeasured states and input saturation. An NN state

observer has been established to estimate the unmeasured states.

Then, based on the NN state observer, a predefined-time optimal

output feedback scheme has been developed by using a critic net-

work to learn the solutions of HJB equation and the optimal con-

troller. The presented adaptive NN optimal control method can

ensure that the controlled system is predefined-time stable and

does not exceed the saturation bounds. Simulation results and

comparisons validate the effectiveness of the proposed approach.
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