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Appendix A Proof of Theorem 1

Proof: Define #(t) = 2(t) — #(t), A = A* — A and & = e — & The observe error dynamic equation is
() = (A~ LOYE(t) + BAAT$(2(1) +8) + o (x, ), (A1)

where o(z,2) = B(M(z) — M(%)) + (G(z) — G(&))v(u(t)). From Assumption 1, we obtain |[o(z, )| < om|Z(t)|, where om =
Iv || Bl 4+ 2Gma@ > 0, Iy and Gy, are positive constants.
Consider the Lyapunov function

1 1 o 1
Vo(t) = 5~TPE + Tmtr(ATA) + %ETQ (A2)

where 71 > 0 and 72 > 0 are the learning rates of A and é.
Taking the derivative of V;(t) with respect to time, we have

1. 1 . 1 P 1 .
Vo(t) = =& P&+ =i | P&+ —tr(ATA) 4+ —&Té
2 2 m n2 (A3)
1 ~ 1 JURN 1 .
= 5ng((A —LO)TP+PA—-LO))E+& P(BAT¢(2(t) + &) +0) + —tr(ATA) + —&'é
m 72
From (7), one has
[« ~ ~ . - - N 1 TT R 1 _+.
Vo(t) = — 50||ac||2 +3" (AT9(E(1) +8) + &' Po(z,2) + n—tr(ATA) + 7761. (A4)
1 2
By ||o(z,2)|| < om||Z(t)|| and the Young’ s inequality, we have
N N - ~ P|2  wo?
5T Po(e,2) < 1317 Pllom < 2L 4 207m), (45)
Vo 2
where vg is a positive constant. From the properties of projection operator [1], we can know that
Proj(mu(@)s ", A) > ATmu(@)g", (A6)
Proj(n2g,€) > € m2j "
Substituting (7), (A5) and (A6) into (A4), we obtain
Vo(t) < =Xoll3, (A7)

P2 2
where Ao = %CO - 7”21)‘(‘) - L;m > 0.

From (A7), we have Vo (t) < 0. According to Barbalat’s lemma [2-3], it can be confirmed that the observer error Z(t) asymptotically
converges to zero, that is, tlim |Z(t)|| = 0.
— 00
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Appendix B Proof of Theorem 2

To prove the Theorem 2, we introduce the following lemma.
Lemma 1 ([4]). For the nonlinear system (1), if there exists a continuously differentiable function V(z) : R™ — R and V (z) is positive
definite such that
V(@) < - 2@V (@) + @2V @), (B1)
c

where T, > 0, w1, w2, d1, 62 and § are positive constants such that §16 < 1, 626 > 1 and
1—66 §62—1 1-66
F(52,51 )F(522,51 ) (@) 52*51
@ T(6)(82 — 61)

w2

Then, the nonlinear systems (1) is predefined-time stable with predefined time Te.
Proof: By Theorem 1, we know that #(¢) can estimate the system state z(t), thus the NN observer can be further written as

2(t) = Z(#,y) + G(&(1))v(u(?)), (B2)

where Z(2,y) = Az + B(AT (&) 4+ &) + L(y — 9).
The Lyapunov function is defined as:
V(t) = Vi'(#) + Ve(Ao), (B3)

where V;* (%) is defined by (10) and V.(Ac) = QLQZXCTJ\C, o > 0 is the learning rate.
The time derivative of V}*(&) is formulated as:

V(@) =VViT | Z(&,y) — G@&)D* + G(&)(a+ & + DY)

(B4)
8l «BEL ~ e o *T AN * *T -
SoglaVy 2 @)+ BV 2 (@) + VYT G@) (@ + DY)z + VVI G(2)E.
c
According to [5-9], we assume that ||[V¢(Z)||2 < ¢am and [|[Veell2 < , where ¢4,, and €™ are positive constants. Thus ||[VV}*(2)[2 <
Gdm|lAZ]|2 + e¥™. Then, we have
N = S St .
V@) <= -(aVy 2 (@) + 8V 2 (@) + mllhellz + p2 + di1Gmg, (B5)
c
where di = ¢gm | A%ll2 + €™, g1 = 2 Amae(RTHG2, damd1, p2 = p1€2™ /pam + d1Gm (G + || D*])).
Case 1: ||6gyB(t)||2 = 0. By calculating the time derivative of V.(Ac) = 2%)ACTAc and using the adaptive law (18), we obtain
ValRe) = ATE@) [2@mTA ™ Xd: ATE(t) [2te)TA |
o W(t) (t) = Y(t) W(tr)
A X 72 d 3 X 2 (BG)
L AT2w [207R [ g AlZw) [T
TORIRET0) 2 TS0 | )
ATs r=Tx |V AT = |Yi+1
Because of A%’_ [“;ACJ = ‘Afp“ , i =1,2, then (B6) can be formulated as
d 71+1 d |3 Te v2+1
Z AlE Ag E(ty) _ z Actﬂ(tk) (BT)
= vte) = Y(te)
Noting that
d |~ 1
ATE(t EPES . )
(Z %(7()}6) ) = ||HTAC||’Y7L+17 1= 172
k=1
Because of 1 < 1 + 1 < 2 and the monotonicity of the || Hp, we have ||HTAC||2 |HT A¢|ly,+1. By using the norm equivalence in R,
there exists a number ¢ > 0 such that ||H T Ac|j2 < ¢||[H T Ac|lyo+1. Thus, Vo(Ac) can be represented as
Ve(Re) < = HT A3 = em 02D H T A 32T (BS)

From Assumption 2, it follows that rank(H) = rank(HH ') = N,7 then HHT is positive definite matrix, it is implies that the following
inequality holds

Nain (D1 Aell3 < ATHHT Ao < X, (H)IA 3. (B9)

Based on (B8), (B9) and V.(A.) = %9”[\6”27 we obtain

yp+1 . att 1 e+l

Ve(Re) < = ANFL Y (20) 5 Vi 2 (Re) — = 2N+ (1) (20) 5 Vi 2 (Au). (B10)

min min c
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By combining (B5) with (B10), we have
. L Pl w4l +1 i tl
V<- L@V, T @) +8V T (&) - ANATHH)(2077 Ve 2 (Al

TC min

yo+1 2+l

— e 2N () (20) 75 Ve 2 (Re) + pallAcllz + p2 + diGimé.

Then, choose x such that 0 < k < A71F1 (H) and by using the Young’s inequality, we have

min

1

- P - 1+-L
A < A Yy1+1 k ’v17
pallAcll2 po— Tl Aell2™™ + ko
_ 71+12
where kg = #n RESi U
From (B11) and (B12), we obtain
. ~ wBEL wafl 1 K yi41 ol
V<— (V) 2 (@) + BV, 2 (2) - ()‘;Ynli;:r (H) - )(20) 72V, 2
Te Y1 +1

vot+1 Y2t

- 14
_C—(’Y2+1)>\112i:1(H)(29) 2 Ve 2 (Ae)+kopy 7'+ p2+diGmé.

Similar to [2-3] and [10], choose the design parameter a in robustifying term & such that
brlE) [, 1+
~112 1
allz]|* > ———— |k + .
Jol? > B fh "7
Then, (B13) can be represented as

p+1 a+1

>t

V< — l(aV;
Te

y1+1

+1
where ac = (\AH (H) — =545)(20) "2 and e = ¢~ (24 DAI2HL (H)(20) 2

min

Let y1 = p, 72 = ¢, and select g such that a. > Z-a, Bc > 78, we obtain

5 « P11 N p+1 ~ L atl N q+1
V<= galp 2 @+Ve? (Ae)) = -A(Vy 2 (@) +Ve? (Ac))
c c
< - Tl(av% +217;1,8VL42'1).
c

Case 2: ||6gyp(t)||l2 Z 0. We consider the same Lyapunov function candidate as Case 1, its derivative changes to

« y+lo y2+1
= @)+ v (@))—(acvc T (Re)  BVe T ( c>),

i am [BE®TAe+0msB®) |7 E®) K i [ER) TAe +0usn(te) | Et)
Velhe) == Ac { 7o) J ORI () ()
AT [EOTAe +0usp() | 2O g[S A+ 0sn ) | Elt)

¢ U(t) vt o W(ty) U(ty)’

(B11)

(B12)

(B13)

(B14)

(B15)

(B16)

(B17)

where §pyp(t) = H(&(t), 4(t), A5 T (1) Vé(£(t))). Assume that ||65 55 (t)||2 < 67,5 and ||%||2 < U, where 8% 5, Uy are positive

constants. There exists a Ny > 0 such that

ET@®)Ac| = 10msa®)|, VN = Ny.

ETMAc+0mss®)) __(ET(MA:
e (1) = gy )

Then, one has

Note that the following inequalities hold.

=T WActens@ | S (2w [T | e |
W(t) Z 1w C W (t) )
TR V2 T V2
=T (WA 405 5(0) 1-2 |2 ) 51 p(®) |72
o BEE IS o R T

From (B10), (B19) and (B20), we have
Ve(Re) < = AU DR = 21772 em Car DA () | A3
- duin
* (Z ) (‘ T(t)

k=1

AEE(tk)

W(ty)

ATE(t)
U(t)

0HJB
T (t)

"

"

(B18)

(B19)

(B20)

(B21)
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Moreover, H%Hg < U and [|6gyp(t)|2 < 8%, 5, where Uy, and 67}, 5 are positive constants. (B21) can be formulated as

- 1 yi+1 o kbt o o 1 yot+1  d2tl
Ve(Re) < = X (H)(20) ™7 Ve 2 (Re) — 207 72e= 02 DN2H () (20) 2V, 2 (Re) (B22)
+ U (d+1)(105 8" + 167 751" Acll2-
By combining (B5) with (B22), we have
. ptl gt1 41 vt
V-2 P @48V F @) - AA (20T Ve T (A
7‘!C min (B23)
yot+1  dy2tl _
_ 217720*(72+1)/\7m2ij;1(H)(QQ) E Ve 2 (Ao) +etllAellz + p2 + diGmé,
where ¢1 = [V (d+ 1)(|6% 5™ + |67 ,5]72) + p1l.
Then, by using similar arguments as in Case 1, we obtain
. +1 1-— 1
V- Tl(anT Lot gt (B24)
c

Finally, combining Case I and Case 2, then by utilizing (B16) and (B24) and Lemma 1, we conclude that the system (1) is predefined-
time stable within a predefined time T¢.

Appendix C Simulation

Example: Consider a spacecraft system given by [10]

@1(t) = LT (La — La)kaza(t) + sat(u1 (1)),
do(t) = Ly ' (Ls — L1)ksz1 (t) + sat(uz(t)), (C1)
y(t) = Cu,

where L1 > 0, Lz > 0, and L3 > 0 are the principal moments of inertia, x = [x1(t), z2(t)] T is the state vector, k3 € R is angular velocity
component, and u = [u1(t),u2(t)] T are the spacecraft control moments. Let f(x(t)) = [L;l(Lg — L3)kzxza(t), L;l(Lg — L1)ksz1(8)] 7,
G =1 and C = [1,0], where L1 =5, Ly =5, L3 = 19 and k3 = 1.

Construct the NN AT (2) and critic NN Al ¢(#), where the activation functions are selected (%) = ¢(2) = [£2, #142, %3], the hidden
layer nodes N = N’ = 3. The AT4(&) and AT ¢(#) are applied to estimate M (2) and Vi (&) in (5) and (15), respectively. We choose

3 1

A= ( ), B = [5.8053,—7.0796] T, L = [9,—12] T and co = 1 in the NN state observer (7). By solving the equation (7), one
—-0.5 —6

0.1276 0.1046

In the cost function (8), select the saturation bound @ = 0.5 and R(&) = é]g,

. iy . . 0.3278 0.1276
obtains the positive definite matrix P = .

q—1

.
zf@%+2@w»—4 , (c2)

Ko (&) = {(Tl(g—%l [2)P +2- %52

K1(2) = (Ka(&) + &7 )atanh ((ICQ(&%) + N)T/a) - U( — atanh ((Ka(2) + @T)T/n)) — &7 Z2(z,y). (C3)

We choose b = 1 and a = 0.27 in the robustifying term &, then condition (B14) is satisfied. To guarantee the control system
1
ar(izpyrazl) ¢ e ~ B ~ B B _
T @=p) = . Let T. = 5.8097 so that p = 0.4, ¢ = 1.6, 1 = 0.4, v2 = 1.6, o = 60.

272
Choose 171 = 10, n2 = 15 in weight adaptive law (8).

predefined-time stable within T, =

The initial conditions of the system states, the observer system states, and the weight of NN state observer and critic NN are given
as: z(0) = [0.5,—0.5]T, #(0) = [0.6, —0.75]T, &(0) = 0.5, A(0) = [0.3,0.2,0.1] T, A.(0) = [0.7324,0.1975,0.3785] T .
Figs. C1-C5 show the simulation results. Fig. C1 shows the curves of the NN state observer errors Z1(t) and Z2(¢). Fig. C2 shows the
curves of the system state x1(¢) and z2(¢). Fig. C3 shows the curves of controllers 41 (t) and 42(t). Fig. C4 and Fig. C5 are the curves
of critic weight Ac and the NN observer weight A. Figs. C1-C5 indicate that the proposed predefined-time adaptive NN optimal output
feedback control scheme can guarantee the systems predefined-time stable within 7., = 5.8097 s and does not exceed the control input
saturation bound u = 0.5.
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Figure C1 Observer errors Z; and Zs. Figure C2 The curves of the system state z1(t) and x2(t).
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Figure C3 The curves of controllers @4 (t) and a2 (t)

Figure C4 The curves of the critic weights A..
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Figure C5 The curves of the NN observer weights A.

To illustrate the fast convergence of the presented predefined-time optimal control scheme, we compare with optimal NN control method
[2]. Choose system initial conditions are the same as the above simulation. The comparison results are shown by Fig. C6. From Fig.

C6, one knows that with almost the same control efforts, the system state vector z1(¢) and z2(t) in [2] convergence time is 10 s, while
the convergence time in this paper is 4 s.
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Figure C6 Comparison of the system state x1(t), z2(t) and controllers @4 (t), @2(t).
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