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Switched systems have been extensively studied over the past few

decades [1–3]. The common Lyapunov function (CLF) has been

widely recognized as a fundamental tool. However, it is difficult

and sometimes impractical to require all subsystems to continu-

ously share a common Lyapunov function. The multiple Lyapunov

function (MLF) approach [4] is widely adopted due to its greater

flexibility in verifying system stability (more details can be found

in [5]). Moreover, the discretized Lyapunov function technique

serves as a useful tool for reducing conservativeness under MLF

in [6]. The piecewise quadratic form of MLFs is utilized in [7]

to establish sufficient conditions for ensuring asymptotic stability

with reduced conservatism. Based on the MLF approach, switch-

ing strategies have primarily focused on state-dependent switching,

time-dependent switching, and their combination in [8]. Typical

time-dependent switching signals comprise the dwell time (DT)

switching signal, the average DT (ADT) switching signal and the

mode-dependent ADT (MDADT) switching signal. It has been ob-

served that the MDADT method provides greater practical value

than the ADT method, as it allows each subsystem to be assigned

a distinct ADT based on the proposed switching rule [9]. The

slow and fast switching strategy is first introduced in [10], where

more general stability and stabilization conditions are established

under time-dependent switching, yielding a tighter bound on the

MDADT or ADT. However, the disturbance attenuation perfor-

mance under this strategy has not been studied. It is essential to

require that the control system is robust to external disturbance.

Motivated by the above-mentioned work, this study considers a

discrete-time linear switched system, where H∞ control problems

under slow and fast switching are investigated. We propose a new

MLF, where the MDLF is adopted for the unstable subsystems,

and the discretized Lyapunov function is used for the stable sub-

systems. Then H∞ performance analysis is given, and a set of

mode-dependent H∞ state-feedback controllers is designed.

Problem formulation. Consider the linear switched system

x(k + 1) = Aσ(k)x(k) +Bσ(k)u(k) +Dσ(k)ω(k),

y(k) = Cσ(k)x(k), (1)

where x(k), u(k), y(k) and ω(k) are the state vector, the control

input, the output and the disturbance input, respectively. σ(k) is

called switching signal, and σ(k) : [0,∞) → S , {1, 2, . . . ,M},

where M > 1 denotes the number of all subsystems. To facilitate

the following development, we assume that the first m subsys-

tems are stable, and the last n subsystems are unstable, that is,

M = m + n. Aσ(k), Bσ(k), Cσ(k), Dσ(k) are real matrices with

appropriate dimensions, σ(k) ∈ S, S = Ξ
⋃

Θ, Ξ , {1, 2, . . . ,m},

Θ , {m + 1, m + 2, . . . ,M}, where Ξ and Θ denote the subsets

of stable and unstable subsystems, respectively. Inspired by dis-

cretized Lyapunov functions in [6] and multiple discontinuous Lya-

punov functions in [10], we use ki to represent the starting time

instant of the ith subsystem and the time interval [ki, kl) to repre-

sent the dwell time of the ith subsystem. For i ∈ Θ, time interval

[ki, kl) is partitioned into Gi segments. Gi denotes the number

of segments of the Lyapunov function in the ith unstable subsys-

tem. H
g
i (ki, kl), ∀g ∈ {1, 2, . . . , Gi} denotes the length of each

segment. Define J
j

σ(ki)
=

∑j
g=1 H

g
i (ki, kl), where J0

σ(ki)
= 0,

∀j ∈ {0, 1, . . . , Gi}, and let Lσ(ki),j
= [ki + J

j

σ(ki)
, ki + J

j+1
σ(ki)

),

j ∈ ℜi = {0, 1, 2, . . . , Gi− 1}. The time interval [ki, kl) can be de-

scribed as [ki, kl) =
⋃

j Lσ(ki),j
, j ∈ ℜi. We construct a Lyapunov

function in the following form:

V (k) =

{

Vs(k), ∀s ∈ Ξ,

V
j
u (k), ∀u ∈ Θ,

(2)

where Vs(k), V
j
u (k) ∈ C1, j ∈ ℜu = {0, 1, . . . , Gu − 1}. Then,

for s, v ∈ Ξ, assume that Vs(x(k)) < µsVv(x(k)), where µs > 1.

We assume the sth subsystem is activated during [ks, kl). Let

τmin = mins∈Ξ{τσs}. Then we divide the interval [ks, ks + τmin)

into L segments. Let Nσ(ks),q = [ks + θq, ks + θq+1), equal length

h = τmin

L
, and then θq = qh = q( τmin

L
), q = 0, 1, . . . , L − 1. The

time interval [ks, ks + τmin) can be described as [ks, ks + τmin) =
⋃

q Nσ(ks),q, q = 0, 1, . . . , L− 1.

We assume the matrix function Ps(k) is piecewise linear in the

minimal dwell time interval [ks, ks + τmin), and choose discretized

Lyapunov functions

Vs(k) = xT(k)Ps(k)x(k), s ∈ Ξ, (3)
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where

Ps(k) =

{

(1− α)P q
s + αP

q+1
s , k ∈ Ns,q, q = 0, 1, . . . , L− 1,

PL
s , k ∈ [ks + τmin, kl),

(4)

and α =
(k−ks−θq)

h
.

Then, for u, z ∈ Θ, assume that V
Gu−1
u (x(k)) < µuV

0
z (x(k)),

V
j
u (x(ku + J

j
u)) 6 ηuV

j−1
u (x(k−u + J

j
u)), where µu > 1, 0 < ηu 6

1, Vs(x(k)) < µsVu(x(k)). We assume the uth subsystem is ac-

tivated during [ku, kl). With the definition of Gu, J
j

σ(ku)
and

H
g
u(ku, kl), we select the MDLF candidate in the form

Vu(k) = xT(k)P j
ux(k), u ∈ Θ, k ∈ Lσ(ku),j , (5)

where P
j
u are positive definite matrices. The diagram of the Lya-

punov function and Lyapunov matrices is shown in Appendix A.

The stability analysis and the weighted H∞ performance analysis

of the switched system (1) are given in Appendix A. Based on it,

the H∞ controller design of the switched system (1) is given in

Theorem 1.

Theorem 1. Consider the linear switched system (1). Given

scalars −1 < λs < 0, µs > 1, s ∈ Ξ and λu > 0, µu > 1,

0 < ηu 6 1, 0 < µuη
Gu−1
u < 1, u ∈ Θ, λ̄i = 1 + λi, γi > 0,

i ∈ S. With conditions (10)–(12), if there exist a set of matrices

U
q
s , U

j
u > 0, q = 0, 1, . . . , L, j = 0, 1, . . . , Gu−1, any matrices Wi

and Ti with appropriate dimensions, satisfying



















h+1
h

λ̄s(U
q
s −WT

s −Ws) ∗ ∗ ∗ ∗

0 −γ2
s I ∗ ∗ ∗

AsWs + BsTs Ds −U
q
s ∗ ∗

Ws 0 0 − h

λ̄s
U

q+1
s ∗

CsWs 0 0 0 −I



















< 0,

(6)














h−1
h

λ̄sU
q+1
s + λ̄s

h
U

q
s − λ̄s(WT

s +Ws) ∗ ∗ ∗

0 −γ2
s I ∗ ∗

AsWs + BsTs Ds −U
q+1
s ∗

CsWs 0 0 −I















< 0,

(7)














λ̄s(UL
s −WT

s −Ws) ∗ ∗ ∗

0 −γ2
s I ∗ ∗

AsWs +BsTs Ds −UL
s ∗

CsWs 0 0 −I















< 0, (8)















λ̄u(U
j
u −WT

u −Wu) ∗ ∗ ∗

0 −γ2
uI ∗ ∗

AuWu +BuTu Du −U
j
u ∗

CuWu 0 0 −I















< 0, (9)

Uj−1
u 6 ηuU

j
u, u ∈ Θ, j 6= 0, (10)

UL
s 6 µvU

0
v , (s, v) ∈ Ξ× S, (11)

UGu−1
u 6 µsU

0
s , (u, s) ∈ Θ× Ξ, (12)

then there exists a set of mode-dependent H∞ state-feedback con-

trollers such that system (1) is GUES for any MDDT switching

signals satisfying

τσs > −
lnµs

ln(λs + 1)
, ∀s ∈ Ξ, (13)

τσu 6 −
lnµu + (Gu − 1) ln ηu

ln(λu + 1)
, ∀u ∈ Θ, (14)

and satisfies
∑

∞

τ=k0

∏m
s=1(µ

−
1

τσs
s )(τ−k0)yTτ yτ < γ2

m

∑

∞

τ=k0
ωT
τ ωτ

for all nonzero ω(k) ∈ l2[0,∞). The weighted H∞ performance is

γm =
√

∏m
s=0 µ

N0s
s

∏n
u=m+1 η

−(Gu−1)
u ×maxi∈S{γi}. Moreover,

if a feasible solution exists, the admissible controller gains Ki are

given by Ki = TiW
−1
i .

Proof. See Appendix B for the proof of Theorem 1.

Remark 1. The simulations are provided in Appendix C to il-

lustrate the efficiency of the proposed results.

Conclusion. The H∞ control problem for discrete-time linear

switched systems consisting of stable and unstable subsystems has

been investigated by proposing a new MLF approach. Based on

the MDDT approach, fast switching is applied to unstable sub-

systems, whereas slow switching is adopted for stable subsystems.

Then, the MDLF and the discretized Lyapunov function are used

during the running time of unstable subsystems and stable subsys-

tems, respectively. Our approach provides a method to compute

the upper and lower bounds of admissible mode-dependent dwell

time. In terms of the linear matrix inequalities formulation, we

have derived the existence conditions for H∞ controllers. Numer-

ical examples illustrate the effectiveness of the proposed results.
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