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Appendix A Preliminaries
Appendix A.1 Introduction

STP has facilitated breakthroughs in the controllability, observability and many other problems of BNs [1-3]. Stabilization is one of the
most fundamental issues in BCNs and has received a lot of attention. Traditional approaches to control the BNs are mainly model-based
and rely on the STP. These methods assume that the transition structure of the network is fully known. Cheng et al. [4] proposed a series
of necessary and sufficient conditions for the stability and stabilization of BNs. The design of state feedback stabilization for BNs is
addressed in [5]. Bof et al. [6] investigated the output feedback stabilization problem and derived the necessary and sufficient conditions
for the existence of output feedback stabilization. Liu et al. [7] explored the stabilization of sampled-data state-based feedback for
BCNs. In [8], a parameterized set was constructed to ensure the robust stability and stabilization of BNs under function perturbations.
The stability of BNs provides a powerful framework for modeling stable biological configurations, such as cellular states governed by
gene regulatory networks. This concept holds significant relevance for therapeutic interventions, where the goal is to transition a
pathological system to a healthy, self-sustaining state. Consequently, systematically steering BNs towards desired attractors presents a
critical research focus.

While full control of all nodes may be necessary for some systems, pinning control, which strategically manipulates only a critical
subset of nodes, can achieve global network control for others. Its most significant advantage is reducing stabilization costs, making it
an attractive approach that has garnered substantial research interest. For example, Lu et al. [9] first used pinning control to study
the controllability and reachability of BCNs, under the assumption that the pinnefd points were determined. Li [10] first proposed
the stability of BNs and achieved their stabilization by cleverly designing a pinning controller. Zhong et al. [11] presented a network
structure based distributed pinning control method, which reduces computational complexity and avoids the need for global state
information. Although pinning control is practical and effective, it does have certain limitations. One of the main challenges is the
node selection problem. Zhu et al. [12] introduced a structural approach for determining a minimal set of nodes required for stabilizing
large-scale Boolean networks, improving the efficiency of the control strategy. The selection of nodes can significantly influence the
system’s behavior, which usually depends on the specific characteristics and control objectives of the system. Based on this, we expect
to achieve the stabilization of BNs by selecting the optimal pinned nodes and adding pinning control.

In addition, in order to control biological networks, the computational complexity under the STP framework may be high. Also,
it is difficult to fully grasp the dynamics of GRNs. Therefore, it is necessary to propose a model-free control method to improve the
computational efficiency. Reinforcement learning provides a potential solution. BN is a discrete dynamic system. Q-learning (QL)
algorithm [13], as a commonly used method in RL, can search for policy in discrete action spaces to achieve goals. At present, the
application of QL in BNs research has achieved many results, including feedback stabilization [14], state-flipped control [15], sampled-
data control [16] and so on, where the system dynamics are learned through interactions rather than analytical modeling. So far, most
existing RL applications do not explicitly address the problem of pinning control or the identification of the minimum pinned node set.

Notation: Let R and Z represent the real number and integer domain, respectively, and Z* is the set of positive integers. The
Boolean domain is defined as D = {1,0}, with its n-dimensional space given by D™ = D X --- x D. L™X*™ and R™*" respectively

—_———

n
denote the spaces of logical matrices and real-valued matrices. For identity matrix I, € R"*"  denote its i-th vector as 62 =

col;(In) and the set of its first n columns as Ap := {6},02,---,6n}. A logical matrix L € L£™*" admits two representations:
L = [6:%,6:2,...,0m] = dmli1,i2,...,in]. The (i,j)-th entry of matrix M is specified by (M); ;. [a,b] represents the integer interval

{k € Z|a < k < b}. Expectation and probability operators are denoted by E[-] and P[-] respectively. Fundamental logical operations are
expressed through A (AND), VvV (OR), and - (NOT).
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Appendix A.2 Algebraic Representation of Boolean Networks

The dynamical evolution of an n-node BN can be formally defined through a system of update rules as follows:
Il(t—"l) :fi(lj(t),l‘g(t),"' 7xn(t))7 (Al)

where x;(t) € D represents the state of the i-th node at discrete time step ¢, and f; : D™ — D is the Boolean function governing the
i-th node state transition.

Definition 1.  [17] For matrices M € R**Y and N € R**" their semi-tensor product (STP) is given by:
MxN=(M®I ) (NI k=Ilcm(y,u), (A2)

where ® is Kronecker product and lem represents the least common multiple operator.

By employing the STP, a logical system can be represented in an algebraic framework. In this formulation, a Boolean variable o € D is
treated as a canonical vector o € Ay, where the values 1 and 0 correspond to 63 and 62, respectively. Let x(t) = z1(t) x z2(t) X - - - X T (2).
As [17], each Boolean function f; can be identified as a unique algebraic form x;(t +1) = H; x}_; x;(t), H; € £2%2" where H; is the
structure matrix of f;. Then the BN reduce to

x(t+1) = Lx(t), (A3)

where * is the Khatri-Rao product. L = %' H; € £2"%2" ig called the transition matrix. A state transition is defined as a system
evolves from state 63, to 6%n, if 05, = L2, ie., (L);, ;.

Consider the feedback law ¢;(t) = ki(z1(t),z2(t), - ,zn(t)), where i € [1,m], k; is a Boolean function. Let c(t) = c1(¢) X c2(¢) X

-+ X ¢m(t), we can also obtain the algebraic representation by using STP: c¢(t) = Kx(t). K is called the state feedback matrix.

Appendix A.3 Reinforcement Learning: Q-Learning

As one of the core paradigms of reinforcement learning, Q-learning establishes an interaction framework between agent and dynamic
environment through Markov Decision Process (MDP). In this model, the system evolution is characterized by a five tuple of state
space, action space, transition probability, reward, and discount factor, and its Markovian property is reflected in the fact that the next

state depends only on the current state and behavior selection. There are some relevant definitions.

Definition 2 ( [18]). A discrete-time MDP is defined as the tuple M = (S, A,P,R,v), where S is finite state space, and A is
finite action space. P is state transition probability for each state s € S and action a¢ € A, defined through conditional probability
P sip1 = Plsttilst,at]. R is a reward function, RS} o,,; = E[rit1|st,at], which represents the expected immediate return when
taking action a¢ in state s¢, and the discount factor v € [0, 1] is the temporal preference parameter for future rewards

The principal aim in RL is to derive an optimal policy 7* : S — A(A) that maximize the expected discounted return: Er[G¢|s¢] =

12 .
Er | > Y"Ritit1]st|, where Gy is the cumulative sum of discounts for all rewards from time ¢. The state-value function vx : S - R
i=0

S .
quantifies long-term expected returns from state s; under policy 7, vx(st) = Ex [Z Y Ritit1 |st} , its optimal counterpart v* satisfies
i=
the Bellman optimality equation:
0" (s1) = max 3" P, (RS, +70"(s)) (A1)
sES

Consider taking action, the action-value function gr : S X A — R represents long-term expected returns from state s, taking a;, under
policy 7, gr(st,at) = Ex[ri41 + yvr(se+1)], also the optimal ¢* can be written as:

q*(st,ar) = > _ P [RE  + ¥ max g* (s, )] (A5)
seS

For any finite MDP, there exists deterministic optimal policy p* satisfying: pu*(s) = argmaxq*(s,a), Vs € S.
acA
As a model-free temporal difference (TD) method, Q-learning iteratively approximates ¢* through the following update rule:

Qt+1(st,a1) = Qi(st, ar) + ar[TDita],

A6
TDiy1 =req1 + ’Yg?j‘@t(sﬂrlva) — Qi(st, ar), (46)

where a; € [0,1] is a time-varying parameter that determines the influence of newly acquired information on the learning process. To
balance exploration and exploitation, the action must be selected in an appropriate way, e.g., by following an e-greedy policy:
argmax Q¢ (s¢,a) w.p. 1 —¢
e (at]se) = acA (A7)
rand(A) w.p. €,

where rand(-) is the discrete uniform distribution.
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Appendix B Algorithms

Algorithm B1 Identify the pinned nodes
Input: X", G, B(Gi)
Output: Q
: Initialization
Q+— QUEX", X"
G < G\{gjlds(G;) = 0}
B(X") « B(X") UB(G;)
if G # @ then
for each G; € G do
Solve Eq.(12) to obtain X* € B(X")
Q+— QUE(G, X*)
B(X") «+ B(X")UB(Gi)
G «— G\G;i
end for
. else
The pinned set 2 has been identified
. end if
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Algorithm B2 Pinning stabilization using QL
Input: X", G, N, T, e-greedy, w
Output: Q, \*(X¢, Xy)
: Initialization
c Q<+ QUEX", XN
: forn=0,1,.... N —1do
X <« rand(D")
a +—1/(n+ 1)t 0, X+ X
while (t < T) A (X¢ # Xy) do
choose Cy using e-greedy
apply(Cy), read(Xi41), read(res1)
Qt+1(Xt, Ct, Xy) + Qt(Xt, Ct, Xy) + ag[req1 + v maxe, Qt(Xey1, Cr, Xr) — Qi(X¢, Ct, X))
10: t—t+1
11:  end while
122 Qo(Xy, Cy, Xy)  Qt(Xt, Ct, Xy ), VX, VCy
13: end for
14: if U(Xy) = D" then
15 Q" (X, Ct, Xr) ¢ Qt(Xt, Ct, Xr), VX, VCt
16: N (X, Xy) argmng*(Xt,C,X,—),VXt

17:  for each Gj in G dp
18: Q%QUE(gi,gi)
19: end for

20: end if

© ® 3T kW

Appendix C Proofs
Appendix C.1 Proof of Theorem 1

Proof. We prove the minimality of © by induction on the iterative steps of Algorithm C1 (Appendix C), coupled with a rigorous
contradiction argument. Let Q(*) denote the pinned set at the k-th iteration of Algorithm C1, with Q(®) = Z(X,., X,.) being the initial
set from Phase 1. The algorithm terminates after K iterations, yielding the final set = Q).

(Induction Basis): We first prove that Q) is necessary for stabilization at X,. By Lemma 1, for any node i € Q29 we have
Xi # Xi. Assume, for contradiction, that there exists a stabilizing pinned set £’ such that Q' N QO c QO Let j € QO but 5 ¢ Q.
Since j ¢ €, the control input u;(¢) cannot be independently applied to node j. Therefore, when the network state is X,., the update
of node j follows its original Boolean function f;, leading to z;(t + 1) = XZ #* Xjr‘. Consequently, the state immediately transitions
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away from X, at the next time step, violating the requirement for X, to be a stable equilibrium. This contradicts the assumption that
Q' achieves stabilization. Hence, Q2(°) C Q' is necessary. This establishes the minimality of Q2(°) with respect to stabilizing X, itself.

(Inductive Step): Assume that for iteration k, the set Q) is the minimal set required to ensure that all attractors processed in
iterations 0 to k can be steered into the current basin B*)(X,.). Now, consider iteration k + 1. The algorithm selects an attractor
G: ¢ B®*)(X,) and finds its nearest state X* € B*)(X,.) by solving (5). It then expands the pinned set: Q*+1) = Q) U =(G;, X*).
We now prove that every node in AQ = 2(G;, X*) \ Q) is necessary. For any node p € AQ, by definition, GP # X*P. Assume, for
contradiction, that there exists a stabilizing pinned set Q' such that Q) C Q” but p ¢ Q”. Since p ¢ Q”, the control input cp(t)
cannot be changed when the network is in state G;. The value of node p in the next state is determined solely by the original network
dynamics fp. For the network to transition from G; towards X*, and thus into B®*)(X,.), the state must change in at least the node p
to match X*P at some point in the trajectory. However, without control over node p, and given that G, is an attractor of the original
dynamics, the network lacks a natural transition that alters node p precisely as required to reach X*. Therefore, starting from G;, the
system cannot reach B(¥)(X,.) under the pinned set ©”. This means G; remains an unreachable attractor or part of a different basin,
contradicting global stabilizability to X,. Hence, every node in AS) is necessary, and 2(*+1) is the minimal set for iterations 0 to k + 1.

By the principle of induction, the final set © = Q) obtained after processing all unstable attractors is a minimal pinned set for
global stabilization to X,.

Appendix C.2 Proof of Theorem 2

Proof.  Consider a BCN (1) characterized by the MDP quintuple (D", D™, P, R,v) with the equilibrium state X, € D™, the system
is globally stabilizable at X, if and only if there exists an integer 7 € Z1 satisfying ¥, (X,) = D".

(Necessity): Assume that BCN (7) is globally stabilizable to X, then there exists a 7 € ZT such that for t > 7, we have X; =
X,. We prove the necessity by contradiction. Suppose, that for any integer 7, ¥,-(X,) C D™. Notice that 72 > 7 implies that
U, (Xy) D Ur (X,) and hence we have U;¥-(X,) C D". Now let Xg € D™\ U, ¥,-(X,) which means that V7 and for any
sequence C¢ one has that ®(7;Xo,C¢) # X,. However, the assumption that the BCN is globally stabilizable to X, implies that
tl;rgo P(t; Xo,Ct) = X, VX € D™. This means that there exists a time M > 0 such that for all ¢ > M, we have ®(t; X¢, C¢) = X, for

any initial state Xo and this leads to a contradiction. Thus, ¥, (X,) = D™ must hold.
(Sufficiency): By hypothesis and the definition of controllable set, for any initial state Xo € D™, there exists a control sequence Cr

such that ®(7;Xo, Cr) = X,. According to Definition 2 in the letter, the BCN is globally stabilizable to state X,.. This completes the
proof.

Remark 1. For BCNs, when F' is unknown, stabilizability can be assessed via episodic system trajectory realizations. In RL, an
episode refers to the sequence of interactions from the initial state Xo toward X,, guided by a policy that encourages exploration
through random action selection. If 37 such that ¥ (X,) = D™, then for every initial state Xo € D™, there exists at least one control
sequence steering the system to X, in 7 steps. As the number of episodes increases, the desired stabilization sequence becomes more
likely to occur, thus verifying Theorem 2.

Appendix D Simulations

Simulations: Consider the following example of a BN, which is established for T-LGL survival signaling network [19] consisting of six
nodes: represent S1P, FLIP, Fas, Ceramide and DISC, respectively, to illustrate the main results of this brief.

z1(t+ 1) = —(za(t
z2(t+1) = —(z5(t
z3(t+1) = (z1(¢) Va6 (t)),

at+1) = z1(t) V z6(1)),

25t +1) = (~z2(t) A 23(8)) V 24()) A ~26(2),
z6(t+ 1) = z5(t) V ze(t).

V x6(t))
v z6(t)),

(D1)

e R NN

8

x3 V —

We aim to develop a pinning controller that achieves global stabilization toward the desired X,=(1,0,0,0,1,1).
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