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We consider a consensus optimization problem in which n agents
in a connected network collaboratively solve

n
min f(y) 2> fily), (1)
where f : RP — R is the objective function, where each agent i
holds a private local objective f; : RP — R and communicates only
with neighbors. Problem (1) has been widely studied in recent
years for its broad applicability to sensor networks, distributed
control, and machine learning.

Common approaches for solving problem (1) typically use only
first-order information, which makes them simple and computa-
tionally efficient. However, this limits their convergence to at most
linear [1]. Second-order methods are attractive for distributed op-
timization due to their faster convergence. However, the inverse
of the Hessian matrix is typically dense, which limits the direct
application of second-order methods in fully distributed settings.
The network Newton (NN) algorithm approximates the Newton
step by truncating the Taylor series of the Hessian inverse [2].
Qu et al. [3] developed two second-order methods, but also used
local Hessian inversions and only achieved linear convergence. The
dual inexact nonsmooth Newton method guarantees superlinear
convergence [4], but it requires solving an internal optimization at
each step, increasing computational cost. Existing methods still
face limitations in convergence speed or computational complexity,
highlighting the need for more flexible strategies to improve algo-
rithm performance. We briefly summarize the motivation of this
study here, and a more comprehensive literature review is given
in Appendix A.

Based on the above discussion, this study proposes a new
second-order distributed optimization algorithm based on opti-
mal control (DOAOC). We first reformulate problem (1) using
a penalty method, and then construct the DOAOC by combin-
ing the optimal control principle (OCP) method [5] and replacing
the inverse of the Hessian matrix. The main contributions of this
study can be summarized as follows. (i) The DOAOC incorpo-
rates second-order information of the objective functions through
a special optimization structure, revealing a new way to utilize
second-order information without explicitly computing the Hes-
sian inverse. (ii) Different from [1], which requires all the informa-
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tion from the other agents for optimization, the proposed DOAOC
uses only neighbor information, which eliminates the need for a
central coordinator or global consensus variable. (iii) Our theo-
retical analysis shows that the algorithm has a superlinear con-
vergence rate. In contrast to prior studies [2, 3] that establish
only linear convergence for second-order methods, the achieved
convergence rate is much faster. (iv) By limiting the number of
communication rounds among agents to K during each iteration,
we can obtain a variant of the DOAOC, named the DOAOC-K,
which further reduces the communication cost.

Problem reformulation. The communication network among
nodes is described by an undirected graph G = (V,€), where
V = {1,...,n} denotes the set of nodes and &€ C V x V is the
set of edges. For (i,7) € &, nodes ¢ and j can directly exchange
messages, and N; denotes the neighbor set of node i. The weight
matrix of G is a symmetric, doubly stochastic n X n matrix W with
elements w;; > 0. The weight w;; = 0 if and only if j ¢ N; U {i},
and wi; =1 — Zje/\/’i\{i} wi; > 0.

We employ a penalty coefficient A to embed the consensus con-
straints as a penalty term inside the objective function. The
penalty reformulation of problem (1) is

1
min, F(@) 2 () + oo (Inp — 2z, @)
where F' :
(xb,...,2™) € R™ z' € RP is the local decision vector of agent i,
h(z) =31, fi(z%), and Z = W ® I, € R"PX"P is the Kronecker
product of W and I. This study aims to develop a distributed
optimization algorithm to find the solution z« of problem (2). For
clarity and rigor in the subsequent analysis, the assumptions below
are introduced.

R"™ +— R is the penalty objective function, z =

Assumption 1. The local objective functions f;, i = 1,...,n,
are assumed to be twice continuously differentiable, and their Hes-
sian matrices satisfy mI, < V2f;(y) < MI, for some constants
0<m< M <ooand all y € RP.

Assumption 2. The Hessian matrices V2f;, i =1,...,n, are L-
Lipschitz continuous, i.e., for any v,y € RP, there exists a constant
L > 0 such that [|[V2f;(y) = V2f;(#)I| < Llly — 9ll.

For the notations, the explanations of the above assumptions,
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and the discussion on the relationship between problems (1)
and (2), please refer to Appendix B.

Distributed optimization via OCP method. We develop a novel
distributed optimization algorithm that attains a superlinear con-
vergence rate. Firstly, we review the OCP method. A general
iteration for solving optimization problem (2) is given by

Ty = o — g (2k), (3)

where gg () € R™ is the update applied to the current optimiza-
tion variable xp € R™P. The changes of optimization variable xj
in (3) can be understood from the perspective of a discrete-time
linear time-invariant system. Based on this, Ref. [5] proposed the
OCP method, in which the update gg(xj) is computed using

gt(zx) = (R+ V2F(z))  (VF(x1) + Rg—1(zr)),  (4)

where t = 1,...,k, go(zg) = (R + V2F(xk))71VF(mk), and
R € ST; is an adjustable matrix. With an appropriate choice
of R, the method can be shown to converge superlinearly while
maintaining iteration stability.
Remark 1. Since the computation of (R+ V2F(zy)) ™! cannot
be distributed, the OCP method is confined to a centralized set-
ting. In addition, computing the inverse of R+V?2F(z},) greatly in-
creases the computational burden. To overcome these challenges,
we develop a distributed optimization algorithm by modifying (4).
We replace (R + V2F(z))~! in (4) with a scalar matrix 1nl,yp,
where 7 is an adjustable parameter. Due to the relationship
(R+V2F(z1,)) 'R = Inp— (R+V2F(z})) "' V2F(z}), the matrix
(R+V?F(z1,))" ' R can be substituted with I, —nV2?F(x}). For
this, we propose the DOAOC for solving problem (2), as outlined
in the following algorithm:

Tpi1 =Tk — Gr(Tr), (5)
9t(zr) = nVF (x) + (Inp — V2 F(21)) Gt —1(2k), (6)

where t = 1,...,k and jo(zx) = nVF(zr). The DOAOC uses
the second-order information V2F (z1), which is as sparse as the
network, allowing for its distributed implementation. Appendix
C.1 explains in more detail why the proposed method can be im-
plemented in a distributed manner. The subsequent theorem es-
tablishes the convergence rate of DOAOC.

Theorem 1. Under Assumption 1, if {z;} generated by the

DOAOC converges and n satisfies 0 < n < %, where a =
M + w and wpiy, = min;{w;; }, then {z;} converges su-
perlinearly to .

The choice of 7 is related to the penalty coefficient A, revealing
a fundamental trade-off between convergence rate and solution
accuracy. When X is large, the sequence generated by DOAOC
converges more rapidly to the solution of problem (2), but this
comes at the cost of enlarging the discrepancy between problems
(1) and (2). In contrast, a smaller A tends to narrow this gap,
but it also imposes constraints on the choice of 7, thereby slowing
down the convergence rate of DOAOC. Under the requirement of
a given solution accuracy while ensuring stable convergence, the
step size 1) can be chosen as large as possible to reduce the number
of iterations. The following remark is provided to better illustrate
the connection between DOAOC and existing methods.

Remark 2. The decentralized gradient descent is included in
DOAOC as a special case if we only use go(x) to update xy. Fur-
thermore, if n is chosen appropriately, then g¢(z) converges to
the Newton step as t — oo.

The details of Remark 2 are provided in Appendix C.2, while
the proofs of the convergence and convergence rate of the DOAOC
are presented in Appendix D.

The variant of DOAOC and its convergence analysis. To fur-
ther reduce the number of communications, the DOAOC-K is
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given as

Tpp1 = T — Ix—1(Tk), (1)
gt(zi) =V F (k) + (Inp — nV2F(21)) gt —1(zk), (8)

where t =1,..., K — 1, go(zx) = nVF(z) and K is a given posi-
tive integer. The parameter K represents the restricted number of
communications among agents in each iteration. For K = 1, mean-
ing that agent ¢ only needs to transmit mz to its neighbors at each
iteration, the DOAOC-K reduces to the decentralized gradient
descent algorithm. For K = 2,... k, agent i should additionally
transmit gé, e ,Q}'€72 to its neighbors at each iteration.

We prove that by using DOAOC-K, the function value F(zy)
gradually converges to F'(x) as the iterations progress.
Theorem 2. Suppose Assumptions 1 and 2 hold, and let {xj}
be generated by the DOAOC-K algorithm. If the step size satis-

5 1
fies 7 < minq1,1 ™ ,[ Gm ]2},then
i e at(20) 8 K3 L(F(20)~ F(2.))F

{F(zk)} converges to F(zx) at least linearly as

F(zg) = F(z:) < (1= 9" (F(20) — F(ax)), (9)

2m2777ma2n2K2 _
a

where the constant 0 < € < 1 is given by € =

a3(2a %73K3L 1
CLROPIRCL (F(20) — F(x4))3.

The proof of Theorem 2 can be found in Appendix E. As shown
in (9), F(xy) exhibits at least linear convergence toward F(z«)
when communication rounds between agents are restricted. It is
clear that a smaller A leads to a larger value of a, which in turn
reduces €. Consequently, this reduction in € slows down the con-
vergence rate of DOAOC-K. The parameter K should be flexibly
adjusted according to the specific requirements of different prob-
lems to achieve favorable convergence behavior.

Numerical simulation.  We offer the pseudocodes of the
proposed algorithms and compare them with other methods.
The results of the numerical simulation can be observed in
Appendix F.

Conclusion. This study proposes a novel distributed opti-
mization algorithm called DOAOC, which integrates the penalty
method interpretation of distributed optimization with the advan-
tages of the OCP method, effectively incorporating second-order
information without requiring the Hessian matrix inverse. A con-
nection is established between DOAOC and traditional optimiza-
tion methods. To reduce the communication burden, we propose
a variant of DOAOC, referred to as DOAOC-K. The convergence
properties of DOAOC and DOAOC-K are analyzed, and their su-
perior performance is validated through numerical simulations.
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