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Appendix A Literature review

The distributed optimization problems are not only required to achieve consensus but also to cooperatively minimize a global objective
function, where the global objective function is the sum of local objective functions, and each local objective function is only known to
the agent itself. It has been widely studied in recent years for its broad applicability to sensor networks [1-3], distributed control [4-6],
and machine learning [7-9].

In the context of distributed optimization, common approaches for tackling problem (1) include decentralized gradient descent
(DGD) [10-12], the distributed versions of the alternating direction method of multipliers [13-15], and the decentralized dual averaging
(DDA) algorithm [16]. These algorithms are characterized by their simplicity and low computational complexity. However, relying
solely on first-order information is disadvantageous for the convergence rate. The fastest convergence rate attainable by distributed
optimization algorithms that employ first-order methods is known to be linear [17].

Due to the superior convergence rate of second-order methods, they are regarded as appealing candidates for distributed implemen-
tation. Although the Hessian matrix shares the same sparsity pattern as the network, its inverse is typically dense, which hinders the
straightforward application of second-order methods in distributed optimization. For example, the OCP method proposed in [18] is a
novel optimization method based on optimal control, and it has already been successfully applied in trajectory tracking [19], yet its
dependence on the Hessian matrix inverse hinders distributed implementation. To overcome this difficulty, researchers have introduced
various Newton-type methods, leading to remarkable advancements in recent years. In [20], the authors proposed the distributed
Adaptive Newton (DAN) method, achieving quadratic convergence but relying on a finite-time consensus inner loop in each step. More-
over, in a master-slave network configuration, prior works [21-23] proposed some distributed quasi-Newton methods where the master
node processes complete information from all slaves. The network Newton (NN) algorithm achieves an approximate Newton step by
truncating the Taylor series of the Hessian matrix inverse [24]. The distributed quasi-Newton (DQN) method belongs to a distinct
family of Newton-type methods designed to solve problem (1) in a distributed manner [25]. Owing to the penalty reformulation, the
convergence of DQN and NN is limited to a neighborhood around the solution. Qu et al. developed two second-order methods with an
adapt-then-combine strategy, but they require the inversion of the local Hessian and converge only linearly to a neighborhood around
the solution [26]. Second-order methods in the primal-dual domain are proposed in [14,27-29], with the objective of improving both
the convergence rate and the accuracy of the obtained solutions. The distributed Newton-Raphson method in [30] estimates the global
Newton direction through the exchange of gradient and Hessian matrix information. The Newton tracking algorithm updates local vari-
ables using a Newton direction refined with neighbor and history data, yet still demands the inversion of the regularized local Hessian
at each step, which increases the computational cost of the algorithm [31]. Both the Newton-Raphson and Newton tracking algorithms
converge linearly to the optimal solution. To alleviate the computational cost, Ye et al. extended the inexact Newton method to propose
a new decentralized second-order algorithm, but the convergence rate remains linear [32]. The distributed inexact Newton method with
adaptive step size (DINAS) can operate without any local Hessian inverse calculations and demonstrate significant improvements of
DINAS over existing alternatives [33]. The dual inexact nonsmooth Newton method based on Lagrangian dual decomposition guaran-
tees superlinear convergence [34]. However, it requires solving an internal optimization problem at each iteration, which also leads to a
higher computational burden. Although these methods successfully incorporate second-order information into distributed optimization,
they primarily focus on directly modifying or truncating the Newton step. Such an approach is limited by the structure of Newton’s
method, which may affect the convergence rate of algorithms. To overcome this limitation, we need more flexible methods to utilize
second-order information.

Appendix B Notations and remarks

Throughout the paper, the superscript T stands for matrix or vector transposition; || - || denotes the l2-norm for vectors and the spectral
norm for matrices; R™ is the set of n-dimensional real vectors; S7 , denotes the set of real symmetric positive definite matrices; We
use I, and 0, to denote the n X n identity matrix and the n-dimensional zero vector, respectively; For vectors v;,i = 1,...,n, we
use col{v;}* ; or col{vi,...,vn} to denote the column vector obtained by stacking v1,...,vn vertically. For matrices A;,4=1,...,n,
diag{A1,..., An} denotes the block-diagonal matrix whose diagonal blocks are A1,..., Ayn. For symmetric matrices A and B, A > B

* Corresponding author (email: hszhang@sdu.edu.cn)



Sci China Inf Sci 2

means the matrix A— B is positive semidefinite. Denote V£, V2f, and V3 f as the gradient, the Hessian matrix, and the third derivative
tensor of f, respectively; The eigenvalues \;(-) for a matrix are indexed in an decreasing order with respect to their real parts, i.e.,
R(AL() 2 - 2 RA()).

Remark B1l. As mentioned in [35], Assumption 1 serves as a standard requirement for analyzing the second method. The lower
bound m on V2 f;(z) establishes the strong convexity of f;, thereby ensuring that problem (2) has a unique solution. Assumption 2 can
also be found in [20,24,31]. It will be further discussed in the following section.

Remark B2. The relationship between problem (2) and problem (1) is influenced by the penalty parameter \. Let z. = (xL,...,z7)
denote the solution to problem (2), and let y. denote the solution to problem (1), then it has been shown in [10] that ||z — y«| = O(\)
for all ¢ = 1,...,n. Therefore, introducing a rule to progressively decrease A is crucial for reducing the gap between the two problems.

Appendix C Some detailed explanations
Appendix C.1 The distributed implementability of DOAOC

Define §; € R? as the ith local components of §¢(zx) = (§},...,47). Note that the DOAOC can be equivalently written as

Tpt1 =T — G (Tk), (C1)
G wr) =n[Vh(er) + 5 (np = Z)ax] + [T = 1T hlai) + 3 (L = 2)]g1-1 (1), ()

where t = 1,...,k and go(zx) = n[Vh(zg) + %(Inp — Z)xy]. Notice that Vh(zg) = col{Vfi(z}),...,Vin(z®)}, VZh(zs) =
diag{V2fi(z}),..., V2 fn(z})}, and (Inp — Z)ay, = col{z} — 2 ien;uli} w,-]-mf;}?:l. By extracting the ith local component of (C1) and
(C2), we obtain

i i A
Tyl =Tk — k>

» 1 . n o n y
g =n[VhE) + - Y wya)] + [0 D -V RN+ T S widly,
JEN;U i} JEN;U i}
where §§ = n[V fi(z}) + %(z}g - > wljxi)] and ¢ = 1,...,k. The update of agent ¢ only depends on its own local information

JEN;U i}
Vi (:p}c), szi(x};), and the variables zi, g7_ received from its neighbors. Therefore, the DOAOC algorithm can be implemented in a
fully distributed manner.

Appendix C.2 Connection between DOAOC and Newton’s method
The update §¢(zx) in DOAOC can be written recursively as
ge(x1) = [Inp — (Inp — nV?F(2x)) | V2 F(2) "'V F (1),
which implies that if 7 is chosen such that 0 < n < %, ensuring ||Inp — nV2F(x)|| < 1, then §¢(x;) converges to the Newton step as

t — oo.

Appendix D Proof of Theorem 1

We now establish eigenvalue bounds for V2 F(z) to facilitate the convergence proof of the proposed algorithms, as detailed below.
Proposition D1 ( [24]). Under Assumption 1, the eigenvalues of V2F(x) are uniformly bounded as mInp < V2F(x) < alnp.

The convergence of DOAOC is analyzed in the following lemma.

1
Lemma D1. Under Assumption 1, if set ¢ = min{2% 1} then {x;} generated by the DOAOC converges for any 1 < %[1— (1—e)F+1].

a2
Proof.  Note that the update gy (z)) in (6) can be written recursively as

9k (k) = [Inp — (Inp — nV>F (k)" T V2 F(21) "'V F (). (D1)
Let Y(z) = [I — (I —nV?F(2))**1V2F(2)~! and & = = — Y (2)VF(z). According to Proposition D1, one has
F(&) <F(z) — VF(z) Y (2)VF(z) + %(Y(x)VF(a:))TY(x)VF(a:)
=F(z) — VF(z) [V (z) — gY(m)TY(x)]VF(x). (D2)

Since V2F () = Onp, there exists a nonsingular matrix P such that V2F(z) = P~ DP, where D = diag{d1,d2,-- ,dnp} is a positive
definite diagonal matrix. Then

Y(2) =[Inp — (Inp — nV>F ()" V2 F(z)~!
=P~ D™t — (In, —nD)**1 D71 P. (D3)
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Without loss of the generality, assume 0 < d1 < d2 < -+ < dpnp. In this case,
2m(Y () = 2 (@)Y (x))
=P~ Lom[(D™! = (Inp — nD)*1D~1) — g(Dfl — (Inp — nD)*1D=1)2]P

_ 1
=P 1om- dlag{E[l — (1 —ndy)k+1) - (1 —nd)* 12302 P, (D4)

S -
2d?

When 0 < 1 —nd; < 1, there hold: 1) 0 < 1— (1 —nd;)**! < 1 for any n € (0, +00); 2) 1 — (1 —nd;)**+! is a increasing function over 7 in
(0,400); 3) limy—0[1 — (1 —nd;)*+1] = 0. These facts means for any 0 < £ < 1, there always exists a 7 > 0 such that when 7 < 7, there
always holds 0 < 1 — (1 —nd;)**T! <e. Let e = min{QZi, Zd:n,i =1,--- ,np} = min{QTm,% < % Then 0 < %[1 — (1 —ndy)*1] < 1.

Accordingly, we can derive 0 < 2d—:n[1 —(1-n-di)*'<land0<1- ﬁ[l — (1 —nd;)**+1] < 1. Denote

palm) =2m{ {1 = (1= )] = S (1= (1= PR, (03)

It is immediate to get 0 < u;(n) = {%i—m[l — (1 —=nds)* 11— 5% [1— (1 —nd;)**+1]} < 1. The above analysis shows that any 0 < 1 < 7
is a safe choice for 0 < p;(n) < 1. Al;o, we can find an upper bc;und for 7. Solve 1 from the inequality 1 — (1 — nd;)*+! < e. We can
acquire n < d%_(l —(1—- 5)%+1) Consequently, n < min{%[l —(1—- s)k%rl], i} can guarantee 0 < pi(n) < 1 and 0 < 1 — pi(n) <1
fori =1,--- ,np. From (D2), F(£) — F(z«) < (1 — min{u;(n),s = 1,--- ,np})(F(xz) — F(z+)). Therefore, DOAOC is convergent for
0<n<min L[1—(1—e)FT], 1} =101 —(1—e)FT].

With the preparation in Lemma D1 and Proposition D1, we turn to prove Theorem 1.
Proof. By direct derivation, we obtain

k(@) =[Inp = (Inp =1V F(2:)) V2 F(2.) "' VF (2)
:O'npa
V(@) =Inp = (Inp — nV2F(24))* .
It follows from (6) that

llop1 — @+||
=z — 2+ — gr(zp)l|
=||lzg — 2 = [Gr(z4) + Var(zs)(Tr — z4) + 78]||
<lzk — 2+ — Vg (za) (@p — )| + |7k
=[|(Inp = NV F(22))* " (25 — z) || + | Ire|
< np = nV2F (@) ok — ]| + (72|

zgr1—z«|
o =]

Since ||Inp — nV2F(z+)|| < 1 when n < %, one has limg_, o =0, i.e., the DOAOC is superlinearly convergent.
Appendix E Proof of Theorem 2

To lay the theoretical foundation for the convergence analysis of DOAOC-K, we first present the following lemma.

Lemma E1. For the function F(z) in (2), if Assumptions 1 and 2 are satisfied, then for any z,Z € R™P, it holds that

1 L
F(&) <F(z) + VF(2) T (& —x) + S@- z)'V2F(z)(& — z) + sle- |3 (E1)
Proof. Let &= (&',...,2") and = («!,...,2™). Under Assumption 2, we have

IV2F(@) - V2F(@)|| = max [[V2f:(3) = V2fi(o)|
o (E2)
<L max ||a* — o] < Lljé - all,

which implies that the third derivative tensor of F(z) is bounded in norm by L. Then, the second-order Taylor expansion of F(Z) at x
is given by
1
F(#) =F(2) + VF(@)" (& =) + (& = 2) ' V?F(2)(@ — ) + Pa(a, ), (E3)

where Fs(z,Z) is the remainder term. The subsequent proof can be derived directly using (E2) and the Taylor expansion error as
discussed in Theorem 7.6 of [36], i.e.,
|E2 ('7" ¥ ) I

1 1— 2
g/ : Ts) AIVEF(+ 5@ =) - |12 — o *ds
0

11— g2 ) (E4)
gL/ Q=9 b5 — 2l
0 2
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Substituting (E4) into (E3) completes the proof.

In the subsequent part, we prove that by using DOAOC-K, the function value F(xj) gradually converges to F(x«) as the iterations
progress. To illustrate this, we establish an upper bound for F(zg41) — F(x«) using F(xy) — F(z«), which serves as a basis for
establishing the convergence of DOAOC-K.

Lemma E2. Under Assumptions 1 and 2, if select the step size as

. 1 2m
T]<mm{1,g7 a2K2}’ (E5)

then {zx} generated by the DOAOC-K algorithm satisfies

a?(2a)3 PK3L
6m3

2m?n — ma?n2K?

Florsn) - Fla) < |1 | e - Fa + (F(ox) - Fa)}. (E6)

a

Proof.  The DOAOC-K can be recursively written as zx41 = o — HV2F(z3) "'V F(z}), where H = I, — (Inp — nV2F(z))X.

First, we shall show that HV2F(z)~! is positive definite. Assuming that n < é and using the Bernoulli inequality (1 — u)¥ > 1 — ku

for all p € (0,1) [37], it can be easily shown that
A1(H)
An(H)

<1 (1= nEKM(V2F(2y))) < ank,
>1— (1 —nAn(V?F(zy))) = mn > 0.

It can be verified from

HV?F(z)~1
=V2F(2)™" = (Inp = nV2F(2))(Inp = 1V?F(2)) -+ (Inp — nV2F(2)) V2 F(2) ™!
:V2F($)71 = Inp — WVQF(I))(]MD - anF(;r)) c VZF(x)il(Inp - UVZF(I))

=V?F(2)~! = V?F(2) " (Inp = V2 F(2))(Inp = nV>F(2)) - - (Inp — nV F())
=V2F(z)"THT

and A (HV2F(2)™1) > A\ (H)An(V2F(2)™1) > 0 that HV2F(z)~! = 0. We can also obtain that V2F(z)H >~ 0 by using a similar
method. Further, by setting & £ Tpy1 and © £ 2, in Lemma E1, it follows that

F(zg41)

1 L
<F(zk) + VF(zr) " (p41 — 1) + E(mk“ —2x)  V2F(2) (Tps1 — k) + gl\xkﬂ — o ?
=F(x)) — VF(xx) HV?F(x),) "' VF ()

1 L
+ 5VF(gck)TV2F(zk)*ThTV2F(z,c)HVQF(Q%)*1VF(35,€) + EHHVQF(xk)’lVF(xk)H?’

<F(z) —mnVF(zy) V2 F(zr) ' VF(2r) + @VF(xk)Tsz(zk)_IVF(mk)
L 192 () 1 )
<F(zg) — WVF(%)TVF(%) + %HVF(%)H?’- (ET)
According to Proposition D1, for any z,% € R™P, there holds
F(2) > F(z)+ VF(z)T (& —z) + %(5@ —2)T (@ —2), (ES)
F(#) < F(z) + VF(2) (3 —2) + g(@ —2) (& — ). (E9)
It can be proven from (E8) and (E9) that
Fae) > Fag) — ﬁVF(zk)TVF(zk), (E10)
Fas) < Fay) — iVF(zk)TVF(zk). (B11)

Setting n < ag% and substituting (E10) and (E11) into (E7), one has

mZn — ma2n? K2 a®(2a) 2P K3 :
- 2= (P — P+ SETECE () — r(ea)E.

F($k+1)—F($*)< 1 3
a 6m
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Based on the results developed in Lemma E2, we now prove Theorem 2.
Proof.  From Lemma E2, we can rewrite (E6) as

F(zp41) — F(ze) < (1= Br)(F(zg) — F(z4)), (E12)
where

_2m?n — ma®n?K? a3(2a)%n3K3L

a 6m3

Bk

1
(F(xy) — F(@.)?. (E13)
It remains to show that (i satisfies 0 < Bx < 1 for all indices k. We first prove B < 1. It is easy to find

< 2m?2n — ma’n?K?

IBk\

a
2manK — ma?n?K?
<
a
m
gi < 17
a
where the second inequality holds since K > 1 and m < a. We now turn to prove that 8 > 0. Let n < a2w;(2 , then we have
2m2n — ma?n2K?2 a®(2a 3 SK3L 1
o =2mn—mam KE QO PRE () pe,)}
a 6m
2 3 3 353 2 2,272
m a’(2a)2n°K°L 1 m*n — ma“n“K
_mmm _ %(F(xo) ~ F(z4))? + mTn —maTnT Az
a 6m3 a
2 3 3. 3K3
m a”(2a)2n°K°L 1
>0 CCOINICL ((a) — Paa)3, (E14)
a 6m3

where the last inequality comes from m?n — ma?n?K? > 0. According to (E14), we can conclude that 8o > 0 by setting n <
1

3
. It then follows immediately from (E12) and (E13) that F(z1) — F(z«) < F(x0) — F(z«) and Bo < B1.

6m°

a4(2a)%K3L(F(xo)—F(x*))%
Using a similar method, we can also establish that 0 < B < Br4+1 < 1 for all indices k. Setting € = Bo, the proof is completed.

Appendix F Numerical simulation

Appendix E offers the pseudocodes of the developed DOAOC and DOAOC-K algorithms and compares them with other second-order
methods based on the penalty function interpretation, such as Network Newton (NN-K) from [24] and distributed quasi-Newton (DQN-
1) from [25], for minimizing distributed quadratic objective functions. We also conduct a comparison between the proposed methods
and traditional first-order approaches, including DGD and its accelerated form of DGD (ACC-DGD) described in [12].

Appendix F.1 The distributed implementation of the proposed algorithms

Now we summarize the DOAOC from the perspective of each agent i, refer to Algorithm F1 for details. We begin by setting the
parameters 1, A\ > 0, and initializing xé € RP of agent 7 in Step 1. In Step 3, agent ¢ sends m}c to its neighbors j € A; and receives xfc
from them, ensuring that each agent has the local information associated with its neighbors for subsequent updates. In Step 4, agent
¢ initializes the loop by computing the initial Qé based on the local information. Steps 6 and 7 require receiving g/ from neighbors to
obtain the update size for Step 9. It is worth mentioning that the communication of DOAOC is restricted to neighboring nodes, as
detailed in Steps 3 and 6.

Algorithm F1 DOAOC distributed implementation.

1: Initialization: Each agent ¢ requires n, A > 0 and sets acé € RP.
2: for k=0,1,... do

3: Each agent i sends x}C to all neighbors j € N; and receives mi from them.
4: Each agent i computes g = n[V fi(z}) + L (zf — > w”:ci)]
JEN;U i}
5: fort=0,...,k—1do
6: Each agent i receives _{;'Z with neighbors j € N;. ) )
7: Each agent i updates g;; = n[V/fi(z}) + X (@k — 3 wie))] + 10— )gf —0V3fi(zp)gi + 1 T wid].
JEN;U i} JEN;U i}
8: end for
9: Each agent ¢ updates z;’H_l = z}c - g;c
10: end for

Given the similarities between DOAOC-K and DOAOC, we will not provide further details on DOAOC-K. For any integer parameter
K > 1, the distributed version of DOAOC-K is presented in Algorithm F2.
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Algorithm F2 DOAOC-K distributed implementation.

Initialization: Each agent ¢ requires n, A > 0, positive integer K > 1 and sets xa € RP.
2: for k=0,1,... do )
Each agent i sends x}, to all neighbors j € N; and receives xi from them.

4: Each agent i computes i = n[Vfi(:c}i) + %(x,@ — > wzgxi)]
JEN;U i}

fort=0,..., K —2do

6: Each agent i receives _Z]Z with neighbors j € N;. )
Each agent i updates g7, = n[Vfi(z}) + 2 (e}, — X wyal)] + Q- —aVifi)ai+ 3 X wisal.
JEN;U i} JEN;U i}

8: end for

Each agent ¢ updates mi-+1 = z}c — gj}(_l.
10: end for

Appendix F.2 Comparison with existing methods

Considering that each agent is endowed with a distinct local objective function f;(y) = %yTAiy + biTy, where b; € RP is drawn from
the normal distribution. To generate A; € Sﬁ—-&-’ we start with a matrix Ai, whose entries are independently sampled from the standard

normal distribution. The matrix A; is then constructed as A; = A,-AZT. The agents collectively aim to find the solution y. of the

n
objective function f(y) = >, %yTAiy + b;ry,
i=1
The connected network is constructed by randomly generating (=1 yndirected edges among n nodes, where 7 € (0, 1] denotes
the connectivity ratio. This parameter 7 determines the proportion of possible edges that are actually present in the network, and is
chosen so as to ensure that the resulting graph remains fully connected, enabling message exchange between any two nodes through one
or more paths. We start by creating a cycle that connects all nodes, then randomly adding the remaining edges between pairs of nodes
that do not have a direct connection. Using the Sinkhorn-Knopp algorithm in conjunction with the network topology, we generate a

doubly stochastic matrix W. The relative error at the kth iteration takes the form

oo Ly llok el
n b

=yl

where y, is pre- computed through centralized Newton’s method. We consider n = 20, p = 5, 7 = 0.3, initializing the variables for all
agents i = 1,...,n as xj = 0p, where the distance from y. is larger than 50. The penalty coefficient is set to A = 10~ 3,

We first randomly generate an objective function and construct a network topology, and then we compare the performance of these
algorithms within this framework. We set K = 3 for DOAOC-K, [ = 2 for DQN-I/, and K = 2 for NN-K. Notably, DQN-2 and NN-2
are the best-performing variants among DQN-I (I = 0,1,2) and NN-K (K = 0,1, 2), respectively. The reason for selecting DOAOC-3
is that its communication per iteration is the same as that of DQN-2 and NN-2. For the DQN-2 method, the parameters (,¢) are
selected based on the recommendations from [25], i.e., § = 0 and € = 1. For the NN-2 method, we set the step size ¢ = 2, which is
the hand-optimized value. For ACC-DGD and DGD, it is supposed that the step size and momentum coefficients remain unchanged
throughout the iterations. This setting allows a fair assessment of ACC-DGD, DGD, and DOAOC, with the aim of examining their
effectiveness in handling the penalty problem. We set a = 0.001 and 8 = 0.3 for ACC-DGD where 8 = 0.3 is found to be the optimal
choice among {0.1,0.2,...,0.9}, and o = 0.001 for DGD. The step size for both the DOAOC and DOAOC-K algorithms is set to
n = 0.0013.

Figure F1 depicts the numerical results on the relation between relative error and iterations. The results illustrate that DOAOC
reaches proximity to the optimal solution within 50 iterations, followed by DOAOC-3, NN-2, and DQN-2. For first-order methods, we
can see that ACC-DGD is faster than DGD, but both are slower than second-order methods. Notably, DOAOC requires considerably
fewer iterations compared with first-order methods, and both DOAOC and DOAOC-K algorithms exhibit more favorable convergence
behavior.

—6—DOAOC
—&— DOAOC-3
DGD
—+—DaN-2
—P—NN-2
—#— ACC-DGD

Relative error e

0 500 1000 1500
Number of iterations

Figure F1 Relative error e of DOAOC, DOAOC-3, NN-2, DQN-2, ACC-DGD, and DGD versus the number of iterations.

To more clearly demonstrate the superiority of the proposed algorithms over the other algorithms, we have summarized their
differences in terms of convergence ratio and numerical performance. Following the explanation of convergence ratio r in [38], we define
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the convergence ratio r is defined as
= N, alg ,
Npoaoc

where N,z denotes the number of iterations required by a given algorithm to reach a prescribed accuracy, and Npoaoc denotes the
number of iterations required by DOAOC to reach the same accuracy. As shown in Table F1 in the response, DOAOC reaches the
target accuracy in the fewest iterations. In contrast, the convergence ratios of other second-order methods are all greater than 1, while
the convergence ratio of DOAOC-K is lower than that of both other second-order and first-order methods. First-order methods exhibit
the highest convergence ratios, reflecting the limitations in their use of available information.

Table F1 Comparison of convergence between the proposed methods and baselines when the relative error reaches 1072,

Algorithm Type Convergence rate Iterations Convergence ratio r
DOAOC 2nd-order Superlinear Lowest (42) 1.00
DOAOC-3 2nd-order Linear Low (285) 6.79
NN-2 2nd-order Linear Medium (314) 7.48
DQN-2 2nd-order Linear Medium (349) 8.31
DGD 1st-order Linear High (1109) 26.4
ACC-DGD 1st-order Linear High (777) 18.5

We conduct 1000 random trials with the same parameters as mentioned above and analyze the statistical distribution of communi-
cation rounds required to achieve an accuracy of e = 1072, as illustrated in Figure F2. From the results, one can see that the average
number of communication rounds for DOAOC and DOAOC-3 is 869 and 685, while the average numbers for NN-2, DQN-2, ACC-DGD,
and DGD are 970, 1096, 1186, and 912, respectively. It can be observed that DOAOC requires more communication compared to
DOAOC-3, but both DOAOC and DOAOC-3 have fewer communication rounds than the other algorithms. Compared to DGD, the
communication rounds are reduced by approximately 25% and 40% for DOAOC and DOAOC-K, respectively. In particular, the num-
ber of communication rounds can be accepted if DOAOC converges rapidly. Compared with the DOAOC, the DOAOC-3 has a slower
convergence rate but requires fewer communications, verifying the effectiveness of our proposed DOAOC-K in balancing iterations and
communication rounds.

Mean: 869.50 | EEEDOAOC

: Mean: 684.82 [EEEIDOAOC-3

1
1
1
1
0.15 1

0.1

0.05

Statistical distribution

Statistical dist:

600 800 1000 1200 1400 500 600 700 800 900 1000 1100
Rounds of communications Rounds of communications

0.15

' -
Mean: 969.62 Mean: 1095.04 [EJDQN-2

0.1

Statistical distribution
o
Statistical distribution

£ 005
0.05 H
. . Al HHHH
0 500 1000 1500 800 1000 1200 1400 1600
Rounds of communications Rounds of communications
0.15 0.15

: Mean: 118544  |L__]DGD Mean: 911.77| BB ACC-DGD

0.1

0.

°
&

Statistical distribution
Statistical distribution

1 e

800 1000 1200 1400 1600 1800 600 800 1000 1200 1400
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