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This study focuses on the event-triggered composite optimal con-
trol problem of linear singularly perturbed systems (SPSs) through
adaptive dynamic programming (ADP). For more details on the
literature review and motivation, see Appendix A. The main con-
tributions are as follows. (i) In terms of ADP, we, for the first
time, propose a data-driven composite control methodology with-
out identification for solving the optimal stabilization problem of
linear SPSs subject to completely unknown dynamics. Meanwhile,
we originally introduced a convergence factor into the performance
index for the solvability of the optimal control problem of the fast
subsystem. The proposed learning algorithm could serve as an
underlying framework to study the relevant data-driven ADP con-
trol problems for SPSs with uncertain dynamics. (ii) Based on
the developed composite learning algorithm, we further impose
the asynchronous event-triggering mechanism associated with de-
coupled slow and fast modes to save network resources, which is
independent of model parameters. In particular, when an event
appears in the fast state, only the signal of the fast state is trans-
mitted to the controller, and the control strategy is thus updated;
the same applies to the slow state. Furthermore, we employ singu-
lar perturbations to analyze the closed-loop stability and show the
existence of a positive lower bound of triggering intervals between
two triggers to exclude the Zeno behavior.
Problem formulation. Consider a linear standard SPS

@ (t) = Anz () + A2z (1) + Biu (1), (1a)
pz (t) = Aoix (t) + Azaz (1) + Bau (t), (1b)

where z € R", z € R"2, v € R™, and y(t) = Cz(t) € R"
represent the slow state, fast state, control input, and output, re-
spectively, 0 < p < 1 is a singular perturbation parameter. Define
an infinite-horizon performance index

J(z(0),u) = /OOO 27 (yT Qy + uTRu)dr, (2)

where Q > 0 and R > 0 are the weight matrices, and o > 0 is a
convergence factor; specifically, the control v that minimizes (2)
can make the convergence rate of the closed-loop system (1) faster
than et [1].
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Assumption 1. The convergence factor « is available such that
o > max{0, max{Re(A(—A22))}}.

Owing to the existence of the singular perturbation parame-
ter u, the conventional algorithms to solve the full-order optimal
problem might face numerical stiffness issues [2-4]. For this rea-
son, Appendix B introduces the composite controller

u = Koxs + Kazy éle—i-Kzz (3)

as a near-optimal control input to solve the optimal control prob-
lem associated with (1) and (2), where s € R™® and zy € R"=
are the so-called slow time-scale and fast time-scale states, and
Ki =+ K2A;2162)K0 + KQ.A;QI.Agl. To reduce the number
of controller updates, we want to execute the composite optimal
controller (3) to stabilize (1) through event-triggered sampling.
Since the fast state z varies much faster than the slow state x, the
asynchronous triggering mechanism will be designed in this study.
As a result, the control input (3) should be modified as

u=Kiz+ K2z, (4)

and the sampled states #,2 are given by 2 (t) = z(t}), V¢t €
[ti, 5y and 2(t) = (), vt € [t},t5T1), where {ti} and {t]}
are the increasing sequences of sampling time instants for slow and
fast states with ¢, 7 € N. To facilitate designs of the triggering con-
ditions ®s and @, we further define the errors between the real
states z, z and the sampled states &, 2 as e; (t) = & (t) — x (t) and
e (t) = 2 (t) — z (t), which are used to determine when to trigger
an event.

Data-driven composite learning. The ADP technique is em-
ployed to design gains K7 and K2 without any knowledge about
matrices A1, Ai2, A21, A2, Bi, B2, and C. We first re-
call the model-based Kleinman algorithm to solve the corre-
sponding algebraic Riccati equation (ARE) of the slow subsystem
optimal control problem by (A + al + BoK§)TPF + PF(Ag +
al + BoK}) = —CToC — (KE)TRKE, k = 0,1,2,..., where
Ao = A1l — A Ay Asr, Bo = By — Aip Ay, Bo, KiTt =
—R’lBng, and Ag + ol + Bng is Hurwitz. For a behavior
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policy u, the closed-loop slow subsystem can be expressed as
iy = (Ao + BoKE)ws + Bo(ul — Kltas). Inspired by [5], along the
trajectories of x5 and the above model-based algorithm, we have

200 2T 4 stY PR (¢ + 6t) — 22T (1) PEay(t)

45t
= —2/ e2o7 (uf — Kg:cs)RK(I;Jrl:csdT
t

tot 2 T Tk T k
— / e““T(ys Qus + x5 (Ky) REKjzs)dr, (5)
t

where ys = Cxs and 6t is the sampling interval. In what
follows, we seek K2A521827 Kz.A;zl.Agl7 and K2 that appear
in the composite controller (4) through system measurements.
Likewise, the ARE of the fast subsystem can be solved using
the model-based Kleinman algorithm (A2z + ol + Bng)TP; +
Pi(Az + ol + BoK)) = —(K))TRK], j = 0,1,2,..., where
K%+1 = —RilBrer;, A2z + ol + BgKg is Hurwitz. For a be-
havior policy u(}, the closed-loop fast subsystem is written as
pzy = (A2 + Bng)zf + Bz(u(} - ngf). Along the trajecto-
ries of z¢, one has

yo2a(t+5t)z;{(t + 5t)P; zp(t 4 0t) — ,uc2atz}r (t)P; z5(t)
45t _ .
= —2/t ezaT(u(} - K%Zf)RK%+1Zde
t+6t o )
— /t ezaTz}r(K%) REK}zpdr. (6)

By singular perturbations (also see Appendix B), the fast time-
scale state zy is identical to zy = z+A;21A21xS +A;2132u2 2 Ags
with A = [I,A;21A21,A;2132] and ¢s = [27, 2T, (u?)T]T. Then,
Eq. (6) is rearranged as

pe D G T (¢ 4+ 5t) Pl (¢ + 5t) — pe* o7 (£) P s (t)

O r 0 i St
= _2/7: e (uf — K3¢s)RK3 " ¢psdr
tot 2a1 T\ Yo o
- [ TRy R e (1)

where P} = ATPIA and K} = [Ki,KjA5 A, K3A) Bo]
= KgA. We can see that Egs. (5) and (7) can be used to compute
Pf,KéﬁLl7 and PJ ,K’% without knowledge of system dynamics,
respectively. However, the information of zs cannot be directly
measured from the actual plant (1). Since z(t) = zs(t) + O(p),
we will utilize x instead of xs during learning. We summarize
the data-driven composite ADP learning algorithm in Appendix
C, which iteratively learns the composite optimal feedback gains,
where K1 = (I + KJ A3, Bo)KE + KJ A As1 and K = KJ.

Assumption 2. The triple (Ag, Bo,C) is controllable and de-

tectable.
Assumption 3. The pair (A2, B2) is controllable.

Theorem 1. Consider system (1) and let Assumptions 1-3 hold.
For data-driven ADP learning algorithms (5) and (7), we have

lim PF = Py + O(p), lim Kf = Ko+ O(n), (8a)
k— o0 k— o0
lim P} = ATPfA+O(p), lim KJ = KaA+O(p).  (8b)
j*)OO j*)OO

Proof. Please see Appendix D.

Asynchronous event-triggering mechanism. We present an
asynchronous event-triggering mechanism and provide the theo-
retical analysis. Note that the definitions of relevant parameters
are provided in Appendix E.
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Theorem 2. Suppose that Assumptions 1-3 hold and ||Ba|| < c.
If either of the following triggering conditions is satisfied,

D5 = — oF (K§ RKo + 2aPs)ss — yX Que, + ev5 | Psss||?

+ 2¢ || Psss|| [ Krex|| + v IRI | Kreal* > 0, (9a)
@y = —of (K3 RK2 + 2aPf)sy + 25f K3 RKae

+7 IR | Kasp |2 + evsllKaex|* = 0 (9b)

c|| Pq |2 IR K212
Tamina Py and vp > 2amin{A(2Pf)}

ists a p* > 0 such that for all u € (0, u*], the closed-loop system
(1) under (4) with the event-triggering mechanism tifl = inf{t €
RY[t > i A D, > 0} and ti7' = inf{t € RY|t > tL A Dy > 0} is
asymptotically stable at the origin.

with vs > , then, there ex-

Proof. Please see Appendix E.

From Theorem 2, the update of the slow state is only related
to measurements of the exact slow mode ¢s(¢) and its error e (t),
and the update of the fast state is only related to measurements of
the exact fast mode <7 (t) and its error e, (t). Thus, this is referred
to as an asynchronous event-triggering mechanism. In the absence
of knowledge of the system matrices, we next present a computa-
tional way for avoiding ¢s and ¢y. In terms of ¢s(t) = z(t) + O(u)
and ¢f(t) = Ax(t) + O(p) with x = [T, 27T, (Ko2)T]T (see Ap-
pendix E for more details), we reorganize (9) as

®s =— 2" (KJRKo + 2aPs)z — y* Qy + evi | Psz|)?

+2¢ || Pac|| | K1eall + 7 IRI | Krex|* > 0, (10a)
Oy =— xT(KIRKs + 20Pp)x + 2 TKIRKze.
+7 IR Bax|| + evsl| Kzex]|* > 0. (10b)

It is noted that Ko, Ps, K1, Ko, Pf, K2, and Py can be obtained
from data-driven learning algorithm.

Theorem 3. Under the conditions of Theorem 2, considering
the system (1) under (4) with the event-triggering mechanism
it = inf{t € RY|t > tL A ®s > 0} and ti71 = inf{t €
RF[t > tL A ®f > 0}, both triggering intervals £ = i —
and .,2”2] = t];q — t]; have a positive lower bound.
Proof. Please see Appendix F.

Applications. In Appendix G, we carry out a benchmark ex-
ample and a two-area power system to support our theoretical
results.
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