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Appendix A Literature review and motivation

Many practical systems possess fast and slow phenomena, including industrial processes [1, 2], power systems [3, 4], chopper circuit [5],

and mechatronic systems [6, 7]. Such plants are called singularly perturbed systems (SPSs) or multi-time-scale systems in the control

community [8]. In particular, a singular perturbation parameter µ is leveraged to indicate the degree of separation between slow and

fast states, which could denote quantities such as small moments of inertia, time constant, or parasitic capacitance. Since µ is usually

relatively small and perturbed, the conventional control designs are unsuitable for SPSs. To alleviate the inherent numerical stiffness

issues, a common approach, which is independent of µ, is to decompose SPS into reduced-order slow and fast subsystems, and then

design a composite controller to stabilize the original full-order system [9, 10]. However, this model reduction technique heavily relies

on the precise knowledge of plant dynamics, no matter if decomposing a system or implementing a composite controller.

This letter focuses on the event-triggered composite optimal control problem of unknown linear SPSs through adaptive dynamic

programming (ADP), which is a computational intelligence art, that can iteratively learn the optimal control strategy in an unknown

environment [11–13]. In the past decade, ADP technique had been leveraged to address numerous real-world engineering problems, for

instance, wastewater treatment process [14], underactuated autonomous vehicles [15], mixed traffic systems [16], and motor speed servo

systems [7]. Also, ADP has been widely applied in the power system; see, for instance [17–20] and the references therein. In order to

address the limited wireless resources, an ADP-based control torque quantization approach was presented in [21] for flexible spacecraft.

This approach cleverly combines the integral sliding surface to stabilize the attitude control system and guarantee the near-optimal

performance. Mu et al [22] investigated the optimal avoidance control problem for multiplayer systems, in which a safe ADP scheme is

proposed to avoid both multiple static and dynamic no-entry regions. By recasting the minimal polynomial of exosystem, an output-

feedback controller was designed in [23] for output regulation problem. This method employs the state reconstruction methodology to

reformulate the system state by means of input and output measurements. In [24], an novel value iteration algorithm was proposed

for two-player zero-sum game. This algorithm has the ability to learn a stabilizing policy pair and could be initialed by an arbitrary

control. By using a robust policy iteration, Wei et al [25] developed an efficient optimal self-learning control algorithm for Vertical Take

Off and Landing aircraft systems. Nevertheless, these mentioned methods are limited to single-time-scale systems.

Extending ADP to optimal control designs of SPSs has recently received considerable attention. When the system dynamics are

unknown but µ is known, some researchers developed full-order optimal controller design algorithms for linear [26], nonlinear [27], and

Markov jump SPSs [28]. But, this full-order design may suffer from high dimensionality [8]. In [29] and [30], the ADP-based model-free

reduced-dimensional control methods were proposed for the case where the fast dynamics are unknown but asymptotically stable. Some

practical applications were also reported, such as wide-area damping control [4] and motor speed regulation [7]. However, this reduced

feedback controller can lead the system far from its desired performance due to ignorance of fast dynamics [8]. For SPSs with known fast

dynamics and unknown slow dynamics, some authors of [31–35] imposed different ADP-based composite optimal control methodologies

to optimize the overall system. In order to achieve completely model-free composite designs, the authors of [2] and [36] used the least-

squares algorithm to identify the information related to fast dynamics for industrial processes. But such an identification procedure

has a negative estimation error because of ignoring the measurement of the fast subsystem. Hence, how to design the ADP-based

composite optimal controller without identification remains open to SPSs with unknown slow and fast dynamics, which is also our main

motivation.

On the other hand, the event-triggered control has proven its advantages in reducing the network bandwidth and saving communi-

cation resources [37]. Roughly speaking, the signal is sampled, and the measurement is updated only when some triggering rules are

satisfied. Recently, the ADP-based event-triggered optimal control has also been studied to provide a tradeoff between resources and

performance. In [38], a novel decentralized event-triggered ADP control approach was presented for mismatched interconnected systems.

Both constrained inputs and uncertainties for unknown multiplayer nonlinear systems were addressed in [39]. To tackle the difficulty

arising from the unmeasurable state, the authors of [40] designed an optimal controller by event-triggered output-feedback. However,

most recent studies focus on single-time-scale systems. For SPSs, the slow state varies much slower than the fast state. The existing

event-triggered works [10, 41,42] not only rely on model parameters but are computationally inefficient because of the coupling of slow
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and fast information in the triggering mechanism. In the absence of the knowledge of plant dynamics, it shall be thus of significance to

develop asynchronous triggering conditions related to decoupled slow and fast modes for the ability to strengthen the usage of limited

resources. This is the second motivation of this letter.

In this letter, we propose a novel composite learning approach to address the asynchronous event-triggered optimal control problem

of linear SPSs subject to unknown slow and fast dynamics through ADP. Existing researches on ADP-based composite optimal control

of SPSs suppose that the fast dynamics are known a priori. To obviate this limitation, we first introduce an overall performance index

with a convergence factor, wherein the solutions to two separate optimal control problems associated with slow and fast subsystems

are guaranteed under some rationale conditions. Then, an ADP-based learning algorithm is developed to find the composite optimal

control strategy without requiring the knowledge of both slow and fast dynamics. Besides, we introduce the event-triggering mechanism

to save communication resources and achieve asynchronous measurement updates for its slow and fast states. The closed-loop stability

is rigorously analyzed using singular perturbation theory, and the existence of a positive lower bound of the execution time between two

triggers is ensured to exclude the Zeno behavior. Finally, a benchmark example and a two-area power system are leveraged to manifest

the efficacy of our theoretical results.

Appendix B Composite optimal control of SPSs

Consider the system (1) and the performance index (2), then J(x0, u) is minimized with

u∗ = K1x+K2z (B1)

where [K1,K2]
∆
= −R−1BT

µPµ and Pµ satisfies the following algebraic Riccati equation (ARE)

AT
µPµ + PµAµ +Qµ − PµBµR−1BT

µPµ + 2αPµ = 0 (B2)

with

Aµ =

 A11 A12

A21
µ

A22
µ

 , Bµ =

 B1

B2
µ

 , Qµ =

[
CTQC 0

0 0

]
.

However, owing to the existence of singular perturbation parameter µ, the conventional algorithms to solve ARE (B2) might face

numerical stiffness issues [8, 26]. For this reason, we introduce composite control designs for solving the optimal control problem

associated with (1) and (2).

Inspired by [8], we shall decompose the system (1) into two different time-scale subsystems and then give the near-optimal composite

controller designs via two separate optimal control problems. Setting µ = 0 in (1), we get

ẋs = A11xs +A12zs + B1us (B3a)

0 = A21xs +A22zs + B2us. (B3b)

Since A22 is nonsingular, (B3b) yields

zs = −A−1
22 A21xs −A−1

22 B2us. (B4)

Substituting (B4) into (B3a) gives the slow time-scale subsystem

ẋs (t) = A0xs (t) + B0us (t) (B5)

where A0 = A11 −A12A−1
22 A21 and B0 = B1 −A12A−1

22 B2. From (2), the corresponding performance index for (B5) is

Js (xs (0) , us) =

∫ ∞

0
e2ατ (xT

s CTQCxs + uT
s Rus)dτ. (B6)

Under Assumption 1, by [43], the optimal control for (B5), (B6) can be obtained as

u∗
s = K0xs

∆
= −R−1BT

0 Psxs (B7)

where Ps is the unique positive definite solution of the ARE

AT
0 Ps + PsA0 + CTQC − PsB0R−1BT

0 Ps + 2αPs = 0. (B8)

Let zf = z − zs and uf = u− us. From (1b) and (B4), the fast time-scale subsystem of (1) is defined as

µżf (t) = A22zf (t) + B2uf (t) . (B9)

Also, the corresponding performance index from (2) is given by

Jf
(
zf (0) , uf

)
=

∫ ∞

0
e2ατuT

f Rufdτ. (B10)

Under Assumptions 2 and 3, the control input of (B9) that minimizes (B10) in the fast time scale [8] is

u∗
f = K2zf

∆
= −R−1BT

2 Pf zf (B11)

where Pf is the unique positive definite solution of the ARE [44]

AT
22Pf + PfA22 − PfB2R−1BT

2 Pf + 2αPf = 0. (B12)
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Lemma B1 ( [8]). Let K0 and K2 be designed such that Re(λ(A0 − B0K0)) < 0 and Re(λ(A22 − B2K2)) < 0. If the controls (B7),

(B11), and (B1) are applied to systems (B5), (B9), and (1), respectively, then there exists a µ∗ > 0 such that

x (t) = xs (t) +O (µ) (B13a)

z (t) = zs (t) + zf (t) +O (µ) (B13b)

u∗ (t) = u∗
s (t) + u∗

f (t) +O (µ) (B13c)

for all µ ∈ (0, µ∗].

The results of Lemma B1 imply that we can construct the composite controller

u = u∗
s + u∗

f

= K0xs +K2zf

= K0x+K2

(
z +A−1

22 A21xs +A−1
22 B2u

∗
s

)
= K1x+K2z (B14)

as a near-optimal control input to solve the optimal problem (1), (2), where K1 = (I +K2A−1
22 B2)K0 +K2A−1

22 A21.

Appendix C Data-driven composite learning algorithm

At the outset, for A = [ai] ∈ Rn, B = [b1, b2, . . . , bm] ∈ Rn×m, and C = [cij ] ∈ Rn×n, we define the notations

vev (A )
∆
= [a21, a1a2, . . . a1an, a

2
2, a2a3, . . . , an−1an, a

2
n]

T ∈ R0.5n(n+1)

vec (B)
∆
= [bT1 , bT2 , . . . , bTn ]T ∈ Rnm

ves (C )
∆
= [c11, 2c12, . . . , 2c1n, c22, 2c23, . . . , 2cn−1,n, cnn]

T ∈ R0.5n(n+1).

For any two vectors β, ϑ and a sufficiently large number h > 0, we further define

Γβ
∆
= [vev(β̄(t1))− vev(β̄(t0)), vev(β̄(t2))− vev(β̄(t1)), . . . , vev(β̄(th))− vev(β̄(th−1))]

T

Πβϑ
∆
= [

∫ t1

t0

β̄ ⊗ ϑ̄dτ ,

∫ t2

t1

β̄ ⊗ ϑ̄dτ , . . . ,

∫ th

th−1

β̄ ⊗ ϑ̄dτ ]T

where β̄ = eαtβ, ϑ̄ = eαtϑ, 0 ⩽ t0 < t1 < · · · < th−1 < th are time constants, and ⊗ represents the Kronecker product operator.

By Kronecker product representation, the integral equation (5) is reorganized as

Xk
s

[
ves(Pk

s )

vec(Kk+1
0 )

]
= Wk

s (C1)

with Xk
s = [Γxs ,−2Πxsxs (I ⊗ (Kk

0 )
TR) + 2Πxsu0

s
(I ⊗ R)] and Wk

s = −Πysysvec(Q) − Πxsxsvec((K
k
0 )

TRKk
0 ). Note that the linear

matrix equation (C1) can be used to compute Pk
s ,Kk+1

0 without knowledge of system dynamics. But, the information of xs cannot

be directly measured from the actual plant (1). Thanks to Lemma B1, we will utilize x instead of xs during learning. As a result, we

rewrite (C1) as

Xk

[
ves(Pk

s )

vec(Kk+1
0 )

]
= Wk (C2)

with v0s = K0
0x+ use, Xk = [Γx,−2Πxx(I ⊗ (Kk

0 )
TR) + 2Πxv0

s
(I ⊗R)], and Wk = −Πyyvec(Q)−Πxxvec((Kk

0 )
TRKk

0 ). Similarly, we

replace xs of (7) with x by Lemma 1. By (B13a), we rewrite (7) as

µe2α(t+δt)ϕT (t+ δt)P̄ j
fϕ(t+ δt)− µe2αtϕT (t)P j

fϕ(t)

=− 2

∫ t+δt

t
e2ατ (v0f − K̄j

2ϕ)RK̄j+1
2 ϕdτ −

∫ t+δt

t
e2ατϕT (K̄j

2)
TRK̄j

2ϕdτ (C3)

where ϕ = [zT , xT , (v0s)
T ]T and v0f = K̄0

2ϕ+ ufe. By Kronecker product representation, the integral equation (C3) is reorganized as

Zj

[
ves(P̄ j

f )

vec(K̄j+1
2 )

]
= Yj (C4)

with Zj = [µΓϕ,−2Πϕϕ(I⊗(K̄j
2)

TR)+2Πϕv0
f
(I⊗R)] and Yj = −Πϕϕvec((K̄

j
2)

TRK̄j
2). Thus, we can invoke the linear matrix equation

(C4) to compute P̄ j
f and K̄j+1

2 = [Kj+1
2 ,Kj+1

2 A−1
22 A21,K

j+1
2 A−1

22 B2] based on state and input data. The following lemma guarantees

the uniqueness of solutions to (C2), (C4). We omit its proof that adopts the same line of proofs as in [11].
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Lemma C1. For all k, j ∈ N, if there exists an h∗ ∈ N so that for all h > h∗,

rank([Πϕϕ,Πϕv0
f
]) = 0.5(nx + nz + nu)(nx + nz + 3nu + 1) (C5)

then matrices Xk,Zj have full column rank for all k, j ∈ N.

We summarize the data-driven ADP learning routine in Algorithm C1 that iteratively learns the composite optimal feedback gains,

where Lj ∆
= Kj

2A
−1
22 A21 and Gj ∆

= Kj
2A

−1
22 B2. As shown in Algorithm C1, we need to apply an input with appropriate control gains

to excite system (1), so that the collected data satisfy (C5). These data are used to learn the optimal control gains of both fast and

slow subsystems through (C2) and (C4), respectively. Then, the optimal policy is constructed based on the learned gain matrices. It is

interesting to point out that Algorithm C1 enjoys parallel computing.

Algorithm C1 Data-Driven Composite Learning Algorithm

1: Choose initial gains K0
0 and K̄0

2 such that A0 + αI + B0K
0
0 and A22 + αI + B2K

0
2 are Hurwitz, and small thresholds σs, σf

2: Apply u = v0
s + v0

f to excite system (1) on [t0, th] and collect data x, z, y, v0
s , v

0
f such that (C5) holds

3: k, j = 0

4: repeat

5: Solve Pk
s and Kk+1

0 from (C2)

6: k = k + 1

7: until ||Pk
s − Pk−1

s || < σs

8: repeat

9: Solve P̄ j
f and K̄j+1

2 from (C4)

10: j = j + 1

11: until ||P̄ j
f − P̄ j−1

f || < σf

12: Output K1 = (I + Gj)Kk
0 + Lj and K2 = Kj

2 , where K̄j
2 = [Kj

2 , L
j , Gj ]

Remark 1. To eliminate the dependence on model parameters in the composite control designs, the existing results [2, 36] invoked

(B4) to identify the information of A−1
22 A21 and A−1

22 B2, in which the signal of zs is replaced by the data of z during identification.

However, it can be found that because of z(t) = zs(t)+ zf (t)+O(µ) from (B13b), this way has an unacceptable estimation error caused

by zf (t) ̸= 0. In contrast, our algorithm meaningfully avoids the identification process and thus has better learning performance. This

analysis is consistent with our simulation results.

Remark 2. The data required in Algorithm C1 are collected off-line. Algorithm C1 provides a data-driven method to design optimal

controller (4). The data regarding x, z, y, and u are needed in Algorithm C1. In the data collection phase, the probing noise in the

control input can ensure that the rank condition (C5) in Lemma C1 is satisfied. These datasets are collected off-line and are cyclically

employed in successive iterations.

Appendix D Proof of Theorem 1

Dividing (5) by δt and taking limit gives its model-based algorithm. This means that Algorithm C1 is in fact equivalent to Kleinman’s

algorithm. Hence, by [45, Theorem], limk→∞Pk
s = Ps and limk→∞Kk

0 = K0 from (C1). By (B13a) of Lemma B1, we can rewrite (C2)

as

Xk
s

[
ves(Pk

s +O(µ))

vec(Kk+1
0 +O(µ))

]
= Wk

s .

Therefore, comparing the above equation and (C1), the property (8a) holds. The proof of the property (8b) can be shown by the same

line, which is thus omitted.

Appendix E Proof of Theorem 2

In order to analyze closed-loop stability, we introduce the Chang transformation [10][
ςs(t)

ςf (t)

]
=

[
I − µHL −µH

L I

][
x(t)

z(t)

]
(E1a)

yςs (t) = Cςs(t) (E1b)

where ςs ∈ Rnx and ςf ∈ Rnz are the so-called exact slow and fast modes, yςs ∈ Rny is a nominal output, matrices L ∈ Rnz×nx and

H ∈ Rnx×nz are found from the following equations

µLΛ11 + Λ21 − Λ22L − µLΛ12L = 0 (E2a)

µΛ11H− µΛ12LH+ Λ12 −HΛ22 − µHLΛ12 = 0 (E2b)

where Λij = Aij + BiKj for i, j = 1, 2. Meanwhile, in view of (4), the closed-loop system (1) becomes[
ẋ(t)

µż(t)

]
=

[
Λ11 Λ12

Λ21 Λ22

][
x(t)

z(t)

]
+

[
B1

B2

]
Ke(t) (E3)
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where K = [K1,K2] and e = [eTx , eTz ]T . Using (E1), we arrange the system (E3) in (ςs, ςf )-coordinates[
ς̇s(t)

ς̇f (t)

]
=

 As + BsKs 0

0
Af+BfK2

µ

[
ςs(t)

ςf (t)

]
+

 Ba
Bf

µ

Ke(t) (E4)

where

As = A0 − µA12A−1
22 L(A11 −A12L)

Bs = B0 − µA12A−1
22 LB1

Ks = K1 −K2L
Ba = B1 −HB2 − µHLB1

Af = A22 + µLA12

Bf = B2 + µLB1.

(E5)

By (E1), we observe that the stability of [ςTs , ςTf ]T suggests the stability of [xT , zT ]T . Thus, we shall resort to the system (E4) instead

of (E3) for proving the stability. For O(µ) approximations, by (E2) and (E5), we have

As + BsKs = A0 + B0K0 +O(µ) (E6a)

Af + BfK2 = A22 + B2K2 +O(µ) (E6b)

Bf = B2 +O(µ). (E6c)

Consider the candidate Lyapunov function V (ςs, ςf ) = ςTs Psςs + ςTf µPf ςf . The derivative of V (t) along the trajectories of (E4) is

V̇ (ςs, ςf ) = ςTs ((As + BsKs)
TPs + Ps(As + BsKs))ςs + 2ςTs PsBaKe

+ ςTf ((Af + BfK2)
TPf + Pf (Af + BfK2))ςf + 2ςTf PfBfKe

=− ςTs (KT
0 RK0 + CTQC + 2αPs)ςs + 2ςTs PsBaK1ex + 2ςTs PsBaK2ez

− ςTf (KT
2 RK2 + 2αPf )ςf + 2ςTf KT

2 RK1ex + 2ςTf KT
2 RK2ez +O(µ) (E7)

where (B7), (B8), (B11), (B12), and (E6) are used. By matrix operations, we have

ςTs PsBaK1ex ⩽ c ∥Psςs∥ ∥K1ex∥ (E8a)

ςTs PsBaK2ez ⩽ c ∥Psςs∥ ∥K2ez∥

⩽
c

2γs
∥Psςs∥2 +

cγs

2
∥K2ez∥2 (E8b)

ςTf KT
2 RK1ex ⩽ ∥R∥

∥∥K2ςf
∥∥ ∥K1ex∥

⩽
∥R∥
2γf

∥∥K2ςf
∥∥2 +

γf ∥R∥
2

∥K1ex∥2 (E8c)

for any γs, γf > 0. Substituting (E8) into (E7) yields

V̇ ⩽ Φs(ex) + Φf (ez) +O(µ) (E9)

where Φs and Φf are defined in (9). For γs >
c∥Ps∥2

2αmin{λ(Ps)}
and γf >

∥R∥∥K2∥2
2αmin{λ(Pf )} , it follows from (9) that

Φs(ex(t) = 0) =− ςTs (KT
0 RK0 + 2αPs)ςs − yTςsQyςs + cγ−1

s ∥Psςs∥2

⩽− 2αmin{λ(Ps)}∥ςs∥2 + cγ−1
s ∥Ps∥2∥ςs∥2

⩽ 0

Φf (ez(t) = 0) =− ςTf (KT
2 RK2 + 2αPf )ςf + γ−1

f ∥R∥
∥∥K2ςf

∥∥2
⩽− 2αmin{λ(Pf )}

∥∥ςf∥∥2 + γ−1
f ∥R∥ ∥K2∥2

∥∥ςf∥∥2
⩽ 0

which lead to V̇ ⩽ 0 for sufficiently small µ. As a result, there exists a µ∗ > 0 such for all µ ∈ (0, µ∗], (E4) is asymptotically stable.

This concludes the proof.

Appendix F Proof of Theorem 3

By applying inequality to 2c ∥Psςs∥ ∥K1ex∥, one has

2c ∥Psςs∥ ∥K1ex∥ ⩽ cε−1
s ∥Psςs∥2 + cεs∥K1ex∥2
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Table G1 Real Parts of Eigenvalues of the Closed-Loop System under Composite Control

α 1.1 5 20 100

Re(λ1) −1.7064 −8.6194 −35.1163 −176.3877

Re(λ2) −2.5184 −11.6619 −47.0764 −236.0261

Re(λ3) −108.4659 −777.7384 −3319.9383 −16868.7311

Re(λ4) −180.8092 −1055.4804 −4451.3691 −22572.3552

Table G2 Performance Comparison of Our Method and Existing Methods for Benchmark Example

Algorithm Our method Existing methods [2], [36]

Identification step No Yes

Error 0.0392 1.0266

CPU time (s) 0.7734 1.3453

where εs >
c∥Ps∥2

2αmin{λ(Ps)}−cγ−1
s ∥Ps∥2

> 0. Then, it follows from (9a) that

ςTs (KT
0 RK0 + 2αPs + CTQC)ςs − c(γ−1

s + ε−1
s )∥Ps∥2∥ςs∥2 ⩽ (γf ∥R∥+ cεs)∥K1ex∥2

which implies that ∥∥∥ex(ti+1
x )

∥∥∥∥∥∥ςs(ti+1
x )

∥∥∥ ⩾ gs, ∀i ∈ N (F1)

where gs =

√
min{λ(KT

0 RK0+2αPs+CTQC)}−c(γ−1
s +β−1

s )∥Ps∥2

(γf∥R∥+cεs)∥K1∥2
> 0. Now, we continue to look at the dynamics of hs(t)

∆
=

∥ex(t)∥
∥ςs(t)∥

.

Since the parameters are bounded, there exists a constant fs > 0, such that the evolution of the slow mode in (E4) satisfies ∥ς̇s(t)∥ ⩽
fs(∥ςs(t)∥+ ∥ex(t)∥+ ∥ez(t)∥). Then, we have

dhs(t)

dt
⩽ fs(1 + hs(t))

2 + fs(1 + hs(t))
∥ez(t)∥
∥ςs(t)∥

for all ∀t ∈ [tix, t
i+1
x ). Since the system (E4) is asymptotically stable by Theorem 2, there exists a constant ds > 0 such that

ds ⩾ fs(1 + hs(t))
∥ez(t)∥
∥ςs(t)∥

. Hence, we have dt
dhs

⩾ 1
fs(1+hs)

2+ds
. It is shown in (F1) that hs(t

i+1
x ) evolves from 0 to a lower bound gs

between the two triggering instants, then the execution time L i
x = ti+1

x − tix ⩾
∫ gs
0

1
fs(1+hs)

2+ds
dh > 0. Similarly for the execution

time L i
z = ti+1

z − tiz , we thus omit its proof for saving of space.

Appendix G Applications

We carry out a benchmark example and a two-area power system to support our theoretical results.

Appendix G.1 Benchmark example

Consider a benchmark SPS (1) [8, 29] with the following structure

A11 =

[
0 0.4

0 0

]
, A12 =

[
0 0

0.345 0

]
, A21 =

[
0 −0.524

0 0

]
, A22 =

[
−0.465 0.262

0 −1

]

B1 =
[
0 0

]T
, B2 =

[
0 1

]T
, C = I2

and µ = 0.01. The weight matrices in (2) are respectively taken as Q = I2 and R = 1.

We first test the feasibility of composite control designs. To this end, the real parts of eigenvalues of the resulting closed-loop system

under (B14) for different α are shown in Table G1. We can see that the convergence rate of both slow and fast states is guaranteed to be

no slower than e−αt in different situations. Besides, the ideal values of feedback gains and kernel matrices for slow and fast subsystems

are as follows

Ps =

[
1231.5429 267.8236

267.8236 96.6106

]
, Pf =

[
9.9948 3.5628

3.5628 1.47

]
, K0 =

[
52.0614 18.7798

]
, K2 =

[
3.5628 1.47

]
with α = 1.1. Then, we use Algorithm 1 to learn the associated parameters of (4) in a completely model-free manner. For this, the

initial states are set as x(0) = [1, 1]T and z(0) = [−1,−1]T . The data information is recorded at 300 sampled times, and the threshold

is σs = σf = 0.001. As shown in Fig. G1, the associated parameters can be obtained from Algorithm 1. We further evaluate the event-

triggered performance by executing composite optimal controller (4). By Theorem 2, we design the parameters c = 0.01, γs = 207.3,

and γf = 38.2. From Fig. G2, we see that both slow and fast states of the closed-loop system under (4) converge asymptotically to

the origin. Also, the transmission instants of both slow and fast states and the control input trajectories are shown in Fig. G3. It

is clear that the sampling of the slow and fast states is asynchronous. Furthermore, we list Table G2 to compare the performance

between the proposed Algorithm 1 and the existing algorithms [2], [36] for learning composite control, in which the error is defined as

||K1 −K∗
1 ||+ ||K2 −K∗

2 ||.
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Figure G1 Convergence of Ps, K0, P̄f , and K̄2 by Algorithm 1.

0 1 2 3 4 5 6 7

Time (s)

-2

-1

0

1

2

x
1
(t)

x
2
(t)

0 1 2 3 4 5 6 7

Time (s)

-150

-100

-50

0

50

z
1
(t)

z
2
(t)

Figure G2 Evolution of the slow states (top) and the fast states (bottom) of the resulting closed-loop system.
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Figure G3 Transmission instants of slow and fast states (top), and evolution of the control input (bottom).
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Figure G4 Structure of the two-area power system.

Table G3 Real Parts of Eigenvalues of the Two-Area Power System Under Composite Control

α 0.15 1 10 100

Re(λ1) −0.7120 −1.6942 −16.9786 −168.9831

Re(λ2) −0.7120 −2.0717 −16.9786 −168.9831

Re(λ3) −1.0173 −2.2692 −17.4612 −176.3966

Re(λ4) −1.2653 −2.2742 −23.3406 −235.9047

Re(λ5) −1.2653 −2.2742 −28.1932 −287.8315

Re(λ6) −11.6335 −153.1908 −1612.0252 −16166.3081

Re(λ7) −15.7804 −163.9115 −1688.6384 −16930.4912

Re(λ8) −27.8457 −217.3726 −2255.6098 −22642.2575

Re(λ9) −29.8685 −225.0417 −2310.8743 −23192.9442

Appendix G.2 Two-area power system

We take a two-area power system shown in Fig. G4 as an example to support our theoretical results. Following [35], the model of each

area composed of generator, turbine, and governor is described by

Mgi

d

dt
∆fi = −Dgi∆fi +∆Pti −∆Ptie,i

Tti

d

dt
∆Pti = −∆Pti +∆Pgi

Tgi

d

dt
∆Pgi = −∆Pgi −

1

Rdi

∆fi + ui

where i = 1, 2, ∆fi is the frequency deviation, ∆Pti is the turbine output deviation, ∆Pgi is the governor valve position deviation,

ui is the speed changer deviation, Mgi , Tti , and Tgi denote the generator inertia constant, turbine time constant, and governor time

constant, respectively, Rdi and Dgi represent the speed drop and damping coefficient, a12 is coupling coefficient, respectively, ∆Ptie,i

is the tie-line power deviation
d

dt
∆Ptie,1 = 2πT12 (∆f1 −∆f2)

where T12 represents the synchronizing power flow coefficient. The tie-line active power deviation exchange satisfies ∆Ptie,1+∆Ptie,2 = 0.

Besides, the integral of area control error (ACE) is included into the state vector

IACEi =

∫
ACEidt

where ACEi = ∆Ptie,i + βi∆fi, and βi is a frequency bias factor.

In this simulation, we suppose that these two areas are the same. The model parameters are specified as Tg = 0.1 s, Tt = 0.2 s,

Mg = 10, Dg = 0.5, Rd = 0.25, β = 4.5, a12 = −0.25, and T12 = 5.2. Since the constants of the generator inertia and the integral

control are much larger than the time constants of the governor and the turbine in this model, x = (∆f1,∆Ptie,1, IACE1,∆f2, IACE2)T

are taken as the slow states and z = (∆Pg1 ,∆Pt1 ,∆Pg2 ,∆Pt2 )
T as the fast states. By (1), we set µ = Tt/(Mg/Dg) = 0.01 and C = I5.

The weight matrices in (2) are respectively taken as Q = I5 and R = I2. We first test the feasibility of composite control designs.

To this end, the real parts of eigenvalues of the resulting closed-loop power system under (B14) for different α are shown in Table

G3. We can see that the convergence rate of both slow and fast states is guaranteed to be no slower than e−αt in different situations.

In case of α = 0.15, we use Algorithm 1 to learn the associated parameters of (4) in a completely model-free manner. For this, the
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Figure G5 Convergence of Ps, K0, P̄f , and K̄2 by Algorithm 1.
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Figure G6 Evolution of the slow states (top) and the fast states (bottom).
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Figure G7 Transmission instants of slow and fast states (top), and evolution of the control input (bottom).

initial states are set as x(0) = [−0.01, 0.01, 0.01, 0.01, 0.01]T and z(0) = [1, 1,−1.45,−1]T . The data information is recorded at 320

sampled times, and the threshold is σs = σf = 0.001. As shown in Fig. G5, the associated parameters can be obtained from Algorithm

1. We further evaluate the event-triggered performance by executing composite optimal controller (4). By Theorem 2, we design the
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parameters c = 0.03, γs = 2975, and γf = 17. From Fig. G6, we see that both slow and fast states of the two-area power system under

(4) converge asymptotically to the origin. Also, the transmission instants of both slow and fast states and the control input trajectories

are shown in Fig. G7. It is clear that the sampling of the slow and fast states is asynchronous.

Remark 3. The eigenvalues of system (1) are clustered into two distinct groups, wherein the dynamics with larger eigenvalues are

called fast state and the other is slow state. Due to the two-time-scale phenomenon of SPSs, we can also classify the fast and slow states

through the rate of state change such as mechatronic systems [7] and industrial processes [1].

Remark 4. The proposed composite learning algorithm can be considered as a baseline framework to solve the optimal control

problem associated with (1), (2). For system (1) with external disturbances, we can design a zero-sum game based control strategy

to accommodate disturbance. In terms of the proposed composite learning framework, both optimal feedback control and worst-case

disturbance can be learned simultaneously through single-loop policy iteration [46]. For system (1) with parameter uncertainties, we

can guarantee the robustness of the control strategy by setting a larger weight matrix Q in (2). Our learning approach can be used to

learn such robust control strategy by absorbing uncertainties into the control input [11].
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