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Abstract This paper focuses on event-based boundary fault-tolerant control for deferred-constrained cascaded ordinary differential
equation (ODE)-belt systems modeled by flexible axially moving belt and nonlinear actuator dynamics subject to unknown parameters,
nonlinearities, and actuator failure. To reduce the continuous updating of input signal, a dynamic threshold triggering mechanism is
developed. Under these multiple constraints, achieving the asymptotic convergence of cascaded systems presents significant challenges
for control design. In control design, radial basis neural networks are used to approximate uncertain nonlinear functions. The prescribed
performance funnel and adaptive backstepping technique are applied to skillfully achieve the prescribed performance. Based on the
designed adaptive failure compensator, the effect of actuator fault can be compensated for completely. Based on the Barrier Lyapunov
function (BLF) approach, a novel boundary event-based fault-tolerant control protocol is successfully designed to achieve asymptotic
convergence and vibration suppression. Remarkably, the appealing feature of the designed controller lies in the smooth function norm
with a positive integrable function, which makes the controller powerful enough to achieve asymptotic convergence. Furthermore, the
Zeno behavior can be excluded. Lastly, some simulation results are presented to validate the constructed results.
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1 Introduction

Boundary control of axially moving systems has drawn much interest in recent decades due to its numerous practical
applications, such as axially moving strings, flexible manipulators, and axially moving belt [1-7]. The characteristics
of the axially moving systems result in elastic vibration during operation, thereby diminishing work efficiency,
reducing service life, and posing safety hazards. The axially moving belt system of surface mount technology
(SMT) equipment is often characterized by high acceleration/deceleration, which is often characterized as partial
differential equations (PDEs) due to their infinite-dimensional characteristics.

Although remarkable results have been proposed for axially moving systems, there remain problems to be resolved,
particularly regarding the actuator dynamics at the boundary. Such systems are generally referred to as cascaded
PDE-ODE systems since the actuator dynamics are typically modeled by ordinary differential equations (ODEs).
On the boundary control of cascaded systems, some preliminary results have been obtained for the reaction-diffusion
equation [8,9] and Burgers’ equation [10] with first-order linear actuator dynamics but are restricted to the simple
form of actuator dynamics. Meanwhile, vibration control of flexible structures with first-order actuator dynamics
was explored, as in flexible wings [11], hypersonic vehicles [12], and axially moving systems [13, 14]. Remarkably,
these methods are only applicable to linear actuator dynamics without uncertainty and nonlinearity and cannot
be directly implemented for axially moving systems with uncertain actuator dynamics. Boundary control problems
for parabolic/hyperbolic equations with uncertain high-order actuator dynamics were investigated [15,16] using the
infinite/finite-dimensional backstepping method, but neglecting the complicated flexible PDE models.
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In practical systems, it is noteworthy that constraint problems inevitably exist in various applications due to
security criteria, performance requirements, and physical limitations. Numerous researchers have been devoted to
constraint control of nonlinear systems, e.g., constant constraint, time-varying constraint, and prescribed perfor-
mance control (PPC) [17-19], but the tracking error only converges to a small region whose size depends on the
design parameters and initial conditions, meaning that the tracking accuracy cannot be predetermined. Recently,
several well-known research results on prescribed-time performance control (PTPC) [20,21] have been presented
to handle this issue. For example, the input-constrained PTPC for nonlinear systems was designed [20]. Un-
known actuator failures may lead to performance degradation and, in severe cases, destructive accidents [22]. The
prescribed performance fault-tolerant control (PPFTC) of nonlinear systems and MIMO uncertain systems was
studied [23,24]. The sensor fault compensation for parametric strict-feedback systems was explored [25] based
on the proposed output-feedback failure compensator. The actuator fault compensation problem and unknown
control direction for nonlinear systems subject to unknown control directions was addressed [26,27] by using the
Nussbaum function method. Recently, considering the coupling systems, some adaptive FTC schemes have been
proposed for cascaded ODE-string/beam and string-beam systems [13,14,28]. However, owing to the coexistence of
uncertain high-order actuator dynamics and actuator failures, the existing approaches for boundary control cannot
be extended directly to boundary fault-tolerant control for constrained cascaded ODE-belt systems.

Recently, event-triggered control (ETC) has been developed to reduce the communication burden and save
the communication resources [29-32]. For example, the finite-time asymptotic event-triggered control for nonlin-
ear multi-agent systems was proposed [33] utilizing the adaptive radial basis function neural network (RBFNN).
The output-feedback boundary event-based control was proposed [34], while the observer-based asymptotic event-
triggered control for hyperbolic PDE-ODE systems was designed [35]. Boundary event-triggered control for a flexible
beam was explored [36] through the BLF method, where only bounded stabilization error was realized. Fully dis-
tributed dynamic event-triggered containment control for linear multi-agent systems subject to multiple types of
disturbances was researched in [37], in which only uniformly ultimately bounded (UUB) stability can be achieved.
However, it is pointed out that the tracking/stabilization errors [29,30,36,37] only converge to the neighborhood of
zero. Thus, for asymptotical dynamic event-based control of cascaded ODE-belt systems involving actuator failures,
unknown parameters, and deferred constraints, more techniques should be further developed.

Motivated by the preceding discussion, this paper investigates an adaptive event-based boundary control problem
for cascaded ODE-belt systems subject to unknown parameters, uncertainties, prescribed-time performance, and
actuator failures. Under these constraints, we organically use the boundary control, backstepping control, prescribed
performance funnel, and event-based control in control design to realize the asymptotic convergence for cascaded
ODE-belt systems. This strategy faces the following technical challenges. In contrast to existing results [1-7]
where flexible structures are free of actuator dynamics, this paper concentrates primarily on a flexible axially
moving belt with uncertain nonlinear actuator dynamics. While some excellent boundary algorithms have been
presented [8-14], they are restricted to systems without nonlinearities and uncertainties, and thus they cannot be
directly applicable to achieve vibration suppression of cascaded ODE-belt with uncertainties and nonlinearities.
Due to the presence of actuator dynamics, particularly the uncertainties or nonlinearities therein, certain essential
obstacles emerge in control design and performance analysis, making the control problem much more challenging.
Thus, it is meaningful and challenging to explore the boundary control for cascaded ODE-belt systems. Though
some excellent ETC schemes have been obtained for PDEs [34-37], they are limited to systems without actuator
dynamics, and these approaches cannot be directly applied to the axially moving belt with high-order actuator
dynamics. In this paper, the switching threshold triggering strategy is further developed for cascaded ODE-belt
systems.

In general, the main contributions are summarized as follows.

(i) Compared to the existing results in [8-14], where the actuator dynamics is limited to first-order linear actuator
dynamics, this paper further explores a more general type of actuator dynamics with uncertainties and nonlinearities.
Moreover, the effects of actuator failures can be adaptively compensated by the fault-tolerant controller, which
contains an adaptive failure compensation coefficient. The asymptotical vibration suppression of cascaded ODE-
belt systems can be achieved despite the effects of actuator failure, uncertainties, and nonlinearities, in contrast to
the UUB results in [1-6].

(ii) By introducing a special kind of prescribed-time performance funnel, together with the BLF method and
backstepping method, a novel boundary adaptive control scheme is proposed that governs the error variables to
evolve within the prescribed boundary region after a preset finite time. The settling time can be explicitly set
independent of the initial conditions and design parameters. The transient performance and static performance can
be ensured through the designed boundary funnel control.

(iii) Unlike [34-37], a new dynamic threshold triggering strategy is proposed for the cascaded ODE-belt systems.
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Figure 1 Cascade of axially moving belt system with actuator dynamics.

By introducing the smooth functions with respect to positive integrable functions, the developed event-based control
can achieve zero stabilization error. A new control framework is developed for the boundary control of cascaded
systems.

This paper has been structured as follows. Section 2 illustrates the cascaded systems model, control objective,
and some preliminaries. The prescribed-time performance funnel, event-based fault-tolerant control design, and
stability analysis are presented in Section 3. The simulation and conclusion are shown in Sections 4 and 5.

2 Problem statements and preliminaries

Remark 1. Let ()(z,t) = ()(2), ()(L,t) = ()(L), V2 € [0, L], € [0,00), (-)(0,£) = (-)(0), (-)/0z = ("), and
9()/0t = ()s-

Consider the cascaded system models consisting of a flexible axially moving belt [3] and uncertain nonlinear
actuator dynamics shown in Figure 1, modeled by

mwe(z) + ma(t)w,(z) + 2mu(t)w.e(z) — Tw,(2)

+mr? () w.. (2) + cw(2) + cv(t)w, (2) = 0, (1a)
mewy (L) + Tw, (L) + dswi (L) = y(t), (1b)
w(0) =0, (1c)
yo(t) = Co [w(L, 1), we(L,t), w.(L,t)] ", (1d)
i(t) = 2 (1) + 9] ()0 + fi(@2), (le)
i (t) = u(t) + ¢, ()0 + fu(2), (1)
y(t) = 1), (1g)

where i = 1,...,n — 1, w(z,t) ((2,t) € (0,L) x [0,+00)) is the vibration displacement, L and T are the length
and tension of the belt. v(t) and a(t) denote the axial speed and acceleration of the belt (see Figure 1 in [3]),
respectively. m,. denotes the actuator’s mass, m denotes the mass per unit length, ds and ¢ are the damping
coefficient of the actuator and viscous, yo(t) € R? denotes the measurement of the belt at the boundary including
the velocity, or their combinations at the free end of the belt, and Cy € R9%? is a known matrix. z; represents the
actuator state with Z; = (x1,...,2;)" € R" and = Z,,, u(t) and y(t) denote the control input and output of the
actuator dynamics, § € R” is the unknown parameter vector, ;(-) : R — R” is the smooth nonlinear function,
fi(Z;) is the unknown continuous function.

Most of the existing studies merely consider the actuation of axially moving system boundaries, regardless of the
actuator dynamics. In many practical applications, due to the increased process demands, the actuator dynamics
characteristics cannot be neglected but should be jointly considered with the controlled plant. Additionally, w(L)
and w,(L) can be measured by the laser displacement sensor and the boundary inclinometer, wy(L) is calculated
utilizing the backward difference method, and z;(¢) can be measured by relevant sensors.

Define uy(t) as the input signal of the controller u(t). The types of failures can be modeled as follows [22,23]:

u(t) =pus(t) + us, Vt > tf, pus =0, (2)

where p € [0,1) and us denote the stuck failure. Eq. (2) indicates that the actuator fails suddenly from ¢y and
implies the following three cases. (1) p =1 and u, = 0, the failure-free case; (2) 0 < p < p < 1 and us = 0, the
partial loss of effectiveness (PLOE); and (3) p = 0 and us # 0. In case (3), us can no longer be influenced by the
input signal uy. This implies the total loss of effectiveness (TLOE).

In this paper, the following coordinate transformations are defined

e1 =w(L) = (x1 — mewy (L) — Tw,(L))/ds, (3)

ei:xi_o‘iflvi:27"'an7 (4)
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where ay,...,a,_1 denote the virtual controllers to be determined later. To constrain the transient performance,
the states are required to remain within the following constraints:
g, : ={(t ;) € Ryo x R| |ei(t)] < &} (5)

For cascaded ODE-belt systems (1a)—(1g) with actuator failure (2), we aim to develop a boundary event-based
adaptive failure compensation control protocol such that (i) closed-loop systems are uniformly bounded; (ii) e;
converge to the region {e;||e;| < &;,Vt > T);} with &; being the prescribed precision and T),; being the prescribed
settling time; (iii) asymptotical vibration suppression can be obtained, i.e., lim; o |w(z,t)| = 0; (iv) the Zeno
behavior does not occur.
Remark 2. The cascaded ODE-belt systems under investigation have some distinctive characteristics. (1) The
actuator dynamics is uncertain and nonlinear rather than the linear ones without any uncertainty [8-14]; (2) control
input occurs in the actuator dynamics rather than in the PDE subsystem [1-7]; (3) the PDE subsystem is the axially
moving belt which is more complex than the parabolic/hyperbolic equation [15,16]. Hence, the existing control
protocols are incapable of the vibration suppression of (1a)—(1g).

The following assumptions and lemmas play an essential role in the stability analysis of this paper.

Assumption 1 ([1]). There exist b; > 0 (i = 1,2) such that 0 < v(t) < b1 and |a(t)| < b since v and a have
finite energy and are uniformly continuous.

Assumption 2 ([22]). There exist positive values p and @ such that p > p and |u,| < @

Assumption 3 ([38]). If the kinetic energy and potential energy of the belt are bounded, then wy (L), w.+(L), w. (L),
and w,, (L) are said to be bounded.

Remark 3. Note that the boundedness assumption, i.e., Assumption 3, is obtained just from an engineering
point of view. From [38], we also note that experimental results for real physical systems seem to prove that the
engineer-based assumption is indeed true. Yet, from a strict mathematical point of view, one might question these
boundedness assumptions since we cannot prove Assumption 3 by strict mathematical proof. Reviewing previous
boundary control results, it seems that there is no well-established methodology for checking the boundedness of
signals for nonlinear distributed parameter systems. A similar remark is also presented in [38].

Lemma 1 ([7]). For any wi(z,t), we(z,t) with (z,t) € [0, L] x [0, +00) and ¥ > 0, there hold

{wlwg < |w1w2| w? + w3,

[wiwa| = [(F5w1) (Vwe)| < Gt + vwd.

Lemma 2 ([7]). w(z,t) ((2,t) € [0,L] x [0,400)) is a function with w(0,t) = 0. Then there hold

fo w?dz < L2f0 zdz, (7)
\Lfo widz.

Lemma 3 ([33]). For unknown continuous function F(X) : Qx — R defined on Qx C RY, there exist an RNFNN
such that F(X) = W*TS(X) + h(X), h(X) < hin which W* = [Wf,...,W;]" € RP represents the optimal weight
matrix, X = [X1,...,&,]" € Qx denotes the input vector, S(X) = [S1(X),...,S,(X)]" € RP denotes the basis
function. S;(X) (z =1,...,p) is generally selected as a Gaussian function S;(X) = e~ (¥~ ) (¥=C)/al where a; is
the width and C; € R? is the center of the receptive field.

3 Main results

In this section, a new control design framework to solve boundary control problem for cascaded ODE-belt systems is
presented. Firstly, we introduce the prescribed-time performance funnel to incorporate the desired transient perfor-
mance metrics. Then, an adaptive event-based boundary fault-tolerant control protocol is designed by integrating
the bounded estimation method and BLF-based backstepping design. The block diagram of the boundary control
scheme is shown in Figure 2.
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Figure 2 Block diagram of the boundary control strategy.

3.1 Prescribed-time performance funnel

To achieve the desired transient performance and constraint performance, the following prescribed-time performance
funnel function is inspired by [20].
Definition 1. For given accuracy ¢ > 0 and convergence settling time T}, a time-varying function ((e, T}, t),t > 0
is said to be a prescribed-time performance function, when

(1) ¢(t) > 0 for t > 0 and ¢(0) = 0;

(2) ¢(t) € WH° where W™ is a class of bounded functions with bounded derivatives;

(3) for any t. < T, there holds ((t) > 1/¢ for t > t..

Then, on the basis of ((t), the performance funnel is defined as follows:

¢ o ={(t,e) € Rzo x R[ [e(t)|¢(t) < 1} (8)
In this paper, to constrain the transient performance, the performance funnel is defined as
g, : ={(t e:) € Rxo x R| |ei(t)] < &} (9)

Remark 4. Unlike the existing results, ;(¢) has the following advantages: (1) the funnel boundary decided by
Ci(t) enforces a transient behavior boundary on variable e;; (2) €;(0)¢;(0) < 1 hold since (;(0) = 0, and hence
the restriction on the initial conditions is removed; (3) the settling time T),; and convergence accuracy €; can be
predetermined and the performance bound can reflect the control objective (the predetermined accuracy within the
preset finite time) and independent of the design parameters and initial conditions.

By constructing a feasible control law to ensure vibration deflection w(L) and actuator state x; always evolve
within the funnel Il¢,, the desired transient performance specifications can be obtained.

There are many choices for (;(t), such as

10
L t>Tpi, ( )

11— (Liztya .

cto- {407 CF 021 <
)

and (;(t) = W with ¢; > 2, 0; € (0,1) being positive values.

3.2 Adaptive event-based boundary fault-tolerant control design

This subsection aims to develop an adaptive FTC to guarantee that e;(t) converges within the predefined funnel.
Firstly, design the Lyapunov function candidate

Vi =V + Vs, (11)
ym " SN A
Vi :—/ (wy + vw,) dz + —/ widz, (12)
2 Jo 2 Jo
L
Vo :2/\m/ 2w, (wy + vw,) dz (13)
0

with v, A being positive values.
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Lemma 4. The Lyapunov function (11) satisfies the following property:
0 < 0'2V1 < VL < Ung (14)

with og =1—0c and o3 =1+ 0.
Proof. Tt follows from Young’s inequality and Poincaré’s inequality that

L L
Va| < AmL </ (wy + sz)2 dz —I—/ wfdz) <oV (15)
0 0

with o = [(2AmL)/ min(yT,ym)], and hence, —oV; < Vo < oV;. Further, it is easy to get
0<(I—-a)V1 <V < (140 (16)

Assuming 0 < 0 < 1 and A < [min(yT,ym)/(2mL)], there holds o2V1 < Vi, < o3V;.

Next, we can obtain that V; = Fy + Fy + Fs + F4 with F; = vym fOL(awth + avw?)dz, Fo = ym fOL(wtwtt +
vw,wy)dz, F3 = ym fOL(thwzt + v2w,w,)dz, and Fy =T fOL W W dz.

Substituting (1a) to F2, using integration by parts, it can be obtained that

(T - mv?)

L
Fo 5 w?(L) — ymvw?(L) — ”ymua/ w?dz — 2ymv*w, (L)w; (L)
0
L 3 L
T

- wc/ (wy + vw,)?dz — (% - W;W )wg(O) + (T + ml/2)/ Wiw, . dz (17)

0 0

L
— Wma/ wiw,dz.
0
Integrating F3 and JF, by parts, one has
L
Fy =ymvw, (L)w (L) + %w?(L) - ”ym/ viww,,dz, (18)
0
L
Fy =yTw,(L)w,(L) — 7T/ WeW Az, (19)
0

Based on the above inequalities, the derivative of ; can be obtained as

L 2
. T - T To
W< —ae [ s - P o)+ (258 - TR udn)

=2+ (@) + v (D)2

ymy
25, 't 26,

Y wn(L) + v ()P,

where 07 is a positive parameter.
Similarly, it can be derived that Vg = J1 + J with J1 = 2\m fOL 2w, (wy + aw, + vw,)dz and Jo =
2\m fOL zw, (wy + vw,)dz. By using integration by parts, it yields that

L L
Ji =A\TLw?(L) — dmLv*w?(L) — 2/\cu/ 2w?dz + /\m/ viw?dz
0 0

L L L (21)
— 2)\0/ Zw,widz — )\T/ wgdz — 2)\ml// ZW, W, dZ,
0 0 0
L L
Jo = 2/\m1// zwpwydz — /\m/ widz + AmLw?(L). (22)
0 0
Hence, a combination of Lemmas 1 and 2 yields that
) L L
Vo < — (AT — dmb? — 2)\cL62)/ w?dz — )\m/ w?dz
0 0
23
2\cL [* ) ) ) ) 23)
+ 5 (wg + vw?)dz — AL(mv* — T)wZ (L) + AmLwy (L),
2 0
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where J- is a positive value.
By integrating the above results, we can obtain

L L L
Vi <—7n / w?dz — / w?dz — 7'3/ (wy + vw,)*dz
0 0 0

— w2 (0) — Tsw?(L) — Tew? (L) + g[wt(L) + S1w. (L)),
1

(24)

where 71 = Am, 75 = AT — Amb} — 2AcLy, 73 = ye — 2L 7y = WLvogmi o A2 — 970 4 T8 Z\TL, and
76 = 25 — AmL.

To ensure e;(t) remains within the predefined funnel, we define the following shifting transformation to carry out
constraint control

uizci(t)ei, i=1,2,...,n (25)

with (;(t) being the prescribed-time performance function defined in Definition 1.
Step 1: Using (1a)-(1g) and (3), the derivative of e; can be reduced to

é1:(€2—|—011—|—901r€+(1)+f1)/d5 (26)

with ® = —mwy (L) — Tw, (L), and then 4; = Cier + Ciles+ag+¢] 0+ @+ f1)/ds.
Choose the Barrier Lyapunov function candidate

JU 1 .

1 1 1
Vi =Vr + slog —— + —
2 2712

1-— u% 2’711
where 91 =0 —él, X1 = X1— X1, and 11, y12 are positive scalars. Note that V1 is positive definite and continuously

differentiable for |ui| < 1, and so is Vy; for |u;| < 1.
Using (24), we have

L L L
Vii<—7 / widz — 7o / w?dz — 73 / (wy + vw,)?dz — T4w?(0)
0 0 0

T

25-lwn(L) + (L) (28)

— msw2(L) — rewi (L) + &1Ciurer +

Y 1 -z 1 _
&G 1(62+a1 +901T9+\1;1) — —9I01 — —X1X1

J’_
ds Y11 Y12

where & = # > 0 and ¥y = f; + ®. Using Lemma 3, the uncertainty ¥; can be determined by RBFNN; i.e.,
1
\Ifl == W{TSl (Xl) + hl (Xl) with Xl == [:vl,wz(L),wt(L)]T.
Defining x1 = sup;5 [|©1()|| with ©1(t) = Wi, i]" and ¢, = [S1(&1),1]", and invoking inequality |x| —
< o with m € R and ¢ > 0 [33], there holds

Jrre

1 1
d—§1C1u1(WfT31 +h) = d—§1C1u191T¢1

1 1 1 (29)
< &Glulxa < -xakn + & Guimxa,
ds ds ds
where 1 = [(&1Gury 1) (VEEGup 1 + k2)] and k1 > 0 is an integral function which satisfies fot k1 (t)dt < Ry
with k1 > 0 being a positive constant.
Choose the virtual control and adaptive updating laws
d,  Ceds A % Tlw (L _(L)]?
0y = “wds Gier LAy - X Y [we (L) + d1w. (L)] , (30)
&G G ds 201(§1u1C1 +¢€)
01 =71161Grureer /ds — y11k01, (31)

)21 :712§1C1U177/ds — Y12K1X1, (32)
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where ¢; > 0 denotes a positive value and € > 0 is a small value designed to exclude the appearance of the controller
chattering phenomenon.
Using (30)—(32) and & Cuies = & ujusg, then Eq. (28) can be rewritten as

Vi < — l(w) — cuf + 51 dl 2 4k (§Ié1 +x1x1 + %) (33)
with £(w) = 7 fo widz + ko fo w3dz + 13 fo wy + vw,)?dz + T4w?(0) + 5w (L) + Tewi (L).
Step 2 Select the Barrier Lyapunov function candidate
1 1 1 1
= =1 05 0> + —X3 34
Vi VL1+20g1_u2+2721 2 2+2722X2 (34)
with 92 =0 - 92, X2 = X2 — X2, and 721, Y22 being positive constants.
From (25), we can obtain
iy = Goez + (aes + az + ) 0 + fo— du), (35)
and thus,
y §1uyuz 5T A N X1 ;
Ve < —l(w) — cyui + >—— T T 6, 61+ x1x1 + T + &aCauzen
S S (36)
+ &lous |e3 +ag — Ay + Wy + (sﬁg = 9p. P ) 9] - —92 92 - —X3 X2
Z1 V21 Y22
with & = e Ay — x2+8‘“ X1+ 91, and Uy = f2+g f2+8w L)wzt( )—i—Z] o 8358) <13+1)+88a(1 )wtt(L).
Using Lemma 3, we have ¥y = W;TSQ(XQ) + ho with Xy = [z, @2, w.¢ (L), we (L), (1, Cl]
Defining x2 = sup, [|©2(t)|| with ©2(t) = W5, ko] and 5 = [S2,1]7, it can be derived that
§2GuaWa < X271 + EaCauamnaXe (37)
with 72 = [(§2Couat3 o) (VE3Guses o + £1)]-
The virtual control and adaptive updating laws are designed as
CoU2 §1C1u1 C.262 AT Jay N
=— - - -0 - - A 38
PTG eqd, o 2\ am ) T %)
: v .
02 =v2&2(ou2 (902 - 8—1901> — Yor102, (39)
Z1
X2 =72262Cauane — Y22K1X2, (40)
where ¢y is a positive value.
Substituting (38)—(40) into (36) yields that
. 2
Vip < —L(w) =Y (csul + k1 (0] 05 + XXs)) + K1 (§ + Xz) + Laugus. (41)
s=1 s
Step i (3 <i < n—1): Choose the Barrier Lyapunov function candidate
1 1 1 s 1
i = V(i —log —— + —0,0; X2 42
Vi =Vri-1 + 3 Ogl—uf+2%1 i +2%2X1 (42)
with éz =0 - éi, Xi = Xi — Xi, and 1, V2 being positive values.
From (25), we can obtain that
. i1
U = Gei + G |eip1 + oy + (%T - 817_194{) 0—A;+V; (43)
s=1 s
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where A; = Y07} Zimty 4 3] 2 19 + Y B and Uy = fi + Y Bt f 4+ Zastuy (L) +
davi i—1 1 daii ~(j+1

t 1wzt( )+Zs:0 =0 aggj)l CSJ ),

Using (43), the derivative of Vr; yields

i—1

Vi < —lw) =Y [esu? + 11(0] 0 + Xs%s)] + k1 (% + X2) + &iui—1u;

1
eiv1 + oy — Ay + VU + ( Z Z) ] (44)

1 ~+=x 1 .

- —00; — —Xixs

Vil Yi2

with & = # Defining x; = sup, [|©:(t)| with ©;(t) = WiT R]T and ¢; = [S;,1]T, we can get &Gu¥; <

Xik1 + §iGuinix; with n; = [(51C1u11/fj7/11)(\/512@2“31/):7/% + "f%)]

Select the virtual control and adaptive updating laws

i1
ciug & 1Ui 5 Oaj— i€ .
Oé'z—f—gl_%l—aT(%— 1%) ¢ +Ai = Ximi (45)
s=1

S

+ fz'éiuiei + &Gy

’ &G &G ! O Gi
i—1
A 8041-7 A
0; =7:&iCius <90i - 2 (%csl <Ps> — Yik10;, (46)
Xi =Yi2& G — Yizk1Xi (47)

with ¢; > 0 being a value.
Substituting (45)—(47) into (44), it yields

Vi < — l(w) — ;[csiﬁ +81(0] 05 + XsXs)] + #1 (E—: + ; xs> + Euitig . (48)
Step n: Select the Barrier Lyapunov function candidate
1% 1% + = 1 L + L (49)
n = n— Y
S R R 27 : 22
where 9~n =0 — én, Xn = Xn — Xn, and vn1,7n2 are positive values. Using the definition of w,, we obtain

Uy = Cnen + Culu+ (o) — 02128 aa" L1510 — A, + U,,] where A, and ¥,, can be obtained from A; and ¥; (let
i=n).
Invoking (2), it can be deduced as

n—1
an < — é(w) [Csu + /{1(9T9 + XsXs)] + K1 <§1 + Z Xs) + gn(nunen
s=1 i s=2
n—1 8 T
s=1 $
1 = 1 _
— —9;971 — —XnXn-
Tni Yn2
Similar to step i, one has &, un ¥y < Xnk1 + EnCntinnXn With 1, = [(gnCnUM/JTU)n \/52 2y bn + k1)) By
using Assumption 2, we have &, u,us < [£,(,un|w. Besides, to handle the actuator failure, we define p = % and
it = p — fi. We introduce the following intermediate variable: -
ﬂ _ §n<nunﬁ2 é.nflunfl CplUn énen
A/ {%C?Lu%fﬂQ + Ii2 gnCn gnCn Cn
(51)

80én 1 ~ §n<nun
- An n'ln a1\
( Z ) RR LT g
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where ¢, is a positive value, 0 < ¢; < 1, and w = w — @.
Substituting S into (50) and by mathematical calculation yields that

n—1

VLn < — K(w)

M

[Csu + K1 (9T9 + XsXs)] — Cnu + k1 <§1 + Z XS)

s
s=1 s=2

n—1
Oty —
+ gnCnun [puj +8+ Xn'ln + 9T (‘Pn - L905> + |€n<nun|w (52)

= O

2 2
1
Salatn_ Lgrg 1o

\/52 u2w2 T2 20—<1) Yl Yn2

To conserve communication resources, design the following adaptive event-based fault-tolerant controller:

up(t) =ue(tp), Vt € [tp, tpt1), (53)
ue(t) = — (1 — 54
W= §1)<\/(§né‘nunu*)2 + 13V (EnGruné)? + ﬁ%) (54)
I gncnunﬂ2ﬂ2 (55)

— 9
VEQRP

where 0 < ¢ < 1 and € > = > 0 are design parameters. € is an upper bound of the function €(t). Ko, K3

and €(t) are chosen as the positive integral functions the same as x;. The measurement error is indicated by

d(t) = ue(t) — us(t). The update time of actuator is denoted by ¢, and w(¢) holds us(t) = ue(ty), ¢ € [tp, tpr1)-
At this point, we devise the following dynamic event-triggered mechanism (DETM) that can significantly trade-off

system performance

tprr =inf{t > tp||p(t)] — crluy(t)] — e(t) = F (D)}, (56)
F(t) == cf () + (alus(t)] + €(t) — o)), (57)

where ¢ > 0.

Note that from (56), it is easy to get that |¢(t)] — ¢1|us(¢)| — €(t) < F. Then, it can be obtained from (57) that
F > —(so — 1)F, which indicates that f > f (0)e~(s2=1 > 0.
Remark 5. The developed dynamic triggering threshold approach outperforms conventional fixed and relative
threshold strategies [29, 30, 36] in managing network constraints and maintaining system performance. If f = 0,
then the static triggering strategy can be obtained,

tprr = nf{t > t,||o(t)| — iluy ()] — €(t) > 0} (58)

Compared with the static triggering strategy, the dynamic triggering threshold method has much flexibility in
control signal transmission.

Proposition 1. Let Aty =7, —{, and Atg = tg 11— tg as the interevent intervals for the dynamic triggering
condition (57) and the static triggered condition (58), respectively. Then, we can obtain Aty > At;.

Proof. Using the contradiction method, assume that Aty < Ats with by = tg. At t = tg 41, it can be derived that

i1 S tpgns 10| = cilug(t)] — e(t) < 0. (59)
Based on the above inequality and (56), we can further get that
0> [¢(t)] = cilup(t)] = e(t) > F (t4), (60)

which contradicts the positivity of F(¢). On the other hand, it can be get that Aty > Ats. Since ¢, = tg, the
interevent time with the static triggering strategy is less than that with the dynamic triggering strategy. Hence,
the Zeno behavior can be excluded.

The case is possible for time-varying functions 01 (t) and o02(t) to fulfill the conditions |o1(t)|, |o2(t)] < 1 resulting
in ue(t) = (14 co01(t))ur(t) + o2(t)e(t). Consequently, one obtains

ue(t) — o2(t)(e(t) + F (1))
1+s101(t) '

up(t) = (61)
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Note that 01 (t) and 02(t) are used only for stability analysis and not for control design. Besides, one can obtain

ue(t) e (t) o2()(e+F (1)  e®+F (@) & @
Un 14s101(t) < un 1461 and —= 14s101 (1) < 1—¢1 \ 1—¢1 + 1—¢1 ,thUS
2 2 2 2 V2
* ~ nsn“n F t
gnCnunuf(t) < - 5 n n 5 5 > + |§n<nun6| + M
V (EnCntinu)? + K3 \/(§n<nun6)2 + K3 l-q
2 2 2
nsn“n t
< - gn + |§n<nunu*| + gnCnun'UJ* + K3 + 7|€ C 4 |pF( ) (62)
\/(fncnunu*) + K% l=q

nsn*n t
<2/§3 + fnCnunU* + M
— <1

According to 0 < A < %, the parameters A, 7, d1, and d2 can be selected such that

T —mv? >0,
72 = AT — Amb} — 2XcLd; > 0,
=yc— 3L >0, (63)

T = /\mLV ng + —ﬂ;&l —ANI'L>0
T6 = % — AmL.

3.3 Stability analysis

In this part, stability analysis of the closed-loop systems is provided.

Theorem 1. Under Assumptions 1-3 and bounded initial conditions, assuming that there exists a nonzero positive
lower bound on the inter-event times given by ¢, —t, > 0, if parameters A, v, 1, do are properly chosen such
that 7, > 0 (i = 1,...,6), with the designed adaptive event-based fault-tolerant controller (53) and adaptive control
laws (30)—(32), (38)—(40), (45)—(47), and (70)—(72), then we can obtain the following:

(1) all the closed-loop signals éi, Xi,Zise; (1=1,...,n), a1,...,an_1, ft, @, and u. are uniformly bounded;

(2) vibration displacement converges to zero, i.e., lims o |w(z,t)| = 0;

(3) e; can be steered into the prescribed precision set {e;| |e;| < e;} for ¢t > T,.
Proof. Select the following global Lyapunov function candidate:

p 1 =2 L
L Lpz 64
V=i 2F1 2F2 2 (64)

where i = 1 — fi and T’y and T’y are positive constants. Considering (52) and (62), one has

n—1
Vg—é(w)—z:[csu —i—m(@ 0, +szs)]—cnui+’il< +Z ) 52

s=1 1 B §1)
2 2 &2 n—1 dov
S 11 A WM <son -5 1%) + pus + B + 2055 + [€nCutin| (65)
VECCuiw? + K3 = 0s
|§n<nun|plr 9 1 1z 1 _ . P 1 _ .
———— —GF "= Fllo@)| —s1|us(t)| —e(t)] — —0,, 00 — —XnXn — =jlft — =—Ww.
- (lp(t)] = salus(t)] — €(t)] - S XnXn = L T
From (53), we obtain
p§2<2 2 224 2
EnCnllnpus < — > 5 < _BgnCnunﬂﬂ + pK2, (66)
\/5 + K3
52 2 ~ 2
Meanwhile, using the Young’s inequality, it can be obtained that
2 2
|§n<nun|pF & r (68)

1-¢ 2(1—§1) 21 —«1)’
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Design the piecewise updating law

ﬁ: Proj[1,1/£]{lc}

_{0, f=1land K<Oori=1/pand K >0 (69)

K, otherwise

I'énGuunf, if M >0,

0, if M <O

f to the interval [1,1/p]. Some specific information about projection operator can be found in [39].
Choose the following adaptive updating laws:

with K = and M = T'1&,(,u, 8. proj{-} denotes the projection operator which restricts

n—1
aan—l A
en:nnnn n s ] —In 9117 70
7§CU(<p ;8335@) Ynk1 (70)
);(n =Yn28nCnUnln — Tn261Xn, (71)
@ =D|&nCntin| — Tari . (72)
Substituting (69)—(72) into (65) and based on the designed dynamic triggered strategy (56), then it can be derived
as
Zn:C“JF’ﬁ b+ %xe)] — (2 = 7 | 2
g S SAS 2(1 _ <1)
- (73)
+A1<7%fﬂ+ﬂﬂ+ &+ZX5+1> + pra + 2ks.
ds s=2 -
: iThH iTg 1 g7 0760s <~ o S ~ X2
Using the complete square formula, we have 0, 0s = —0,05 + 0, 0s < ==, XsXs = —XsXs + XsXs <
Gd = —@® + w < =2, and fifi = —fiji + fin < L. Then we arrive at

V< —l(w z:: u? — < 2(1_<1>F +chs, (74)

T 2 2
where C; = 2221(05495 S DR s e D DS O wT2 +1,C=p and G5 = 2.
Using the definition of /(w) and integrating it from 0 to ¢, i.e.,

L
V(t) <V(0) — / / (rwi + w2 + 73(wy + vw.)?)dzdt
o Jo

_/0 (T4w (0,t) + Tsw2 (L, t) + Tew; (L, 1)) ;cS/ uy (75)

0
1 -
_(<2—72(1_§1)>/0 a (t)dt—i—sg_l(,’s/o Ks(t)dt

Since 7; (i=1,...,6) and ¢, are positive, we can obtain V(¢ ) V(0)+ Y with T = ZS 1 CsEs, indicating that
log 7= u2 , 91, Xis [t and w are bounded. From the definition of 91, Xi, b, @, then 01, Xis fb, 70 are uniformly bounded.

As fo w?dz is bounded, from Poincaré’s inequality w(z,t) is bounded. Since u;(0) = ¢;(0)]e;(0)] < 1 holds, it
is concluded that u;(t) always remains within the set ., = {u;(t) € R||u;(¢)] < 1}, and thus & (¢) is bounded.
Based on the definition of (;(¢), ¢;(t) is bounded for ¢ > 0 and (;(¢t) = 0 when ¢t = 0. As ¢;(0) is bounded, and
thus e;(t) = wu;(t)/¢(t) holds and is bounded. Under Property 1, this leads to the boundedness of x; based on
Assumptions 1 and 3. Note that «; is also a smooth function of bounded signals z1, w;(L), w.(L), (1, Cl, 6, and
X1- It is concluded that o7 is bounded. This also gives the boundedness of x5 based on Assumptlons 1 and 3. a;_1
is a smooth function of bounded signals x1, ..., 2,1, we(L), w.(L), (1, Cl, ey Gz, Q 1, 91, e 91 Ty X1s---y Xiz1-
This also gives the boundedness of x;_1. Likewise, the boundedness of u,. can also be obtained. Thus, we can
conclude that all the closed-loop signals are bounded.
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The inequality (75) indicates that fOL w?dz € Loo. When t — oo, we further obtain lim; fot fOL widzdt is

bounded, that is, fOL w?dz € L. Using Barbalat’s Lemma, it can be obtained lim;_, . fOL w?dz = 0. Tt follows from
Poincaré’s inequality that lim;_, |w(z,t)| = 0, i.e., the asymptotic vibration suppression is achieved. It is known
that u;(t) always remains within §,,, i.e., the variable e;(t) always evolves within the prescribed-time performance
funnel (8). Using the third property of ;(¢), we can derive that |e;(t)| < QL(t) < €4, Vt = Ty Thus, the variable
ei(t) can be steered into the prescribed region (—¢;,¢;) within the preset time T,;. The proof is completed.

Remark 6. Compared with [23-25] where the failure compensation problems were not addressed, this paper
further considers the adaptive boundary failure compensation control for cascaded systems. When the failures
occur, the control input u(t) decreases, and the expected control performance cannot be obtained. To address this
issue, an adaptive compensation coefficient /i with adaptive mechanism (69) is introduced in this paper.

Remark 7. Unlike the existing studies, this paper has some distinctive characteristics: (1) the cascaded ODE-belt
systems are allowed to have arbitrary relative degree and unmatched uncertainties, in contrast to the pure axially
moving systems [1-7] and axially moving systems with first-order linear actuator dynamics [8-14]; (2) the limitation
that the settling time is dependent on the initial conditions and design parameters is removed, unlike [20, 21];
(3) a new dynamic event-based fault-tolerant control is developed where the effects of actuator failures can be
adaptively eliminated, contrary to [22-25]; (4) the proposed fault-tolerant controller can ensure asymptotic vibration
suppression instead of the UUB results [1-6].

Remark 8. The parameters ¢;, k1, k2, and k3 must be carefully adjusted to balance state convergence speed and
control smoothness. Larger values of ¢; achieve faster stabilization convergence but also result in a larger input
signal and increase actuator burden. Additionally smaller values of ko and k3 achieve faster convergence, but if they
are too small, they may cause chattering owing to the control discontinuity. Hence, the trade-off between control
performance and control effort should be adjusted according to the practical requirements.

4 Simulation results

This section validates the proposed adaptive event-based boundary fault-tolerant control protocol. We verify the
proposed theoretical results through the application of the finite difference method [40-42] with time step dt = 0.0001
and space step dz = 0.0204.

Consider the actuator dynamics as a simplified Josephson circuit [15], i.e.,

X 4+ mX +msin(X) = u(t), (76)
where 7,72 are known parameters. If z1 = X, x5 = X + m X, the actuator dynamics can be expressed as
1 = wg — M1, L2 = u(t) — masin(xy). Letting 0 = [m 2], ¢1 = [—x1 0], and po = [0 — sin(x1)], the actuator
dynamics can be transformed into #1 = xa+¢] 0, 2 = u(t)+py . The unknown function ¥y = —mwy (L)—Tw, (L)

will be approximated by using RBFNNs.

The system parameters for (1a)-(1g) are chosen as m = 0.1 kg/m, T' = 2000 N, ¢ = 0.1 Ns/m?, ds = 0.8 Ns/m,
me =23%kg, L=1m, g =98 N/kg, kg = kg = 3 g, and [r1,72,73,74,75,76,77] = [1,2,3,7,8,9,10] s. The initial
values of w(z,0), z1, x2, Vo, i, @, 6y, 6o, X1, and X2 are chosen as w(z,0) = 0.001sin(z), x1(0) = 0.2, 22(0) = 0.1,
vo = 0m/s, i(0) =1, £1(0) = %2(0) = @(0) = 5, 61(0) = [8.9 7.5]T, 62(0) = [5.5 5.4]T, and F (0) = 0.5. In this
paper, the actuator u loses 50% of its effectiveness from ¢ = 3 s and is subject to bias fault us(t) = 0.12 sin(5¢).

Based on the aforementioned control design, the design parameters are chosen as ¢; = 10.3, ¢ = 10, v = 0.5,
51 =€ = 005, Tpl = sz = 5, q1 = 4, qa = 3, g1 = 0.1, €9 = 09, Y11 = VY21 = 008, Y12 = VY22 = 1.5, Fl = 003,
Iy = 0.1, and k1 = 1007201 ¢; = 0.5, ¢ = 8.5, kg = k3 = 400e =200 ¢(t) = 5e70-001¢ "and ¢ = 5.8.

The considered cascaded ODE-belt systems are simulated with the following cases for comparative analysis.

Case 1: Without control, i.e., u(t) = 0.

Case 2: With the proposed adaptive event-based boundary fault-tolerant control (53)—(55).

Case 3: With the Nussbaum function method in [26].

Case 4: With the static event-triggered mechanism (STEM) in [31].

To show the performance comparison we introduce the following performance metrics: steady-state root-mean-

square error ERMS = w2 (z,t)dzdt, integral of steady—state absolute error TAE = w(z,t)|dzdt, and
0 0

integral of steady-state tlme-welghted absolute error ITAE = f 4 fo t|w(z,t)|dzdt. From Table 1, the advantages
of the proposed event-based boundary fault-tolerant control strategy have been demonstrated.
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Table 1 Performance metric and triggering method/number.

Case ERMS IAE ITAE Triggering
Case 1 0.000129 0.000493 0.002961 0
Case 2 0.000009 0.000020 0.000119 DETM/688
Case 3 0.000031 0.000119 0.000711 Time-triggered /100000
Case 4 0.000009 0.000024 0.000146 STEM/1042
(a) () g x10™ . . . .
x10°3

_ 2
V _4H
3 10 -6+

0. 6

> 4
z [m] 1o ? i ¢ 0
4 Time [s] Time [s]

Figure 3 (Color online) (a) Vibration displacement w(z,t) and (b) vibration deflection w(1,t) in Case 1.

(a) b X 107

w(1,t)
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z [m] Lo Time [s] Time [s]

Figure 4 (Color online) (a) Vibration displacement w(z,t) and (b) vibration deflection w(1,t) in Case 2.
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Figure 5 (Color online) (a) Actuator states 1 and 2 and (b) control input u(t) in Case 2.

The simulation results for Cases 1-4 are provided in Figures 3-13. Figure 3 illustrates the vibration displace-
ment w(z,t) and deflection w(1,t) for Case 1, in which the boundary vibration of the axially moving belt is very
pronounced and disturbs the system performance and results in a deterioration of the control quality. Under the
proposed adaptive event-based boundary fault-tolerant control (53)—(55), Figure 4 presents the vibration displace-
ment w(z,t) and the deflection w(1,t) can be effectively suppressed. Under the Nussbaum function method in [27],
it can be observed from Figure 9 that the vibration can be suppressed to some extent. Figures 5(a), 10(a), and
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Figure 6 (Color online) Trajectories of (a) e; and w1 and (b) ez and uz in Case 2.
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Figure 7 (Color online) Parameter estimation (a) 6; and 62 and (b) %1, X2, and & in Case 2.
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Figure 8 (Color online) (a) Parameter estimation i and (b) interevent time interval in Case 2.

13(a) show the actuator states x1(t) and xo(t) for Cases 2—4. Figures 5(b), 10(b), and 13(b) illustrate the evolutions
of input signals us(¢) and wu.(t). Overall, Figures 3, 4, 9, and 12 and Table 1 verify the effectiveness of the proposed
adaptive event-based boundary fault-tolerant control (53)—(55) under actuator faults, unknown nonlinearities, and
unknown parameters. Figures 6 and 11 illustrate the variables e; and u; and funnel functions, which indicate that
the variable e; converges within the prescribed set in the prescribed finite time 7},; = 5 for Cases 2 and 3. Besides,
Figures 7 and 8(a) present the evolutions of adaptive parameter estimations 91, ég, W, X1, X2, and fi. Moreover, it can
be seen that when an actuator fault occurs, the adaptive compensation variable fi will increase to compensate for
the effect of actuator fault. From Table 1, the triggering rate of the cascaded ODE-belt systems is 106080800 = 0.69%.
This indicates that the proposed dynamic event-triggering strategy can avoid a large number of updates, thereby
saving control resources. Additionally, Figure 8(b) presents the time interval in which the minimum interval remains
strictly positive, verifying the exclusion of Zeno behavior.

Remark 9. Since \,m > 0, we have 71 = Am > 0. The axial speed v(t) € [y, Vmax] = [0,68.6] can be obtained
in [3]. Then it is easy to get that T'— mv? > T — mb? = 1058.808 > 0, and hence 74 = [yv(T — mv?)]/2 > 0.




Zheng Y K, et al. Sci China Inf Sci September 2026, Vol. 69, Iss. 9, 192208:16

(a) ®) 15 10° . . . .

0.5F

4 6 ) L L . L

4 6
z [m] Lo Time [s] Time [s]

Figure 9 (Color online) (a) Vibration displacement w(z,t) and (b) vibration deflection w(1,t) in Case 3.
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Figure 10 (Color online) (a) Actuator states 1 and x2 and (b) control input w(t) in Case 3.
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Figure 11 (Color online) Trajectories of (a) e; and uy and (b) ez and uz in Case 3.
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Figure 12 (Color online) (a) Vibration displacement w(z,t) and (b) vibration deflection w(1,t) in Case 4.
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Figure 13 (Color online) (a) Actuator states 1 and xz2 and (b) control input w(t) in Case 4.

Through mathematical calculations, one has 72 = AT' — Amb? — 2\cLdy = 1.527 > 0, 73 = yc — 2)[;‘;L = 0.001 > 0,

and 74 = % —AmL = 0.143 > 0. Letting F = AmLv? — 'YTT” + %‘;1 — AT L, we can obtain F' = 0.00012% — 10v + 698
with v € [0,68.6]. The solutions s1,s2 of F = 0 can be obtained as s; = 69.849 and s = 99932.151, which
indicates that F' is a monotone decreasing function when v € [0, 68.6]. Hence, substituting vy into F; we can get
ALv? — WTTV + %kl — ANI'L =14.471 > 0, i.e., 75 > 0. Therefore, according to the above analysis, we can conclude
that the conditions (63) can be satisfied by choosing appropriate values of \,~, d1, da.

5 Conclusion

In this paper, we mainly investigate event-based boundary control of cascaded ODE-belt systems with nonlinearities,
unknown parameters, actuator fault, and prescribed-time performance. In this case, it is a challenging task to
realize the asymptotic stabilization of cascaded ODE-belt systems. Based on the prescribed-time performance
funnel functions, combined with the BLF method and bounded estimation method, a new event-based boundary
control algorithm is presented. Besides, a new failure compensator is proposed to adaptively eliminate the effect of
actuator failure. Under the proposed control protocol and Barbalat’s Lemma, asymptotic stabilization control of
cascaded ODE-belt systems can be achieved. Finally, numerical simulation results well demonstrate the advantages
of the designed control algorithm. In future work, we will focus on the boundary active fault-tolerant control of
flexible axially moving system with unknown direction fault and monotonic tube performance boundaries.
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