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Abstract This paper focuses on event-based boundary fault-tolerant control for deferred-constrained cascaded ordinary differential

equation (ODE)-belt systems modeled by flexible axially moving belt and nonlinear actuator dynamics subject to unknown parameters,

nonlinearities, and actuator failure. To reduce the continuous updating of input signal, a dynamic threshold triggering mechanism is

developed. Under these multiple constraints, achieving the asymptotic convergence of cascaded systems presents significant challenges

for control design. In control design, radial basis neural networks are used to approximate uncertain nonlinear functions. The prescribed

performance funnel and adaptive backstepping technique are applied to skillfully achieve the prescribed performance. Based on the

designed adaptive failure compensator, the effect of actuator fault can be compensated for completely. Based on the Barrier Lyapunov

function (BLF) approach, a novel boundary event-based fault-tolerant control protocol is successfully designed to achieve asymptotic

convergence and vibration suppression. Remarkably, the appealing feature of the designed controller lies in the smooth function norm

with a positive integrable function, which makes the controller powerful enough to achieve asymptotic convergence. Furthermore, the

Zeno behavior can be excluded. Lastly, some simulation results are presented to validate the constructed results.
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1 Introduction

Boundary control of axially moving systems has drawn much interest in recent decades due to its numerous practical
applications, such as axially moving strings, flexible manipulators, and axially moving belt [1–7]. The characteristics
of the axially moving systems result in elastic vibration during operation, thereby diminishing work efficiency,
reducing service life, and posing safety hazards. The axially moving belt system of surface mount technology
(SMT) equipment is often characterized by high acceleration/deceleration, which is often characterized as partial
differential equations (PDEs) due to their infinite-dimensional characteristics.

Although remarkable results have been proposed for axially moving systems, there remain problems to be resolved,
particularly regarding the actuator dynamics at the boundary. Such systems are generally referred to as cascaded
PDE-ODE systems since the actuator dynamics are typically modeled by ordinary differential equations (ODEs).
On the boundary control of cascaded systems, some preliminary results have been obtained for the reaction-diffusion
equation [8,9] and Burgers’ equation [10] with first-order linear actuator dynamics but are restricted to the simple
form of actuator dynamics. Meanwhile, vibration control of flexible structures with first-order actuator dynamics
was explored, as in flexible wings [11], hypersonic vehicles [12], and axially moving systems [13, 14]. Remarkably,
these methods are only applicable to linear actuator dynamics without uncertainty and nonlinearity and cannot
be directly implemented for axially moving systems with uncertain actuator dynamics. Boundary control problems
for parabolic/hyperbolic equations with uncertain high-order actuator dynamics were investigated [15,16] using the
infinite/finite-dimensional backstepping method, but neglecting the complicated flexible PDE models.
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In practical systems, it is noteworthy that constraint problems inevitably exist in various applications due to
security criteria, performance requirements, and physical limitations. Numerous researchers have been devoted to
constraint control of nonlinear systems, e.g., constant constraint, time-varying constraint, and prescribed perfor-
mance control (PPC) [17–19], but the tracking error only converges to a small region whose size depends on the
design parameters and initial conditions, meaning that the tracking accuracy cannot be predetermined. Recently,
several well-known research results on prescribed-time performance control (PTPC) [20, 21] have been presented
to handle this issue. For example, the input-constrained PTPC for nonlinear systems was designed [20]. Un-
known actuator failures may lead to performance degradation and, in severe cases, destructive accidents [22]. The
prescribed performance fault-tolerant control (PPFTC) of nonlinear systems and MIMO uncertain systems was
studied [23, 24]. The sensor fault compensation for parametric strict-feedback systems was explored [25] based
on the proposed output-feedback failure compensator. The actuator fault compensation problem and unknown
control direction for nonlinear systems subject to unknown control directions was addressed [26, 27] by using the
Nussbaum function method. Recently, considering the coupling systems, some adaptive FTC schemes have been
proposed for cascaded ODE-string/beam and string-beam systems [13,14,28]. However, owing to the coexistence of
uncertain high-order actuator dynamics and actuator failures, the existing approaches for boundary control cannot
be extended directly to boundary fault-tolerant control for constrained cascaded ODE-belt systems.

Recently, event-triggered control (ETC) has been developed to reduce the communication burden and save
the communication resources [29–32]. For example, the finite-time asymptotic event-triggered control for nonlin-
ear multi-agent systems was proposed [33] utilizing the adaptive radial basis function neural network (RBFNN).
The output-feedback boundary event-based control was proposed [34], while the observer-based asymptotic event-
triggered control for hyperbolic PDE-ODE systems was designed [35]. Boundary event-triggered control for a flexible
beam was explored [36] through the BLF method, where only bounded stabilization error was realized. Fully dis-
tributed dynamic event-triggered containment control for linear multi-agent systems subject to multiple types of
disturbances was researched in [37], in which only uniformly ultimately bounded (UUB) stability can be achieved.
However, it is pointed out that the tracking/stabilization errors [29,30,36,37] only converge to the neighborhood of
zero. Thus, for asymptotical dynamic event-based control of cascaded ODE-belt systems involving actuator failures,
unknown parameters, and deferred constraints, more techniques should be further developed.

Motivated by the preceding discussion, this paper investigates an adaptive event-based boundary control problem
for cascaded ODE-belt systems subject to unknown parameters, uncertainties, prescribed-time performance, and
actuator failures. Under these constraints, we organically use the boundary control, backstepping control, prescribed
performance funnel, and event-based control in control design to realize the asymptotic convergence for cascaded
ODE-belt systems. This strategy faces the following technical challenges. In contrast to existing results [1–7]
where flexible structures are free of actuator dynamics, this paper concentrates primarily on a flexible axially
moving belt with uncertain nonlinear actuator dynamics. While some excellent boundary algorithms have been
presented [8–14], they are restricted to systems without nonlinearities and uncertainties, and thus they cannot be
directly applicable to achieve vibration suppression of cascaded ODE-belt with uncertainties and nonlinearities.
Due to the presence of actuator dynamics, particularly the uncertainties or nonlinearities therein, certain essential
obstacles emerge in control design and performance analysis, making the control problem much more challenging.
Thus, it is meaningful and challenging to explore the boundary control for cascaded ODE-belt systems. Though
some excellent ETC schemes have been obtained for PDEs [34–37], they are limited to systems without actuator
dynamics, and these approaches cannot be directly applied to the axially moving belt with high-order actuator
dynamics. In this paper, the switching threshold triggering strategy is further developed for cascaded ODE-belt
systems.

In general, the main contributions are summarized as follows.
(i) Compared to the existing results in [8–14], where the actuator dynamics is limited to first-order linear actuator

dynamics, this paper further explores a more general type of actuator dynamics with uncertainties and nonlinearities.
Moreover, the effects of actuator failures can be adaptively compensated by the fault-tolerant controller, which
contains an adaptive failure compensation coefficient. The asymptotical vibration suppression of cascaded ODE-
belt systems can be achieved despite the effects of actuator failure, uncertainties, and nonlinearities, in contrast to
the UUB results in [1–6].

(ii) By introducing a special kind of prescribed-time performance funnel, together with the BLF method and
backstepping method, a novel boundary adaptive control scheme is proposed that governs the error variables to
evolve within the prescribed boundary region after a preset finite time. The settling time can be explicitly set
independent of the initial conditions and design parameters. The transient performance and static performance can
be ensured through the designed boundary funnel control.

(iii) Unlike [34–37], a new dynamic threshold triggering strategy is proposed for the cascaded ODE-belt systems.
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Figure 1 Cascade of axially moving belt system with actuator dynamics.

By introducing the smooth functions with respect to positive integrable functions, the developed event-based control
can achieve zero stabilization error. A new control framework is developed for the boundary control of cascaded
systems.

This paper has been structured as follows. Section 2 illustrates the cascaded systems model, control objective,
and some preliminaries. The prescribed-time performance funnel, event-based fault-tolerant control design, and
stability analysis are presented in Section 3. The simulation and conclusion are shown in Sections 4 and 5.

2 Problem statements and preliminaries

Remark 1. Let (·)(z, t) = (·)(z), (·)(L, t) = (·)(L), ∀z ∈ [0, L], t ∈ [0,∞), (·)(0, t) = (·)(0), ∂(·)/∂z = (·)z , and
∂(·)/∂t = (·)t.

Consider the cascaded system models consisting of a flexible axially moving belt [3] and uncertain nonlinear
actuator dynamics shown in Figure 1, modeled by

mwtt(z) +ma(t)wz(z) + 2mν(t)wzt(z)− Twzz(z)

+mν2(t)wzz(z) + cwt(z) + cν(t)wz(z) = 0, (1a)

mcwtt(L) + Twz(L) + dswt(L) = y(t), (1b)

w(0) = 0, (1c)

y0(t) = C0 [w(L, t), wt(L, t), wz(L, t)]
⊤ , (1d)

ẋi(t) = xi+1(t) + ϕ⊤
i (x̄i)θ + fi(x̄i), (1e)

ẋn(t) = u(t) + ϕ⊤
n (x)θ + fn(x), (1f)

y(t) = x1(t), (1g)

where i = 1, . . . , n − 1, w(z, t) ((z, t) ∈ (0, L) × [0,+∞)) is the vibration displacement, L and T are the length
and tension of the belt. ν(t) and a(t) denote the axial speed and acceleration of the belt (see Figure 1 in [3]),
respectively. mc denotes the actuator’s mass, m denotes the mass per unit length, ds and c are the damping
coefficient of the actuator and viscous, y0(t) ∈ Rq denotes the measurement of the belt at the boundary including
the velocity, or their combinations at the free end of the belt, and C0 ∈ Rq×2 is a known matrix. xi represents the
actuator state with x̄i = (x1, . . . , xi)

⊤ ∈ Ri and x = x̄n, u(t) and y(t) denote the control input and output of the
actuator dynamics, θ ∈ Rr is the unknown parameter vector, ϕi(·) : Ri → Rr is the smooth nonlinear function,
fi(x̄i) is the unknown continuous function.

Most of the existing studies merely consider the actuation of axially moving system boundaries, regardless of the
actuator dynamics. In many practical applications, due to the increased process demands, the actuator dynamics
characteristics cannot be neglected but should be jointly considered with the controlled plant. Additionally, w(L)
and wz(L) can be measured by the laser displacement sensor and the boundary inclinometer, wt(L) is calculated
utilizing the backward difference method, and xi(t) can be measured by relevant sensors.

Define uf(t) as the input signal of the controller u(t). The types of failures can be modeled as follows [22, 23]:

u(t) =ρuf (t) + us, ∀t > tf , ρus = 0, (2)

where ρ ∈ [0, 1) and us denote the stuck failure. Eq. (2) indicates that the actuator fails suddenly from tf and
implies the following three cases. (1) ρ = 1 and us = 0, the failure-free case; (2) 0 < ρ < ρ < 1 and us = 0, the
partial loss of effectiveness (PLOE); and (3) ρ = 0 and us 6= 0. In case (3), us can no longer be influenced by the
input signal uf . This implies the total loss of effectiveness (TLOE).

In this paper, the following coordinate transformations are defined

e1 = w(L) = (x1 −mcwtt(L)− Twz(L))/ds, (3)

ei = xi − αi−1, i = 2, . . . , n, (4)
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where α1, . . . , αn−1 denote the virtual controllers to be determined later. To constrain the transient performance,
the states are required to remain within the following constraints:

Πζi : = {(t, ei) ∈ R>0 × R| |ei(t)| 6 εi}. (5)

For cascaded ODE-belt systems (1a)–(1g) with actuator failure (2), we aim to develop a boundary event-based
adaptive failure compensation control protocol such that (i) closed-loop systems are uniformly bounded; (ii) ei
converge to the region {ei||ei| 6 εi, ∀t > Tpi} with εi being the prescribed precision and Tpi being the prescribed
settling time; (iii) asymptotical vibration suppression can be obtained, i.e., limt→∞ |w(z, t)| = 0; (iv) the Zeno
behavior does not occur.

Remark 2. The cascaded ODE-belt systems under investigation have some distinctive characteristics. (1) The
actuator dynamics is uncertain and nonlinear rather than the linear ones without any uncertainty [8–14]; (2) control
input occurs in the actuator dynamics rather than in the PDE subsystem [1–7]; (3) the PDE subsystem is the axially
moving belt which is more complex than the parabolic/hyperbolic equation [15, 16]. Hence, the existing control
protocols are incapable of the vibration suppression of (1a)–(1g).

The following assumptions and lemmas play an essential role in the stability analysis of this paper.

Assumption 1 ([1]). There exist bi > 0 (i = 1, 2) such that 0 < ν(t) 6 b1 and |a(t)| 6 b2 since ν and a have
finite energy and are uniformly continuous.

Assumption 2 ([22]). There exist positive values ρ and ̟ such that ρ > ρ and |us| 6 ̟.

Assumption 3 ([38]). If the kinetic energy and potential energy of the belt are bounded, then wt(L), wzt(L), wz(L),
and wzz(L) are said to be bounded.

Remark 3. Note that the boundedness assumption, i.e., Assumption 3, is obtained just from an engineering
point of view. From [38], we also note that experimental results for real physical systems seem to prove that the
engineer-based assumption is indeed true. Yet, from a strict mathematical point of view, one might question these
boundedness assumptions since we cannot prove Assumption 3 by strict mathematical proof. Reviewing previous
boundary control results, it seems that there is no well-established methodology for checking the boundedness of
signals for nonlinear distributed parameter systems. A similar remark is also presented in [38].

Lemma 1 ([7]). For any w1(z, t), w2(z, t) with (z, t) ∈ [0, L]× [0,+∞) and ψ > 0, there hold

{

w1w2 6 |w1w2| 6 w2
1 + w2

2,

|w1w2| = |( 1√
ψ
w1)(

√
ψw2)| 6 1

ψw
2
1 + ψw2

2 .
(6)

Lemma 2 ([7]). w(z, t) ((z, t) ∈ [0, L]× [0,+∞)) is a function with w(0, t) = 0. Then there hold

{

∫ L

0 w2dz 6 L2
∫ L

0 w2
zdz,

w2 6 L
∫ L

0 w2
zdz.

(7)

Lemma 3 ([33]). For unknown continuous function F(X ) : ΩX → R defined on ΩX ⊆ Rq, there exist an RNFNN
such that F(X ) = W∗⊤S(X ) + ~(X ), ~(X ) 6 ~̄ in which W∗ = [W∗

1 , . . . ,W∗
p ]

⊤ ∈ Rp represents the optimal weight

matrix, X = [X1, . . . ,Xq]⊤ ∈ ΩX denotes the input vector, S(X ) = [S1(X ), . . . ,Sp(X )]⊤ ∈ Rp denotes the basis

function. Si(X ) (i = 1, . . . , p) is generally selected as a Gaussian function Si(X ) = e−(X−Ci)
⊤(X−Ci)/a

2
i , where ai is

the width and Ci ∈ Rq is the center of the receptive field.

3 Main results

In this section, a new control design framework to solve boundary control problem for cascaded ODE-belt systems is
presented. Firstly, we introduce the prescribed-time performance funnel to incorporate the desired transient perfor-
mance metrics. Then, an adaptive event-based boundary fault-tolerant control protocol is designed by integrating
the bounded estimation method and BLF-based backstepping design. The block diagram of the boundary control
scheme is shown in Figure 2.
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Figure 2 Block diagram of the boundary control strategy.

3.1 Prescribed-time performance funnel

To achieve the desired transient performance and constraint performance, the following prescribed-time performance
funnel function is inspired by [20].

Definition 1. For given accuracy ε > 0 and convergence settling time Tp, a time-varying function ζ(ε, Tp, t), t > 0
is said to be a prescribed-time performance function, when

(1) ζ(t) > 0 for t > 0 and ζ(0) = 0;
(2) ζ(t) ∈ W1,∞ where W1,∞ is a class of bounded functions with bounded derivatives;
(3) for any tε < Tp, there holds ζ(t) > 1/ε for t > tε.
Then, on the basis of ζ(t), the performance funnel is defined as follows:

Πζ : = {(t, e) ∈ R>0 × R| |e(t)|ζ(t) < 1}. (8)

In this paper, to constrain the transient performance, the performance funnel is defined as

Πζi : = {(t, ei) ∈ R>0 × R| |ei(t)| 6 εi}. (9)

Remark 4. Unlike the existing results, ζi(t) has the following advantages: (1) the funnel boundary decided by
ζi(t) enforces a transient behavior boundary on variable ei; (2) ei(0)ζi(0) < 1 hold since ζi(0) = 0, and hence
the restriction on the initial conditions is removed; (3) the settling time Tpi and convergence accuracy εi can be
predetermined and the performance bound can reflect the control objective (the predetermined accuracy within the
preset finite time) and independent of the design parameters and initial conditions.

By constructing a feasible control law to ensure vibration deflection w(L) and actuator state xi always evolve
within the funnel Πζi , the desired transient performance specifications can be obtained.

There are many choices for ζi(t), such as

ζi(t) =

{

1
εi
(1 − (

Tpi−t
Tpi

)qi), 0 6 t 6 Tpi,
1
εi
, t > Tpi,

(10)

and ζi(t) =
t

εi[(1−̺i)t+̺iTpi]
with qi > 2, ̺i ∈ (0, 1) being positive values.

3.2 Adaptive event-based boundary fault-tolerant control design

This subsection aims to develop an adaptive FTC to guarantee that ei(t) converges within the predefined funnel.
Firstly, design the Lyapunov function candidate

VL =V1 + V2, (11)

V1 =
γm

2

∫ L

0

(wt + νwz)
2
dz +

γT

2

∫ L

0

w2
zdz, (12)

V2 =2λm

∫ L

0

zwz (wt + νwz) dz (13)

with γ, λ being positive values.
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Lemma 4. The Lyapunov function (11) satisfies the following property:

0 6 σ2V1 6 VL 6 σ3V1 (14)

with σ2 = 1− σ and σ3 = 1 + σ.

Proof. It follows from Young’s inequality and Poincaré’s inequality that

|V2| 6 λmL

(

∫ L

0

(wt + νwz)
2
dz +

∫ L

0

w2
zdz

)

6 σV1 (15)

with σ = [(2λmL)/min(γT, γm)], and hence, −σV1 6 V2 6 σV1. Further, it is easy to get

0 < (1 − σ)V1 6 VL 6 (1 + σ)V1. (16)

Assuming 0 < σ < 1 and λ < [min(γT, γm)/(2mL)], there holds σ2V1 6 VL 6 σ3V1.

Next, we can obtain that V̇1 = F1 + F2 + F3 + F4 with F1 = γm
∫ L

0
(awtwz + aνw2

z)dz, F2 = γm
∫ L

0
(wtwtt +

νwzwtt)dz, F3 = γm
∫ L

0 (νwtwzt + ν2wzwzt)dz, and F4 = γT
∫ L

0 wzwztdz.
Substituting (1a) to F2, using integration by parts, it can be obtained that

F2 =
γν(T −mν2)

2
w2
z(L)− γmνw2

t (L)− γmνa

∫ L

0

w2
zdz − 2γmν2wz(L)wt(L)

− γc

∫ L

0

(wt + νwz)
2dz −

(

γνT

2
− γmν3

2

)

w2
z(0) + γ(T +mν2)

∫ L

0

wtwzzdz

− γma

∫ L

0

wtwzdz.

(17)

Integrating F3 and F4 by parts, one has

F3 =γmν2wz(L)wt(L) +
γmν

2
w2
t (L)− γm

∫ L

0

ν2wtwzzdz, (18)

F4 =γTwt(L)wz(L)− γT

∫ L

0

wtwzzdz. (19)

Based on the above inequalities, the derivative of V1 can be obtained as

V̇1 6− γc

∫ L

0

(wt + νwz)
2dz − γν(T −mν2)

2
w2
z(0) +

(γνT

2
− γT δ1

2

)

w2
z(L)

− γT

2δ1
w2
t (L) +

γT

2δ1
[wt(L) + δ1wz(L)]

2 − γmν

2
[wt(L) + νwz(L)]

2,

(20)

where δ1 is a positive parameter.

Similarly, it can be derived that V̇2 = J1 + J2 with J1 = 2λm
∫ L

0 zwz(wtt + awz + νwzt)dz and J2 =

2λm
∫ L

0 zwzt(wt + νwz)dz. By using integration by parts, it yields that

J1 =λTLw2
z(L)− λmLν2w2

z(L)− 2λcν

∫ L

0

zw2
zdz + λm

∫ L

0

ν2w2
zdz

− 2λc

∫ L

0

zwzwtdz − λT

∫ L

0

w2
zdz − 2λmν

∫ L

0

zwzwztdz,

(21)

J2 = 2λmν

∫ L

0

zwtwztdz − λm

∫ L

0

w2
t dz + λmLw2

t (L). (22)

Hence, a combination of Lemmas 1 and 2 yields that

V̇2 6 − (λT − λmb21 − 2λcLδ2)

∫ L

0

w2
zdz − λm

∫ L

0

w2
t dz

+
2λcL

δ2

∫ L

0

(wt + νw2
z)dz − λL(mν2 − T )w2

z(L) + λmLw2
t (L),

(23)
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where δ2 is a positive value.
By integrating the above results, we can obtain

V̇L 6− τ1

∫ L

0

w2
t dz − τ2

∫ L

0

w2
zdz − τ3

∫ L

0

(wt + νwz)
2dz

− τ4w
2
z(0)− τ5w

2
z(L)− τ6w

2
t (L) +

γT

2δ1
[wt(L) + δ1wz(L)]

2,

(24)

where τ1 = λm, τ2 = λT − λmb21 − 2λcLδ2, τ3 = γc− 2λcL
δ2

, τ4 = γTν−γmν3

2 , τ5 = λmLν2 − γTν
2 + γTδ1

2 − λTL, and

τ6 = γT
2δ1

− λmL.
To ensure ei(t) remains within the predefined funnel, we define the following shifting transformation to carry out

constraint control

ui = ζi(t)ei, i = 1, 2, . . . , n (25)

with ζi(t) being the prescribed-time performance function defined in Definition 1.
Step 1: Using (1a)–(1g) and (3), the derivative of e1 can be reduced to

ė1 = (e2 + α1 + ϕ⊤
1 θ +Φ + f1)/ds (26)

with Φ = −mcwtt(L)− Twz(L), and then u̇1 = ζ̇1e1 + ζ1(e2 + α1 + ϕ⊤
1 θ +Φ+ f1)/ds.

Choose the Barrier Lyapunov function candidate

VL1 = VL +
1

2
log

1

1− u21
+

1

2γ11
θ̃⊤1 θ̃1 +

1

2γ12
χ̃2
1, (27)

where θ̃1 = θ− θ̂1, χ̃1 = χ1− χ̂1, and γ11, γ12 are positive scalars. Note that VL1 is positive definite and continuously
differentiable for |u1| < 1, and so is VLi for |ui| < 1.

Using (24), we have

V̇L1 6− τ1

∫ L

0

w2
t dz − τ2

∫ L

0

w2
zdz − τ3

∫ L

0

(wt + νwz)
2dz − τ4w

2
z(0)

− τ5w
2
z(L)− τ6w

2
t (L) + ξ1ζ̇1u1e1 +

γT

2δ1
[wt(L) + δ1wz(L)]

2

+
ξ1ζ1u1
ds

(e2 + α1 + ϕ⊤
1 θ +Ψ1)−

1

γ11
θ̃⊤1

˙̂
θ1 −

1

γ12
χ̃1

˙̂χ1,

(28)

where ξ1 = 1
1−u2

1
> 0 and Ψ1 = f1 + Φ. Using Lemma 3, the uncertainty Ψ1 can be determined by RBFNN, i.e.,

Ψ1 = W∗⊤
1 S1(X1) + ~1(X1) with X1 = [x1, wz(L), wt(L)]

⊤.
Defining χ1 = supt>0 ‖Θ1(t)‖ with Θ1(t) = [W∗⊤

1 , ~1]
⊤ and ψ1 = [S1(X1), 1]

⊤, and invoking inequality |π| −
π2√
π2+̺2

6 ̺ with π ∈ R and ̺ > 0 [33], there holds

1

ds
ξ1ζ1u1(W∗⊤

1 S1 + ~1) =
1

ds
ξ1ζ1u1Θ

⊤
1 ψ1

6
1

ds
ξ1ζ1|u1|χ1ψ1 6

1

ds
χ1κ1 +

1

ds
ξ1ζ1u1η1χ1,

(29)

where η1 = [(ξ1ζ1u1ψ
⊤
1 ψ1)(

√

ξ21ζ
2
1u

2
1ψ

⊤
1 ψ1 + κ21)] and κ1 > 0 is an integral function which satisfies

∫ t

0 κ1(t)dt 6 κ̄1
with κ̄1 > 0 being a positive constant.

Choose the virtual control and adaptive updating laws

α1 =− c1u1ds
ξ1ζ1

− ζ̇1e1ds
ζ1

− dsθ̂
⊤
1 ϕ1 −

χ̂1η1
ds

− γT [wt(L) + δ1wz(L)]
2

2δ1(ξ1u1ζ1 + ǫ)
, (30)

˙̂
θ1 =γ11ξ1ζ1u1ϕ1/ds − γ11κ1θ̂1, (31)

˙̂χ1 =γ12ξ1ζ1u1η/ds − γ12κ1χ̂1, (32)
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where c1 > 0 denotes a positive value and ǫ > 0 is a small value designed to exclude the appearance of the controller
chattering phenomenon.

Using (30)–(32) and ξ1ζu1e2 = ξ1u1u2, then Eq. (28) can be rewritten as

V̇L1 6− ℓ(w) − c1u
2
1 +

ξ1u1u2
ds

+ κ1

(

θ̃⊤1 θ̂1 + χ̃1χ̂1 +
χ1

ds

)

(33)

with ℓ(w) = τ1
∫ L

0 w2
t dz + κ2

∫ L

0 w2
zdz + τ3

∫ L

0 (wt + νwz)
2dz + τ4w

2
z(0) + τ5w

2
z(L) + τ6w

2
t (L).

Step 2: Select the Barrier Lyapunov function candidate

VL2 = VL1 +
1

2
log

1

1− u22
+

1

2γ21
θ̃⊤2 θ̃2 +

1

2γ22
χ̃2
2 (34)

with θ̃2 = θ − θ̂2, χ̃2 = χ2 − χ̂2, and γ21, γ22 being positive constants.
From (25), we can obtain

u̇2 = ζ̇2e2 + ζ2(e3 + α2 + ϕ⊤
2 θ + f2 − α̇1), (35)

and thus,

V̇L2 6− ℓ(w)− c1u
2
1 +

ξ1u1u2
ds

+ κ1

(

θ̃⊤1 θ̂1 + χ̃1χ̂1 +
χ1

ds

)

+ ξ2ζ̇2u2e2

+ ξ2ζ2u2

[

e3 + α2 −∆2 +Ψ2 +

(

ϕ⊤
2 − ∂α1

∂x1
ϕ⊤
1

)

θ

]

− 1

γ21
θ̃⊤2

˙̂
θ2 −

1

γ22
χ̃⊤
2
˙̂χ2

(36)

with ξ2 = 1
1−u2

2
, ∆2 = ∂α1

∂x1
x2+

∂α1

∂χ̂1

˙̂χ1+
∂α1

∂θ̂1

˙̂
θ1, and Ψ2 = f2+

∂α1

∂x1
f2+

∂α1

∂wz(L)
wzt(L)+

∑1
j=0

∂α1

∂ζ
(j)
1

ζ
(j+1)
1 + ∂α1

∂wt(L)
wtt(L).

Using Lemma 3, we have Ψ2 = W∗⊤
2 S2(X2) + ~2 with X2 = [x1, x2, wzt(L), wtt(L), ζ1, ζ̇1]

⊤.
Defining χ2 = supt>0 ‖Θ2(t)‖ with Θ2(t) = [W∗⊤

2 , ~2]
⊤ and ψ2 = [S2, 1]

⊤, it can be derived that

ξ2ζ2u2Ψ2 6 χ2κ1 + ξ2ζ2u2η2χ2 (37)

with η2 = [(ξ2ζ2u2ψ
⊤
2 ψ2)(

√

ξ22ζ
2
2u

2
2ψ

⊤
2 ψ2 + κ21)].

The virtual control and adaptive updating laws are designed as

α2 =− c2u2
ξ2ζ2

− ξ1ζ1u1
ξ2ζ22ds

− ζ̇2e2
ζ2

− θ̂⊤2

(

ϕ2 −
∂α1

∂x1
ϕ1

)

− χ̂2η2 +∆2, (38)

˙̂
θ2 =γ2ξ2ζ2u2

(

ϕ2 −
∂α1

∂x1
ϕ1

)

− γ2κ1θ̂2, (39)

˙̂χ2 =γ22ξ2ζ2u2η2 − γ22κ1χ̂2, (40)

where c2 is a positive value.
Substituting (38)–(40) into (36) yields that

V̇L2 6− ℓ(w)−
2
∑

s=1

(csu
2
s + κ1(θ̃

⊤
s θ̂s + χ̃sχ̂s)) + κ1

(

χ1

ds
+ χ2

)

+ ξ2u2u3. (41)

Step i (3 6 i 6 n− 1): Choose the Barrier Lyapunov function candidate

VLi = VL(i−1) +
1

2
log

1

1− u2i
+

1

2γi1
θ̃⊤i θ̃i +

1

2γi2
χ̃2
i (42)

with θ̃i = θ − θ̂i, χ̃i = χi − χ̂i, and γi1, γi2 being positive values.
From (25), we can obtain that

u̇i = ζ̇iei + ζi

[

ei+1 + αi +

(

ϕ⊤
i −

i−1
∑

s=1

αi−1

∂xs
ϕ⊤
s

)

θ −∆i +Ψi

]

, (43)
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where ∆i =
∑i−1
s=1

∂αi−1

∂xs
xs+1 +

∑i−1
s=1

∂αi−1

∂θ̂s

˙̂
θs +

∑i−1
s=1

∂αi−1

∂χ̂s

˙̂χs and Ψi = fi +
∑i−1
s=1

∂αi−1

∂xs
fs + ∂αi−1

∂wt
wtt(L) +

∂αi−1

∂wz
wzt(L) +

∑i−1
s=0

∑1
j=0

∂αi−1

∂ζ
(j)
s

ζ
(j+1)
s .

Using (43), the derivative of VLi yields

V̇Li 6− ℓ(w)−
i−1
∑

s=1

[csu
2
s + κ1(θ̃

⊤
s θ̂s + χ̃sχ̂s)] + κ1

(

χ1

ds
+ χ2

)

+ ξiui−1ui

+ ξiζ̇iuiei + ξiζiui

[

ei+1 + αi −∆i +Ψi +

(

ϕ⊤
i −

i−1
∑

s=1

∂αi−1

∂xs
ϕ⊤
s

)

θ

]

− 1

γi1
θ̃⊤i

˙̂
θi −

1

γi2
χ̃i ˙̂χi

(44)

with ξi =
1

1−u2
i

. Defining χi = supt>0 ‖Θi(t)‖ with Θi(t) = [W∗⊤
i , ~i]

⊤ and ψi = [Si, 1]⊤, we can get ξiζiuiΨi 6

χiκ1 + ξiζiuiηiχi with ηi = [(ξiζiuiψ
⊤
i ψi)(

√

ξ2i ζ
2
i u

2
iψ

⊤
i ψi + κ21)].

Select the virtual control and adaptive updating laws

αi =− ciui
ξiζi

− ξi−1ui−1

ξiζi
− θ̂⊤i

(

ϕi −
i−1
∑

s=1

∂αi−1

∂xs
ϕs

)

− ζ̇iei
ζi

+∆i − χ̂iηi, (45)

˙̂
θi =γiξiζiui

(

ϕi −
i−1
∑

s=1

∂αi−1

∂xs
ϕs

)

− γiκ1θ̂i, (46)

˙̂χi =γi2ξiζiuiηi − γi2κ1χ̂i (47)

with ci > 0 being a value.
Substituting (45)–(47) into (44), it yields

V̇Li 6− ℓ(w)−
i
∑

s=1

[csu
2
s + κ1(θ̃

⊤
s θ̂s + χ̃sχ̂s)] + κ1

(

χ1

ds
+

i
∑

s=2

χs

)

+ ξiuiui+1. (48)

Step n: Select the Barrier Lyapunov function candidate

VLn = VL(n−1) +
1

2
log

1

1− u2n
+

1

2γn1
θ̃⊤n θ̃n +

1

2γn2
χ̃2
n, (49)

where θ̃n = θ − θ̂n, χ̃n = χn − χ̂n, and γn1, γn2 are positive values. Using the definition of un, we obtain
u̇n = ζ̇nen + ζn[u + (ϕ⊤

n −∑n−1
s=1

∂αn−1

∂xs
ϕ⊤
s )θ −∆n + Ψn] where ∆n and Ψn can be obtained from ∆i and Ψi (let

i = n).
Invoking (2), it can be deduced as

V̇Ln 6− ℓ(w) −
n−1
∑

s=1

[csu
2
s + κ1(θ̃

⊤
s θ̂s + χ̃sχ̂s)] + κ1

(

χ1

ds
+

i
∑

s=2

χs

)

+ ξnζ̇nunen

+ ξn−1un−1un + ξnζnun

[

ρuf(t) + us −∆n +Ψn +

(

ϕn −
n−1
∑

s=1

∂αn−1

∂xs
ϕs

)⊤

θ

]

− 1

γn1
θ̃⊤n

˙̂
θn − 1

γn2
χ̃n ˙̂χn.

(50)

Similar to step i, one has ξnζnunΨn 6 χnκ1+ ξnζnunηnχn with ηn = [(ξnζnunψ
⊤
n ψn)(

√

ξ2nζ
2
nu

2
nψ

⊤
n ψn + κ21)]. By

using Assumption 2, we have ξnζnunus 6 |ξnζnun|̟. Besides, to handle the actuator failure, we define µ = 1
ρ and

µ̂ = µ− µ̃. We introduce the following intermediate variable:

β =
ξnζnun ˆ̟

2

√

ξ2nζ
2
nu

2
n ˆ̟

2 + κ21
+
ξn−1un−1

ξnζn
+
cnun
ξnζn

+
ζ̇nen
ζn

+ θ̂⊤n

(

ϕn −
n−1
∑

s=1

∂αn−1

∂xs
ϕs

)

−∆n + χ̂nηn +
ξnζnun
2(1− ς1)

,

(51)
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where cn is a positive value, 0 < ς1 < 1, and ˆ̟ = ̟ − ˜̟ .
Substituting β into (50) and by mathematical calculation yields that

V̇Ln 6− ℓ(w) −
n−1
∑

s=1

[csu
2
s + κ1(θ̃

⊤
s θ̂s + χ̃sχ̂s)]− cnu

2
n + κ1

(

χ1

ds
+

n
∑

s=2

χs

)

+ ξnζnun

[

ρuf (t) + β + χ̃nηn + θ̃⊤n

(

ϕn −
n−1
∑

s=1

∂αn−1

∂xs
ϕs

)]

+ |ξnζnun|̟

− ξ2nζ
2
nu

2
n ˆ̟

2

√

ξ2nζ
2
nu

2
n ˆ̟

2 + κ21
− ξ2nζ

2
nu

2
n

2(1− ς1)
− 1

γn1
θ̃⊤n

˙̂
θn − 1

γn2
χ̃n ˙̂χn.

(52)

To conserve communication resources, design the following adaptive event-based fault-tolerant controller:

uf (t) =ue(tp), ∀t ∈ [tp, tp+1), (53)

ue(t) =− (1 + ς1)

(

ξnζnunu
2
∗

√

(ξnζnunu∗)2 + κ23
− ξnζnunǫ̌

2

√

(ξnζnunǫ̌)2 + κ23

)

, (54)

u∗ =− ξnζnunβ
2µ̂2

√

ξ2nζ
2
nu

2
nβ

2µ̂2 + κ22
, (55)

where 0 < ς1 < 1 and ǫ̌ > ǭ
1−ς > 0 are design parameters. ǭ is an upper bound of the function ǫ(t). κ2, κ3

and ǫ(t) are chosen as the positive integral functions the same as κ1. The measurement error is indicated by
φ(t) = ue(t)− uf (t). The update time of actuator is denoted by tp, and uf(t) holds uf(t) = ue(tp), t ∈ [tp, tp+1).

At this point, we devise the following dynamic event-triggered mechanism (DETM) that can significantly trade-off
system performance

tp+1 = inf{t > tp||φ(t)| − ς1|uf (t)| − ǫ(t) > ̥(t)}, (56)

˙̥ (t) =− ς2̥(t) + (ς1|uf(t)| + ǫ(t)− |φ(t)|), (57)

where ς2 > 0.
Note that from (56), it is easy to get that |φ(t)| − ς1|uf (t)| − ǫ(t) 6 ̥. Then, it can be obtained from (57) that

˙̥ > −(ς2 − 1)̥, which indicates that ̥ > ̥(0)e−(ς2−1)t > 0.

Remark 5. The developed dynamic triggering threshold approach outperforms conventional fixed and relative
threshold strategies [29, 30, 36] in managing network constraints and maintaining system performance. If ̥ = 0,
then the static triggering strategy can be obtained,

tp+1 = inf{t > tp||φ(t)| − ς1|uf (t)| − ǫ(t) > 0}. (58)

Compared with the static triggering strategy, the dynamic triggering threshold method has much flexibility in
control signal transmission.

Proposition 1. Let ∆ts = tsp+1 − tsp and ∆td = tdp+1 − tdp as the interevent intervals for the dynamic triggering
condition (57) and the static triggered condition (58), respectively. Then, we can obtain ∆td > ∆ts.
Proof. Using the contradiction method, assume that ∆td 6 ∆ts with tsp = tdp. At t = tdp+1, it can be derived that

tsp+1 6 tdp+1, |φ(t)| − ς1|uf (t)| − ǫ(t) < 0. (59)

Based on the above inequality and (56), we can further get that

0 > |φ(t)| − ς1|uf (t)| − ǫ(t) > ̥(tdp+1), (60)

which contradicts the positivity of ̥(t). On the other hand, it can be get that ∆td > ∆ts. Since tsp = tdp, the
interevent time with the static triggering strategy is less than that with the dynamic triggering strategy. Hence,
the Zeno behavior can be excluded.

The case is possible for time-varying functions o1(t) and o2(t) to fulfill the conditions |o1(t)|, |o2(t)| 6 1 resulting
in ue(t) = (1 + ςo1(t))uf (t) + o2(t)ǫ(t). Consequently, one obtains

uf (t) =
ue(t)− o2(t)(ǫ(t) +̥(t))

1 + ς1o1(t)
. (61)
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Note that o1(t) and o2(t) are used only for stability analysis and not for control design. Besides, one can obtain

un
ue(t)

1+ς1o1(t)
6 un

ue(t)
1+ς1

and − o2(t)(ǫ(t)+̥(t))
1+ς1o1(t)

6
ǫ(t)+̥(t)

1−ς1 6 ǭ
1−ς1 + ̥(t)

1−ς1 , thus,

ξnζnunuf(t) 6− ξ2nζ
2
nu

2
nu

2
∗

√

(ξnζnunu∗)2 + κ23
− ξ2nζ

2
nu

2
nǫ̌

2

√

(ξnζnunǫ̌)2 + κ23
+ |ξnζnunǫ̌|+

|ξnζnun|ρ̥(t)

1− ς1

6− ξ2nζ
2
nu

2
nu

2
∗

√

(ξnζnunu∗)2 + κ23
+ |ξnζnunu∗|+ ξnζnunu∗ + κ3 +

|ξnζnun|ρ̥(t)

1− ς1

62κ3 + ξnζnunu∗ +
|ξnζnun|ρ̥(t)

1− ς1
.

(62)

According to 0 < λ < min(γT,γm)
2mL , the parameters λ, γ, δ1, and δ2 can be selected such that































T −mν2 > 0,

τ2 = λT − λmb21 − 2λcLδ2 > 0,

τ3 = γc− 2λcL
δ2

> 0,

τ5 = λmLν2 − γTν
2 + γTδ1

2 − λTL > 0,

τ6 = γT
2δ1

− λmL.

(63)

3.3 Stability analysis

In this part, stability analysis of the closed-loop systems is provided.

Theorem 1. Under Assumptions 1–3 and bounded initial conditions, assuming that there exists a nonzero positive
lower bound on the inter-event times given by tp+1 − tp > 0, if parameters λ, γ, δ1, δ2 are properly chosen such
that τi > 0 (i = 1, . . . , 6), with the designed adaptive event-based fault-tolerant controller (53) and adaptive control
laws (30)–(32), (38)–(40), (45)–(47), and (70)–(72), then we can obtain the following:

(1) all the closed-loop signals θ̂i, χ̂i, xi, ei (i = 1, . . . , n), α1, . . . , αn−1, µ̂, ˆ̟ , and ue are uniformly bounded;
(2) vibration displacement converges to zero, i.e., limt→∞ |w(z, t)| = 0;
(3) ei can be steered into the prescribed precision set {ei| |ei| < εi} for t > Tpi.

Proof. Select the following global Lyapunov function candidate:

V = VLn +
ρ

2Γ1
µ̃2 +

1

2Γ2
˜̟ 2 +

1

2
̥

2, (64)

where µ̃ = µ− µ̂ and Γ1 and Γ2 are positive constants. Considering (52) and (62), one has

V̇ 6− ℓ(w) −
n−1
∑

s=1

[csu
2
s + κ1(θ̃

⊤
s θ̂s + χ̃sχ̂s)]− cnu

2
n + κ1

(

χ1

ds
+

n
∑

s=2

χs

)

− ξ2nζ
2
nu

2
n

2(1− ς1)

− ξ2nζ
2
nu

2
n ˆ̟

2

√

ξ2nζ
2
nu

2
n ˆ̟

2 + κ22
+ ξnζnun

[

θ̃⊤n

(

ϕn −
n−1
∑

s=1

∂αn−1

∂xs
ϕs

)

+ ρu∗ + β

]

+ 2κ3 + |ξnζnun|̟

+
|ξnζnun|ρ̥

1− ς1
− ς2̥

2 −̥[|φ(t)| − ς1|uf (t)| − ǫ(t)]− 1

γn1
θ̃⊤n

˙̂
θn − 1

γn2
χ̃n ˙̂χn −

ρ

Γ1
µ̃ ˙̂µ− 1

Γ2
˜̟ ˙̟̂ .

(65)

From (53), we obtain

ξnζnunρu∗ 6−
ρξ2nζ

2
nu

2
nβ

2µ̂2

√

ξ2nζ
2
nu

2
nβ

2µ̂2 + κ22
6 −ρξnζnunβµ̂+ ρκ2, (66)

|ξnζnun|̟ − ξ2nζ
2
nu

2
n ˆ̟

2

√

ξ2nζ
2
nu

2
n ˆ̟

2 + κ21
6 |ξnζnun| ˜̟ + κ1. (67)

Meanwhile, using the Young’s inequality, it can be obtained that

|ξnζnun|ρ̥
1− ς1

6
ξ2nζ

2
nu

2
n

2(1− ς1)
+

̥2

2(1− ς1)
. (68)
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Design the piecewise updating law

˙̂µ = proj[1,1/ρ]{K}

=

{

0, µ̂ = 1 and K 6 0 or µ̂ = 1/ρ and K > 0,

K, otherwise
(69)

with K =

{

Γ1ξnζnunβ, if M > 0,

0, if M 6 0,
and M = Γ1ξnζnunβ. proj{·} denotes the projection operator which restricts

µ̂ to the interval [1, 1/ρ]. Some specific information about projection operator can be found in [39].
Choose the following adaptive updating laws:

˙̂
θn =γnξnζnun

(

ϕn −
n−1
∑

s=1

∂αn−1

∂xs
ϕs

)

− γnκ1θ̂n, (70)

˙̂χn =γn2ξnζnunηn − γn2κ1χ̂n, (71)

˙̟̂ =Γ2|ξnζnun| − Γ2κ1 ˆ̟ . (72)

Substituting (69)–(72) into (65) and based on the designed dynamic triggered strategy (56), then it can be derived
as

V̇ 6− ℓ(w) −
n
∑

s=1

[csu
2
s + κ1(θ̃

⊤
s θ̂s + χ̃sχ̂s)]−

(

ς2 −
1

2(1− ς1)

)

̥
2

+ κ1

(

˜̟ ˆ̟ + µ̃µ̂+
χ1

ds
+

n
∑

s=2

χs + 1

)

+ ρκ2 + 2κ3.

(73)

Using the complete square formula, we have θ̃⊤s θ̂s = −θ̃⊤s θ̃s + θ̃⊤s θs 6
θ⊤s θs
4 , χ̃sχ̂s = −χ̃sχ̃s + χ̃sχs 6

χ2
s

4 ,

˜̟ ˆ̟ = − ˜̟ ˜̟ + ˜̟̟ 6
̟2

4 , and µ̃µ̂ = −µ̃µ̃+ µ̃µ 6
µ2

4 . Then we arrive at

V̇ 6 −ℓ(w)−
n
∑

s=1

csu
2
s −

(

ς2 −
1

2(1− ς1)

)

̥
2 +

3
∑

s=1

κsCs, (74)

where C1 =
∑n
s=1(

θ⊤s θs
4 +

χ2
s

4 ) + µ2

4 + χ1

ds
+
∑n
s=2 χs +

̟2

4 + 1, C2 = ρ, and C3 = 2.
Using the definition of ℓ(w) and integrating it from 0 to t, i.e.,

V(t) 6V(0)−
∫ t

0

∫ L

0

(

τ1w
2
t + τ2w

2
z + τ3(wt + νwz)

2
)

dzdt

−
∫ t

0

(

τ4w
2
z(0, t) + τ5w

2
z(L, t) + τ6w

2
t (L, t)

)

dt−
n
∑

s=1

cs

∫ t

0

u2s(t)dt

−
(

ς2 −
1

2(1− ς1)

)

∫ t

0

̥
2(t)dt+

3
∑

s=1

Cs
∫ t

0

κs(t)dt.

(75)

Since τi (i = 1, . . . , 6) and cs are positive, we can obtain V(t) 6 V(0) + Υ with Υ =
∑3

s=1 Csκ̄s, indicating that

log 1
1−u2

i

, θ̃i, χ̃i, µ̃ and ˜̟ are bounded. From the definition of θ̃i, χ̃i, µ̃, ˜̟ , then θ̂i, χ̂i, µ̂, ˆ̟ are uniformly bounded.

As
∫ L

0
w2
zdz is bounded, from Poincaré’s inequality w(z, t) is bounded. Since ui(0) = ζi(0)|ei(0)| < 1 holds, it

is concluded that ui(t) always remains within the set Ωui
= {ui(t) ∈ R||ui(t)| < 1}, and thus ξi(t) is bounded.

Based on the definition of ζi(t), ζi(t) is bounded for t > 0 and ζi(t) = 0 when t = 0. As ei(0) is bounded, and
thus ei(t) = ui(t)/ζi(t) holds and is bounded. Under Property 1, this leads to the boundedness of x1 based on

Assumptions 1 and 3. Note that α1 is also a smooth function of bounded signals x1, wt(L), wz(L), ζ1, ζ̇1, θ̂1 and
χ̂1. It is concluded that α1 is bounded. This also gives the boundedness of x2 based on Assumptions 1 and 3. αi−1

is a smooth function of bounded signals x1, . . . , xi−1, wt(L), wz(L), ζ1, ζ̇1, . . . , ζi−1, ζ̇i−1, θ̂1, . . ., θ̂i−1, χ̂1, . . . , χ̂i−1.
This also gives the boundedness of xi−1. Likewise, the boundedness of ue can also be obtained. Thus, we can
conclude that all the closed-loop signals are bounded.
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The inequality (75) indicates that
∫ L

0 w2
zdz ∈ L∞. When t → ∞, we further obtain limt→∞

∫ t

0

∫ L

0 w2
zdzdt is

bounded, that is,
∫ L

0
w2
zdz ∈ L2. Using Barbalat’s Lemma, it can be obtained limt→∞

∫ L

0
w2
zdz = 0. It follows from

Poincaré’s inequality that limt→∞ |w(z, t)| = 0, i.e., the asymptotic vibration suppression is achieved. It is known
that ui(t) always remains within Ωui

, i.e., the variable ei(t) always evolves within the prescribed-time performance
funnel (8). Using the third property of ζi(t), we can derive that |ei(t)| < 1

ζi(t)
6 εi, ∀t > Tpi. Thus, the variable

ei(t) can be steered into the prescribed region (−εi, εi) within the preset time Tpi. The proof is completed.

Remark 6. Compared with [23–25] where the failure compensation problems were not addressed, this paper
further considers the adaptive boundary failure compensation control for cascaded systems. When the failures
occur, the control input u(t) decreases, and the expected control performance cannot be obtained. To address this
issue, an adaptive compensation coefficient µ̂ with adaptive mechanism (69) is introduced in this paper.

Remark 7. Unlike the existing studies, this paper has some distinctive characteristics: (1) the cascaded ODE-belt
systems are allowed to have arbitrary relative degree and unmatched uncertainties, in contrast to the pure axially
moving systems [1–7] and axially moving systems with first-order linear actuator dynamics [8–14]; (2) the limitation
that the settling time is dependent on the initial conditions and design parameters is removed, unlike [20, 21];
(3) a new dynamic event-based fault-tolerant control is developed where the effects of actuator failures can be
adaptively eliminated, contrary to [22–25]; (4) the proposed fault-tolerant controller can ensure asymptotic vibration
suppression instead of the UUB results [1–6].

Remark 8. The parameters ci, κ1, κ2, and κ3 must be carefully adjusted to balance state convergence speed and
control smoothness. Larger values of ci achieve faster stabilization convergence but also result in a larger input
signal and increase actuator burden. Additionally smaller values of κ2 and κ3 achieve faster convergence, but if they
are too small, they may cause chattering owing to the control discontinuity. Hence, the trade-off between control
performance and control effort should be adjusted according to the practical requirements.

4 Simulation results

This section validates the proposed adaptive event-based boundary fault-tolerant control protocol. We verify the
proposed theoretical results through the application of the finite difference method [40–42] with time step dt = 0.0001
and space step dz = 0.0204.

Consider the actuator dynamics as a simplified Josephson circuit [15], i.e.,

Ẍ + π1Ẋ + π2 sin(X) = u(t), (76)

where π1, π2 are known parameters. If x1 = X , x2 = Ẋ + π1X , the actuator dynamics can be expressed as
ẋ1 = x2 − π1x1, ẋ2 = u(t) − π2 sin(x1). Letting θ = [π1 π2], ϕ1 = [−x1 0], and ϕ2 = [0 − sin(x1)], the actuator
dynamics can be transformed into ẋ1 = x2+ϕ

⊤
1 θ, ẋ2 = u(t)+ϕ⊤

2 θ. The unknown function Ψ1 = −mcwtt(L)−Twz(L)
will be approximated by using RBFNNs.

The system parameters for (1a)–(1g) are chosen as m = 0.1 kg/m, T = 2000 N, c = 0.1 Ns/m2, ds = 0.8 Ns/m,
mc = 23 kg, L = 1 m, g = 9.8 N/kg, κa = κd = 3 g, and [r1, r2, r3, r4, r5, r6, r7] = [1, 2, 3, 7, 8, 9, 10] s. The initial

values of w(z, 0), x1, x2, ν0, µ̂, ˆ̟ , θ̂1, θ̂2, χ̂1, and χ̂2 are chosen as w(z, 0) = 0.001 sin(z), x1(0) = 0.2, x2(0) = 0.1,

ν0 = 0 m/s, µ̂(0) = 1, χ̂1(0) = χ̂2(0) = ˆ̟ (0) = 5, θ̂1(0) = [8.9 7.5]⊤, θ̂2(0) = [5.5 5.4]⊤, and ̥(0) = 0.5. In this
paper, the actuator u loses 50% of its effectiveness from t = 3 s and is subject to bias fault us(t) = 0.12 sin(5t).

Based on the aforementioned control design, the design parameters are chosen as c1 = 10.3, c2 = 10, γ = 0.5,
δ1 = ǫ = 0.05, Tp1 = Tp2 = 5, q1 = 4, q2 = 3, ε1 = 0.1, ε2 = 0.9, γ11 = γ21 = 0.08, γ12 = γ22 = 1.5, Γ1 = 0.03,
Γ2 = 0.1, and κ1 = 100e−0.01t, ς1 = 0.5, ς2 = 8.5, κ2 = κ3 = 400e−0.001t, ǫ(t) = 5e−0.001t, and ǫ̌ = 5.8.

The considered cascaded ODE-belt systems are simulated with the following cases for comparative analysis.

Case 1: Without control, i.e., u(t) = 0.

Case 2: With the proposed adaptive event-based boundary fault-tolerant control (53)–(55).

Case 3: With the Nussbaum function method in [26].

Case 4: With the static event-triggered mechanism (STEM) in [31].

To show the performance comparison, we introduce the following performance metrics: steady-state root-mean-

square error ERMS =
√

1
6

∫ 10

4

∫ 1

0 w
2(z, t)dzdt, integral of steady-state absolute error IAE =

∫ 10

4

∫ 1

0 |w(z, t)|dzdt, and
integral of steady-state time-weighted absolute error ITAE =

∫ 10

4

∫ 1

0 t|w(z, t)|dzdt. From Table 1, the advantages
of the proposed event-based boundary fault-tolerant control strategy have been demonstrated.
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Table 1 Performance metric and triggering method/number.

Case ERMS IAE ITAE Triggering

Case 1 0.000129 0.000493 0.002961 0

Case 2 0.000009 0.000020 0.000119 DETM/688

Case 3 0.000031 0.000119 0.000711 Time-triggered/100000

Case 4 0.000009 0.000024 0.000146 STEM/1042

Figure 3 (Color online) (a) Vibration displacement w(z, t) and (b) vibration deflection w(1, t) in Case 1.

Figure 4 (Color online) (a) Vibration displacement w(z, t) and (b) vibration deflection w(1, t) in Case 2.

Figure 5 (Color online) (a) Actuator states x1 and x2 and (b) control input u(t) in Case 2.

The simulation results for Cases 1–4 are provided in Figures 3–13. Figure 3 illustrates the vibration displace-
ment w(z, t) and deflection w(1, t) for Case 1, in which the boundary vibration of the axially moving belt is very
pronounced and disturbs the system performance and results in a deterioration of the control quality. Under the
proposed adaptive event-based boundary fault-tolerant control (53)–(55), Figure 4 presents the vibration displace-
ment w(z, t) and the deflection w(1, t) can be effectively suppressed. Under the Nussbaum function method in [27],
it can be observed from Figure 9 that the vibration can be suppressed to some extent. Figures 5(a), 10(a), and
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Figure 6 (Color online) Trajectories of (a) e1 and u1 and (b) e2 and u2 in Case 2.

Figure 7 (Color online) Parameter estimation (a) θ̂1 and θ̂2 and (b) χ̂1, χ̂2, and ˆ̟ in Case 2.

Figure 8 (Color online) (a) Parameter estimation µ̂ and (b) interevent time interval in Case 2.

13(a) show the actuator states x1(t) and x2(t) for Cases 2–4. Figures 5(b), 10(b), and 13(b) illustrate the evolutions
of input signals uf (t) and ue(t). Overall, Figures 3, 4, 9, and 12 and Table 1 verify the effectiveness of the proposed
adaptive event-based boundary fault-tolerant control (53)–(55) under actuator faults, unknown nonlinearities, and
unknown parameters. Figures 6 and 11 illustrate the variables ei and ui and funnel functions, which indicate that
the variable ei converges within the prescribed set in the prescribed finite time Tpi = 5 for Cases 2 and 3. Besides,

Figures 7 and 8(a) present the evolutions of adaptive parameter estimations θ̂1, θ̂2, ˆ̟ , χ̂1, χ̂2, and µ̂. Moreover, it can
be seen that when an actuator fault occurs, the adaptive compensation variable µ̂ will increase to compensate for
the effect of actuator fault. From Table 1, the triggering rate of the cascaded ODE-belt systems is 688

100000 = 0.69%.
This indicates that the proposed dynamic event-triggering strategy can avoid a large number of updates, thereby
saving control resources. Additionally, Figure 8(b) presents the time interval in which the minimum interval remains
strictly positive, verifying the exclusion of Zeno behavior.

Remark 9. Since λ,m > 0, we have τ1 = λm > 0. The axial speed ν(t) ∈ [ν0, νmax] = [0, 68.6] can be obtained
in [3]. Then it is easy to get that T − mν2 > T − mb21 = 1058.808 > 0, and hence τ4 = [γν(T − mν2)]/2 > 0.
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Figure 9 (Color online) (a) Vibration displacement w(z, t) and (b) vibration deflection w(1, t) in Case 3.

Figure 10 (Color online) (a) Actuator states x1 and x2 and (b) control input u(t) in Case 3.

Figure 11 (Color online) Trajectories of (a) e1 and u1 and (b) e2 and u2 in Case 3.

Figure 12 (Color online) (a) Vibration displacement w(z, t) and (b) vibration deflection w(1, t) in Case 4.
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Figure 13 (Color online) (a) Actuator states x1 and x2 and (b) control input u(t) in Case 4.

Through mathematical calculations, one has τ2 = λT − λmb21 − 2λcLδ2 = 1.527 > 0, τ3 = γc− 2λcL
δ2

= 0.001 > 0,

and τ6 = γT
2δ1

−λmL = 0.143 > 0. Letting F = λmLν2− γTν
2 + γTδ1

4 −λTL, we can obtain F = 0.0001ν2−10ν+698
with ν ∈ [0, 68.6]. The solutions s1, s2 of F = 0 can be obtained as s1 = 69.849 and s2 = 99932.151, which
indicates that F is a monotone decreasing function when ν ∈ [0, 68.6]. Hence, substituting νmax into F , we can get
λLν2 − γTν

2 + γTk1
4 − λTL = 14.471 > 0, i.e., τ5 > 0. Therefore, according to the above analysis, we can conclude

that the conditions (63) can be satisfied by choosing appropriate values of λ, γ, δ1, δ2.

5 Conclusion

In this paper, we mainly investigate event-based boundary control of cascaded ODE-belt systems with nonlinearities,
unknown parameters, actuator fault, and prescribed-time performance. In this case, it is a challenging task to
realize the asymptotic stabilization of cascaded ODE-belt systems. Based on the prescribed-time performance
funnel functions, combined with the BLF method and bounded estimation method, a new event-based boundary
control algorithm is presented. Besides, a new failure compensator is proposed to adaptively eliminate the effect of
actuator failure. Under the proposed control protocol and Barbalat’s Lemma, asymptotic stabilization control of
cascaded ODE-belt systems can be achieved. Finally, numerical simulation results well demonstrate the advantages
of the designed control algorithm. In future work, we will focus on the boundary active fault-tolerant control of
flexible axially moving system with unknown direction fault and monotonic tube performance boundaries.
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