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Appendix A Notations

Let p1 V p2 = max{p1,p2},p1 A p2 = min{p1,p2} and E(-) denote the mathematical expectation. Define L = {1,2,--- L}, Z; =
{1,2,--+}, Ryt, = [to,00) and Ry = [0,00). || is the Euclidean norm of a vector or the trace norm of matrix. Let US be
the set of all measurable and locally essentially bounded function gy : Ry, — RS with norm ||yu|ly = esssup; >y, [Yu(t)|. Denote
lylle = esssupyy<ocely(s)], and [lyull(s sy = esssupge(s 4y [Yu @) K={r:[o, f) = R*|f is a strictly increasing continuous function with
f(0) = O}JCOO = {f Ry = Ri|f € K and lim¢so0o f(t) = oo}, VKoo = {f € Koolf is convex}7 Cso = {f € Koolf is concave}7 £=
{f : Ry — Ry |f is strictly decreasing continuous function with lim;—eo f(t) = 0}, K€ = {f : [0,7) x Ry — Ry|f(-,s) € K, f(r,") € L,
for any r € [0,7),s € ]R+}. Digraph G is said to be strongly connected if, for any pair of distinct nodes, there exists a directed path
from one to the other.

Appendix B Literature review

The concept of input-to-state stability (ISS), proposed in [1], ensures that the solution’s norm asymptotically converges to an origin-
centered region with radius scaling proportionally to the input signal’s magnitude, independent of the initial state. Subsequent research
has significantly expanded ISS theory across diverse dynamical systems, such as impulsive systems [2], switched systems [3], stochastic
systems [4], discrete-time systems [5], interconnected systems [6], and delayed systems [7]. Particularly for stochastic systems, ISS
analysis becomes crucial since stochastic disturbances inherently exist in many physical implementations [8,9]. Recent research has
successfully generalized deterministic ISS theory to stochastic frameworks, establishing dedicated ISS criteria for such systems. For
example, the work in [10] investigated stochastic ISS for switched stochastic nonlinear systems.

Moreover, impulsive systems, characterized by continuous-time evolution punctuated by instantaneous state jumps, constitute a
fundamental class of hybrid systems with broad applications in power networks, biological processes, and networked control [11-13].
The stability analysis of such systems is particularly challenging yet crucial, as the coexistence of continuous flows and discrete resets may
induce complex dynamic behaviors [14,15]. The ISS analysis of impulsive systems therefore presents particular theoretical challenges,
especially when examining the interplay between these two components. Of particular significance are two archetypal scenarios: (i)
systems where the continuous dynamics are stabilizing but impulses are destabilizing, and (ii) systems where stabilizing discrete jumps
compensate for destabilizing continuous dynamics. Recent advances [2,7,16] have established ISS criteria for impulsive systems, while
extensions to stochastic impulsive systems [4,17-19] further account for stochastic disturbances.

On the other hand, interconnected systems, comprising multiple dynamically coupled subsystems through specific interaction topolo-
gies, have attracted considerable research attention due to their prevalence in modern engineering applications such as smart power
grids and networked microgrids [20-22]. When these systems exhibit hybrid dynamics featuring both continuous interactions and dis-
crete state jumps at impulsive instants, they form impulsive interconnected systems whose stability properties have been extensively
investigated [23,24]. Then, by considering stochastic disturbances, the stability analysis of impulsive stochastic interconnected systems
(ISISs) becomes fundamentally more challenging [18,25]. Recent work has demonstrated that combining the Lyapunov method with
graph-theoretic approaches can effectively establish ISS criteria for ISISs [18].

In particular, time delay, inherently present in signal transmission and processing, introduces additional complexity to the ISS analysis
of dynamical systems [7,24]. It is worth pointing out that the aforementioned ISS of impulsive systems (including interconnected
systems, delayed systems, and stochastic systems) consider only synchronously impulsive effects, where all subsystems experience
simultaneous impulses. However, in many biological and engineered systems, impulsive effects naturally exhibit asynchrony due to
decentralized structures or heterogeneous time scales [21,26]. For instance, spiking neurons exhibit asynchronous impulsive effects due
to heterogeneous synaptic integrations and refractory dynamics [26], a feature fundamentally distinct from synchronous impulse models.
Despite its practical relevance, the ISS of asynchronous ISISs remains largely unexplored, particularly for scenarios where subsystems
undergo independent jumps at distinct instants. Therefore, this work establishes ISS criteria for asynchronous ISISs, comprehensively
addressing both delay-free and time-delayed cases.
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To guarantee ISS of impulsive systems, various conditions have been developed for characterizing impulsive instants, including fixed
dwell-time [7], average dwell-time (ADT) [24], generalized ADT [18], and average impulsive interval (AII) [17] conditions. The fixed
dwell-time condition enforces both lower and upper bounds on inter-impulse durations, providing guaranteed stability at the cost
of operational flexibility. To improve adaptability, the ADT condition is introduced, requiring only an ADT while allowing interval
variability. Subsequent generalized ADT further enhanced applicability by permitting varying ADT's in impulsive systems. Notably, these
conditions are subsystem-agnostic, enforcing identical timing constraints across all components regardless of their individual dynamics.
To address this limitation, an asynchronous AII framework was developed in [22] for analyzing synchronization of complex dynamical
networks based on asynchronous impulsive distributed control. Although the asynchronous AII framework in [22] is promising, note
that distributed impulse differs fundamentally from the decentralized impulse considered in this paper. Moreover, it should be noted
that existing results on impulsive effects under either the AIl or ADT framework require the two impulsive types, namely stabilizing
and destabilizing impulses, to be analyzed separately when considering ISS.

To the best of the authors’ knowledge, no existing studies on the ISS of systems have considered asynchronous impulsive control or
disturbance. In fact, apart from control, asynchronous impulsive disturbances have been widely studied. For instance, asynchronous
impulsive noise is prevalent in both broadband powerline communications and wireless networks, including ad hoc and cellular networks
[21,27]. Motivated by discussions above, this paper investigates the ISS of asynchronous ISISs under an asynchronous AIIl. The obtained
results are further applied to analyze the ISS of interconnected spring-mass damper systems (ISDSs).

Appendix C Motivational example

Here, we provide a simple example of two linear interconnected subsystems to illustrate that the traditional synchronously impulsive
results (taking periodic impulses as an example) cannot guarantee its stability. Consider the following asynchronous impulsive stochastic
differential equation

doy (1) =[e1@1(8) + e (w2(t) = 21(0) +7(B)] At + eaza (VAW (D), ¢ £ L3,
dza(t) = [em(t) + & (1 (t) — a(t)) + :y(t)] At + E3z2()AW (t), t #£ 12,1 > to,
1 (t) =da1(t=), t = ty,
xo(t) =Dxa(t—), t=12,n € Zy.
Note that several pairs of ~Coefﬁcients can be included in regard to the heterogeneity of interconnected systems, such as €1 and €;; €
and €2; €3 and €3; ¥ and ¥; v(t) and J(¢). Next, for convenience, in addition to the stochastic disturbance intensities ez and €s, the
other pairs of coefficients are set to be consistent.

Case 1: destabilizing impulses: Destabilizing impl}lse, also termed impulsive disturbance, is a type of perturbation that disrupts
system stability. Let e; = € = —1, e2 = & = 0.5, 9 = 9 = 1.1, 4(t) = 4(t) = sint, e3 = 1 and & = 0.1. Moreover, let t. = 0.2n and
t2 = 0.1n. Denote z1(t) = L.1lz1(t—), t = 0.2n; z1(t) = z1(t—), t = 0.1 +0.2(n — 1); 22(t) = l.lza(t—), t = 0.1n, n € Zy. Using
synchronously impulsive method, define ®(z,t) = x% + :c% Through calculation, from (C1), it can be obtained

LP(x(t),t) =2[—af (t) + 0.5(z1(t)a2(t) — 23 (1) + 21 (8)7 ()] + = (t)
+ 2[=a3(8) + 0.5(z1 (Da2(t) — 23() + 22()3(B)] + 0.0153(¢)
< — @i (1) — 1.9923(t) + 21 ()7(t) + 222(t)7(t)
< — 0.998(z(t), t) + 100(v%(t) + 72(t)), t # 0.1n,
®(2(0.1n), 0.1n) =23 (0.1n) + 23(0.1n) < 1.21(2%(0.1n—) + 23(0.1n—)) = 1.21&(z(0.1n—), 0.1n—).

According to the above analysis, from 1.21e~0-99%0-1 > 1 we cannot guarantee the stability of system (C1).
When using asynchronous impulsive idea in this paper, define ®(z,t) = e”l(t>xf + e”z(t)x§7 where

0.9530(t — 0.2n),t € [0.2n,0.2(n + 1)), 1.9060(t — 0.1n),¢ € [0.1n,0.1(n + 1)),
pi(t) = p2(t) =
0, t=0.2n, 0, t=0.1n.

Through calculation, from (C1), it can be obtained

EL®(z(t), t) =0.9530e”* (D Ez? (t) + 1.9060e”? (D Ex3 ()
+2eP WE[—23(t) + 0.5(21 (t)wa(t) — 21(1)) + 21 ()7 ()] + e DB (¢)
+ 2eP2ME[—23 (1) + 0.5(z1 ()w2(t) — 22 (1)) + z2(£)F(t)] + 0.01e”2 D Ex3(¢)
< —0.0470eP1 W Ez? () — 0.0840e”2 D Ea? (t) 4 2.42Ex1 (£)v(t) 4 2.42Ez2(£)5(t)
<

— 0.03E®(z(t), t) + 87(72(t) + 72(t)), t # 0.1n,

)
)

and

Ee”1(02m)22(0.2n) = 1.21E2%(0.2n—) = ¢* 19903 (0.2n—) = &1 (02" )Ez2(0.2n—),
Eer1(0-2n40-1) 320 9p 4 0.1) = Eer? ((0-2740-D=) 3.2((0 25, 4+ 0.1)—),
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EcP2(0-17)22(0.1n) = 1.21E23(0.1n—) = ¢* 9% Ez2(0.1n—) = e”2(* 1" E22(0.1n—),

by using the continuity of Ee?1(!)22(t) on [0.2n,0.2(n+1)), thus E®(z(0.1n), 0.1n) < E®(x(0.1n—),0.1n—). Based on the above analysis,
it is not difficult to see that system (C1) is ISS.

Case 2: stabilizing impulses: Stabilizing impulse, also called as impulsive control, is a type of jump that stabilizes systems. Let
€1 = & = 05,9 = 9 = 0.9, e3 = 0.1, é&3 = 1, and other parameters are consistent with Case 1. Denote z1(t) = 0.9z1(¢t—), ¢ =
0.2n; z1(t) = z1(t—), t = 0.1 +0.2(n — 1); x2(t) = 0.9z2(t—), t = 0.1n, n € Z4. Using synchronously impulsive method, define
®(z,t) = 22 + z3. Through calculation, from (C1), we have

L(x(t),t) =2[0.523(t) + 0.5(z1 (t)z2(t) — 22()) + 21 (£)y()] + 0.0123(¢)
+2[0.525(t) + 0.5(z1 (t)w2(t) — 23(2)) + 22(8)7(1)] + 23(t)
<1.01x2(t) + 222(t) + 221 (8)y(t) + 222(£)F(t)
<2.01®(z(t), t) + 100(v2(t) + 72(¢)), t # 0.1n,
®(z(0.2n),0.2n) =2%(0.2n) + 23(0.2n) = 0.81(2}(0.2n—) + 23(0.2n-))
=0.810(z(0.2n—), 0.2n—),
E®(2(0.2n + 0.1),0.2n + 0.1) =Ez%(0.2n + 0.1) 4+ Ex3(0.2n + 0.1)
=Ex2((0.2n 4 0.1)—) 4 0.81Ez2((0.2n + 0.1)—)
<E®(x((0.2n 4 0.1)—), (0.2n + 0.1)—),

~

by using the continuity of Ez?(¢) on [0.2n,0.2(n + 1)). Hence, from 0.81e2-01*0-2 > 1, we cannot guarantee the stability of system (C1).
When using asynchronous impulsive idea, define ®(z,t) = cpl(t)x% + 092(’5)3:%, where

(o) — [102m) ~1.0535(t —0.20), 1 € [0.20,0.2(n +1)),
PR =Y 0.2107, = 0.2n,

() = p2(0.1n) —2.1070(¢t — 0.1n), t € [0.1n,0.1(n + 1)),
P2 =0 0.2107, ¢ = 0.1n.

Through calculation, we obtain

EL®(x(t),t) = — 1.0535¢”1 D Ez3 (t) — 2.1070e”2 W Ex3(t)
+ 2eP1(ME[0.523 (£) + 0.5(z1 (£)za(t) — 2 (2)) + 21 (£)v(£)] + 0.01ePr D Ea2 (¢)
+2e”2(DE[0.523 (t) + 0.5(z1 (t)m2(t) — 3(1)) + 2 (£)7(2)] + e”> D E3 (1)
< — 0.0435¢P1 (W Ex? () — 0.1070e”2 D Ea (t) 4 2.4690Ex: (t)(t) + 2.4690Eza (£)F(t)
< — 0.03ED(x(t), t) + 113(v2(t) + 72(t)), t # 0.1n,

and

EeP1(0-27)22(0.2n) = 0.81e° 2107 Ex?(0.2n—) = Ex3(0.2n—) = 1 (02" )Ez3(0.2n—),
Eer1(0-2040.1) 120 9y 4 0.1) = B2 ((0-27+0-1)2) 22 ((0.2n, + 0.1)—),
Ee”2(01m)22(0.1n) = 0.81e%2107Ez3(0.1n—) = Ex2(0.1n—) = e*2 (01" )Ez3(0.1n—),

by using the continuity of Ee”1(!)z2(¢) on [0.2n,0.2(n + 1)), thus E®(z(0.1n),0.1n) < E®(z(0.1n—),0.1n—). As to the analysis above,
it is easy to see that system (C1) is ISS.

Indeed, in addition to selecting distinct coefficients for the diffusion terms (i.e., stochastic disturbance intensities €3 and €3), one
may also consider assigning different values to the drift term coefficients or the coupling strengths, such as €1 and €1; €2 and é. For
example, let e = —1,&; = —1.495,ep = & = 0.5,e3 = &3 = Ly or e = &1 = —L,ea = TYI% & — 0.5,¢5 = & = 0.1 for Case 1, we
can obtain L&(z(t),t) < —x2(t) — 1.9933(t) + 221 (£)7(t) + 222(t)7(t). Similarly, let e; = 0.5, = 0.995,e2 = & = 0.5,e3 = €3 = 0.1 or
€1 =€ =0.5,e2 =0.5,é2 = %, €3 = & = 0.1 for Case 2, we can obtain L®(z(t),t) = 1.0123(¢t) + 222 (t) + 221 ()7(¢) + 2z2(t)F(¢).
Consistent with the preceding analysis, analogous results can be derived.

Furthermore, in this example, we employed identical impulsive strengths 19, J with different impulsive frequencies t}” t%. In practice,
one could also use identical impulsive frequencies with different impulsive strengths. For instance, letting ¢}, = ¢t2 = 0.1n and ¢ =
1.01, 9 = 1.1 for Case 1, orlet tL =2 = 0.1n and ¢ = 0.7, 9 = 0.9 for Case 2, applying our method guarantees ISS of system (5), unlike
prior synchronously impulsive approaches.

Remark 1. In this example, it is evident that direct analysis methods for the overall system (such as linear matrix inequality)
are inapplicable. This paper establishes auxiliary functions for each subsystem, constructing a modified theoretical framework that
systematically analyzes individual subsystems before integration. This framework guarantees that the improved Lyapunov function
estimates demonstrate monotonic decrease during continuous flows and non-increasing characteristics during discrete jumps, thereby
rigorously deriving the final conclusions. This estimation framework, to our best knowledge, has not been reported in the existing
literature on ISS.
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Remark 2. Furthermore, the results of this study encompass exponential stability conclusions for system (1) under asynchronous
impulsive disturbances, controls, and effects. As evidenced by Cases 1 and 2, when compared with traditional synchronously impulsive
approaches, our proposed method demonstrates two significant advantages: 1) all nodes except the one with minimum-frequency
impulsive disturbance can withstand higher-frequency disturbances; 2) all nodes except the one with maximum-frequency impulsive
control can operate effectively with lower-frequency controls.

Remark 3. The AII condition has been applied in the stability analysis of impulsive systems [2,22,28]. In contrast to earlier works,
this paper introduces an improved asynchronous AII condition (i.e., Assumption 1 [22]) tailored to account for asynchronous impulses,
which is dependent on each individual node. Furthermore, to prevent the Zeno behavior, it is typically necessary for the impulsive

interval to have a positive lower bound, denoted as T,,(nl)n

on the impulsive interval, 77(,“1)1 (which can be infinite), is often required to ensure that there are enough stabilizing impulses to sustain

(which can be arbitrarily small). At the same time, a positive upper bound

system stability. Assumptions 1 and 2 are compatible because they describe different aspects of the system. A node obeying Assumption

1 automatically satisfies Assumption 2, confirming their joint rationality. For example, if let 7,7 = 0.8, Nio) = 1.5, then we can obtain

r(:“)j >0, TIE[:;)X < 1.2. Thus, we can choose 'r<u> =0.1 T,&Qx =1.2.

Remark 4. As stated in [12, 16, 18], the impulsive effect plays a significant role in many dynamic systems, as it can describe
the actual evolution process exhibiting instantaneous changes. The asynchronous impulsive effects discussed in this paper naturally
extend these characteristics and are capable of modeling more general systems. Compared to strategies that focus solely on impulsive
control [22], asynchronous impulsive effects can represent either destabilizing or stabilizing impulses, thereby offering a more flexible
and comprehensive framework for system analysis and design. Furthermore, the asynchronous nature of impulsive effects permits
independent impulse activation governed by local node states, circumventing both the wasted resources and implementation constraints
imposed by globally synchronous schemes.

Appendix D The proof of Theorem 1
Proof. Step 1. First, define an auxiliary function by

NO|dul, t = to,
. 0 u " u U U
pu(t) =  min {N|dul, pu () — St — )}, t € [£1,82,,), (D1)
min { N |dul, pu(th—) + du}, t = t2.

It is apparent that py(t) is continuous on [ty, %, 1), limy_yu— pu(t) exists, pu(t) < —?_—g, and 0 < pu(t) < N&0>\du|. We prove to

pu(t) = 0. If it fails there exists t* > to such that p,(t*) < 0. Denote t« = sup{t € [to,t")|pu(t) = N£0)|du|}. From Assumption 1,
p(t*) = p(ts) — (t* —t+) + du Ny (t*, t+) = 0, which leads to a contradiction. That is p,(t) > 0. Define Lyapunov function as follows

D(x,t) Z Bu®u (T, t), Pulzy,t) = ep“(t)CDu(xu t), (D2)

where 8y, > 0 is the cofactor of the u-th diagonal element in Laplacian matrix for the strongly connected digraph (Q (Am, erthO) |du| ) Lx L)'
~ ) ~
From (2), aul)(\a;u\p) < Py (Ty,t) < eNT(L )|d'u‘a£2>(\xu|P) Since a; ) € VKoo and a(2> € CKoso, we obtain a (IE|mu|p) E®y(zy,t) <

ol (Elwu[P)eNs 19l Let B, = minger{Bu}, B = T, Bues 19l o) = minye{al® ()}, () = maxyer{al® ()}, thus
they can be obtained that

L L
Ed(z,t) = > BuEdu(zu,t) > > fuall (Blzu|?)
u=1 u=1
L p
> ual” (Eleul?) > B max{af” Eleu|”)} > fual” (L=EVDERP),
u=1

and E®(z,t) < Zi:l BueNi(LU)|d“|aq(l2)(E|xu|p) < B*ago)(IE|z|p). Denoting a« () = ,B*a(lo) (Lf(%\/l)(-))7 a*(:) = ﬂ*aéo)(-), we get
a(Efel?) < BB(z, ) < o* (Bl ]?). (D3)

Step 2. From (5), there is Co > 0 such that — du _ O, + 25:1 AuvﬁveN'l(to)|d“| < —Cp. Select positive constants Dq(}) and Dl(f)
that satisfy

ZD<1+Z—1H(1+ZD2))<CO. (D4)
u=1 Tu

From (3), when t € R\ 7w, it is given that if

(1)
(0) Dy,
M () < B, 0), (D5)

u
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we obtain

BLEu(u(®).6) <= 2% = Cu)Bbu@u(8).0) + e OxlD (u(0)

L
+ Z AypePrOEH, (Po(z0(t), 1))

v=1

L
<2Awﬁe ? ldu WIE(®y (20 (2), 1) — Pulzu(t),t))

v=1

(1)

— CoEdy (24 (1), t) + (t),t). (D6)
From (4) and (D1), it holds that if
(2)
0) D
MBI (yul) < B ), (D7)

we have
E(bu(xu( )tu) epu(t;D]Eq)u(TU(mu(tz_)vyu(t%_)vt:i)vtz>

<ePulR IR, (y (¢2—), £ —) + e 19l 1y, (12 2)))
(2)

By (wu (1), 1) + P ED(a(tf—), 11 ). (D8)

u

Let T = UueJLn < {tn}neer, and N7 (t,s) be the number of T in (s,t]. Denote Tmaz = maqu]L{Tmaz} From Assumption 2,
0 < tpt1 — tn < Tmax, limp 00 tn, = 00, that is, there is no the Zeno behavior. Thus, we get that there is no impulse on (fy,%,+1) and
at least a node experiences an impulse at &,,.

From Theorem 2.2 in [20], we obtain that

L
- . (0)
Z ﬁuAuvHveNu I | (q)v (mv (t)vt) - <I)u(l'u(t)v t)) =0. (Dg)
w,v=1
Denote the upper-right Dini derivative D ®(t) = lim,_, o+ M‘ From (D2), (D6), (D9), and DTE®(z(t),t) = ELD(x(t),t),
when t € Ry, \T, it can be derived that

L
DVYE®(z(t),t) (co - Z )Ecp (z(t),t) (D10)

if (D5) holds. From (D8) and the continuity of E®,, (2 (t),t) on [t%, tw 1 1), the following formula can be derived

. =R (zuEn ), B, i En ¢ T,
Eéu(xu(tn)ytn) D - ~ ~ - - -
< (tn_)ytn_)+Eq>u(xu(tn_)7tn—)7 if t, 6721,7

which implies

L
E® (a(i), i) < (1 3 DSP)M(Q;({F),@ ) (D11)

u=1

if (D7) holds.
From Assumption 1, it follows that Ny (¢, s) < t;—f + Nqso), which implies

L L, L
D2 Nultys) < 30 — (b= s)+ 3 N, (D12)
u=1 u=1 Tu u=1
From (D10) and (D11), we obtain
~(Co=3t_y D) (t=9)+n(1+ X5, DP)N7(t,9)
E®(z(t),t) <E®(z(s),s)e” (Y07 2u=1"u s u=1Zu JNTS) g > g > ¢ (D13)

if (D5) and (D7) hold. Let

L L L
C~'0=CO*ZD1(})*ZT (1+ZD(2)) Ci=3 N (1+ > ),

u=1 u=1l U u=1 u=1
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(0) (0)
x(-) = max MXLI)(-) fo)(.)}
u€lL Dgl) D’SLQ)

and then from (D4), (D5), (D7), (D12), (D13), and Ny (¢,s) < Zﬁ:l Nu(t, s), we deserve
Ed(2(t),t) < E®(x(s), s)eC1-C0t=9) > s > ¢, (D14)

if x(lylle) < E@(z(t),t).
Step 3. Due to the right-continuity of E®(x(t),t) for t € Ry¢,, decompose the interval (tp,00) into subintervals as (tp,00) =

(e1,81) U[E1, 2] U(e2, €2) U[E2,e3] U - - -, such that
Ed(x(t), t)
Ed(x(t), t)

X(”y”t)v te [Eizéi)y
xlylle), t € [Ei,it1), @ € Zo,

AN\

where to = €1 < €1. Then, either this decompose is finite (the last subinterval is infinite) or infinite (all subintervals are finite). When
€1 < &1, from (D14), we have

E®(z(t), t) < E®(a(to), to)eC1~Colt—t0), (D15)
when ¢ € [to,£1). From (D3) and (D15), we can obtain
Elz(t)” < f(Bla(to)[”,t —to), t € [to, 1), (D16)

where f(r,s) = a; ' oa* (r)eél*éos c KL

If &, = oo, then (D16) holds for any t > to. By choosing 7(s) = 0, the conclusion of Theorem 1 holds. Therefore, we consider the
case when €1 < oo. If tg = &1, (D15) and (D16) can be ignored, and we directly analyze the case in [£1,e2]. For [€;,€i41), ¢ € Z4, we
deserve

E®(z(t),t) < x(llylle)- (D17)
Since E®(x(t),t) is continuous on R4, \7, the following equations can be obtained

EQ(z(git+1),€i+1) = X(1Ylle;y ), if 41 €T, (D18)

L
(0)
E®(x(ei11), €i41) <ER(z(eit1),ci41) + D Bue™ 15l (jyu(eip1-)))

u=1
L 2
<(14 30 D Yl i v € T (p19)
u=1
From (D17) - (D19), we can derive when t € [&;,&;41]
L 2
Ba(a(t).0) < (1+ 32 D (vl (D20)
u=1

For (g4,€;),1 = 2,3, -, similar to (D15), from (D14), the following equation can be obtained when ¢ € (e;,&;)

5 5 5 L
E®(x(t), 1) < E®(x(e;), e4)eC1~C0(2) < C1 (1 +> Df))x(nyug»

u=1
~ L 2
<@ (14 30 D vl (D21)
u=1
From (D3), (D20) and (D21), it is attainable to be acquired

Elz()[” <~(llylle), t > &1, (D22)
where y(:) = a; o eC1 (1 + 25:1 D1(L2)>x(~) € Koo. From (D10) and (D22), it can be ascertained

Elz(t)[” < f(Elz(to)[P,t = to) + v(llylle), ¢ > to, (D23)

which implies that system (1) is ISS.
Step 4. For any )\ € (0, 1), define f(r,s) = %f(r, s) € KL, 7(s) = %'y(s) € Koso. By Chebyshav’s inequality, from (D23), it can be

acquired

Elz(t)|?

— <A, t2to,
Elz(to)|P,t — to) + ¥(llyllt)

e{lz@® > f(Elz(to)”,t —to) +7(llylle)} < 7

that is, ~
e{lz(®)F < F(Elz(to)P,t —to) + ¥(llyll)} > 1= A, t > to,

as thus system (1) is stochastic ISS, where g is the probability measure.
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Remark 5. In earlier studies on the ISS of synchronously impulsive interconnected systems, stabilizing and destabilizing impulses
were treated separately [18,23,24]. This means that all nodes’ impulses could only be classified as either stabilizing or destabilizing,
which limits the ability to address mixed impulsive effects (where some nodes are stabilizing impulses while others are destabilizing
impulses). This approach presents a significant limitation. However, this paper overcomes that limitation. As demonstrated in Theorem
1, under the conditions established here, system (1) remains ISS and stochastic ISS for all impulsive sequences T, € 7,F that satisfy
condition (5), regardless of whether impulses on nodes are stabilizing or destabilizing.

Remark 6. Condition (5) plays a pivotal role in Theorem 1, revealing that the ISS of systems is governed by the net balance
between the stabilizing and destabilizing factors. The term f—}é + C represents the net stability contribution from the impulsive and

continuous dynamics. A larger positive value of this sum strgngly promotes ISS. This can be achieved by tuning the parameters in
an intuitive way: increasing the stabilizing impulse strength (d,, > 0) or frequency (decreasing 7;;) when the continuous decay rate
Cy <0 conversely, decreasing the destabilizing impulse strength d,, < 0 or frequency (increasing 7.7) when C, > 0. The coupling term

25:1 Ay HyeNu O ldu| acts as a destabilizing perturbation. A smaller coupling strength is always beneficial for satisfying the condition
and achieving ISS. In essence, the parameters affect ISS by shifting this balance, which aligns well with practical control intuition.

Appendix E The proof of Theorem 2
Proof. Step 1. Similar to Step 1 in the proof of Theorem 1, using puy (t), Sy (zu, t), ®(z,t) and from (2), (D3) holds true.

From (8), there exist Cy > 0 and g > 1, such that — = C(1)+ZL Ao HyeNu Nl < —Co, Co £ Cy—gmaxyel, {Cff)eNﬁO)\du\} >
0. From (7), when t € Ry, \7u, we are able to extract

L
~ ~ (0)
ELDy ((zu):,t) Z Ao HyeNu 1B (B4 (24 (), 1) — Pu(@u(t), 1))

+ CP N IR, (2, (t — 5(t)), t — 5(t))
+ N1 Dy (0]) — CoBDu(a (8),1). (E1)
From (D2), (D9) and (E1), it can be derived
EL®(o,t) <max {CP N 10 YED (2(t — 5(t)), t — 6(1))
= CoE®(x(t),t) + x(ly(®)]), t € [Fn, i), (E2)
where x() = SF_; Bue™s 19ul max{x (), x2 ()}. From (E2), we are able to acquire
EL®(x¢,t) < —CoED(x(t), t) + x(ly(D)]), t € [fn,Ent1), (E3)
whenever E®(z(t + 0),t + 0) < gE®(x(t),t),0 € [—§,0]. From (4) and (D1), we can derive
B (1), 1) < B (w (1), 13 =) 4+ 7 191 P (s () ).
Combining this with (D2), it is feasible to obtain
P(z(tn), tn) < E@(z(tn—), tn—) + x(ly(tn—)I), tn € T. (E4)
Step 2. For any t € [tn,tn+1), n € Z4, there are two scenarios to consider:
@ supye(_o EP (z(s+0),s+0) < gE®(x(s), s) holds for any s € [in,t].
(@) SUpPpe(_5,0 EP (z(s+6),s + 8) < gE®(x(s), s) does not hold for some s € [tn,1].
For @D, from (E3) and DTE®(x¢,t) = ELP(xt,t), we get
B(a(0),1) <EB(a(n) Fje O+ [ =G0l iy(s))as
<ED(2(Fn), Fn)e Cot—Tn) 4 éioxu\yn[gn,ﬂ), £ [En i), (E5)
For @), denote t(5) = sup {s € [tn,1] : SUPpe(—5,0] E®(z(s + 6),s + 6) > qE®(x(s),s) }, which implies t(o) < t. From the continuity of

E®(x(t),t) on [fn,tn+1), it can be extracted SUPge(_§ 0] E® (z(t(0) +0),t(0) +0) = qER(2(t(0)), t(0)). When t(gy < t, for all s € [t(g), ],
SUPge(—5,0] E®(z(s+0),s + 0) < gE®(z(s), s), thus

~ t ~
O (z(t), t) <ED(x(t(0)), to))e” O 4 / e~ o=y (|y(s)|)ds

t(0)
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_ 1
<q7! sup E®(a(to) +0),t0) +0) + =—x(lylz, )
0€[—46,0] Co
— 1
<g' sup sup E®(a(s+60),s+60) + = x(lyll, 0)- (E6)
sE€[En,t] 0€[—4,0] Co

When ¢y = ¢, it can be determined

Ed(x(t),t) =E®(z(t(0)), t(0)) =q = sup E®(x(t(o) +6),t0) +6)
0€[—45,0]
<¢7! sup sup E®(z(s+0),s+0). (E7)
Se[fnat] 96[—5,0]

From (E5), (E6) and (ET7), it is feasible to obtain

E®(z(t),t) <max {q71 sup sup E®(x(s+0),s+ 0),E®(x(in), fn)eféO(tft-")}
s€[tn,t] 0€[—5,0]

1 JO
+ Xl )s 1 € s Bn), m e ZF. (E8)
0
Step 3. From (E8), if
E®(x(in), tn) < ¢~ ' sup E®(x(in +0),in +6), (E9)
6e[—4,0]
then for ¢ € [tn,En+1), we can derive
1
Eo(e() ) <qt  sup  Bd(a(t+0),t+6) + —x(llyll). (E10)
96[_7mam_5a0] CO

If E®(x(tn),tn) = ¢t SUPge(_,0] E®(z(fn + 0),%n + 0), then for enough large A, consider the following two cases
(1) For any t € [tn — A, tn), E®(z(t),t) = ¢~ 1 SUPge[_§ 0] E®(z(t+ 0),¢ + 0) holds.
(2) For some t € [t, — A, 1,), E®(2(t),t) > ¢! SUDge[_§ 0] E®(z(t+ 0),t + 0) does not hold.
For the case (1), there exists an integer na > 0 such that fp — A € [fp—pA—1,tn—n, ). From (E4) and (E5), it is possible to achieve

Eq’(m({nan)» Enan) <E‘I’(x(£nan—)’t~nan—) + X(|y(fnan—)|)
<ED((in — A), T — A)eC0 (rmna—En=0))
1 .
+ éfox(lly\\gn,m) +x(lyEn—na-)l),
E‘P(I(En_nA+1), En—nA-&-l) gE@(I(fn_nA+1—), gn—nA-Q-l _) + X(‘y(fn—nA+1_)|)

SE®(2(fn—np ) in—nn e C0n-na+i=tn-ns)

1 -
+ ax(llylltﬁwﬁl) +x([yEn—na+1-)D),

E®(z(tn), tn) <E®(2(fn—), tn — ) + x(ly(Tn—)])

- - ~ F _F 1 ~
<E® (2(fp—1), fn—1)e” Con—tn—1) ZxUlyllz,) +x(yEn D,
0
which imply
-~ 1 ~ - ~ ~ A
E®(2(tn), tn) < (CT + 1>NT(tn,tn = A)x(lyllz,) +E®(x(fn — A),En — A) e” 02, (E11)
0

Combining (D12) with (E11), it is attainable to be acquired

L L
-~ ~ - - A 1
E®(2(fn),in) < e COPED (2(fn — A), En — A) + (Z > NS”) (C,—O +1)x(llyllz, ) (E12)
u=1 U u=1

For the case (2), denote t(1) = sup {t € [t — A,1n) : E®(2(t),t) < ¢~ * SUPye(_5,0] E®(x(t+ 6),t+0)}. If t(1) = i, then from (E4)
it can be extracted

E®(z(in), tn) <E®(2(tn—), tn—) + x(ly(fa—)]) < g~ s[ulg ]E‘P(x(fn +0),tn +0) + x(llyllz,,)- (E13)
0e[—6,0
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If i) < t, and t(1) ¢ T, then

]Efb(x(t(l)),t(l)) =q ! sup Efb(x(t(l) + 9),t(1) + 9)
6e[—4,0]

and

E®(x(t),t) > ¢~ sup E®(z(t+0),t+0), t € [tn),tn).
0€[—4,0]

Similar to (E11), it can be acquired
~ - 1 - A
E® (x(tn), tn) g(? + 1>NT(tnvt(1))X(Hy||£n) +E® (2(tr)), t(ry)e” 0ln )
0

1 -
<( g T ) N7t = A)x(lyl,) + a7 sup B (a(ta) +0), t) +0)

0 0€[—5,0]
s(i + 1) ( i % + i N&m)x(llyllg,b) +q¢7' sup  E®(x(fn +0),in +0). (E14)
Co =1Te =t 9c[—5-A,0]

Ift(l) < t, and t(l) € T, then E® (a;(t(l)—), t(1>—) < q71 SUPge[—3,0] E@($(t(1)+0),t(1)+9) and E® (:D(t-‘r@),t-‘r@) > q’l SUPge[—3,0] ]E‘D(:L‘(t-f—
0),t+0), t € [tn), tn). Similar to (E11), it can be ascertained

_ 1 5 o
E® (z(tn),tn) <<c~fo+1)NT(tn7t(1>)x(Hy||gn)+E¢($(t(1>)7t(1))e Coltn=t@)

1 ~ — O (i, —
<[(5 + 1) N7 (Ens ) + 1 xllvlls,) + B@ (w(t1) =), by =)o O —ta)
Co

N

1 - _
[(T +l)NT(tn,t(l))+1]X(Hy||gn)+q Uosup E®(a(tq) +0),ta) +0) (E15)
Co 0€[—4,0]

N

L L
1 A . .
[(é— 1) ( SAry fo”) + 1]x<||y||zn> +ab sup BB(a(in +60),fn +0).
0 u u=1

=1 'u 0e[—5—A,0]

From (E9), (E12), (E13), (E14) and (E15), it can be derived

]E@(x(fn), th) < max {q_l,e_é“A} sup E® (:B(fn +0),tn + 0)
0e[—5—A,0]

L

@) (2 245 N) 4 1]atloly,) (216)

u=1l U u=1

for any n € Z4. From (E8), (E10) and (E16), it is possible to achieve for ¢ > t;

E® (z(t),t) <max{q_1,e_éUA} sup E®(z(t+6),t+6)
96[7A77'7naa;*510]

(G (Z5-2m) -
éO+1 u:lT;r u=1 “

x(llvllz,)- (E17)

Step 4. Here, when ¢ € [to, t1), analyze whether E®(z(t), t) satisfies the form of (E17). Completing initial conditions, it is necessary
to assign values to z(t) for ¢ € [to — A — Trmaw — 5,to —8). Set § = max{q~1,e~C0A} which satisfies 0 < § < 1. Select appropriate z(t),
t € [to — A — Tmaz — 0,t0 — 0) such that

E®(z(to), to) <G sup  E®@(x(to +6),to +6). (E18)
0c[—A—-35,0]

If E@(m(to),to) < (jsquE[_S 0 IE<I>(ac(to +0),to + 0), then choose z(t) = z(to — 5), t€to—A—Tmaz — 5, tg — 5). Otherwise, choose
suitable z(t), t € [to — A — Tmaz — 0,t0 — 6) such that z(t) = z(to — A — ), t € [to — A — Tmax — 0,10 — A — §), E® (z(to), to) =
GED (z(to — A — 8),to — A — S), and z(t) is continuous on [tg — A — Tmax — 0, to]. Then we have (E18) and

G sup  E®(xz(s),s) > sup E®(z(s), s). (E19)
t0_5<s<t0 tO_A_Tnzam_Sg-sStO

From (E18), for £ € (to,t1), there are two scenarios to consider
1) E®(z(t),t) < dSUPge(_a—5,0] E®(x(t + 0),t + 0) for any t € (tg, ] holds.

2) E®(z(t),t) < GSUPge(_a—§,0] E®(x(t + 0),t + 0) for some t € (o, ] dose not hold.
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For 1), we can derive

E®(z(t),t) <q sup E®(z(t+0),t+0), t€E [to,t1). (E20)
0e[—A—3§,0]
For 2), denote t(3y = sup {t € (to,f] : E®(x(t),t) < dSUPge[_A_§ 0] E®(z(t + 6),t + 0)}. Since E®(x(t),t) is continuous on [to,t1), we
have tg < t2) < <t If t2) < f then ]ECD(m(t(g)),t(g)) = (jsupge[_A_&O] E‘I)(.I(t<2) + 9),t(2> +0), and qE®(z(¢),t) > 671E¢(I(t),t) >
SUPge(_A—5,0] E®(z(t+0),t+6) > 2 SUPp(_5.0] EQ(x(t +0),t +0), t € [t2), i]. From (E3), we can ascertain

- _ O (f— 1
ED(a(), f) <ED(a(ta)), tz))e” @) + ()
0

5 1
<G sup  E®@(z(te) +0),t@) +0)+ CTX(H?J”{)
0

0e[—A—35,0]

~ 1
<G sup sup  E@(a(t+0),t+0)+ =x(yl;)
t€[to,t] 6€[—A—35,0] Co

~ - ~ 1
<§ sup Ed(x(t 4+ 0),t +0) + = x(llyll)- (E21)
0€[~A—Tmaz—5,0] Co

If t(5) =, then

E®(z(f),f) =§ sup ) E®(z(f + 0),1+ 0). (E22)

From (E18), (E20), (E21) and (E22), it is achievable to be obtained

1
O(x(t),t) <G sup E®(x(t +0),t +0) + =x(llyll¢), t € [to,t1)- (E23)
0€[—A=Tmaz—5,0] Co

From (E17) and (E23), Lemma 1 in [29], it is possible to be derived

Al (t—to)
E®(z(t),t) <eA+Tmaz+d sup E®(z(s),s)

to—(A+7mm+5)<s<to

+ ﬁ {(C}O + 1) ( Z Z N(O)) + 1} (lylle)s t = to. (E24)

u= l

. __Ing
Let f(r,s) =ay'o a*(r)qfleAJrTmast ek, v()=azlo [(

(1-9)?
and (E24), it can be acquired

+1) (Zhoy & + 25 ) +1]x() € Koo From (E19)

Elz(t)[? < f( sup  Elz(s)|”,t - l‘o) +(llylle), t > to,
tog—0<s<to

which implies that system (6) is ISS.

Remark 7. By comparing the conditions of Theorems 1 and 2, it can be observed that when the model transitions from delay-free
case to time-delayed case, ISS can still be guaranteed by modifying condition (5) to condition (8). Specifically, this involves adding a
term that accounts for time delay coefficient to the original condition (5). In fact, when time delay coefficient in condition (8) is set to
zero (i.e., time delay is not considered), condition (8) reduces to condition (5). However, although the transition from condition (5) to
condition (8) may seem straightforward, the proofs are fundamentally different and not merely an extension. Building on some of the
foundations established in the proof of Theorem 1, we employ the Lyapunov-Razumikhin approach and Lemma 1 in [29] to establish ISS
criterion for time-delayed case. Note that system (6) is simple time-varying bounded delay equation rather than a general functional
differential equation. Given the additional complexity introduced by stochastic dynamics and asynchronous impulses, the Lyapunov-
Razumikhin method offers a more tractable approach than the Lyapunov-Krasovskii method for constructing Lyapunov function and
conducting ISS analysis.

Remark 8. The application of Lemma 1 in [29] at the proof of Theorem 2 introduces a technique of extending initial values, whereas
existing approaches typically focus on estimations from time ¢; onward, without addressing the interval [tg — S, t1] (where 5 denotes the
delay). When ¢1 — to and the delay are sufficiently small, estimating from ¢; onward may be feasible. However, when either ¢; — tg or
the delay is large, although such an approach does not compromise the ISS property, it leads to more conservative conclusions compared
to those established in this work.

Appendix F An application to ISDSs

The dynamics of ISDSs with synchronous impulses has been investigated in [13,18]. Different from [13,18], this section consider ISDSs
with asynchronous impulses. Firstly, ISDSs (see [18]) are governed by

o i (1) + oD (1) + 0Pt (1) + 0P 2 (¢ Z Ao ) (8) = Ju(t), u €L, (F1)
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where QSLO) > 0 is the mass/inertia coefficient, Q< ) > 0 is the damping coefficient, g( ) > 0 is the stiffness coefficient, and g( ) > >

quantifies the delayed stlffness effect. The coupling strength A,, > 0 defines interactions between nodes v and v, and the term
Ju(t) = yu(t) + 784)905})( t)W.(t) represents external inputs. Let x(Q)( t) = :L‘q(})(t) + Q&S)xg)( t), 0 ( ) > 0, and then system (F1) can be
rewritten as

dacq(})(t) :[xSLZ)(t) _ (S)xgl)(t)Jdt

(2) (5) () (2) g&l)ggf’) _952) (5)y2Y..(1) ) (1)
del? () =| (o - (0)) (t>+(T—<gu BEROE (0> (t—6(1))

( )
(O) ZAW M (g))]dt—‘,— o 2P (AW (t), u € L.

5 (1) (1) (5) _ (2)
Let ., = (I£>a (2)) . Py (g: (t) xu(t — 5(t))7yu(t)7t) = <1‘(2)(t) _ S?)xg‘l)(t)’ <g1(;)) _ ZEO))xgz)(t) + yu((Jt) + (% _

Q'u. Qu
(0)?) ) (t) - % D - 51)) Gmu(t),t):(gﬁuoi 2$,0)", Hun(ao(0) = (@80(1), 0)", Auy = 4 “t5 Then, considering

asynchronous impulswe effects into system (F2), we have

L
dxy, (t) = {Fu (@ (), mu(t — 6(1)), yult), t) + Z Ao Huw (20 (t))} dt
v=1

+ Gu(mu(t)7t)dWU(t)7 te R2t0 \ﬂu
Ty (t) =0uzu(t—) + yu(t—), t € Tu, u €L,

where ¥y > 0 and @y + yu = (z W 4y, <)+yu)

Algorithm F1 Select parameters for system (F3) with stabilizing impulses based on Theorem 2.

Initialize system coefficients, including Q(O), gq(}), Qq(f), 9(3), gq(fl), Q&S), Ao, yu (), 0(t), L;
Define a node Lyapunov function ®,(x,,t) satisfying (2);

Calculate the parameters in (7), including cih.c? | Ay, H,(-), xgt )( ),

Choose the parameters with regard to stabilizing impulses 9,,, Ny, (0) Tl
Calculate the parameters in (4), including d, Xf)( )

Calculate the parameter C,, in (8);

Check the condition €\, > 0 by adjusting the parameters ,, N )

R L AT

Let ®y(zu,t) = |zy|?. Then, the parameter values in Deﬁnitions 1 and 2 are determined as follows through computation:

1 2 < 1 5 1) (5)_ (2)
ag>(|xu|2) = |xu|2 — ag)(|xu|2) Ay = (o> v H,(t) =t,H, =1 X (|yu\) = <g%8>0)2 yul?, o = me{g( ) 1|@T _

5 5 (1)), 5 ® D9 L oz 2) ®
(o <) 1| — o™ _ 2|% (! (> )2 +1| - 0 _;}_(%) -5 Auw,dy = —In(¥2 + 0.01), c® = Z(“”

200
X2 (yal) = <1 + 100193>|yu|2.
Next, let L = 15. Select parameters §(¢t) = 0.5|sint|, yu(t) = 1+u|smt\ (O) = ) =8, g( ) = 9.6,@& = 954) = 0.8,@&5) =
0)

0.57, st = 15,7F = 073,u € L,tp = 0, ¥, = 1.2,u € {1,2,---,10} (destabﬂlzmg lmpulses) Py = 0.8,u € {11 12,.-.,15}
(stabilizing impulses) and the nonzero components of matrix (Am,)15><15 are provided Ajg = Az; = Ay = Ags = Agz = A54 =

u

3)

Agy = As7 = A5 10 = Asg = Ags = Ags = Ag7 = A1p4 = A12,10 = A0 = Agj0 = A13s = A1513 = A1215 = A129 = A1s9 =
A7’11 = A11714 = A14712 = A1571() = 0.08. By calculating, we obtain mln{Cu} = 0.0049 > 0. Thus, all conditions in Theorem 2 hold.
From Theorem 2, system (F3) is ISS. Moreover, the impulsive sequence 7T, and the mean square trajectory of system (F3) are shown
in Figures F1 and F2.

To demonstrate the advantages of the asynchronous All, an example is provided below, using stabilizing impulses (i.e., impulsive
control) as an illustration. Here, determine the selection of stabilizing impulses parameters according to Algorithm F1. Reselect
parameters QSL) = 4,9, = 0.8,u € L; Q(4) =8, 7 =0.24,u € {1,2,--- ,10};@24) =1.6,7F = 0.59,u € {11,12,--- ,15}, and the values
of other parameters remain unchanged. By calculating, we obtain min{éu} = 0.0106 > 0. Moreover, the impulsive sequence T, and
the mean square trajectory of system (F3) are shown in Figures F3 and F4.

From Figure F'5, it is observed that a larger value of 7, or a smaller value of 9, makes it easier to achieve ISS, as this corresponds
to a lower frequency of destabilizing impulses or weaker impulsive intensity. Conversely, a smaller 7,7, meaning a higher frequency of
destabilizing impulses (where the impulses directly act on the system state and are also input-dependent), results in a larger upper
bound for ISS. On the other hand, from Figure F6, it is observed that a smaller 7,/ or a smaller 9, makes it easier to achieve ISS, as
this corresponds to a higher frequency of stabilizing impulses or stronger impulsive intensity. Conversely, a smaller 7,5 or a larger ¥,
meaning a higher frequency of stabilizing impulses or weaker impulsive intensity, results in a larger upper bound for ISS.

Remark 9. The impulsive sequence 7, in Figures F1 and F3 clearly demonstrates the the asynchrony of impulsive effects. Un-
like [13,18,24,28,30], which assumes a uniform impulsive scheme, Figure F1 introduces mixed impulsive effects: nodes 1,2,---,10 are
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Figure F1 The impulsive sequence Ty,.
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Figure F2 The mean square trajectory of system (F3).

subject to destabilizing impulses, while nodes 11,12, --- , 15 are controlled by stabilizing impulses. Furthermore, Figure F3 illustrates
how asynchronous stabilizing impulses can effectively address the heterogeneity of interconnected systems. Specifically, when the noise

disturbance varies (,9784) =8 foru=1,2,---,10 and gq,

4 — 1.6 for u =11,12,--- ,15), a uniform impulsive strategy is unnecessary. In-

stead, nodes 11,12, --- , 15 require a significantly lower impulsive frequency compared to nodes 1,2, - - - , 10, demonstrating the flexibility

and adaptability of asynchronous control.
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Figure F4 The mean square trajectory of system (F3).
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Figure F5 The mean square trajectory of system (F3) under destabilizing impulses.
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Figure F6 The mean square trajectory of system (F3) under stabilizing impulses.



