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Data-driven system identification plays a pivotal role in process

control [1]. The linear parameter-varying (LPV) model, as a

multi-model framework, alleviates the inability of a single model

to capture nonlinear industrial dynamics across wide operating

ranges. However, conventional expectation-based LPV identifica-

tion suffers from two major issues: excessive computational cost

due to matrix inversions and biased estimation under data out-

liers. To address these limitations, this study proposes a syn-

ergistic reweighted expectation (SRE) algorithm that integrates

a Krylov subspace-based parameterization to avoid matrix inver-

sion with an adaptive reweighting scheme for outlier suppression.

This synergistic design jointly ensures efficiency and robustness.

The proposed method is validated on two benchmark processes: a

mass-spring-damper (MSD) system and a continuous stirred-tank

reactor (CSTR). Key notations are summarized in Appendix A.

Problem formulation. Consider a multi-model LPV system

with M local auto-regressive with exogenous input (ARX) sub-

models. The global output yk at time k is given by

yk =
M
∑

m=1

ζm,wk
(φT

k θm) + vk ,

where φk is the information vector, θm is the parameter vector

of the m-th sub-model, and vk is noise. The weighting function

ζm,wk
, governed by the scheduling variable wk, ensures a smooth

transition between operating points. The complete definitions of

φk, θm, and ζm,wk
are provided in Appendix A.

Let N denote the number of samples with input U = {uk}
N
k=1

and output Y = {yk}
N
k=1. H = {Hm}m=1,··· ,M denotes the set

of predesigned operating points. The sub-model identity (SMI),

denoted by I = {Ik}
N
k=1, is a hidden variable and cannot be di-

rectly estimated. The observation set is Cobs = {U, Y,H}, and

the hidden set is Chid = {I}. Model parameters are denoted by

θ = {θm}Mm=1 with ·̂s as their s-th iteration estimates.

To estimate both the SMI and model parameters, the

expectation-maximization (EM) algorithm is employed, which it-

eratively maximizes a Q-function [2]. The parameter update in

the M-step as

θ̂
s+1
m =

[

N
∑

k=1

η(k,m)φkφ
T
k

]−1 N
∑

k=1

η(k,m)φkyk. (1)

The posterior probability η(k,m) and the derivation of (1) from

the Q-function are detailed in Appendix A.

Remark 1. The parameter estimates are obtained using the

EM algorithm. However, the matrix inversion introduces compu-

tational costs (see (1)), and outliers degrade modeling accuracy.

Hence, the SRE is proposed.

Synergistic reweighted expectation algorithm. ≀k denotes the

output outlier. Let ≀̂k denote the estimate of ≀k, and define

ô :=
[

≀̂1, ≀̂2, . . . , ≀̂N

]

. To estimate parameters θm, we formulate

a cost function that penalizes model residual and outlier sparsity

via an ℓ0 pseudo-norm:

L(θ̂
s
, ≀̂k) =

N
∑

k=1

{

(

yk −
M
∑

m=1

η(k,m)ym,k − ≀̂k

)2
+ λ‖ô‖0

}

, (2)

where ‖ · ‖0 denotes the ℓ0 pseudo norm, λ is a design factor to

control the sparsity of ô. Since Eq. (2) is NP-hard [3], an approx-

imate solution (3) is obtained through convex relaxation:

L(θ̂
s
, ≀̂k) =

N
∑

k=1

{(

yk −
M
∑

m=1

η(k,m)ym,k − ≀̂k

)2

+ λ|̂≀k|

}

. (3)

By setting the derivative of (3) with respect to ≀̂k to zero and ap-

plying the soft-thresholding principle, the outlier estimate can be

obtained (see Appendix B for derivation).

Remark 2. The design factor λ balances outlier detection and

noise suppression. λ is adaptively updated using output errors,

with initialization following the 3σ rule.

An adaptive reweighting mechanism feedback loop is used be-

tween outlier detection and parameter update, avoiding matrix
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inversion. The cost function is optimized as

F(θm) =
1

2







No
∑

i=1

γiη(k,m)

[

yi − φT
i θm − ≀̂i

]2

+

Nn
∑

j=1

γjη(k,m)

[

yj − φT
j θm

]2







=
1

2

N
∑

k=1

γkη(k,m)

[

yk − φT
k θm − ≀̂k

]2
, (4)

where No, Nn denote the sets of outliers and normal samples, γ

is a positive weight used to vary the output errors over time given

as γk = 1

τ+β |̂≀k|
, τ controls the maximum weight, and β is the

weight factor.

The parameter can be updated by gradient descent calculated

by the partial derivative of (4) (see Appendix B for full derivation):

θs+1
m =

[

I − α

N
∑

k=1

γkη(k,m)φkφ
T
k

]

θs
m

+ α

N
∑

k=1

γkη(k,m)φk

(

yk − ≀̂k

)

, (5)

where I denotes the identity matrix, and α is the step size.

Remark 3. Although the update (5) avoids matrix inversion,

it requires computing the largest eigenvalue to ensure convergence

(see Appendix B for detailed derivation), which remains challeng-

ing in high dimensions.

Based on the above analysis, the SRE algorithm is in-

troduced with an Arnoldi-based optimization. Instead of

computing the full gradient, the update is constrained to

a low-dimensional Krylov subspace, requiring only l <

(na + nb) directions per iteration. Consider the Krylov

subspace χ̄s
m,l

= span{χ̄s
m,1, Qmχ̄s

m,1, · · · , (Qm)l−1χ̄s
m,1},

Qm ∈ R(na+nb)×(na+nb) is nonsingular, χ̄s
m,1 ∈ R(na+nb)

with ‖χ̄s
m,1‖ = 1. The orthonormal basis is given as

{χ̄s
m,1, χ̄

s
m,2, · · · , χ̄

s
m,l

} and the detailed steps for generating it

are presented in Appendix C.

The process begins by projecting the optimization problem onto

a Krylov subspace. Let Qs
m =

∑N
k=1 γkη(k,m)φkφ

T
k be the curva-

ture matrix, and initialize with the normalized gradient direction:

χs
m,1 =

N
∑

k=1

γkη(k,m)φk

[

yk − φT
k θs

m − ≀̂k

]

,

χ̄s
m,1 =

χs
m,1

‖χs
m,1‖

=
χs

m,1

ξs
. (6)

An orthonormal basis lχ̄s
m = [χ̄s

m,1, χ̄
s
m,2, · · · , χ̄

s
m,l

] is con-

structed through the Arnoldi process [4, 5] (detailed procedure in

Appendix C), ensuring [χ̄s
m,i]

Tχ̄s
m,j = 0 for i 6= j.

The model parameters are updated within this low-dimensional

subspace:

θs+1
m = θs

m +l χ̄s
mυs, (7)

where υs is obtained by solving a low-dimensional optimization

problem. The Arnoldi process yields the relationship:

Qs
m

lχ̄s
m =l+1 χ̄s

mP s,

where P s ∈ R(l+1)×l is an upper Hessenberg matrix. This al-

lows us to transform the gradient norm minimization into a low-

dimensional problem:

∥

∥

∥

∥

∥

N
∑

k=1

γkη(k,m)φk

[

yk − φT
k θ

s+1
m − ≀̂k

]

∥

∥

∥

∥

∥

=
∥

∥ξs+1rl+1,1 − P sυs
∥

∥ , (8)

rl+1,1 = [1, 0, . . . , 0]T ∈ Rl+1.

The optimal step size υs is obtained by solving the low-

dimensional least-squares problem in (8). Through QR decom-

position of P s and appropriate orthogonal transformation (see

Appendix C for detailed derivation), we obtain the closed-form

solution:

υs = (P̃
s
)−1µ, (9)

where P̃
s
is an upper triangular matrix from the QR decomposi-

tion, and µ is derived from the transformed residual.

Theorem 1. With the parameter update in (7) and the optimal

step size υs from (9), the gradient norm does not increase.

See Appendix C for the complete proof with detailed mathe-

matical derivations.

Experiments and conclusion. The proposed algorithm is eval-

uated on MSD and CSTR systems. The results demonstrate that

the proposed algorithm achieves model identification and robust

parameter estimation in both cases, with detailed experimental

setups and comparative analyses provided in Appendix D.
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