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Appendix A

Appendix A.1 Summary of variable notations

A summary table of variable notations is illustrated in Table Al.

Appendix A.2 The definition of LPV systems

Consider a multi-model system represented by an LPV model, consisting of M Auto-Regressive with eXogenous (ARX)
input sub-models

M
Yk = Y CmowpYm k + Ok

m=1

where vy, represents noise, y, denotes the system output, (m, w, represents the weighting function that combines all sub-
models, ¥, is the output of the m-th sub-model, wy, is the scheduling variable. The sub-model can be expressed as

T
Ym,k = ¢k O,
The model orders n, and ny, are known. The information vector ¢, and parameter vector 8., are presented as

R T 2 X1
B = [Yho1s —Yk—2s s —Yh—nas Uk — 1> U—2, "+ s Uy ) | € R(Matmn)x1

T X1
Om = [am,lv Am,2; ", Am,ny > bm,la bm,2, - 7bm,nb] S R(Patnb) s

where 6, are parameters of the m-th sub-model respectively. To ensure smooth transitions between operating points, the
normalized exponential function is chosen as the weighting function, defined as

Wi —Tm 2
eXp(f( 27@(03:)2) )

— 2. 0
Sy exp(— )

Cmwy, =

where H = {Hm}m=1,...,m denotes the set of predesigned operating points, and om,{m = 1,---, M} represents the
effective width of sub-models, each taking a value within the interval [0min, Omaz]. The effective width op, indicates the
effective operating range of the m-th sub-model.

Appendix A.3 The details of Q-function

To estimate both the sub-model identity (SMI) and model parameters, the expectation-maximization (EM) algorithm is
employed, which iteratively maximizes a Q-function. The Q-function is constructed as follow

QB16°)=E o° {Inp(Cops, Cnis|0)}. (A1)

Cmis|Cobs
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Table A1 Summary of Variable Notations

Variable Description

0., Parameter vector for sub-model m

S Number of iterations

0 Estimated parameter vector at iteration s

Ek, o Outlier and outlier vector

Yk System output at sample k

Ym.k Output of sub-model m at sample k

Wi The scheduling variable

(k,m) The posterior probability of the sub-model m
Om The effective width of the sub-model m

Cmwi The weighting function for sub-model m at sample k
A Design factor controlling sparsity of outliers

Vi Positive weight for sample k

T, B Weight control parameters

@ Step size in gradient descent

b Information vector at sample k

Ng, N System orders

N Total number of samples

M Number of sub-models

L(-), L(") Original and relaxed cost functions

F(-) Weighted cost function

I oy I -l £y pseudo-norm and f3-norm

Xin1 Gradient direction vector at iteration s

Xom.i i-th orthonormal direction vector at iteration s
Ixs. Matrix of | orthonormal directions at iteration s
Qm Curvature matrix for sub-model m

v® Step size vector in Arnoldi update at iteration s
P? Hessenberg matrix from Arnoldi process at iteration s
&° Norm of gradient direction at iteration s

I Identity matrix

ol Spectral radius of a matrix

x(k) Displacement in MSD system

F(k) External force in MSD system

ca(k), ks(k) Time-varying damping and stiffness coefficients
Ca(k) Outlet reactant concentration in CSTR

T(k) Reactor temperature in CSTR

qc(k) Coolant flow rate in CSTR
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By applying the probability chain rule, Inp(Cjyis, Cops|0) can be further decomposed as

Inp(Y,Z,H,U|0)
Inp(Y|Z,H,U, 0) + Inp(Z|H,U, 0) + Inp(H,U|0).

lnp(cmisa Cobs |0)
(A2)

Since U and H are measured process signals independent of the model parameters 0, Inp(H,U|0) is constant, denoted as

C =Inp(H,U|6).
The term Inp(Y|Z,H, U, 0) in (A2) can be further decomposed as

Inp(Y|Z,H,U,0) =Inp(yn:1|Zn:1,WN:1,UN:1, Om)
=Inp(yn|yn—1:1,IN:1, WN:1, UN:1,O0m) + Inp(yn_1|yn—2:1, TN:1, WN:1, UN:1, Om)
+Inp(yn—2:1|Zn:1, WN:1, UN:1, Om)
= Inp(ynlyn—1:1,IN:1, WN:1, UN:1, Om) + Inp(yn—1|yn—2:1, IN:1, WN:1, UN:1, Om)

+Inp(yn—2lyn—3:1,IN:1, WN:1, UN:1, Om) + - - - + Inp(y1|ZNn.1, wN:1, UN:1, Om)

N
= p(Uklyr—1:1,IN:1, N1, UN:1, Om).
k=1
The output yi depends on the historical observations, including past outputs and inputs, which are in the observation set

Cobs. Hence, the joint likelihood can be expressed as

N
Inp(Y'|Z,H,U,8) = > Inp(yk|Zx, Cobs, Om)- (A3)
k=1
Similarly, the term Inp(Z|H, U, 0) in (A2) can be further decomposed into
N
Inp(Z|H,U,0) = > Inp(Zy|Tp—1:1, wn:1, un:1, 6).
k=1
The Zj, is only related to the wj and the 6, so it can be denoted as
N
Inp(ZIH, U,0) = D np(Zy|wy, 6). (A4)
E-step: Construction of the conditional expectation Q-function
P
Q19" = Ecmis‘cobs;s{lnp(cmis,cobs|9)}
N

= EI|Y,U,H,GS{ lenp Y|k, Cobs, Om) + ;lnp(zk‘wkze) + C}
= Z Z Ik = m‘cobsue ) X lnp(yk‘Ik =m, Cob57 m)

N M

S'
+ Z Z (T = m|Copbs, 8°) X Inp(T), = m|wy, 8°) + C,
where,
. (yk — 1 0,,)°
T =m, Cops, 0,,) = et
p(Yk|Zx = m, Cops, 6,,) 27r(a2 p{ 2062y }
(i —Hm)~ Hm)
5° XP(— ot )
p(Z, = m|wg,0”) = Cor ) (A5)

Cmer exp(= T 58)

where, oy, is the sub-model effective width. According to Bayes’ rule, the posterior probability that the output y; from the

m-th sub-model can be computed as

p(y|Zi, = m, Cops, 0,,)p(Ty, = m|wy,, 0)
N(k,m) = M =2 ( I s (A6)
A5 ~s
> PWklTe = M, CopsOy )D(T = m/ |wy, 07)
m’/=1

where 7y, ,,) denotes the posterior probability of the m-th sub-model at time step k.
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M — step Taking the partial derivative of the Q-function with respect to the model parameters 6,, and setting it to
zero yields

N

~s+1

0, = [E W(k,m)¢k¢;‘£} > " k) D1k (A7)
k=1 k=1

Similarly, the estimate of 62 is obtained by taking the partial derivative of the Q-function with respect to 62 and setting
it to zero, giving

N M Tpyst12
(6_2)5+1 _ Zk:l Zm:l n(k,m)(yk - ¢k om ) .
N
For the sub-model effective width 0y,,{m = 1,---, M}, the analytical solution of the parameter estimates cannot be derived

by maximizing the Q-function. Hence, the parameters are obtained by solving a nonlinear optimization problem formulated
as

N M
max 30 5 nm (T = mhw, 8.

Om{m=1,--- ,M} h—1m—1

s.t Omin € Om < Omaz, m=1,--- M

Appendix B
Appendix B.1 Derivation of the outlier estimate

Let ik denote the estimate of outlier i, and define 6 := [31752, .. ,iN]. To estimate parameters 6,,, we formulate a cost

function that penalizes model residual and outlier sparsity via an {p pseudo-norm:
N M 2
Ag A - ~
k=1 m=1

where || - ||o denotes the o pseudo norm, A is a design factor to control the sparsity of 6. Since (B1) is NP-hard, hence, an
approximate solution (B2) is obtained through convex relaxation:

s . al M N2
LO" %) = {(yk = > Mgy Ymok — 2k> + /\|?k|}- (B2)
k=1 m=1

By setting the derivative of (B2) with respect to Ek to zero and applying the soft-thresholding principle, the outlier estimate
is obtained as:

M

. I S
U =Yk = D Mkm)Ymk — AU ) — 5 sign(l)
m=1
M A M A
Yk — Z N(k,m)Ym .k = 5 Yr — Z n(k,m)ym,k>5
m=1 m=1
M A
=140, ly — Z n(k,rn)ym,k‘<§
m=1
M A M A
Yk — Z N(k,m)Ym,k + 50 Yk Z N(k,m)Ym k< — 3
m=1 m=1
(B3)
Appendix B.2 Derivation of parameter update via gradient descent
Define the iterative model parameters to be updated as:
055 = 05, + avy, (B4)

where « is the step size and Vg is the direction, which can be calculated from (B4) as follows:

N
VF(Om .
_VE(6m) _ > VN, m) . [yk — ¢ Om — Zk] : (B5)
VO, =
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Then, we can get

N
05 =05 + > Vke,m) P [yk — Gk 07, — ?k] g
k=1
N N R
- [I = 0 > W BB | O+ @ D ey Bk [ — U] (59
k=1 k=1

where I denotes the identity matrix. For the sequence Of;rl in (B6) to converge, it is essential to ensure that:

N
P [I =) W, m) Prbr | <1, (B7)

k=1

p[G] in (B7) means the spectral radius of matrix G. Hence, the « satisfies

0 < a< (B8)

2
Omax [G] ’

N
G = VeNte,m)Prbr
k=1
where amax [G] means the largest eigenvalue of matrix G.

Appendix C
Appendix C.1 Detailed steps for generating the orthonormal basis

Arnoldi method reduces the large-scale problem to an eigenvalue problem for a smaller Hessenberg matrix via Krylov
subspace projection.
Consider the Krylov subspace

an,l = Span{Xﬁn,lv Qmifn,lv ) (Qm)l_l)zin,l ’ (Cl)
where, Qm € R(atm6)x(na+1) js nonsingular, x5, ; € R(™a+m0) with ||x2, ;|| = 1. An orthonormal basis {X2, 1, X5, 25 » X, 1}
is generated by the following procedure.
1. Initialize with a vector x$, ; such that ||x5, || =1, and set ¢ = 1.

2. For j =1,2,...,4, compute the inner products <Qm)’(fn i X, j>.
3. Update the direction:
i

X, it1 = QmXim,i — Z (@mXn,is X, i) X+
j=1
4. Normalize the new vector:
_ X ,it1
S )
Xt T el
Xom,it1

5. Increment i < i + 1, and repeat from step 2.

Here, (-,-) denotes the inner product.

Appendix C.2 Parameter update in Krylov subspace

An orthogonal basis is constructed using the gradient direction vector. Based on (B5), it is then reformulated as follows:

N
Xin = D Wk, my i [k — 61 0m — U] (c2)
k=1

let

N
Qi =D WN(he,m) PP - (C3)
k=1
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Construct the following l-orthonormal directions as:

los

Xm = [2;7172;,27“‘ 722171] ) (04)
where, 1<(nq +np) and [x3, z]TXm,j =0, 1#j.
Therefore, the model parameter estimates at iteration s 4 1 are given by:

Ss+l o _

O =0+ x0T, (Cs)

m

where, xf,fl contains the information of l-orthonormal directions, the key step is to select an appropriate vs+! that

satisfies:

N
s+1 - ~s ~
Z VEN(k,m) Pk [yk — L 6,, ] < VN (kem) P {yk - $r0,, — Zk] . (Co)
k=1
Substituting (C5) into the left side of (C6) yields
> e B [k — SEORT = U] = Xt 1 = (@5 X1 Qi Kz Qi K| v (C7)

Based on Arnoldi’s method, we get
Quftixt = P,

DS

Ps = c R(l+1)><l
s T ’
LPi+171,1
Pii Pla - piz& pil
P31 P3o - pg,z& pg,l
PP=| 0 p35 P31 P3| e RX (C8)
L O 0 - ply P,
T
T = [0707 707 1] EIRl7 (Cg)

where p5 ; = (Qﬁlerji,xm ) J<iandpi ;= lIx:: Z+1|| in (C8). The first subscript ! in 7;; in (C9) indicates the
order of the vector, while the second subscript denotes that the I-th element of the vector is 1.
Hence, (C7) can be transform into:

R et B
D k) Pr [yk — ¢ 057 — Zk] = X et s Poy

k=1
= st 6 ey 0 — PR (C10)
Since T1xst! € R(Matne)x(41) and (ng +np) > (I + 1), the following equality holds:
N ~
Z VEN(k,m) Pr [yk —¢rost — Zk:| = || e — PR (C11)
k=1

By matrix theory, there exists an orthogonal matrix J € RUTDX(+1) guch that (C11) is satisfied:

Z YNk m) Pre [yk —prot — Ak] H

k=1
B P

][5

where
T
1 122
Jest Tiy1,1 = MS+1:| )
PS
JP* = :
0

T e R PP e RIX 0 e RMXE
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Appendix C.3 Theorem 1 and its proof

Theorem 1: Let the model parameter estimate 6, be obtained using the SRE algorithm in (C5), and define the I-direction

T
vectors 'x?. as in (C4). When v° = ;‘55 , the following inequality holds:

N N
> VR m) [yk —¢ro5t — Zk] <D wenge,m) bx [yk — 165, — lk] (C12)
k=1 k=1
Proof: Let [ = 1, then
len = [Xﬁn,l] 5
N
D VN m) [yk — b4 O — ?k] = Xm,1>
k=1
_ _ - Py
Qifllenﬂ = [an,thn,Q] [ i’l} .
P31
The orthogonal matrix J € R2*2 is expressed as
P?,l p;,l
g \/<p§,1_>2j<pg,1>2 \/<p§,1>i+<p;,1>2 (C13)
P31 P11
V@102 ®s )2 /61 )2+ (5 1)?
Then, we get
N ) . €s+1 pf L )
D Wk m) P [yk — by (6,,)°T" — ?k] =|{J —J || (C14)
k=1 0 P31
where
(O3 =05, +1 x0T = 05, X ot (C15)

the superscript 1 in the parameter estimate (O}n)sJrl denotes that a single search direction is used. By substituting (C13)
into (C14), we obtain

N 1?1 §s+1 ( )2 ( )2

s . [(p% )2+ (ps ;)2 ps + ps vs
§ )kn(k,m)(bk [yk (ka(e}n) ! Zk} - H< 1717;03 1 > s41 b 21 s
k=1 - 5 0

V(@5 )25 1)?
hence, the step size can be expressed as

4!
(pi1)2 + (p§,1)2

S

s+1
vt = gt

which lead to

N
Z Ve (km) Pr [yk — oL (L) - Zk]
k=1

_pgyl s+1
(pi1)2 + (P%J)Z

Therefore, we can know that

N
D VN m) Pr [yk — ¢p (6;,)°T! — Zk]
k=1

<

N
> VN, m) B {yk — $r05, — Ek]
k=1

The following inequality can be held in the same manner.

N
> Wk m) P [yk — 1,0, — fk]

k=1

N
> VR m) P [yk — by 057" — Ek]
k=1

<
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Algorithm C1 Synergistic Reweighted Expectation (SRE) Algorithm

Require: Input-output data {ug, yk, wk}szl, model orders n,, ny, number of sub-models M, operating
points H, relative error €, subspace dimension .
Ensure: Parameter estimates ém for m =1,..., M, outlier estimates Ek.
1. Initialize: 69, (62)°, {62,}, A via 30 rule.
2: for s=1 do
3:  E-step:

4: foreach k=1to N do
5: Compute weighting (,, w, and posterior probability 7 m)-
6: end for
7. Outlier Estimation & Reweighting:
8: for each k=1to N do
9: Estimate outlier 1, via soft-thresholding.
10: Compute adaptive weight v, = —L——.
(T+B8 )

11:  end for
122 M-step (Krylov Subspace Optimization):
13:  for each sub-model m =1 to M do

14: Compute gradient direction: Xx;, ; = Eszl Ve (e,m) Pre [Yr — ¢;£0Afn — %)
15: Normalize: X7, 1 = X1/l X711l

16: Construct Krylov subspace basis {)mel, ceey )an)l} via Arnoldi process.
17: Form basis matrix ‘x5, = [x5, 1, s X1l

18: Solve for v® via the projected linear system (Theorem 1).

19: Update parameters: 051 = 03 + x5 v®.

20.  end for
21:  Update variance (62)**! and widths {65} via nonlinear optimization.
22:  if [|@°T! — 0°|| < € then

23: break
24: end if
s=s+1

25: end for
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Appendix C.4 A comprehensive pseudo code of the proposed algorithm

Appendix C.5 Complexity theory analysis

Table C1 Computational complexity of the shared steps in R-EM and SRE (per-iteration, per-submodel m).

Computation task Multiplications Additions
Precompute predictions  N(ng + np) N((ng +mnp) — 1)
Ym,k = D O (for all k)

Compute posterior N N

weights n(k, m)

Compute residuals and N N -1

weighted residual squares

for o2 update

Update noise variance Ufn N N -1

Update prior-width objec- N -1

tive evaluations

Subtotal cost

4N + N(ng + nyp)

AN+ N(ng+n,—1)—4

Table C2 The main computational complexity of the SRE algorithm at each step.

Step

Details

Computation task
Multiplications
Additions

Update the parameter 8,
(ng +np)l + 13
(ng +np)(l —1) +1% — 12

Computation task

Construct the matrix Q;,

N(ng +nb)2
N(ng + nb)2

Multiplications
Additions

Computation task Construct the vector an,l

Multiplications N[2(ng + np) + 1]
Additions N[2(ng + np) + 1]
Total cost Csre = 212 — 12 4+ (21 — 1)(nq +np) + 2N (ng +np)2 + 4N (ng +np) + 2N

Table C3 The main computational complexity of the R-EM algorithm at each step.

Step Details

Update the parameter 6,,
2N (ng +np)? + 2N (ng + np) + (ng +np)*®
Nl(na +ns)? — 1] + N[(na + ns) — 1] + (na + np)*®

Computation task
Multiplications
Additions

Total cost Cr_EM = 2(na + nb)S —+ 3N(na + nb)z 4+ 3N(ng + np) — 2N

The count of multiplication and addition of the SRE algorithm and the R-EM algorithm at each step is shown in Tables
C2 and C3. The difference in computational load between the two algorithms is

Cr-gm — CsRrE

=2(nq +1p)> + 3N (ng + ny)% + 3N (ng +np) — 2N

— 203 =12 + (2l — 1)(na + np) + 2N(ng +np)? + 4N (ng + np) + 2N]

=2[(na +mp)% = 3] +12 — (2l — 1)(na +np) + N(ng +np)? — N(ng +np) — 4N

= 2(na +n)* — B] + 12 = (2 — 1)(na + mp) + N(na + 1) — (na +np) — 4. (C16)

Sine nq + np = I, N is much larger than [ and ng + np, the difference (C16) is positive. For example, let ng + np = 15,
I =5, N = 1000, the difference at each step is

Ceym —Cspe =2 x [15% =53] +5% — (2 x5 — 1) x 15 4 1000 x [152 — 15 — 4] = 212390.
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Table D1 The evaluation of the SRE under different percentages outliers.

Percentage 5% 10% 15% 20% 25% 30%

RMSE 0.1839 0.2068 0.2204 0.2289 0.2472 0.2781

Appendix D

Simulation Environment: All experiments were conducted using MATLAB R2020a on a computer equipped with an
Intel Core i5-11500 processor @ 2.70 GHz and 16 GB of RAM. The computational time reported for each algorithm was
measured using the built-in tic and toc functions, ensuring statistical reliability.

The performance of the SRE algorithm is assessed using two examples and compared against other existing methods.
To quantitatively evaluate prediction accuracy, the root mean square error (RMSE) and relative error ¢ are used. These
two statistical metrics are defined as follows:

RMSE(g) =

_lo-el
61l

x 100%,

where g, represents the predicted value of yg, and 0 denotes the estimated parameters 8. The reweighted expectation max-
imization (R-EM), reweighted gradient descent (R-GD) and robust principal component analysis expectation maximization
(RPCA-EM) [1] are chosen as comparative algorithms for comparison with the proposed SRE.

Appendix D.1 Mass-spring-damper

To demonstrate the validity and robustness of the proposed SRE algorithm, a mass-spring-damper (MSD) system is em-
ployed, as illustrated in Fig. D1. Following the modeling framework outlined in [2], the dynamics of the MSD system can
be described by the following differential equation:

d

= (mdikx(k)) + cd(k)d%x(k) + ks (k)z(k) = F(k), (D1)

where z(k) denotes the displacement of the mass at discrete time k, F'(k) is the externally applied force, and cq(k), ks(k)
represent the time-varying damping coefficient and spring stiffness, respectively.

I ——
Cy(k) I ;ks

x(k)
i F(k)

Figure D1 The MSD system.

The time-varying damping behavior influences the system. Therefore, cq(k) is designated as the scheduling variable.
F (k) serves as the system input, while (k) is treated as the measured output.

To excite the system across varying regimes, a random binary signal is used as the input. Three operating points are
defined to reflect distinct dynamic behaviors: H1 = 0.3, Ho = 0.7, and H3 = 1.2. As shown in Fig. D2, the scheduling
variable, input, and output signals are depicted, with 10% of the output samples intentionally corrupted by outliers to
assess robustness.

The predict outputs of the SRE under the percentage of 10% outliers is provided in Fig. D3. It illustrates that the
influence of outliers is minimized through reweighting with a small weight, and the SRE demonstrates a strong ability to
capture the dynamics of the true outputs.

To evaluate the robustness of the proposed algorithm, different outlier percentages ranging from 5% to 30% are considered,
as shown in Table D1. The data in Table D1 indicate that, although the proportion of outliers increases, the RMSE of the



Sct China Inf Sci 11

Scheduling Variable Outputs
15f | | | | ] 1 | | | |
- v =0
Z 0.5+ -
0 ‘ ‘ ‘ ‘ ! ‘ ‘ ‘ ‘
0 200 400 600 800 1000 0 200 400 600 800 1000
Time Time
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0.5 ‘ ‘ ‘ ‘ ‘ ‘ ‘
1
g g
= 0 = 0
> >
-0.5¢ ‘ ) ‘ ) ] -1t ‘ ‘ ‘ ‘
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Time Time

Figure D2 Variables in the MSD system.

2 T T
True outputs

————— Outputs with outliers | |
. — — — Estimate outputs

1
1
i
i

45L380 1 390 400 410 420 430 440, I I
0 100 200 300 400 500 600 700 800 900 1000
Time

Figure D3 Predict outputs of the SRE under the percentage of 10% outliers.

prediction results exhibits only slight changes. This demonstrates that the algorithm can maintain stable performance even
in the different percentages of outliers.

The computational time of the proposed SRE algorithm is evaluated against three established methods using the MSD
system benchmark. Table D2 summarizes the key performance metrics. The proposed SRE algorithm completes the
identification process in 71.42 seconds. This represents a reduction of 31.27 seconds compared to the RPCA-EM method
and 11.81 seconds compared to the R-EM method.

Beyond computation time, the SRE algorithm offers a substantial advantage in memory utilization. The RPCA-EM
method, which relies on robust principal component analysis, requires the construction and decomposition of an N x N
matrix. For N=1000 data points, this corresponds to a matrix of 1,000,000 elements. In contrast, the SRE algorithm avoids
such large-scale matrices.

The performance of the SRE algorithm with different orthonormal directions for estimating the MSD system with
outliers is shown in Fig. D4. It is evident that all orthogonal directions yield good convergence results, with convergence
achieved after approximately 350 iterations. This demonstrates that, despite comparing different orthogonal directions,

SRE maintains stability.

Table D2 Computation time performance for MSD system

Method RPCA-EM  R-EM R-GD SRE

Elapsed Time (seconds)  102.6943  83.2343 81.5143 71.4236
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0 . . . . . . . . .
50 100 150 200 250 300 350 400 450 500

Iteration

Figure D4 RMSE in different orthogonal directions.

RMSE

0 . . . . . . . . .
50 100 150 200 250 300 350 400 450 500

Iteration

Figure D5 Comparison of RMSE for the MSD under different algorithms.

Fig. D5 illustrates the RMSE of the prediction output, respectively. Under the influence of outliers, all three algorithms
converge asymptotically to the estimated model. The convergence rate of the R-GD algorithm is the slowest, while the
SRE and R-EM algorithms converge at a faster rate. The prediction performance of the R-GD algorithm is slightly
weaker compared to the other two. When the orthogonal direction is | = 10, the proposed SRE algorithm requires fewer
computational resources than the R-EM algorithm while maintaining similar convergence rates and prediction accuracy.

To further validate the estimated model, another set of operating points, H = [0.5,1.0,1.5], is selected. As shown in Fig.
D6, the prediction results yield an RMSE of 0.0698, confirming the model’s effectiveness. In comparison, the RPCA-EM
method produces a higher RMSE of 0.0783, indicating that the proposed approach achieves more accurate and reliable
predictions.

0.8 T T
True outputs
0.6 P TR Y I RPCA-EM outputs | |
————— RE <
0.4 / SRE outputs
4
0.2 ,
3 0
E]
= !
> 02 |
-04 b
-0.6 - N
-0.8 b
Bl . . . . . . . . .
0 100 200 300 400 500 600 700 800 900 1000

Time

Figure D6 Verification outputs of MSD.
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Table D3 Computation time performance for CSTR system

Method RPCA-EM  R-EM R-GD SRE

Elapsed Time (seconds)  783.9417  501.8515 475.3567 452.8139

Appendix D.2 Continuous stirred tank reactor

The continuous stirred tank reactor (CSTR) is a core component in chemical engineering as shown in D7. Its model, derived
from heat and mass balance principles, is given by the following two differential equations [3]:

A — 2D Cao(w) — Ca(b)] ~ KoCalk)expl ).
dr(k)  q(k) (AH)koC (k) —-F pcChpe —hA
“ak T[TO(’C) —T(k)] - pCp exp( RT(k) )+ pCpI;/ ge(k){1 — eXP(m)}[Tco(k) —T(k)],

where, C4 (k) represents the outlet reagent concentration, g.(k) denotes the coolant flow rate, T'(k) is the reactor temperature
and k denotes the time step. The variable definitions and their steady-state values are referenced from [1].

01

Component A Component B
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Coolant flow|
qe. Ted

Figure D7 The CSTR system.

We designate the temperature T'(k), as the output variable, capturing the thermal dynamics of the system. The control
input gc(k), serves dual roles as both the input and a scheduling variable. The scheduling variable g.(k) delineates four
operational states, given by the set H = [93, 96, 93, 96]. The input and output with outliers are displayed in Fig. D8.
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Figure D8 Inputs and outputs with outliers of CSTR.

The proposed SRE algorithm achieves a computation time of 452.81 seconds, representing a reduction of 331.13 seconds
compared to the RPCA-EM method as shown in Table D3.

The memory efficiency advantage becomes more pronounced with increased data volume. For N=1800, the RPCA-EM
method requires handling an N X N matrix containing 3,240,000 elements. In contrast, the SRE algorithm maintains its
efficient memory utilization pattern of N X (nq + ny), requiring only approximately 10800 elements for typical parameter
dimensions, which is approximately 300 times fewer than RPCA-EM.

The predicted outputs of the CSTR with 10% outliers, using the SRE with | = 5 orthonormal directions, are presented in
Fig. D9. The results demonstrate that the combined sparsity-inducing penalty and reweighting strategy effectively mitigate
the impact of outliers on parameter estimation accuracy, thereby enhancing predictive performance.
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Figure D9 Predicted outputs of the CSTR using SRE with 10% outliers.

Table D4 The evaluation of the CSTR by SRE under different percentages outliers.

5%

Percentage 10% 15% 20% 25% 30%

RMSE 0.1419 0.1221 0.1168 0.1815 0.1793 0.2015

The prediction results for different outlier ratios are presented in Table D4. It indicates that, despite the increasing
percentage of outliers, the RMSE of the prediction output fluctuates steadily, demonstrating the algorithm’s robustness to
outliers.

Fig. D10 compares the prediction results under different orthogonal directions. Furthermore, after 600 iterations, the
convergence behavior stabilizes, and the predicted RMSE reaches a steady value, regardless of the number of orthogonal
directions. Fig. D11 presents the prediction outputs of different algorithms. It can be observed that the convergence rate
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2 —_—1=4]
_]_
m L5t b
2]
=
ML B
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0 . . . . | . | ! |
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Iteration
Figure D10 RMSE of CSTR in different orthogonal directions.

of the R-GD algorithm is the slowest, while the SRE and R-EM algorithms exhibit similar convergence rates. To validate
the effectiveness of the estimated model parameters, we define a new set of operating points as H = [94, 97, 94, 97| for
verification. As shown in Fig. D12, the proposed algorithm attains an RMSE of 0.0772, whereas the RPCA-EM method
yields 0.2871. The lower error confirms the robustness and parameter identification accuracy of the proposed framework in
modeling the nonlinear dynamics.

Appendix D.3 Limitations and Future Work

While the proposed algorithm achieves robust identification performance for multi-model systems, several limitations merit
further study. The computational gain from the Krylov subspace projection is most significant when the parameter dimen-
sion is much larger than the subspace dimension, yet the cost of subspace construction may still be notable in large-scale
problems. Moreover, the current framework assumes Gaussian process noise; extending it to explicitly address heavy-tailed
or non-Gaussian disturbances would improve generality. In addition, hyperparameters such as the subspace dimension and
sparsity factor are determined empirically. Future research will focus on developing data-driven tuning strategies, extend-
ing the SRE framework to nonlinear multi-model structures, and formulating an online or recursive version for real-time
monitoring and adaptive control.
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Figure D11 Comparison of RMSE for the CSTR under different algorithms.
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Figure D12 Verification outputs of CSTR.

Appendix D.4 Conclusion

This paper proposed the SRE algorithm to address computational inefficiency and outlier sensitivity in multi-model system
identification. The method combines a Krylov subspace-based parameter update, which avoids large matrix inversions
through low-dimensional orthogonal projections, with an adaptive reweighting mechanism that dynamically mitigates outlier
effects without prior statistical assumptions.

Studies confirmed the algorithm’s robustness and efficiency. In the MSD example, the SRE algorithm achieved a com-
putation time of 71.42 seconds, representing a 30.5% reduction compared to the RPCA-EM method (102.69 seconds) while
maintaining accuracy under 10% outlier conditions. For the more complex CSTR system with 1800 data points, the compu-
tational advantage became more pronounced, with SRE completing identification in 452.81 seconds versus 783.94 seconds
for RPCA-EM - a 42.2% improvement in computational efficiency. Beyond time efficiency, the SRE algorithm demon-
strated superior memory utilization, requiring storage for approximately 10,000 elements for the MSD system compared to
the 1,000,000 elements needed by RPCA-EM - a two-order-of-magnitude reduction that becomes increasingly critical for
large-scale industrial applications.

Overall, the SRE algorithm provides a computationally efficient and robust identification tool for noisy and uncertain
environments, offering potential for real-time industrial process modeling and control.
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