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Abstract The persistent excitation (PE) condition is one of the most important concepts for various adaptive algorithms. At present,

more efforts have been made to study the PE condition for sufficiency. However, there are fewer studies on the excitation level, which

commonly acts as a constant of convergence relation, affecting the performance of the algorithm. This paper establishes the PE level

relations for radial basis function (RBF) neural networks under the discrete-time framework. From the standpoint of network parameters,

the PE level is proportional to the separation distance and tends to diminish as the excitation distance grows larger. Furthermore, the PE

level reaches its optimal value when the receptive field width is appropriately chosen. From the perspective of discrete signal properties,

the PE level is observed to increase as the sampling period decreases or as the trajectory velocity slows down. As an illustration, based

on the relations of PE level, the performance of deterministic learning under the sampled data framework is established for analysis. The

results show that the existence of an optimal separation distance leads to maximum learning accuracy, caused by the trade-off between

the approximation ability of the neural network and the excitation level. Moreover, the existence of an ill-conditioned interpolation

matrix related to the interpolation method also yields the optimal receptive field width. A simulation example is used to demonstrate

the effectiveness of the PE level relations obtained.
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1 Introduction

Persistent excitation (PE) is an essential concept related to parameter learning in adaptive control and identification
[1, 2]. As a necessary and sufficient condition for accurate parameter identification [3–5], PE ensures that the
parameter estimation proceeds with asymptotic/exponential convergence to true values [6, 7]. For linear systems,
PE is related to the “sufficient richness” of the input frequencies [4, 8]. However, for nonlinear systems, the PE
condition is hard or sometimes impossible to verify a priori [9], since the additional frequencies derived from the
nonlinear transformations might cancel out and impede PE [10]. Especially for the neural identification problem,
no guarantee of true convergence of weights without the satisfaction of the PE condition will inevitably cast doubts
on the power of the neural identification approach [9].

Fortunately, in recent years, it has been found that the regression vectors possess the potential to satisfy the
PE condition through radial basis function (RBF) mapping [11–14]. To this end, radial basis function neural
networks (RBFNNs) have been widely popular as universal approximators [15] in adaptive control and identification
fields [16–19]. In [11], it is shown that the regressor vector satisfies the PE condition when the input to an RBFNN
coincides with all its neuron centers. Such an assumption is relaxed by [12], only requiring the inputs to belong
to a certain neighborhood of the neuron centers constructed on a regular lattice. Further, Ref. [13] proposed the
PE condition for the regressor vector consisting of neuron centers that are periodically visited by the inputs in a
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neighborhood with no more than the neuron separation distance. Recently, Refs. [14,20] extended the neighborhood
size of [13] and derive a sufficient condition for PE for any recurrent trajectory.

Based on the recent progress of PE condition for RBFNNs, a mechanism called deterministic learning is developed
for locally accurate learning/modeling of inherent system dynamics [14,20]. The true value convergence of RBFNN
weights is guaranteed by the exponential stability of a class of adaptive linear time-varying (LTV) systems under
the PE condition. Owing to the ability of accurate dynamics modeling, deterministic learning can be well applied to
many tasks in dynamic environments. For the control tasks, the accurate modeling of closed-loop system dynamics
can be reused in similar control tasks to enhance control performance [21, 22]. For the recognition tasks, the
acquired inherent dynamics can be used for effectively representing and distinguishing dynamical patterns [23, 24].
Recent studies [25, 26] have found that a low PE level may result in deterioration of the performance of modeling
of deterministic learning, leading to poor performance in the aforementioned downstream tasks. Besides, the PE
level is also crucial in the quantitative performance analysis of adaptive algorithms [13, 25–29]. Therefore, it is of
both theoretical and practical importance to explore the strategy for improving the PE level.

For the sufficiency of the PE condition, many new breakthroughs have been made more recently. A sufficient
condition of PE defined over embedded manifolds in the reproducing kernel Hilbert spaces is derived in [29]. In [30],
the persistent excitation condition for the signal transformed by means of polynomials is proposed. For single
hidden-layer neural networks using step or ReLU activation functions, Ref. [31] established the sufficient condition
for PE. Moreover, the PE condition for deep neural networks has been explored in [32, 33]. However, there are few
results providing quantitative analysis of PE level improvement. For linear time-invariant (LTI) systems, PE can
be quantified as the minimum singular value of an input Hankel matrix [34]; yet the PE condition is algorithm-
dependent for nonlinear systems [9].

In this paper, based on our previous result [35], the relations between the RBFNN’s structure parameters and
the PE level are established under the discrete-time framework. From the standpoint of network parameters, the
PE level is linearly proportional to the separation distance between neurons, decreases as the excitation distance
increases, and reaches an optimal value when the receptive field width is appropriately chosen. From the perspective
of discrete signal properties, the PE level is linearly and inversely proportional to the sampling period and increases
as the trajectory velocity slows down. Furthermore, the performance analysis of deterministic learning under the
sampled-data framework is taken to illustrate the application of the obtained results in the convergence analysis
of identification algorithms based on RBF networks. Regarding the RBFNN’s structure parameters, an optimal
separation distance between neurons exists that maximizes learning accuracy, resulting from a trade-off phenomenon
between the PE level and the approximation ability of the RBFNN. Meanwhile, due to a severely ill-conditioned
interpolation matrix caused by a large receptive field width and a low-dimensional approximation space related to a
small receptive field width, there also exists an optimal receptive field width of neurons to achieve the highest learning
accuracy. The proposed results are verified in the numerical simulation section. In summary, the explicit relations
for the PE level of RBFNN under a discrete-time framework are given and applied to analyze the performance of
deterministic learning. Our contribution can be summarized as follows.

• Inspired by the work in [36], by relaxing the excitation distance condition of its Proposition 3.12, explicit
relations of PE level for the RBFNN are established, which are more concise and compact compared with the
relations derived by [35].

• Relations of PE level for the RBFNN under the continuous time framework [35] are developed to the discrete-
time framework. The direct relationships are established with some properties of the discrete-time system, such as
the sampling period and the system trajectory velocity, leading to theoretical guidance for the performance analysis
of discrete-time algorithms (e.g., adaptive control, identification, and learning) based on RBFNN.

• Based on the derived relations, the performance analysis of deterministic learning, as reported in [25, 26, 37],
can be further extended to using the RBFNN’s structure parameters, lending another perspective of theoretical
guidance for the performance optimization of deterministic learning algorithms in engineering applications.

2 Preliminaries

Notation. R and N∗ denote, respectively, the set of real numbers and the set of natural numbers without zero; R+

denotes the set of positive real numbers; Rm×n and Rn denote, respectively, the set of m× n real matrices and the
set of n×1 real column vectors (or n-dimensional Euclidean space); for any x ∈ Rn, ‖x‖ denotes its Euclidean norm
and xT denotes its transpose; |·| denotes the absolute value of a real number. The definitions of some variables in
this paper are given in Table 1.
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Table 1 Definition of variables.

Variable Definition

Z Input trajectory

Z [k] Sampling points of trajectory Z

h Separation distance of RBF network

ε Excitation distance of RBF network

η Receptive field width of the neuron of RBF network

κ Trajectory velocity

Ts Sampling period

µ PE level

2.1 Radial basis function neural networks

2.1.1 Global approximation property

For a continuous function f (x) : Ω → R, RBFNNs are applied to approximate as

f (Z [k]) = W ∗TS (Z [k]) + ǫ (Z [k]) , ∀Z [k] ∈ Ω, (1)

where Ω ⊂ Rm is a compact set, Z [k] denotes the input discrete signal of NN (also called the sampling point), W ∗ ∈
RN is the ideal weight vector andN is the number of neuron centers, S (Z [k]) = [s1 (Z [k]) , s2 (Z [k]) , . . . , sN (Z [k])]

T

∈ R
N denotes the regressor vector consisting of the radial basis function si (Z [k]). Consider here si (Z [k]) as the

Gaussian function exp
((

− (Z [k]− ξi)
T
(Z [k]− ξi)

)
/η2i

)
, where ξi denotes neuron arranged in the input space and

ηi denotes the receptive field width of the neuron ξi. For the Gaussian RBFNN, there exists ‖S (·)‖ 6 Sm ∈ R+ [13].
ǫ (Z [k]) denotes the discrete-time approximation error with |ǫ (Z [k])| 6 ǫ∗ is satisfied, where ǫ∗ ∈ R+ is small
enough.

2.1.2 Localized approximation property

For any input trajectory Z with sampling points Z [k], f (Z [k]) can be approximated by a finite number of excited
neurons along the trajectory in a localized region, yielding the following local approximation:

f (Z [k]) = W ∗T
ζ Sζ (Z [k]) + ǫζ (Z [k]) , ∀Z [k] ∈ Ω, (2)

where the subscript (·)ζ denotes the neurons excited by the region closed to the input trajectory, W ∗
ζ ∈ R

Nζ ,

Sζ (Z [k]) = [s1ζ (Z [k]) , . . . , sjζ (Z [k])]
T ∈ R

Nζ denotes the localized regressor vector consisting of the excited
neurons, with Nζ < N , and ǫζ (Z [k]) is the localized discrete-time approximation error with ǫζ = O (ǫ) is satisfied.

The following definitions of RBFNN’s structure parameters are introduced.

Definition 1 (Separation distance [38]). For RBFNN, the separation distance h between neurons is given by

h :=
1

2
min
j 6=k

‖ξj − ξk‖ , ∀ξj , ξk ∈ Ξ, (3)

where Ξ := {ξj}Nj=1 ⊂ Ω denotes the set of neurons.

For a sampling point set X := {X [k]}Mk=1 ⊂ Ω, the separation distance hX between sampling points is given by

hX :=
1

2
min
i6=j

‖X [i]−X [j]‖ , ∀X [i] , X [j] ∈ X. (4)

Definition 2 (Fill distance [38]). For RBFNN, the fill distance hΞ,Ω is given by

hΞ,Ω := sup
x∈Ω

min
ξj∈Ξ

‖x− ξj‖ . (5)

For a sampling point set X := {X [k]}Mk=1 ⊂ Ω, the fill distance hX,Ω is given by

hX,Ω := sup
x∈Ω

min
X[k]∈X

‖x−X [k]‖ . (6)



Wu W M, et al. Sci China Inf Sci August 2026, Vol. 69, Iss. 8, 182206:4

Figure 1 (Color online) An example for demonstration. (a) Excited neurons and trajectory; (b) separation distance; (c) fill distance;

(d) excitation distance.

Definition 3 (Excitation distance). For an input trajectory Z ⊂ Ω, set ε ∈ (0, ε′], where ε′ > h is a positive
constant, and let the localized regressor vector Sζ (Z [k]) be composed of the neurons ξj of the RBFNN that satisfy

inf
Z[k]∈Z

‖Z [k]− ξj‖ 6 ε, ∀ξj ∈ Ξε, (7)

where Ξε := {ξj}Nζ

j=1 ⊂ Ω denotes the set of excited neurons. Then ε is defined as the excitation distance.

In Figure 1(b), the separation distance h is denoted geometrically as the radius of the largest possible empty ball
drawn around each neuron center such that no ball intersects other balls; the fill distance hΞ,Ω (see Figure 1(c))
represents the radius of the largest possible empty ball that can be placed among the neuron centers inside Ω. The
geometric interpretations of hX and hX,Ω are also similar to h and hΞ,Ω. The excitation distance ε (see Figure 1(d))
is the neighborhood boundary of the corresponding neuron center when the scalar resulting from the nonlinear
mapping via the radial basis function reaches a specific threshold value. Additionally, we let kε = ε/h, kε′ = ε′/h,
kη = η/h to simplify the presentation.

Due to the close relationship between the approximation ability of RBFNN and its structure parameters, we
introduce here the lemma of discrete-time approximation error estimation based on Sobolev space for radial basis
functions, which is presented in Proposition 3.3 of [38].

Lemma 1 (Approximation error [38]). Suppose τ = k + s, where k ∈ N∗ and 0 < s 6 1. Let α be a multi-index

satisfying k > |α|+ n
2 . Also, for a compact region Ω ⊂ Rn, let Ξ := {ξj}Nj=1 ⊂ Ω be a discrete set with fill distance

hΞ,Ω. Let X := {X [k]}Mk=1 ⊂ Ω be a second discrete set, with hX,Ω 6 hΞ,Ω. If f ∈ W τ
2 (Ω), and if 1 6 q 6 ∞ , then

|f − IΞf |w|α|
q (X)

6 c

(
hX,Ω

hX

)n
q

h
τ−|α|−n( 1

2−
1
q )+

Ξ,Ω ‖f‖W τ
2 (Ω) , (8)

where c is a constant independent of f and hΞ,Ω, (x)+ = x if x > 0 and is 0 otherwise.
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Remark 1. Herein, IΞf denotes the value of the interpolant. W τ
p (Ω) is a Sobolev space consisting of all functions

f : Ω → R such that ∂if ∈ Lp for all weak partial derivatives of order 0 6 |i| 6 τ . ‖f‖W τ
p (Ω) refers to the Sobolev

semi-norm. And ℓp (X)-derivative norms are defined as follows:

|f |wk
p(X) =






∑

|α|=k

‖∂αf‖pℓp(X)




1
p

, 1 6 p < ∞,

sup
|α|=k

‖∂αf‖ℓ∞(X) , p = ∞.

(9)

For a continuous function f defined on Ω,

‖f‖ℓp(X) =





(
1

M

M∑

k=1

|f (X [k])|p
) 1

p

, 1 6 p < ∞,

max
16k6M

|f (X [k])| , p = ∞.

(10)

It can be seen that the approximation error increases with hX,Ω/hX and hΞ,Ω when the approximated function f
is specific.

2.2 Persistent excitation

Definition 4 (Persistent excitation [39]). For the discrete-time case, if a vector-valued time series S (Z [k]) : Ω →
RN is uniformly bounded and there exist positive constants µ, K and k′ such that

k′+K−1∑

k=k′

S (Z [k])ST (Z [k]) > µI, (11)

then S (Z [k]) is said to be PE and µ is the lower bound of persistent excitation, defined as the PE level.

Lemma 2 (PE condition [20]). For any periodic or recurrent trajectory Z (t) ∈ Rn ⊂ Ω with Ω is a compact set,
if the neuron centers of an RBF network are uniformly arranged and filled in the set Ω, and the size of the neuron
neighborhood is extended to generate a subvector Sζ (Z (t)) consisting of the radial basis functions of all neurons
close to the trajectory Z (t), then the subvector Sζ (Z (t)) almost always satisfies the PE condition.

Moreover, for Zi ∈ Rn, i = 1, . . . , Nζ, define an interpolation matrix

Aζ = Aζ

(
Z1, . . . , ZNζ

)
=




s (‖Z1 − ξ1‖) . . . s
(∥∥Z1 − ξNζ

∥∥)

...
. . .

...

s
(∥∥ZNζ

− ξ1
∥∥) . . . s

(∥∥ZNζ
− ξNζ

∥∥)


 , (12)

where s (·) is a radial basis function, then, for all constant-valued vectors c ∈ R
Nζ and a dense subset of the set Zi

that satisfy ‖Zi − ξi‖ 6 ε, i = 1, . . . , Nζ with
√
nh 6 ε 6 ε′ (i.e.,

√
n 6 kε 6 kε′), there exist θ > 0 such that the

following inequality holds
‖Aζc‖ > θ ‖c‖ , (13)

which means that Aζ is nonsingular for a dense subset of Zi.

The above lemma illustrates that the subvector Sζ (Z (t)) corresponding to the recurrent trajectory Z (t) satisfies
the PE condition under the continuous time framework, and in this paper, we will show that the subvector Sζ (Z [k])
still satisfies the PE condition under the discrete-time framework and give the relations of PE level.

2.3 Euler discretization of nonlinear system and system trajectory

In this paper, a general nonlinear system is considered as follows:

ẋ = F (x; ps) , x (t0) = x0, (14)

where x = [x1, . . . , xn]
T ∈ Ω denotes the state vector and Ω ⊂ Rn is a compact set, ps is the constant vector

of system parameters. F (x; ps) = [f1 (x; ps) , . . . , fn (x; ps)]
T
is a vector function consisting of unknown nonlinear

smoothing functions with ‖F (x; ps)‖ 6 κ ∈ R+.
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Definition 5 (Recurrence [40]). For any constant ν > 0, there exists a time coefficient Rν > 0 such that the
trajectory x (t) returns to its ν-neighborhood after time Rν , then x (t) is called the recurrent trajectory.

Assumption 1 (Recurrent trajectory). The trajectories of the nonlinear system (14) are uniform-bounded, i.e.,
x (t) ∈ Ω, ∀t > t0, x0 ∈ Ω, where Ω ⊂ Rn is a compact set. Additionally, the system trajectory starting from the
initial state x0 is recurrent.

The Euler discretization of system (14) is introduced as

x [k + 1] = x [k] + TsF (x [k] ; ps) , ∀k > 0, (15)

where x [k] = x (t0 + kTs) is the discrete-time state vector, and Ts > 0 is the sampling period.

Specifically, Z = [Z [0] , . . . , Z [k]]
T ⊂ Ω is used to denote the input trajectory of neural network consisting of the

input trajectory vector Z [k] = [x1 [k] , . . . , xn [k]]
T
, where xi [k] is the state vector generated by the discrete-time

nonlinear system (15). Under Assumption 1, the input trajectory Z here is the recurrent trajectory.
Recurrent trajectory includes a large class of trajectories generated from nonlinear dynamical systems, such as

periodic, quasi-periodic, almost-periodic, and some chaotic trajectories [40].

2.4 Deterministic learning under sampled-data framework

The deterministic learning algorithm provides an effective method for dynamics modeling under sampled data gen-
erated by general nonlinear systems. It includes 4 elements [14,20]: (i) RBFNN is applied; (ii) the PE condition for
the RBF regressor vector along the recurrent trajectory is satisfied; (iii) a class of LTV systems satisfies exponential
stability; (iv) locally-accurate modeling of the system dynamics is achieved along system trajectories. The following
introduction of the deterministic learning algorithm is provided briefly.

According to (15), consider the dynamical RBFNN-based identifiers as follows:

x̂i [k + 1] = x̂i [k] + (αi − 1) (x̂i [k]− xi [k]) + ŴT
ζi [k]Sζ (x [k]) , (16)

where x̂i ∈ R denotes the estimate state of the identifier, 0 < αi < 1 is the identifier gain, Ŵζi ∈ RNζ denotes

the estimated NN weight, Sζ (x [k]) ∈ RNζ is the RBF regressor vector and ŴT
ζi [k]Sζ (x [k]) is the RBFNN for

approximating the unknown nonlinear system dynamics fi (x [k] ; ps) of (15).
The RBFNN weights are updated by the learning law based on the Lyapunov stability is considered as follows:

Ŵζi [k + 1] = Ŵζi [k]− TsγSζ (x [k]) (x̂i [k + 1]− xi [k + 1]), (17)

where 0 < γ < 1
2T 2

S
S2
m

denotes the learning gain.

Combining (16) and (17) yields the deterministic learning error system

[
ei [k + 1]

W̃ζi [k + 1]

]
=

[
αi TsS

T
ζ [k]

−αiTsγSζ [k] I − γT 2
s Sζ [k]S

T
ζ [k]

][
ei [k]

W̃ζi [k]

]
+

[
−Tsǫζi [k]

T 2
s γSζ [k] ǫζi [k]

]
, (18)

where ei = x̂i − xi denotes the state tracking error, W̃ζi = Ŵζi − W ∗
ζi denotes the estimation error of weight

parameters and |ǫζi [k]| < ǭζi ∈ R+ denotes the discrete-time approximation error of localized RBFNN. Sζ [k],
ǫζi [k] are the simplification of Sζ (x [k]), ǫζi (x [k]), respectively.

From Theorem 2 in [26], the convergence relation of the system (18) is introduced by the following lemma.

Lemma 3 (Convergence relation [26]). Consider the learning error system (18) with the dynamical identifiers (16)
and the weight update law (17). Under Assumption 1, if 0 < αi 6 ωi and

1
αi

6 γ 6
1

2T 2
S
S2
m

hold, the system (18)

satisfies the following solution:
‖χi [k]‖ 6

√
c′σk ‖χi [0]‖+ b, (19)

with

σ =
(
ω2
i + α2

i γ
2T 2

s S
2
m + αiγTsSm

) 1
2 , (20)

b =
Ts

√
1 + γ

2 ǭζi

(1− σ)
√
1− ω2

i

, (21)

where χi [k] =
[
eTi [k] , W̃T

ζi [k]
]T

, c′ = 1
1−ω2

i

, and ωi =

(
1− 2KT 2

s µγ(2−S2
mT 2

s γ)
(K−1)KS4

mT 4
s γ

2+2(KS2
m−1)T 2

s γ+2

) 1
2K

.
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Under Assumption 1, the recurrent trajectory ensures that the RBF regression vector Sζ (x [k]) satisfies the
sufficiency condition for PE, with the regression vector consisting of the excited neurons along the trajectory
[14]. In our recent result [26], based on the PE condition, the LTV system (18) has been given explicit relations
for exponential convergence. It shows that the estimation error of weight parameters W̃ζi converges to a small

neighborhood close to the origin, and the estimated NN weight Ŵζi converges to its ideal weight W ∗
ζi. Hence, the

locally accurate modeling of the unknown system dynamics fi(x [k] ; ps) is achieved via the localized RBFNN.

3 Problem formulation

Recall the definition of PE and consider the subvector Sζ (Z [k]) consisting of the neurons close to the input trajectory
Z [k]:

k′+K−1∑

k=k′

Sζ (Z [k])ST
ζ (Z [k]) > µI, (22)

where µ is defined as the PE level.

Remark 2. Recently, there have been some developments in the study of sufficient conditions for PE, which
are stated in detail in our introduction. However, only satisfying the sufficient condition for PE may not be
sufficient to improve the performance of the algorithm. In most adaptive NN algorithms for control, identification,
learning, and so on, the improvement of algorithmic performance often requires a higher PE level. In [13], it
is shown that a high PE level enhances parameter convergence speed and accuracy, while in [25, 26], a low PE
level deteriorates the modeling effectiveness of deterministic learning. Moreover, increasing the PE level may also
improve the convergence performance of feedback feedforward neural network learning control [19], achieving high
precision in adaptive feedforward neural network control [41], and enhancing the convergence speed and accuracy
of the algorithm for adaptive neural identification and control of pure-feedback nonlinear systems [42]. Thus,
the establishment of explicit relations for the PE level contributes to the study and improvement of algorithm
performance.

However, there are few results providing quantitative analysis of PE level improvement. For nonlinear systems,
the PE condition is algorithm-dependent [9]. The question of what kind of network satisfies the PE condition under
what conditions is inherently a challenging problem. By extending the neighborhood size of [13], Refs. [14, 20]
proved the PE condition for any recurrent trajectory. The PE level is directly related to the minimum eigenvalue
of an interpolation matrix in Lemma 3.3 of [13]. By analyzing the minimum eigenvalue of the interpolation matrix,
Ref. [35] gave the PE level relations for RBF networks under the continuous time framework.

Currently, the study of the PE level relations for RBF networks under the discrete-time framework remains
an unexplored area. For practical applications, most algorithms need to be implemented within a discrete-time
framework, and the signals generated by digital systems are intrinsically discrete sequences. Hence, some additional
considerations, such as the choice of sampling period and discretization methods, can affect the performance and
stability of the algorithms. Furthermore, the PE level of RBF networks is related to the trajectory of the nonlinear
system. The trajectories of the sampled systems generated by employing different sampling periods and discretiza-
tion methods for the same system are distinct, resulting in different PE levels. Therefore, based on the above
discussion, establishing the relations of PE level for discrete-time systems is a challenging and important task.

Specifically, we describe the objective of this paper in two parts.

• Establish the relations of PE level from the perspective of both network structures and trajectory properties
under the discrete-time framework.

• Analyze the performance of the sampled-data deterministic learning algorithm (serving as an example of
discrete-time adaptive algorithms), including the learning speed and learning accuracy, by applying the relations of
PE level.

4 Relations of PE level for RBF neural networks under the discrete-time framework

In the following section, the relations for the PE level of RBFNN are given. For ease of reading and understanding,
Figure 2 briefly shows the relationship between the PE level derived in this section and the properties of the discrete
signal and the RBFNN’s structure parameters. Here, the neural network is generally considered with the neuron
centers uniformly arranged on a regular lattice to cover the compact set Ω, and the input trajectory Z inside Ω is
recurrent.
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Figure 2 (Color online) Demonstration of some factors that contribute to PE level in the discrete-time framework.

4.1 Relation between PE level, separation distance, and excitation distance

Theorem 1. Consider any trajectory satisfying Assumption 1 and the RBFNN’s structure with fixed kη and kε,
if 0 < kε 6 kε′ , the PE level µ increases with increasing separation distance h and satisfies

µ > c2minct
h

κTs
, (23)

where cmin is a constant independent of the trajectory, ct is a constant related to the trajectory and kε, κ is the
maximum trajectory velocity.

Proof. The proof is divided into four steps as follows.
Step 1. The first step is to obtain the general relation for µ by drawing on and combining the proofs in [13,14,20].

Choose the sampling time point set D = [k′, k′ + 1, . . . , k′ +K − 1] for a trajectory period. Define subsets Di as

Di = {k ∈ D : ‖Z [k]− ξi‖ 6 ε} , i = 1, . . . , Nζ. (24)

We divide the time points at which the trajectory Z stays within the intersecting balls to avoid Di from overlap-
ping. Specifically, Di is rewritten as

Di = Di0 +Di1 + · · ·+DiQ , (25)

where 1 6 Q 6 Nζ − 1, Di0 denotes the time points that trajectory Z visits and only visits the ball with center ξi
and neighborhood ε (ε-ball), and Dik (k = 1, . . . , Q) denotes the time points that trajectory Z simultaneously visits
and only visits k + 1 intersecting balls. Note that if kε 6 1, then Dik = 0, ∀k > 1.

Furthermore, we denote

D′
i = Di0 +

1

2
Di1 + · · ·+ 1

Q+ 1
DiQ , (26)

where 1
k+1Dik (k = 1, . . . , Q) denotes the divided piece of time points that trajectory Z simultaneously visits and

only visits the k + 1 intersecting balls. Thus, the overlapped sets Di are divided into non-intersecting sets D′
i.

Since ∪Nζ

i=1D
′
i ⊆ D, we have

cT





k′+K−1∑

k=k′

Sζ (Z [k])ST
ζ (Z [k])



 c =

k′+K−1∑

k=k′

∣∣ST
ζ (Z [k]) c

∣∣2

>

Nζ∑

i=1




∑

k∈D′
i

∣∣ST
ζ (Z [k]) c

∣∣2


 ,

(27)
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where c =
[
c1, . . . , cNζ

]T ∈ RNζ is an arbitrary unit constant vector.

Then, since k ∈ D′
i implies that Z [k] in the ball ‖Z [k]− ξi‖ 6 ε and

∣∣∣
∑Nζ

ι=1 s (‖x− ξι‖) cι
∣∣∣
2

is continuous over

this compact and connected ball ‖x− ξi‖ 6 ε, we apply the mean value theorem to obtain the following:

∑

k∈D′
i

∣∣ST
ζ (Z [k]) c

∣∣2 =
∣∣ST

ζ (Zi) c
∣∣2 card (D′

i)

=

∣∣∣∣∣∣

Nζ∑

ι=1

s (‖Zi − ξι‖) cι

∣∣∣∣∣∣

2

card (D′
i) ,

(28)

where Zi ∈ Rn such that ‖Zi − ξi‖ 6 ε. For a finite set, card (·) denotes the number of elements in the set. Then,
we immediately have the ability to scale (27) and obtain the following inequality:

Nζ∑

i=1




∑

k∈D′
i

∣∣ST
ζ (Z [k]) c

∣∣2


 >

Nζ∑

i=1

∣∣∣∣∣∣

Nζ∑

ι=1

s (‖Zi − ξι‖) cι

∣∣∣∣∣∣

2

ND′
i
, (29)

where ND′
i
= mini card (D

′
i) > 0 is used for ease of express.

Furthermore, the inequality (29) imply that

Nζ∑

i=1




∑

k∈D′
i

∣∣ST
ζ (Z [k]) c

∣∣2


 > ‖Aζc‖2 ND′

i
, (30)

where Aζ is an Nζ ×Nζ interpolation matrix and it has the following form:

Aζ = Aζ

(
Z1, . . . , ZNζ

)

=




s (‖Z1 − ξ1‖) . . . s
(∥∥Z1 − ξNζ

∥∥)

...
. . .

...

s
(∥∥ZNζ

− ξ1
∥∥) . . . s

(∥∥ZNζ
− ξNζ

∥∥)


 ,

(31)

where the singularity of Aζ for the Zi satisfying ‖Zi − ξi‖ 6 ε is analysed in detail by [14,20]. It can be concluded
that Aζ is nonsingular for all Zi if 0 < kε 6 1. And based on Lemma 2, Aζ is nonsingular for a dense subset of Zi

under Assumption 1 if 1 < kε 6 kε′ .

Then, the last inequality (30) can be rewritten as follows:

Nζ∑

i=1




∑

k∈D′
i

∣∣ST
ζ (Z [k]) c

∣∣2


 > ‖Aζc‖2 ND′

i

> θ2 ‖c‖2 ND′
i

= θ2ND′
i

= µ,

(32)

where θ is the minimum eigenvalue of AT
ζ Aζ and θ > 0.

Step 2. In (32), we obtain the general relation for µ, and in the next step, we first give an exact estimate for
θ. We will refer to the proof process of [13] here. First, split Aζ into its symmetric and antisymmetric parts,
Aζ = Aζsym + Aζanti. Since c ∈ RNζ is an arbitrary unit constant vector and by using cT0 Aζantic0 = 0, ∀c0 ∈ RNζ ,
we get cTAζc = cTAζsymc. By applying the Cauchy-Schwarz inequality, we have ‖Aζc‖ ‖c‖ > cTAζsymc. Then, the
minimum of ‖Aζc‖ / ‖c‖ can be got as follows due to Aζ is a real matrix

∥∥Aζ

(
Z1, . . . , ZNζ

)
c
∥∥

‖c‖ > min
‖c‖=1

cTAζsym

(
Z1, . . . , ZNζ

)
c. (33)
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Rewrite and simplify the symmetric quadratic form on the right above, which yields

cTAζsym

(
Z1, . . . , ZNζ

)
c

= cTAζsym

(
ξ1, . . . , ξNζ

)
c+

(
cTAζsym

(
Z1, . . . , ZNζ

)
c− cTAζsym

(
ξ1, . . . , ξNζ

)
c
)

= Iζ + Jζ ,

(34)

where Iζ and Jζ denote the obvious quadratic forms and have the mathematical expression as follows:

Iζ =

Nζ∑

j,l=1

cjcls (‖ξj − ξl‖) (35)

and

Jζ =
1

(2π)
n

∫ ∞

0

1

tn/2

∫

Rn

e−
‖u‖2

4t




Nζ∑

j,l=1

cjcle
−i(ξj−ξl)u

(
1− e−idju

)

dudU (t) , (36)

where the parameters in the equations are replaced with those used in this paper. The detailed derivation of the
above conclusion is rigorously presented in the proof of Theorem 3.2 (specifically, equation (3.5)) in [36].

Since s (·) = exp
(
−‖·‖2 /η2

)
is the Gaussian function, the measure dU (t) = δ

(
t− 1/η2

)
is used to represent

the scaled Gaussian s (·). Then, from (36), we obtain

Jζ =
ηn

(2π)
n

∫

Rn

e−
‖u‖2η2

4




Nζ∑

j,l=1

cjcle
−i(ξj−ξl)u

(
1− e−idju

)

 du. (37)

By scaling (34), it yields the lower bound of θ:

θ = min
‖c‖=1

cTAζsym

(
Z1, . . . , ZNζ

)
c

=min (Iζ + Jζ)

>Iζ − |Jζ | .
(38)

By rewriting and extending the proof of Proposition 3.12 in [36] (see Appendix A), the absolute value of Jζ
satisfies the following upper bound:

|Jζ | 6
Nζ∑

j=1

|cj |2
∣∣(∇dj

F
)
(0)
∣∣ +

Nζ∑

j,l=1

′ |cjcl|
∣∣(∇dj

F
)
(ξl − ξj)

∣∣

=: S1 + S2,

(39)

where
∑

′ in (39) indicates that j 6= l in that sum. The upper bound of S1 can be directly provided:

S1 6
ε2

η2
‖c‖2 =

ε2

η2
. (40)

While the upper bound of S2 is related to kε. If 0 < kε 6 2 (i.e., 0 < ε 6 2h),

S2 6
6nhε

η2

∞∑

i=1

(i+ 2)
n−1

(i+ 3) e
− (i−2)2h2

η2 . (41)

And if 2 < kε 6 kε′ (i.e., 2h < ε 6 ε′),

S2 6
6nhε

η2

⌊ ε
2h⌋∑

i=1

(i+ 2)
n−1

[
i+ 1 +

ε

h

]
e
− i2h2

η2 +
6nhε

η2

∞∑

i=1

(i+ 2)
n−1

[
i+ 1 +

ε

h

]
e
−
(i− ε

h )
2
h2

η2 . (42)
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By summing the upper bounds of S1 and S2, we obtain the following:

|Jζ | 6





k2ε
k2η

+ 6n
kε
k2η

f1

(
1

k2η

)
, 0 < kε 6 2,

k2ε
k2η

+ 6n
kε
k2η

f2

(
1

k2η

)
, 2 < kε 6 kε′ ,

(43)

where f1 (x) =
∑∞

i=1 (i+ 2)n−1 (i+ 3) e−(i−2)2x and f2 (x) =
∑⌊ kε

2 ⌋
i=1 (i+ 2)n−1 (i+ 1 + kε) e

−i2x +
∑∞

i=1 (i + 2)n−1

× (i+ 1 + kε) e
−(i−kε)

2x.
Besides, we obtain the following estimate for Iζ from Example 2.6 in [43]:

Iζ > C (n)
(η
h

)n
e−

σ2η2

h2 , (44)

where C (n) and σ are constants given by

C (n) =
n

n
2 π

5n
2

24n−1 (n+ 2)
, σ =

(n+ 1)π

4
. (45)

Finally, by combining (43) and (44), the lower bound of θ is given as follows:

θ >





C (n)
( η
h

)n
e−

σ2η2

h2 − k2ε
k2η

− 6n
kε
k2η

f1

(
1

k2η

)
, 0 < kε 6 2,

C (n)
( η
h

)n
e−

σ2η2

h2 − k2ε
k2η

− 6n kε

k2
η
f2

(
1

k2η

)
, 2 < kε 6 kε′ .

(46)

Step 3. In the above step, we have obtained the exact estimate for θ, and in the third step, we proceed to give
an approximate estimate for ND′

i
. From the discrete-time version of the PE definition, ND′

i
denotes the minimum

number of sampling points in the time spent in an ε-ball about each of the neurons and is dependent on the
dynamical system input trajectory Z. By considering the maximum trajectory velocity κ and the sampling period
Ts, we can estimate the number of sampling points contained within a ε-ball when the trajectory penetrates the
ball with the maximum velocity κ,

N0 =
c′tε

Tsκ
, (47)

where c′t is a constant determined by the specific trajectory.
By considering that the neurons are uniformly arranged, with each neuron occupying a space of volume hn, we

give an estimate of the number of nearby neurons that can be excited at a sampling point.

Na =
V (ε)

hn
, (48)

where V (r) = π

n
2

Γ(n
2 +1)

rn denotes the volume of an n-dimensional ball of radius r.

Then, the ND′
i
can be estimated as

ND′
i
=

N0

Na
=

c′tΓ
(
n
2 + 1

)
hn

π
n
2 Tsκεn−1

. (49)

For ease of express, we rewrite the (49) to obtain

ND′
i
= ct

h

κTs
, (50)

with ct =
c′tΓ(n

2 +1)
π

n
2 kn−1

ε

is a constant.

Step 4. In the two steps above, estimates have been derived for θ and ND′
i
, thus enabling us to provide an

estimate for µ. By fixing kη and kε, then

θ >





C (n) knη e
−σ2k2

η − k2ε
k2η

− 6n
kε
k2η

f1

(
1

k2η

)
, 0 < kε 6 2,

C (n) knη e
−σ2k2

η − k2ε
k2η

− 6n
kε
k2η

f2

(
1

k2η

)
, 2 < kε 6 kε′ .

(51)
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With fixed kε, kη and the input trajectory dimension n, all factors in (51) become constants. We have reason to
choose the positive constants C1 and C2 such that

C1 > C (n) knη e
−σ2k2

η − k2ε
k2η

− 6n
kε
k2η

f1

(
1

k2η

)
,

C2 > C (n) knη e
−σ2k2

η − k2ε
k2η

− 6n
kε
k2η

f2

(
1

k2η

)
.

(52)

Finally, the general relation for µ with respect to h, obtained by combining (50)–(52) is as follows:

µ >





C2
1 ct

h

κTs
, 0 < kε 6 2,

C2
2 ct

h

κTs
, 2 < kε 6 kε′

> c2minct
h

κTs
, 0 < kε 6 kε′ ,

(53)

where cmin = min {C1, C2}.
Remark 3. Note that the definition of PE shows that the PE level will have an upper bound KS2

m. This shows
that (23) in Theorem 1 implies that as h increases, µ increases and tends to the upper bound of the PE level rather
than growing indefinitely.

Remark 4. From the proof of Theorem 1, ct is a constant determined by the input trajectory and is fixed when
the trajectory is known a priori. It can be seen that the PE level µ is related to the maximum trajectory velocity
κ and sampling period Ts. As κ increases, the number of sampling points in the time spent in an ε-ball about the
neuron decreases and the minimum number of sampling points ND′

i
also decreases, then the PE level µ decreases.

As Ts increases, µ decreases for the same reason that µ decreases due to an increase in κ. The above conclusion is
based on our estimates of ND′

i
, and the effectiveness of the estimate is shown in the simulation section.

Theorem 2. Consider any trajectory satisfying Assumption 1 and the RBFNN’s structure with fixed kη and the
separation distance h, if 0 < kε 6 kε′ , the PE level µ decreases as the excitation distance ε increases.

Proof. Fixing h to increase ε implies that kε increases, and in (50) and (51) we can see that ND′
i
and θ decrease

as kε increases. Thus, with kη and separation distance h fixed, µ decreases as ε increases.

Remark 5. As the excitation distance ε increases, neurons further away from the input trajectory are excited,
causing the trajectory time spent in an ε-ball about the neuron to be split between more neurons, andND′

i
decreases.

4.2 Relation between PE level and receptive field width

Theorem 3. Consider any trajectory satisfying Assumption 1 and the RBFNN’s structure with fixed separation

distance h and kε, if kη >

√
8n

π
2(n+1)2 , the PE level µ decreases as the receptive field width η of the neuron increases,

while if kη <
√

8n
π

2(n+1)2 , the PE level µ decreases with decreasing receptive field width η.

Proof. From the proof of Theorem 1, by observing (32) and (38), we can obtain that

µ = θ2ND′
i

(54)

and
θ > Iζ − |Jζ | . (55)

Let kε and the separation distance h be fixed. Then µ is only proportional to θ.
Then, the estimate for Iζ is provided in (44) as follows:

Iζ > C (n) knη e
−σ2k2

η , (56)

where C (n) is a constant and σ = (n+1)π
4 .

From (56), the derivative of Iζ with respect to h satisfies

∂Iζ
∂kη

= −C (n) kn−1
η

(
2σ2k2η − n

)
e−σ2k2

η . (57)
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Let
∂Iζ
∂kη

= 0 and σ = (n+1)π
4 , then we have





∂Iζ
∂kη

> 0, kη ∈
(
0,

√
8n

π
2(n+ 1)2

)
,

∂Iζ
∂kη

= 0, kη =

√
8n

π
2(n+ 1)2

,

∂Iζ
∂kη

< 0, kη ∈
(√

8n

π
2(n+ 1)2

,∞
)
.

(58)

Here, we consider |Jζ | as a perturbation to θ to simplify the proof, which is that θ is dominated by Iζ . Then,

when kη >

√
8n

π
2(n+1)2 , An increase in η causes Iζ to decrease resulting in leads to a decrease in Iζ − |Jζ |, while

when kη <
√

8n
π

2(n+1)2 , A decrease in η causes Iζ to decrease resulting in a decrease in Iζ − |Jζ | and both of two

cases result in a decrease in θ and eventually in µ, which ends the proof.

Remark 6. It can be seen that there will exist an optimal value η∗ to obtain the maximum PE level. However,

the η∗ may deviate slightly from
√

8n
π

2(n+1)2 due to the existence of the perturbation |Jζ | not considered yet in the

proof. The relation obtained based on the above consideration is demonstrated in the simulation section.

In the above theorems, the relationships between separation distance h, excitation distance ε, receptive field width
η, and the PE level µ are given for the discrete-time version, which relates not to the framework of the specific
algorithm. When the input trajectories satisfy Assumption 1, the obtained relations of PE level can be applied for
performance analysis by a large class of algorithms that are based on RBFNN for adaptive control, identification,
and learning of the sampling system.

5 Performance analysis for deterministic learning under sampled-data framework

In the following analysis, we apply the relations of the PE level obtained above to the algorithm for sampled-data
deterministic learning and use the PE level as a bridge to explore the close relationships between the performance
of the learning algorithm and the RBFNN’s structure parameters for optimal algorithm performance.

5.1 Performance analysis based on separation distance

Based on the explicit convergence relation for the learning error system (18) established in Lemma 3, for performance
analysis, we first analyze the learning speed by using the convergence rate σ (20).

Corollary 1 (Learning speed). Consider the learning error system (18) with fixed kη and kε, if 0 < αi 6 ωi and
1
αi

6 γ 6 1
2T 2

s S2
m

under Assumption 1, the convergence rate σ decreases as the separation distance h increases.

Proof. According to the Lemma 3, we take (23) into the ωi to obtain that

ωi =

(
1− 2KTsγ

(
2− S2

mT 2
s γ
)
c2mincthκ

−1

(K − 1)KS4
mT 4

s γ
2 + 2 (KS2

m − 1)T 2
s γ + 2

) 1
2K

. (59)

From (20) and (59), the derivative of σ with respect to h yields

∂σ

∂h
=

ωi

σ

∂ωi

∂h
=

−mωi

2Kσ
(1−mh)

1
2K −1

< 0, (60)

where m =
2KTsγ(2−S2

mT 2
s γ)c2minctκ

−1

(K−1)KS4
mT 4

s γ2+2(KS2
m−1)T 2

s γ+2 ∈ R+ is a constant. From (60), it can be deduced that σ is inversely

proportional to h.

Remark 7. Based on the PE level, we obtained the relationship between the separation distance of RBFNN
and learning speed, revealing that constructing an appropriate neural network structure may contribute to the
performance of the algorithm.

Then, we analyze the learning accuracy by using the convergence bound b (21).
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Corollary 2 (Learning accuracy). Consider the learning error system (18) with fixed kη and kε, if 0 < αi 6 ωi,
1
αi

6 γ 6
1

2T 2
s S

2
m

and
√
n 6 kε 6 kε′ under Assumption 1, there exists an optimal separation distance h∗ that

minimizes the convergence bound b.

Proof. The proof is divided into three steps as follows.
Step 1. From Lemma 1, the ǭζi in (21) is replaced by ǭζi (hΞ,Ω) and from Theorem 2 in [26], it satisfies

ǭζi (hΞ,Ω) = ‖ǫζi [k]‖ℓ∞(X) . (61)

From (61), we first analyse ǭζi (hΞ,Ω) and give an estimate for it based on Lemma 1.
By letting α = 0, the ℓp (X)-derivative norms is replaced to the discrete ℓp norms. Then, the upper bound of the

discrete approximation error ‖ǫζi [k]‖ℓ∞(X) is obtained by setting q = ∞. Furthermore, (hX,Ω/hX)
n
q = 1 if q = ∞.

Thus, for RBFNN, its upper bound of discrete approximation error satisfies

‖ǫζi [k]‖ℓ∞(X) 6 k1h
τ−n

2

Ξ,Ω ‖f‖W τ
2 (Ω) , (62)

where ‖f‖W τ
2 (Ω) ∈ R+ is a constant dependent on τ and k1 ∈ R+ is a constant dependent on q.

Note that the fill distance hΞ,Ω is not only related to the input trajectory but also to the separation distance h
and the excitation distance ε of RBFNN. Therefore, to determine the general relation between the approximation
error and the RBFNN’s structure parameters, it is necessary to exclude the influence of the input trajectory.

Step 2. Consider the neurons are uniformly arranged inside the compact set Ω with separation distance h. By
setting ε >

√
nh, we obtain that

hΞ,Ω 6
√
nh (63)

and from (62), the upper bound of the discrete approximation error satisfies

‖ǫζi [k]‖ℓ∞(X) 6 cbh
τ−n

2 , (64)

where cb = k1n
τ
2 −

n
4 ‖f‖W τ

2 (Ω) is a constant independent of h.

Here, ε >
√
nh ensures that the input trajectory is completely inside the ε-neighborhood of its nearby neurons,

avoiding data loss and deterioration of approximation error caused by the inability of the input data to excite the
neuron.

Step 3. Based on the above steps, we can next establish the relation between the convergence bound b and the
separation distance h. And due to the complexity of b, before analysing, we first consider b as two parts, ba and
‖ǫζi [k]‖ℓ∞(X),

b =
Ts

√
1 + γ

2 ‖ǫζi [k]‖ℓ∞(X)

(1− σ)
√
1− ω2

i

= ba ‖ǫζi [k]‖ℓ∞(X) . (65)

(i) We first analyse the relation between ba and separation distance h. From (59) and (65), evaluating the
derivative of ba with respect to h and combining (60) yields

∂ba
∂h

=
Ts

√
1 + γ

2
∂σ
∂h

(1− σ)2
√

1− ω2
i

− Ts

√
1 + γ

2mωi (1−mh)
1

2K −1

2K (1− σ) (1− ω2
i )

3
2

< 0, (66)

which can be inferred from (66) that ba is inversely proportional to the h.
Then, by observing ba, it is clear that there exist two poles h = hσ and h = hωi

, which are obtained when σ = 1
and ωi = 1, respectively. Furthermore, σ > ωi can be obtained by (20). Then, by solving ωi = 1, we can obtain
that hωi

= 0. Since finding an explicit solution for σ = 1 is challenging, we do not intend to obtain the exact value
for hσ, but we can still infer that hσ > hωi

= 0 from σ > ωi. Thus, when separation distance h decreases to hσ, ba
increases to infinity.

On the other hand, from (66), ba decreases as h increases. However, ba does not decrease to 0. By observing (65),
it can be obtained that ba and h are related with σ, ωi as intermediate variables. According to (60), σ, ωi decrease
as h increases. Then, when σ, ωi decrease and tend to 0, ba decreases and tends to the lower bound Ts

√
1 + γ

2 .
(ii) By combining (64) and (65), we have

b = cbbah
τ−n

2 . (67)
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According to (i), when the separation distance h decreases and tends to hσ, ba increases and tends to infinity

while hτ−n
2 decreases to h

τ−n
2

σ 6= 0. Then, b still tends to be sufficiently large. When the separation distance h
increases, ba decreases and tends to Ts

√
1 + γ

2 while hτ−n
2 increases. Then, b also increases to be sufficiently large.

Hence, we have reason to infer that there exists an optimal separation distance h∗ that minimizes b.

Remark 8. Here, we consider the ba in (65) to represent the ability of the learning algorithm to weaken the
approximation error ‖ǫζi [k]‖ℓ∞(X). As ba gets smaller, this ability gets larger; as ba gets larger, this ability gets

smaller, and it may even have a detrimental effect on the approximation error, making it worse. Thus, ba leads
to the trade-off relation between the PE level and the RBFNN’s approximation ability. When the PE level is too
low, ba increases rapidly, leading to an obvious deterioration in learning accuracy. Furthermore, although the PE
level increases with h, there exists a lower bound Ts

√
1 + γ

2 on ba, which is determined by the algorithm’s learning
gain γ and sampling period Ts. Hence, when the approximation error increases with h, it still leads to a significant
deterioration of the learning accuracy. The trade-off relation is demonstrated in the simulation section.

5.2 Performance analysis based on receptive field width

In the following subsection, by considering any trajectory satisfying Assumption 1 and the RBFNN’s structure with
fixed separation distance h and kε, we briefly qualitatively analyze the effect of the receptive field width η of the
radial basis function on the learning performance.

Consider the following process for approximating an unknown nonlinear function f (x) using the RBFNN

f (Z [k]) = WT
ζ Sζ (Z [k])

=

Nζ∑

i=1

wis (‖Z [k]− ξi‖) ,
(68)

which is characterized as simply computing the NN weights Wζ =
[
w1, . . . , wNζ

]T ∈ RNζ as the solution of the
linear system

AWζ = f, (69)

where Z [k] ∈ Rn is the discrete-time input vector, f = [f (Z [1]) , . . . , f (Z [M ])]
T ∈ RM consists of M sampling

points of f (x) and the A has the matrix entries Aj,k = s (‖Z [j]− ξk‖).
When the receptive field width η increases, the radial basis function becomes increasingly “flat”, and according

to [44], the matrix A becomes very ill-conditioned. Thus, the magnitude of the wi values becomes considerably
large, with some being positive and others negative. Then, when f (Z [k]) of size O (1) is obtained in (68) by
combining these large quantities, a massive numerical cancellation occurs. Obviously, the two numerically unstable
ill-conditioned steps (68) and (69) (called the RBF-direct method) lead to an increase in the approximation error of
the RBFNN. Although the numerical instabilities of the RBF-direct method can be avoided or bypassed by many
methods, such as RBF-QR [44] and Contour-Pade [45], this paper still focuses on the RBF-direct method for ease of
following discussion. Thus, we obtain that when η increases, the approximation error of the RBFNN also increases,
while according to Theorem 3, the PE level decreases, then the lower PE level and the larger approximation error
simultaneously lead to a decrease in the learning accuracy.

On the other hand, when the receptive field width η decreases, the radial basis function becomes “narrower” and
“sharper”, resulting in a reduction in the area that can excite the neuron. Consequently, there are parts of the
input trajectory Z where neurons in its neighborhood are not excited, and furthermore (68) is rewritten as follows:

f (Z [k]) =

N ′
ζ∑

i=1

wis (‖Z [k]− ξi‖) , (70)

where N ′
ζ < Nζ . Obviously, as η decreases, the number of excited neurons decreases, which leads to fewer dimensions

in the approximation space and fewer dimensions in the solution vector Wζ ∈ R
N ′

ζ . Due to the inherent difficulty of
capturing the nuances and complexity of the objective function f (x), a lower-dimensional approximation space may
inevitably lead to an increase in the approximation error. Additionally, if the sampling points do not coincide with
the neuron centers, the matrix A may again become ill-conditioned. Consequently, when η decreases, the larger
approximation error and the lower PE level (obtained by Theorem 3) again decrease the learning accuracy.
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Figure 3 (Color online) (a) Rössler system states: x1, x2, x3; (b) function approximation of f3.

Remark 9. It can be inferred that when the receptive field width η decreases or increases, the approximation
error will increase for different reasons, that is, there is an optimal value η∗e to minimize the approximation error.
Further, based on Theorem 3, we have an optimal value η∗ to obtain the maximum PE level. Thus, we infer that
there is an optimal value of η∗acc to maximize the learning accuracy of sampled-data deterministic learning using
the RBF-direct method. Support is provided in the simulation section.

Remark 10. In the past, there have been a number of successful practical applications of deterministic learn-
ing. Based on the accurate modeling of inherent dynamics, control performance is enhanced in similar con-
trol tasks [21, 22], and dynamical patterns can be effectively represented and distinguished in the recognition
tasks [23, 24, 46]. Furthermore, deterministic learning-based modeling can also be applied to more complex tasks
in distributed situations [47–50]. The effectiveness of the above applications cannot be achieved without a high
requirement for deterministic learning-based modeling performance, which is the starting point of our work. In
this paper, the obtained PE level relations for RBF neural networks are applied to the performance analysis of a
deterministic learning algorithm. We demonstrate the existence of an optimal network separation distance and re-
ceptive field width, which maximize the learning accuracy, respectively. Subsequently, the algorithmic improvement
of deterministic learning in practical applications will be the focus topic.

6 Simulation

In this section, the classical chaotic system (Rössler system [51]) common in nonlinear dynamics is presented to
verify the proposed explicit relation for PE level and to demonstrate the results of this relation applied to the
performance analysis of deterministic learning:

ẋ1 = −x2 − x3,

ẋ2 = x1 + p1x2,

ẋ3 = p2 + x3 (x1 − p3) ,

(71)

where x = [x1, x2, x3]
T

denotes the system state vector, ps = [p1, p2, p3]
T

denotes the constant vector of system

parameters. Here, we consider the sampling data Z [x0, Ts, N ] = [x [t0] , x [t0 + Ts] , . . . , x [t0 +NTs]]
T
with sampling

period Ts generated from Rössler system.
According to [52], ps = [0.2, 0.4, 2.4]

T
is chosen to yield the Rössler system trajectory (see Figure 3(a)). We

consider that the nonlinear system f3 (x1, x3) = p2+x3 (x1 − p3) is unknown. The system state is then initialized to

x [t0] = [0, 0, 0]
T
and the sampling period is set to Ts = 0.01. The function approximation of f3 from deterministic

learning is given in Figure 3(b). Since the trajectory region of the input system states x1 and x3 have been
determined, the region where the neurons are arranged is set to [−4, 4]×[−4, 4]. The RBFNN’s structure parameters
are initialized and set to default values as follows: h = 0.5, kε = 1.5, and kη = 1.

By fixing kη, from Figure 4(a), it can be seen that both PE level µ and h are linearly proportional at different
kε, and the proportion decreases with increasing kε, showing the effectiveness of the proof that PE levels remain a
linearly proportional relation under different kε. Then, with fixed kη and kε, by setting different sampling periods
Ts, Figure 4(b) shows that the PE level increases proportionally with decreasing Ts proportionally. It shows that
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Figure 4 (Color online) Relation between PE level µ and separation distance h for different (a) kε and (b) Ts.

Figure 5 (Color online) (a) Comparison of velocities ‖F (x; ps)‖ under different trajectories Z1 and Z2; (b) relation between PE level µ and

separation distance h under different velocities.

Table 2 Relations from the RBFNN’s structure parameters and input trajectory to PE level.

Variable Relation to PE level µ

Separation distance h Linearly proportional

Excitation distance ε Inversely proportional

Receptive field width η Existence of optimal values

Sampling period Ts Linearly and inversely proportional

Trajectory velocity κ Inversely proportional

PE level µ and sampling period Ts are linearly and inversely proportional. Moreover, by fixing p1 = 0.2, p2 = 0.4,
let p3 = 2.4 and p3 = 3 to respectively yield two trajectories Z1, Z2 with different velocities ‖F (x; ps)‖ 6 κ, and the
velocity of trajectory Z2 is larger than that of trajectory Z1 (see Figure 5(a)). It can be seen that the PE level of
trajectory Z2 is lower than that of trajectory Z1 (see Figure 5(b)). It shows that PE level µ and trajectory velocity
κ are inversely proportional.

Note that the recurrent trajectory includes a large class of trajectories, and that parameter ps = [0.2, 0.4, 2.4]
T

generates only the period-1 orbit. Here we consider setting parameter ps = [0.3, 0.4, 2.4]
T

to generate period-2

orbit, and setting parameter ps = [0.2, 0.2, 4.5]
T
to generate chaos orbit. Figure 6(a) shows that PE level µ and h

are linearly proportional for different orbits. By fixing separation distance h and kη, the relations from kε to PE
level are shown in Figure 6(b). It shows that the PE level decreases with the increasing excitation distance ε for
different orbits. Further, by fixing h and kε, the relations from kη to PE level are shown in Figure 6(c). For different
orbits, the result shows that there exists an optimal receptive field width to maximize the PE level. In Table 2, the
relations from the RBFNN’s structure parameters and input trajectory to the PE level are summarized in detail.

From Figure 7(a), for different orbits, there exists an optimal separation distance h∗ that minimizes the con-
vergence bound b and maximizes learning accuracy. The results are caused by the trade-off between the PE level
and the approximation ability of the RBFNN. When h decreases, the lower PE level makes ba increase rapidly
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Figure 6 (Color online) Relations between (a) h, (b) kε, (c) kη and PE level µ with different orbits.

Figure 7 (Color online) Relations between (a) h, (b) kη and convergence bound b with different orbits.

and decreases the learning accuracy, while when h increases, the increasing PE level is not enough to make the
increasing approximation error decrease, so the learning accuracy still decreases. Additionally, for different orbits,
our sloppy conclusion that there exists an optimal receptive field width η∗acc to maximize the learning accuracy is
also verified in Figure 7(b). This suggests that η also plays an important role in improving learning accuracy.

7 Conclusion

In this paper, the explicit relations for the PE level of RBFNN under the discrete-time framework have been
obtained, showing that the PE level increases with increasing separation distance and decreasing sampling period
of the input trajectory, respectively, and that larger input trajectory velocity may lead to a smaller excitation
level. Subsequently, it has been proven that the PE level decreases with increasing excitation distance, and there
exists an optimal receptive field width enabling the highest PE level. The above relations provide significant
guidance for the study and improvement of the performance of discrete-time algorithms based on RBFNN. As
exemplified by the performance of deterministic learning under a sampled-data framework, including learning speed
and learning accuracy, the analysis results have shown that the learning speed is slower as the separation distance
decreases. Meanwhile, the existence of an optimal separation distance and an optimal receptive field width has
been found to result in maximum learning accuracy, respectively, with the former arising from a trade-off between
the approximation ability of the neural network and the excitation level, while the latter is due to the severe ill-
conditioning of the interpolation matrix and the approximation error of the network. However, since the PE level is
related to a specific recurrent trajectory, some of the constants in the PE level relations are trajectory-dependent,
and it is difficult to give a uniform result. Fortunately, based on our observations, we can inversely derive the
constant in the PE level by directly calculating the PE level from the definition of PE. Nonetheless, the precise
relations of PE level still need to be confirmed by further research. In the future, the ability to improve knowledge
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integration of deterministic learning based on the relations of the PE level seems to be an interesting topic.
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Appendix A Rewriting and extending the proof of Proposition 3.12 in [36]

Proof. From (37) and the proof of Proposition 3.12 in [36] (the incorrect factor πn is omitted), we see that

Jζ =
ηn

(2π)
n

∫

Rn

e−
‖u‖2η2

4




Nζ∑

j,l=1

cjcle
−i(ξj−ξl)u

(
1− e−idju

)

du

=

Nζ∑

j,l=1

cjcl
ηn

(2π)
n

∫

Rn

(
1− e−idju

)
e−

‖u‖2η2

4 ei(ξl−ξj)udu

=

Nζ∑

j,l=1

cjcl
1

(2π)
n

∫

Rn

(
1− e−idju

)
F̂ (u) ei(ξl−ξj)udu,

(72)

where dj := Zj − ξj , c =
[
c1, . . . , cNζ

]T ∈ RNζ is an arbitrary unit constant vector with cj , cl are its components,

F̂ (u) denotes the generalized Fourier transform function of e
−‖x‖2

η2 .

By setting ∇dj
g (·) := g (·)− g (· − dj), g : Rn → R, (72) can be rewritten as follows:

Jζ =

Nζ∑

j,l=1

cjcl
1

(2π)
n

∫

Rn

(
∇dj

F
)∧

(u) ei(ξl−ξj)udu

=

Nζ∑

j,l=1

cjcl
(
∇dj

F
)
(ξl − ξj)

=

Nζ∑

j=1

|cj |2
(
∇dj

F
)
(0) +

Nζ∑

j,l=1,j 6=l

cjcl
(
∇dj

F
)
(ξl − ξj) .

(73)

Further scaling can be achieved by taking the absolute value on both sides.

|Jζ | 6
Nζ∑

j=1

|cj |2
∣∣(∇dj

F
)
(0)
∣∣ +

Nζ∑

j,l=1

′ |cjcl|
∣∣(∇dj

F
)
(ξl − ξj)

∣∣

=: S1 + S2,

(74)

where
∑

′ in (74) indicates that j 6= l in that sum.

We first estimate S1 by applying the following scaling:

∣∣(∇dj
F
)
(0)
∣∣ =

∣∣∣∣∣1− e
−

‖dj‖
2

η2

∣∣∣∣∣ 6
‖dj‖2
η2

6
ε2

η2
(75)

for each 1 6 j 6 Nζ . Then, we have

S1 6
ε2

η2
‖c‖2 . (76)

We next estimate S2, first applying the following scaling:

S2 6

Nζ∑

j,l=1

′ |cjcl|
∣∣(∇dj

F
)
(ξl − ξj)

∣∣

6

Nζ∑

j,l=1

′ |cj |
2
+ |cl|2
2

∣∣(∇dj
F
)
(ξl − ξj)

∣∣

6 max
{
ΥNζ

, Υ̃Nζ

}
‖c‖2 ,

(77)
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where

ΥNζ
:= max

j

Nζ∑

l=1

′
∣∣(∇dj

F
)
(ξl − ξj)

∣∣ ,

Υ̃Nζ
:= max

l

Nζ∑

j=1

′
∣∣(∇dj

F
)
(ξl − ξj)

∣∣ .
(78)

Let j0 and l0 be the indices where the maximum values of ΥNζ
and Υ̃Nζ

are attained, respectively. In our further
estimation of ΥNζ

, we first suppose that y ∈ Rn with ‖y‖ > h and 0 < ‖dj‖ 6 ε 6 2h. Then, by applying the mean
value theorem, we have the following for 1 6 j 6 Nζ :

∣∣(∇dj
F
)
(y)
∣∣ =

∣∣∣∣∣e
− ‖y‖2

η2 − e
−
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2

η2
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η2
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2

η2

6
2ε

η2
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2

η2

6
2ε

η2
[‖y‖+ ε] e

−
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2

η2

6
2ε
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[‖y‖+ ε] e

− [‖y‖−ε]2

η2 .

(79)

Therefore,

ΥNζ
=

Nζ∑

l=1

′
∣∣(∇dj

F
)
(ξl − ξj0 )

∣∣

6
2ε

η2

Nζ∑

l=1

′ [‖ξl − ξj0‖+ ε] e
−
[‖ξl−ξj0‖−ε]

2

η2 .

(80)

By following [53], we conclude from the above that

ΥNζ
6

6nε

η2

∞∑

i=1

(i+ 2)
n−1

Ki, (81)

where

Ki := sup

{
[‖ξ‖+ ε] e

−
[‖x‖−ε]2

η2 ; ih < ‖ξ‖ 6 (i+ 1)h

}

6 [(i+ 1)h+ ε] e
− [ih−ε]2

η2 .

(82)

Since ε 6 2h,

ΥNζ
6

6nhε

η2

∞∑

i=1

(i+ 2)
n−1

(i+ 3) e
− (i−2)2h2

η2 . (83)

The same argument also demonstrates that

Υ̃Nζ
6

6nhε

η2

∞∑

i=1

(i+ 2)n−1 (i+ 3) e
− (i−2)2h2

η2 . (84)

Combining (74), (76), (77) and taking ‖c‖ = 1 yields

|Jζ | 6
ε2

η2
+

6nhε

η2

∞∑

i=1

(i+ 2)
n−1

(i+ 3) e
− (i−2)2h2

η2 . (85)
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On the other hand, we suppose that 2h < ‖dj‖ 6 ε 6 ε′. Then, (79) be rewritten as

∣∣(∇dj
F
)
(y)
∣∣ 6 2ε

η2
[‖y‖+ ε] e

−
[min{‖y‖,‖y−dj‖}]

2

η2 . (86)

Therefore,

ΥNζ
=

Nζ∑

l=1

′
∣∣(∇dj

F
)
(ξl − ξj0)

∣∣

6
2ε

η2

Nζ∑

l=1

′ [‖ξl − ξj0‖+ ε] e
−
[min{‖ξl−ξj0‖,‖ξl−ξj0

−dj‖}]2
η2 .

(87)

Then, by following [53], we again further deduce that

ΥNζ
6

6nε

η2

∞∑

i=1

(i+ 2)
n−1

Ki, (88)

where

Ki := sup

{
[‖ξ‖+ ε] e

−
[min{‖ξ‖,‖ξ−dj‖}]

2

η2 ; ih < ‖ξ‖ 6 (i+ 1)h

}

6





[(i+ 1)h+ ε] e
− i2h2

η2 , ‖ξ‖ 6
‖dj‖
2

,

[(i+ 1)h+ ε] e
− (ih−ε)2

η2 , ‖ξ‖ >
‖dj‖
2

.

(89)

Since ε 6 ε′,

ΥNζ
6

6nε

η2

⌊

‖dj‖
2h

⌋

∑

i=1

(i+ 2)n−1 [(i+ 1)h+ ε] e
− i2h2

η2 +
6nε

η2

∞∑

i=

⌈

‖dj‖
2h

⌉

(i+ 2)n−1 [(i+ 1)h+ ε] e
− (ih−ε)2

η2

6
6nhε

η2

⌊ ε
2h⌋∑

i=1

(i+ 2)
n−1

[
i+ 1 +

ε

h

]
e
− i2h2

η2 +
6nhε

η2

∞∑

i=1

(i+ 2)
n−1

[
i+ 1 +

ε

h

]
e
−
(i− ε

h )
2
h2

η2 .

(90)

Again combining (74), (76), (77) and taking ‖c‖ = 1 yields

|Jζ | 6
ε2

η2
+

6nhε

η2

⌊ ε
2h⌋∑

i=1

(i+ 2)n−1
[
i+ 1 +

ε

h

]
e
− i2h2

η2 +
6nhε

η2

∞∑

i=1

(i+ 2)n−1
[
i+ 1 +

ε

h

]
e
−
(i− ε

h )
2
h2

η2 . (91)

Finally, we set kη = η
h and kε =

ε
h and combine (85) and (91) together to obtain the following:

|Jζ | 6





k2ε
k2η

+ 6n
kε
k2η

f1

(
1

k2η

)
, 0 < kε 6 2,

k2ε
k2η

+ 6n
kε
k2η

f2

(
1

k2η

)
, 2 < kε 6 kε′ ,

(92)

where f1 (x) =
∑∞

i=1 (i+ 2)
n−1

(i+ 3) e−(i−2)2x and f2 (x) =
∑⌊ kε

2 ⌋
i=1 (i+ 2)

n−1
(i+ 1 + kε) e

−i2x +
∑∞

i=1 (i + 2)
n−1

× (i+ 1 + kε) e
−(i−kε)

2x.
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