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Abstract Decision-making in natural and artificial systems is often shaped by past interactions, as individuals adjust their behavior
accordingly. A persistent challenge lies in identifying successful strategies and understanding how memory influences their performance,
especially when individuals’ optimal actions conflict with collective outcomes. Most theoretical studies in evolutionary dynamics have
focused on memory-1 strategies, and recent studies indicate that extending memory can improve strategies’ performance. Among these,
all-or-none (AoNg) strategies perform well at short memory. Our analysis reveals, however, that their effectiveness deteriorates as
memory extends, showing the inherent limitations of sole coordination. Building on this, we propose the adaptive coordination strategy,
combining coordination and tolerance to enhance adaptability and stability. Our theoretical analysis precisely characterizes its behavior
and key properties. This strategy outperforms classic memory-1 strategies and achieves optimal outcomes, providing a framework for
understanding complex history-based behaviors beyond traditional memory-n models.

Keywords evolutionary game dynamics, adaptive coordination, decision-making, strategies, adaptability

Citation Zhang F P, Wu T, Wang L. Evolutionary game dynamics under adaptive coordination. Sci China Inf Sci, 2026, 69(8): 182203,
https://doi.org/10.1007/s11432-025-4945-7

1 Introduction

Individuals often adopt conditional strategies, adjusting their future actions based on past interactions to better
adapt to their environment [1-6]. The study of such history-dependent decision-making spans multiple domains,
from microbial dynamics and multi-agent learning algorithms to the widespread presence of altruistic behaviors in
human societies [7—14]. The definition of a winning strategy depends on the criterion individuals aim to optimize,
with personal success being the most natural and immediate objective [15-17]. However, when two self-interested
individuals interact, their pursuit of personal gain can result in outcomes that are detrimental to both, especially
in the presence of conflicts of interest. This tension is well captured by the repeated prisoner’s dilemma [18,19], a
central model in evolutionary game theory. In each round, two players independently choose whether to cooperate
or defect. While unilateral defection offers a higher immediate reward, cooperation yields greater collective benefit.
A persistent challenge, therefore, lies in identifying strategies that can reconcile individual incentives with collective
welfare in such settings [20-22].

In evolutionary dynamics, the mechanism by which conditional strategies sustain cooperation within populations
is known as direct reciprocity [17,23-25]. With few exceptions [16,26,27], most evolutionary models have focused
on simplified subjects who are restricted to a narrow set of strategies or who only remember the outcome of
the most recent round. Within this framework, several memory-1 strategies have been identified as successful,
including tit-for-tat (TFT) [28], win-stay lose-shift (WWSLS) [14], and the class of generous zero-determinant (ZD)
strategies [29,30]. Once memory extends beyond a single round, the size of the strategy space increases explosively.
For instance, there are 65536 pure memory-2 strategies and around 1.84 x 10' pure memory-3 strategies. Among
these, the all-or-none (AoNf) strategies perform particularly well in evolutionary simulations [31,32], highlighting
that longer memory can, in some cases, suffice for the emergence of cooperation. Nevertheless, it remains unclear
whether such strategies retain their effectiveness at extended memory lengths. Moreover, the exponential growth
of the strategy space quickly renders exhaustive evolutionary exploration computationally infeasible, leaving the
potential of longer-memory strategies only partially understood.
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A natural question is how individuals make decisions when they can rely on more extensive history than just
the most recent outcomes [33-35]. Our theoretical analysis shows that once memory extends beyond a certain
length, AoNg can no longer sustain maximal collective payoff, reflected in a decline of cooperation rates. This
finding demonstrates that AoNg does not provide a satisfactory solution under extended memory. The limitations
of AoN suggest that coordination alone is insufficient to maintain cooperation across longer time horizons. While
the capacity to align actions remains essential, excessive rigidity makes strategies vulnerable to noise. These insights
call for more flexible mechanisms that combine coordination with tolerance, allowing individuals to adapt while
preserving cooperative stability. To address this challenge, we introduce the adaptive coordination (AdaCo) strategy,
which integrates both principles to achieve robustness and sustain high levels of cooperation under extended memory.

Within the framework of evolutionary dynamics [36-39], we combine theoretical analysis with numerical simula-
tions to evaluate the performance of AdaCo across a wide range of evolutionary settings. In these environments,
AdaCo competes directly with classic strategies and consistently demonstrates superior robustness. Compared to
AoNk, AdaCo is more resilient to implementation errors, a feature that is crucial for sustaining cooperation. It
also resists invasion by unconditional defectors: defectors cannot exploit AdaC'o, while reciprocity among AdaC'o
players reinforces cooperation, leading to their eventual dominance. As a result, populations evolve toward high
levels of cooperation. Moreover, AdaCo remains competitive when pitted against individual classic strategies or
when multiple strategies coexist, further underscoring its adaptability. Together, these findings show that AdaCo
outperforms traditional memory-1 strategies and extends the scope of cooperation beyond what can be explained by
existing memory-n frameworks, offering new perspectives on the evolutionary stability of history-based behaviors.

2 Preliminaries and problem formulation

We consider group decision-making in the framework of repeated cooperative dilemmas, where N individuals inde-
pendently choose to cooperate (C) or defect (D) in each round. For two players, the prisoner’s dilemma serves as
the canonical model for studying cooperation. Mutual cooperation (CC') yields a reward R, while mutual defection
(DD) results in a punishment P. If players choose different actions (CD or DC), the defector receives the tempta-
tion payoff T" and the cooperator receives the sucker’s payoff S. The payoff parameters satisfy 7> R > P > S and
T + S < 2R, ensuring that defection is the unique Nash equilibrium and that mutual cooperation is preferable to
alternating cooperation and defection over consecutive rounds. For multi-player dilemmas, the public goods game,
which is also referred to as the multi-player prisoner’s dilemma, captures the essential tension between individual
and collective interests. Other well-studied extensions include the volunteer dilemma [40], the threshold public
goods game [41], and the public goods game with risk [41].

Repeated games allow players to adjust their actions based on the history of interactions. In this study, we focus
on infinitely repeated games in noisy environments. Specifically, when a player intends to cooperate, the action is
implemented correctly with probability 1 — e, while with probability € an error occurs and defection is implemented
instead; the same applies when a player intends to defect. In such settings, players accumulate information about
past outcomes over infinitely many rounds of the prisoner’s dilemma, which enables history-dependent strategies. In
infinitely repeated games, strategies can in principle be arbitrarily complex, as players may condition their actions
on the entire history of past interactions.

To render the problem analytically and computationally tractable, a reasonable assumption is that players possess
finite memory. A memory-n strategy specifies a player’s action based on the outcomes of the most recent n rounds.
In the repeated prisoner’s dilemma, there are 22" possible sequences of outcomes, and a memory-n strategy p can
be represented as

p = (pcc...cc,Pcc...cCs - - PDD...DD), (1)
Géed’ U ecieD DD DD

where each entry gives the probability of cooperating conditional on the corresponding outcome. The first row of
the subscript records the focal player’s past actions, and the second row records those of the opponent, ordered
from the most distant to the most recent. If all entries are either 0 or 1, the strategy is pure; otherwise, it is
stochastic. The initial n actions, before a full history is available, have negligible effects on long-run payoffs under
infinite repetition with noise.

Among memory-1 or memory-2 strategies, the class of AoNk stands out, as they combine mutual cooperation,
error correction, and retaliation against defectors. Evolutionary simulations have shown that AoNg can dominate
among short-memory strategies. Yet, it remains unclear whether their advantage persists when longer memory
lengths are considered, a question that motivates our present analysis.
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Figure 1 (Color online) Illustration of AoNk and AdaCo. (a) Past I rounds (I = 1,2,3,...) are coordinated if all players choose the same
action in each round. AoNg cooperates if the past K rounds are coordinated; otherwise, it defects. K is the cooperation threshold and the
minimum memory length required. The past K-round outcomes define K + 1 states A; (¢ = 0,1,..., K), where A; indicates ¢ consecutive
coordinated rounds, and Ao represents a recent uncoordinated round. After one uncoordinated round, AoNg retaliates by defecting for the
next K rounds. (b) AdaCo builds on AoNg by combining the coordination principle with a tolerance mechanism. An AdaCo player with
cooperation threshold K and tolerance t behaves like AoNg until K consecutive coordinated rounds occur. Upon reaching K coordinated
rounds, the player cooperates and counts consecutive Ax states. Once this count reaches ¢, the player tolerates a single uncoordinated round,
returning to state Ax rather than Ap, and resumes counting. If an uncoordinated round occurs before reaching t, the state resets to Ag.
(c) State-to-state transitions and decision-making for AoNg and AdaCo. State Ay ; (j € 1,2,--- ,t) indicates that the state Ax has lasted for
j rounds. Following a coordinated round, the state Ax transitions to Ag 1, states A ; transition to Ak j41 (where j < t), and state Ak +
remains in its current state. Observing additional ¢ rounds, say observation phase, improves AdaCo’s ability to distinguish opponents, especially
between defectors and co-species. The parameter t represents the tolerance level of AdaCo. The smaller ¢, the more forgivable. As t tends to
infinity, AdaCo with cooperation threshold K is equivalent to AoNg.

3 Main results

3.1 AoNgk and AdaCo with arbitrary cooperation threshold K

As illustrated in Figure 1, AoNg prescribes cooperation only if the outcomes of the preceding K rounds are perfectly
coordinated, where K denotes the cooperation threshold. Thus, K also represents the minimum memory length
required for implementing AoNg. To systematically examine their performance, we consider AoNg with arbitrary
thresholds K. Although interactions between two AoNg players can, in principle, be represented by a finite-state
Markov chain, the conventional analytical methods developed for general memory-n strategies become increasingly
impractical as the memory length n grows, due to the rapidly expanding number of possible states.

To address this challenge, we develop a unified analytical framework for the theoretical analysis of both AoNy and
AdaCo, applicable across a wide range of threshold values and interaction settings. This framework substantially
reduces the size of the state space, making it feasible to analyze strategies with longer memory. As a result, the
interaction dynamics of AoNg and AdaCo can be derived in a clear and tractable manner.

Proposition 1. Consider an infinitely repeated game among N players, where in each round every player chooses
either to cooperate or to defect. Let € > 0 represent the probability of a player making an error in any given round.
Suppose all N players use AoNg. Then, the group’s average cooperation rate is

K
paong =€+ (1—2¢) [1—e)N +N]7. (2)
In the case of the prisoner’s dilemma, the payoff for each player can be expressed as

m(AoNk, AoNg) = {*+ (1 —2¢) [52+(1—5)2}K}R+{(1—5)2—(1—25) [£2+(1—5)2]K}P+5(1—5)(T+S). (3)
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Proof.  We categorize the outcomes of the past K steps into K + 1 states Ag, A1, ..., Ax based on the number of
latest consistent rounds. A; means all players chose the same action in each of the most recent ¢ rounds, while Ay
means the most recent round was inconsistent. Let x; be the probability of being in state 4; and ¢ = eV + (1 —¢)V.
Then we have x; = qr;_1 fori=1,..., K — 1, and xx = qrix_1 + qrx. Given the normalization Efio z;, =1, we
obtain #; = (1 —q)¢" ' fori=1,..., K — 1, and 2x = ¢¥.

Now, let us calculate the average cooperation rate of the interaction between these N AoNk players. By definition,
in states 0 to K — 1, the player’s cooperation rate is CYe¥ + %Oﬁ_laN’l(l —&)+--+0-C%(1—¢) and in
state K, the player’s cooperation rate is CN (1 — &)V + 22OV (1 — )V le - +0-CeN. So

K—-1
N -1 _ _
PAoNk = ; Ti [C]]VVEN+ TC]]\\ZZ N1 —e)+--+0-CR( —5)N}

N -1
+ K {Oﬁ(l—a)N+TCﬁ_l(l—a)N15+...+0.C%5N] .

Similarly, we can derive the expected payoff when it comes to the two-player prisoner’s dilemma.

As e — 0, paon, approaches one, indicating near-perfect cooperation. However, cooperation rapidly deteriorates
in large groups or under high thresholds (long memories). This is because AoNg retaliates for at least K rounds
after a single defection, a mechanism that deters exploitation but simultaneously renders mutual cooperation highly
vulnerable to errors. Hence, while AoNg succeeds under short memory, its error-sensitivity undermines its ability
to sustain cooperation in extended-memory settings, highlighting the need for more robust designs.

The error-sensitivity of AoNg highlights the need for more resilient mechanisms. Motivated by the strong
resistance of high-threshold strategies against defectors, we introduce the AdaCo strategy, which integrates the
coordination principle of AoNg with an additional tolerance component. As shown in Figure 1, an AdaCo player
keeps track of the number of consecutive coordinated rounds. When in state A; (i € {0,1,..., K}), the player
behaves like AoNg: upon reaching K coordinated rounds from Ag, cooperation begins. Unlike AoNg, however,
once t consecutive coordinated rounds are achieved, AdaCo tolerates a single uncoordinated round by returning to
state Ay rather than resetting to Ag. In this sense, ¢ specifies the tolerance threshold: smaller values of ¢ correspond
to greater tolerance.

Proposition 2. Consider the same game parameters as in Proposition 1. Suppose all N players use AdaCo with
cooperation threshold K and tolerance ¢t. Then, the average cooperation rate of the group is

{1 — qKs + il (1 5)} (4)
PAdaCo = X0 - 5
l—q¢  (I1-q¢)(1-q)
where ¢ = eV + (1 — &) and x = %. In the two-person prisoner’s dilemma, each player’s payoff is
7 (AdaCo, AdaCo) = xq { [1 —a" e + a” (1- 5)2] R
’ l1—gq (1-¢")1-q) 5
g~ < ()
+ 1—82+—82]P+81—8 T—i—S}.
[1—61( ) (1-¢")(1—q) (=X )
Proof. Based on the states given in Proposition 1, we add t states (Ax1,Arz2, -, Art). Let zxy; (i =

1,2,---,t) denote the probability that a player is in state Ag ;. According to AdaCo rules, the probability z;
satisfies the following equations: z; = q¢-x;—1 fori =0,1,--- | K;x;, =q-x;—1 fori=K+1,K+2,---  K+t—1;
2k = q -1+ (1 — @Q)xkie; and x4t = q¥r4t—1 + qrr 4+ Given that the probabilities sum to one, we have

K
1= ng&t T; = Xo 1;_‘{} + %‘q. By solving the above equations, we get

(1—q)(1—q") .
T i=0,1,- K—1,
- ‘(1-g)(1—q") S
7=\ T (=KL Kt
"t (—q")

1=K +1t.

(1-¢®)(A=q")2+(1—q")e"X"
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Figure 2 (Color online) Cooperation rate for AoNg and AdaCo for interactions between co-species. For a strategy to qualify as cooperative,
it must not only support mutual cooperation when adopted by all players, but also prevent accidental errors from cascading into persistent
defection. Propositions 1 and 2 allow us to compute the resulting cooperation rates for the two strategies across parameter settings. (a) For
the same group size, the cooperation rate drastically declines as the cooperation threshold K increases. However, AdaCo groups sustain a high
level of cooperation for a wide range of K. (b) The cooperation dilemma becomes more challenging as the group size increases. Even so, AdaCo
players still maintain a cooperation level at >75% for group sizes as large as 200. However, the cooperation rate dramatically drops as the group
size expands. (c) Cooperation rate for different levels of tolerance, where K = 100. AdaCo has limitations in maintaining cooperation when

the group size or memory surpasses a certain threshold. A high cooperation rate is difficult to maintain for AdaCo of a low level of forgiveness.
Parameters in (a) group size N =5 and t =1, (b) K =5 and t = 1, and (¢) K = 100 and N = 5.

Accordingly, the group’s average cooperation rate is

K-1

N -1
PAdaCo = Z T |:OJJ\\[[5N + Tcﬁ—lngl(l — E) +---40- C]%(l — E)N]

1=0
K+t N_1

+) @ [Cﬁ(l —N OV =N et 40 C?VEN} :
i=K

Similarly, the expected payoff for the two-player prisoner’s dilemma can be derived.

Compared to homogeneous populations of AoNg players, cooperation levels among AdaCo players are substan-
tially higher across a wide range of K and N, confirming the role of tolerance in mitigating error sensitivity and

stabilizing cooperation. Increasing tolerance (smaller ¢) further promotes cooperation, while in the limit of low
tolerance (large t), AdaCo reduces to the behavior of AoNg (see Figure 2).

3.2 Pairwise interaction analysis

While examining the self-play of a strategy offers valuable insight into its ability to sustain cooperation, it provides
only a partial assessment. To obtain a more comprehensive evaluation, we further analyze the pairwise interactions
of AoNg and AdaCo with other representative strategies in the repeated prisoner’s dilemma. Following Axelrod’s

tournament setting, we adopt the canonical payoff parameters (T, R, P, S) = (5,3,1,0) and fix the implementation
error at ¢ = 0.1%.

Regarding competition between various AoNg, we can also employ comparable methods to obtain the corre-
sponding payoffs and cooperation rates.

Proposition 3. Consider the same game parameters as in Proposition 1. Suppose that two players use different
AoNk, denoted by AoNg, and AoNk, respectively, and that K, > K. Then the average cooperation rate is

Ky

1-— 1 _ LK —
p(AoNg,, AoNk,) = stqu + §xqub[1 — (1 = @)K K] 4 (1 — )aog™r (1 — g) Ko7 (6)
~1
where ¢ =2 + (1 —¢)? and 2o = 1;3?’ +qFml — BT (1 — ) B =Ky 4 Ko (1 — g)Ea—Kb—1
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And the corresponding payoffs are

1— gk
TAoNK, = |77 _qq 24 (¢ = BT (1 — )T (1 =) + ¢ (1 — )BT (1 5)2] zoR

[1— g™ Ky—1 _ Kp—1 KoK 2 | K Ko—Ky—1

Al g el=e)+ (™ =g (A= )1 =) +¢ (A —q) ™ e(l - )| woT
- (7)

1— g

+ : _‘Jq e(1— &) + (¢fo=1 — gfe=1(1 — g)Ka—Kn)2 | gKe(1 — g)Ka—Ko=1,(1 _ 5)} 205
[1— g™ 2 Ky—1  Kp—1 Ko—Kp K Ko—Ky—1_2

+ 17_(1(1—5) + (g —q¢"" (1—-q) )el—e)+4¢™*(1—q) e”| zoP

and
1—q¢" , Ky—1 _  Kp—1 KoK K Ko—Kp—1 2
TAoNk, = - e+ (g™ =g (1 =) )e(1 —e) + ¢ (1 —g)" e 7 1 —e)?| 2o R

[1—q¢" Ko—1 _  Kp—1 Ko—Kp\ .2 | K, Ko—Ky—1

+ quf(l—g)‘ﬂq —q¢(1—q) e+ g (1—q) e(l—¢)| T
. (8)

1— g%

17 _qq e(l=e) + (g™ =g A =) (1 —e)? + " (1 — )T (1~ 6)] oS
[1— g™ 2 Ky—1  Kp—1 Ko—Kp K Ko—Kp—1_2

+ 1_q(1—€) + (¢ ¢ (1—q) )el—¢e)+¢7"(1—q) e*| zoP,

respectively.

Proof.  Since K, > K3, the minimum number of states that completely describe the process of the game between
the strategies is K, + 1. We first need to calculate the value of x;. According to the definition of AoNg, we obtain
x;=quiyfori=1,... Kp,x; =(1—q)x;—q fori=K,+1,..., K, —1,and g, = (1 —q¢)rk,-1 +qrk,. Because

-1
St =1, we get xg = [1;3? +gfml — B (1 — @) BBy Ko (1 4+ q)Ka_Kb_l} . Then, the cooperation rate

of the two players becomes

Ky—1 Ko—1
P(AoNk,,AoNg,) = Z zife? +e(l—¢)] + Z zile(l—e)+ 2+ (1 —e)?)] +ak,[(1—e) +e(l —e)).
i=0 i=K,

Finally, the payoffs of player AoNg, and player AoNg, become

Kyp—1 Ko—1
TAoNk, = Z zi[e?R+ (1 —e)?P+e(1 —e)(T + 9)] + Z zi[(1 —e)?’T + %S 4+ £(1 — ¢)(P + R)]
i=0 i=Ky,

+ o, [(1—e)?R+e*P+e(1 —e)(T+5))

and
Kp—1 Ko—1
TAoNy, = Z 2[R+ (1 —e)?P+e(1—e)(T + 9)] + Z zi[(1 —€)*S 4+ &*T + (1 — &)(P + R)]
i=0 i=Kp

+ 2k, [(1—e))R+*P+e(1—e)(T +9)),

respectively. The proof is completed by taking x; into the equations.

Proposition 3 provides a theoretical analysis of the interactions between AoNg with different thresholds K. It
shows that mutual cooperation is difficult to achieve through coordination among these strategies. AoNg enforces
strict reciprocity among players with the same threshold, making it resistant to exploitation by other strategies.
If a coplayer attempts to exploit by defecting, AoNg responds by reducing that player’s payoff, thereby deterring
further exploitation.

For two players with different thresholds, K, and K; (K, > K;), AoNk, will reach its threshold and begin
cooperating faster than AoNg,. However, because AoNg, has not yet reached its threshold, it defects. This
mismatch in behavior resets the state of both players to Ag. In this round of interaction, AoNk, is vulnerable to
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exploitation by AoNg,, which does not imply that simply increasing the threshold always leads to better outcomes.
As Proposition 1 indicates, increasing K reduces the effectiveness of reciprocity among the same strategies when
errors are present. An excessively large threshold will effectively turn AoNk into an unconditional defection strategy.
Additionally, when both K, and Kj increase, the relative disadvantage of AoNg, becomes less significant, and the
gap between the two strategies narrows.

The analysis suggests that the threshold K of AoNg must be neither too large nor too small; only a moderate
threshold can ensure success. Similarly, AdaCo shares a strict cooperation condition with AoNg, requiring the
threshold to be reached before cooperation can occur. However, as shown in Proposition 2, AdaCo enhances the
cooperative potential of AoNk by maintaining a higher level of cooperation at larger thresholds. This further
improves the overall effectiveness of cooperation, particularly as the threshold increases.

Next, we explore the competition of AoNg and AdaCo against two unconditional strategies (ALLC and ALLD).
Similar to the proof of Proposition 1, we have the following.

Proposition 4. Consider an infinitely repeated prisoner’s dilemma with error rate ¢ > 0 and let ¢ = ¢2+ (1 —¢)2.
e If one player uses AoNg and the other player uses ALLC, their payoffs are given by

7(AoNg, ALLC) = i 2q§(1 — KT [[1 — (1= (1 —e)’T +e(1l —e)(R+ P)+£%9)

- K (1—e)2R+e(1—e)(T+5S) + EQP)]

9)

and
= ! ~(1-)"](?’T+e(1—¢ —¢)?
mALLC, AoNi) = =1 =50 i [[1 (1= %] (22T + (1 — ) (R+ P) + (1 — £)2S) "o
41— )" (1= e)®R+e(1 —)(T + S) + £2P) } .
e If one player uses AoNg and the other player uses ALLD, their payoffs are given by
1 —1
m(AoNg, ALLD) = TT RT3k [ (1-¢™)1-e)+ (1 —q)¢d" ') (T + (1 —¢)P) )
+((1=qM)e+ (1= )" (1= 2)) R+ (1 - €)9)]
and
7(ALLD, AoNg) = m {(1—5) [(1—¢™)e+ (1—q)d" ' (1-e)|T +e[(1-¢")e+ (1—q)¢" '(1—-¢)|R
+ [(1—qK(1—5)2) + (1—q)qK_15(1—5)]P + 6[(1—qK)(1—5) + (1—q)qK_1a} S]
(12)

As for AdaCo with tolerance t, we have the following proposition.

Proposition 5. Consider an infinitely repeated prisoner’s dilemma with error rate ¢ > 0 and let ¢ = 2+ (1—¢)2.

e If one player uses AdaCo with parameters K and ¢, and the other player uses ALLC, their payoffs are given

by
n(AdaCo, ALLC) = x [# [(1—e)’T+¢e(l—¢)(R+P)+e°S]
_1 (13)
+ % [(1—¢)’R+e(l—e)(T+S5)+eP] }
and

120207 ropy (1= )R+ P) + (1 - ¢)S]
q (14)

% [(1—5)2R+E(1—a)(T+S)+E2P]},

7(ALLC, AdaCo) = xo[

+

1-(-g® <1fq>K*1}‘1

where zg = [ 7 T
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e If one player uses AdaCo with parameters K and ¢, and the other player uses ALLD, their payoffs are given

by )
m(AdaCo, ALLD) = x [11—_Qq [(1 — g)2p te(l—e)(T+8)+ EQR]
K-1 (15)
e (=22 +e1- R+ )+ 271
and B
m(ALLD, AdaCo) = x [11—_Qq [(1 — 2P +e(l—e)(T+8)+ EQR}
~1 (16)
+ %—q)t [(1—¢)*T+e(1—¢)(R+ P)+¢eS] }

, -1
where zg = [% + %} .

Propositions 4 and 5 provide the payoff expressions of AoNg and AdaCo when interacting with the unconditional
benchmarks ALLC and ALLD. This analysis is important because these benchmarks reflect two key aspects of
whether a memory-based strategy can function as a stable cooperative strategy. First, a successful strategy must
resist exploitation by unconditional defection; in other words, ALLD should not gain a significant payoff advantage.
Second, the strategy must also be robust to indirect invasion. The well-known example is TFT": it is outperformed
by ALLC, and ALLC is subsequently invaded by defectors, leading to the eventual breakdown of cooperation.
To avoid such indirect collapse, a stable cooperative strategy must be able to exploit ALLC|, thereby preventing
neutral drift toward unconditional cooperation. These propositions show that both AoNg and AdaCo successfully
prevent the indirect collapse driven by ALLC and remain resistant to direct exploitation by ALLD, demonstrating
stability on both fronts.

Next, let us consider the case where player 1 adopts an AoNg (or AdaCo), while player 2 employs an arbitrary
memory-1 strategy denoted by p = [pcc,pep,ppo,ppp]. In this scenario, we examine the infinitely repeated
prisoner’s dilemma with an error rate of . Incorporating implementation error into the strategy, the memory-1
strategy becomes p’ = [P, Pop, Poe Popl = (1 —€)p+€(1 — p). The decision of the memory-1 strategy relies on
the outcomes of the most recent round. So, we then add the information of the most recent round to the A; state,
denoted by AOZ where player 1’s action is a and player 2’s action is b in the latest round. In state Ag, the memory-1
strategy needs to specify whether it is Aog or Aog. Let x;° represent the probability of the player being in a state
AZ-Z (1=0,1,2,--- ,K) for AoNk or AZ-Z (1t =0,1,2,--- K +t) for AdaCo. Here, a and b can take the actions
of either C' or D. Thus, for the repeated interactions between AoNk and memory-1 strategies, we have 2K + 2
state probabilities: xog, xog, xlg, xlg, and so on up to xKg and :vKg. Since errors are present, all states become
ergodic. Similar to the previous analysis, we can establish a system of equations for x;2, given by

200 = (1 — &)ppe - w0 + (1 — &)plp - 20o + (1 — e)ppe(T1& + 228 + -+ + folg)
+ (1 —e)pppla1p + 2D + -+ +@x-1D) + ePpc(@x b + Tx G + - + 21E)

+eppp(TKD + Tr41p + o+ ID),

(1—e)(1 = phe)zeH + (1 —e)(1 = pip)zog,
(1—2)1 —pee)zg + (1 —e)(1 = ppp)r1p,

=
SISINIS

C _ ’ C / D
T1¢ = E€Ppc " Top T EPcp * Toc

=]
)

C / C / D
T2¢ = EPcc - T1¢ T E€Ppp - T1D;

ri-16 = (1= e)ppc - wx—26 + (L= e)pp - tx—2p tx-1p = (1 = poc)rr-26 +e(l = php)rr—2p,
x = (1—-e)pee vx-10+ (1 —e)pp - ax—1p + (1 —e)ppe - ax& + (1 — €)ppp - Tx D,
exp = e(l = pec)rr16 +e(l = ppp)rr—1p +e(l = poc)rx & +e(l = ppp)rk B-
In total, there are 2K + 1 equations. Combined with the equation ZO@'éK Ea)b 7;% = 1, we can solve the system
of equations to determine the value of x;2. After that, we can derive the payoffs of the two players as

D C C D
TAoNx = Zocd +xopS + g ric R+ g zipP,
1<6<T 1<

Tmemory-1 :$Qgs+$ogT+ Z $18R+ Z ,TZBP

1<i<I 1<i<I
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The payoff calculation method between AdaC'o with cooperation threshold K and tolerance ¢ and the memory-1
strategy is similar to that for AoNg. We incorporate two state probabilities, x Kg and x K%, in accordance with
the tolerance properties of the strategy. There are 2(K + t) + 4 states. The system of equations is given as follows:

200 = (1 —&)ppe - 20H + (1 — €)pep - oo + (1 — e)ppe(21& + 226 + - + 2K 18)
+ (L=e)ppplard + 2D+ +ax-1D) + ePpc(@x b + Tx1 o+ + Trpe18)
+eppplerB +rr B+t axie1B) Fevpo ek +epop - T B,

c , c , D D
T1¢ = €Ppc - Top +E€Pcp " Toc, Tip
D

T (1—e)(1 = ppe)reH + (L —&)(1 = pep)wol,
T2& =P G +eppp 1D, T2D

(1-e)1 = poe)zs + (1 —e)(1 = pphp)T1D,

$K+1g =(1—eppc 2xé+ (1 —e)ppp-2xp+ 1 —e)ppe 255+ (1 —e)pp - Tk,
zip1p =1 —poe) wx&+e(1 —ppp) - wxp +e(1 —ppe) - 2xb +e(1—pop) - Ko,

Tiroe = (L= epec - wxr16 + (1= )pbp -wx+1p, Tr+2p = (1 = poc)rrie + (1 = Pop)Tr+1p,

wK+t8 =(1—-e)pec - wK+t_18 + (1 —e)ppp Trit-1p + (1 —&)ppe -wKHS + (1= e)php - T+t
trp =1 —ppe)  Trt—10 + (1= Ppp) - xi—1p +e(1 = pig) - 2o + (1 — Ppp) - Tr4e s
xh=(1-e)1—poc) vxric+ (1 =) 1 —Php) Txrth TKE =EPoc Tr4to + EPDp - Ti+t -

Combined with the equation ZO<i<K+t . @it =1, there are 2(K +1) +4 equations. We can determine the value
of 2;% by solving the system of equations. Thus, the players’ corresponding payoffs are

TAdaCo = (ZCog + :CKg)T + (ibog + ZCKg)S + Z xigR + Z IiBP,

1<i<K+t 1<K+t
D D D
Tmemory-1 = (Too + 2x&)S + (20D + 2x$)T + E R + E x;pP.
1<i<K+t 1<i<K+t

The above framework allows us to explicitly calculate the payoffs between AoNg (or AdaCo) and any memory-1
strategy. This point matters: for many complex strategies, calculating their accurate payoffs is generally difficult, so
their performance is often evaluated through computational simulations. Here, the analytical approach allows these
payoffs to be obtained both efficiently and accurately, providing a well-founded basis for subsequent evolutionary
dynamics analysis and supporting a more precise understanding of strategy evolution. Moreover, the same approach
can be extended to evaluate the payoffs of AoNg and AdaCo against memory-2 or more general memory-n strategies,
with corresponding adjustments to the state space and its transition structure. In this work, however, we focus
on memory-1 strategies, which are widely studied and commonly regarded as a standard baseline for evaluating
cooperative behavior.

4 Evolutionary dynamics

4.1 Evolutionary dynamics of two-strategy competition

While the payoff analysis above provides explicit formulas, it remains difficult to directly grasp the robustness of
strategies from such static comparisons. Evolutionary dynamics offer a complementary perspective, both by yielding
more intuitive insights and by testing whether strategies can persist under invasion pressure. A fundamental criterion
for the success of a cooperative strategy is its ability to withstand the spread of unconditional defectors (ALLD).
We therefore consider a well-mixed population of infinite size in which the only competing strategies are AdaCo
and ALLD. Let x denote the frequency of AdaCo players, with the remaining fraction 1 — = consisting of ALLD
players. The strategy frequencies evolve according to replicator dynamics [42], given by @ = 2(fadaco — f), Where
fadaco is the expected payoff of an AdaCo player and f is the population average payoff. This system admits two
trivial equilibria (x = 0 and « = 1) and one internal equilibrium x, determined by the condition fagaco = fALLD-
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Figure 3 (Color online) Interior fixed point x, of the replicator dynamics describing competition between AdaCo (or AoNk) and ALLD.
We consider an infinite, well-mixed population in which a fraction z adopts AdaCo with t = 2 (or AoNk), and the remaining fraction 1 — =
plays ALLD. The frequency = evolves under the replicator equation & = z (fadaco — f), where fagaco is the expected payoff of an AdaCo
player and f denotes the mean payoff in the population. A strategy increases in frequency when its payoff exceeds the population mean, and
decreases otherwise. For K > 2, this dynamical system exhibits two boundary equilibria (zx = 0 and z = 1) and one internal equilibrium z..
If the initial frequency x exceeds z., the dynamics converge to full dominance of AdaCo; if * < x., ALLD takes over the population. Hence,
1 — x, represents the attraction basin of AdaCo, and a larger basin indicates stronger resistance against invasion by ALLD. Arrows on the
phase line indicate the direction of selection. Similar properties are observed when AoNg competes with ALLD in the population. Increasing
the cooperation threshold K systematically enlarges the attraction basin of AdaCo (or AoNg), enhancing their robustness against defectors,
with the improvement being more pronounced for AdaCo.

As illustrated in Figure 3, the population dynamics exhibit positive frequency dependence: if the initial share of
AdaCo players exceeds 1z, cooperation spreads until fixation (z = 1), whereas otherwise the population converges
to full defection (x = 0). Similar dynamics is observed when AoNg competes with unconditional defectors, and
increasing K enlarges the basins of attraction for both strategies. Importantly, AdaCo consistently outperforms
AoNg: its basin of attraction is slightly larger, and the cooperative state at x = 1 achieves the maximum possible
level of cooperation.

We then examine whether AdaCo possesses an evolutionary advantage over other classical strategies in the
repeated prisoner’s dilemma game. Specifically, let AdaCo compete with each of the widely recognized strategies.
To ensure the robustness of our study, we diversify the competition environments by selecting as many classic
strategies as possible. The selected strategies include the pure strategies, the stochastic strategies, and complex
strategies beyond the description of memory-n strategies. The evolutionary dynamics is described by the replicator
dynamics. We found that the internal equilibrium point does not exist for the differential equations describing
the pairwise competitions. As a result, the population would eventually be stabilized in a homogeneous state.
Figure 4 demonstrates that AdaCo can always pervade into the whole population when in competition with AllC,
ALLD, GTFT, WSLS, ZDs [23|, HardMajority [43], and Cumulative Reciprocity [25], respectively, for most of
the parameter sets. Only for K = 30, AdaCo is dominated by the Cumulative Reciprocity strategy. As established,
classic memory-1 strategies with a certain level of tolerance such as GTFT perform well in many competition
settings. However, these strategies are no lack of weaknesses. Let us consider the following simple scenario.
The population would neutrally drift when just unconditional cooperators and GTFT compete to survive. Once
cooperators dominate, unconditional defectors can expand rapidly. This means that GT F'T can be indirectly invaded
by defectors. Unlike this indirect evolutionary path, AdaCo can not only resist the invasion of defectors but also
win over GTFT directly. These observations illustrate the effectiveness and necessity of combining properties of
traditional memory-n strategies in designing strategies in repeated games.

4.2 Evolutionary dynamics of multi-strategy competition

To further verify the effectiveness of AdaCo, we consider a larger set of strategies competing in a well-mixed
population of finite size M. Let £ denote the set of strategies available. Following common practice, we use a
pairwise comparison process to characterize the population dynamics. The population evolves in discrete time
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Figure 4 (Color online) Evolutionary dynamics of pairwise competition. We assess the evolutionary performance of AdaCo with three
cooperation thresholds, K = 3, K = 30, and K = 100, by allowing it to compete pairwise against a variety of classic strategies in a well-mixed
infinite population. Let z;(7) denote the proportion of strategy s; at generation 7, which evolves according to the discrete replicator rule
zi(T+1) =xi(7) @, where f(s;) and f are the expected payoff of s; and the mean population payoff, respectively. Here, 7 = 1 indicates the
initial composition of the population. Across these competitions, AdaCo requires a sufficiently high initial frequency to dominate in some cases,
whereas in others it can expand from rarity. Notably, against ALLC, WSLS, and ZDs, all three threshold levels of AdaCo successfully invade
even when initially rare. In contrast, when competing with CumulativeReciprocity (A = 2), AdaCo (K = 3) takes over while AdaCo(K = 30)
does not. For the remaining strategies, larger thresholds generally reduce the minimal initial frequency required for AdaCo to prevail, indicating
enhanced competitive robustness. Full strategy definitions are provided in the Supplementary Information.

steps. In each evolutionary time step, each player of the population adopts a strategy in 2. They each interact with
all other players and accumulate payoffs. After that, a player (learner) is randomly selected from the population to
update the strategy. With probability u, a mutation happens and the player randomly selects one strategy from
the set S. With probability 1 — u, learning happens. Then another player is randomly selected from the population
as a role model. Let m and 7 denote the payoffs of the learner and the model player, respectively. The learner
imitates the strategy of the role model with probability W' The parameter S > 0 represents the intensity
of selection, weighing the effects of payoffs on evolutionary dynamics. Its essence lies in that strategies yielding
higher payoffs are more likely to spread in the population. For small mutation rates, the population would spend
most of the time in homogeneous states where just one strategy takes over the whole population. In this situation,
the population dynamics can be approximated by an embedded Markov chain consisting of just these homogeneous
states. The abundances of strategies correspond to the stable distribution, which can be obtained by solving the
eigenvector (associated with the largest eigenvalue) of the embedded Markov chain. For larger mutation rates, we
use computer simulations to explore the population dynamics.

We begin by examining the optimal cooperation thresholds for AoNy when different AoNg (K € {1,2,3,...,50})
compete in the population. Results show that strategies of varying cooperation thresholds have their respective
advantages and weak points. For strategies of low cooperation thresholds, they stabilize the population at very
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Figure 5 (Color online) Evolutionary dynamics within the class of AoNg. We examine a family of 50 strategies, AoNk with K =1,2,...,50,

competing in a well-mixed population by means of pairwise comparison dynamics. In each update step, a randomly chosen individual adopts the
strategy of another with a probability increasing in the payoff difference, while with a small probability © mutation introduces a randomly selected
strategy. Under rare mutation, the population spends most of the time in homogeneous states; consequently, the long-run abundance of each
strategy can be computed, which reflects its evolutionary performance. We find that the abundance of AoNg is maximized at an intermediate
cooperation threshold: moving away from this value in either direction leads to reduced prevalence. Strategies with low thresholds maintain
cooperation under noise but are vulnerable to invasion by high-threshold strategies; conversely, excessively high thresholds allow exploitation of
more cooperative types but fail to sustain mutual cooperation when competing among themselves. Overall, the most abundant strategy in the
long run is AoNi¢. Parameters: population size M = 100, implementation error € = 0.01, selection intensity 8 = 1.

high levels of cooperation in the presence of noise but are vulnerable to invasion of strategies of higher cooperation
thresholds. Strategies of high cooperation thresholds can still exploit strategies of shorter memories. However,
interactions between the strategies with larger K are unable to achieve high levels of cooperation, weakening the
stability of the homogeneous populations of AoNk with larger K. In between comes a moderate cooperation
threshold which proves to be the most effective for Ao/Nk. This optimal memory length may depend on the specific
competition environments including the competing strategies, the noise effect, and the game parameters. As the
competition environment is considered now, the strategy AoNig enjoys the largest abundance in the long run (see
Figure 5).

To further explore the performance and robustness of AdaCo, two more complex competition environments are
considered (Figure 6). In the first environment, ten classic strategies GT FTy 4, GTFTy.2, WSLS, ALLD, GRIM,
ALLC, RANDOM,TFT, ZDs, ZD, are selected to compete with AdaCo. These strategies are typical as the good
performances of some of those strategies have been repeatedly found in respective competition environments [44]. In
the absence of AdaCo, GT FTy. 2 accounts for around 46.8% of the population in the long run. GT FT} 4 comes in the
second place and its abundance is around 20.5%. Though not so abundant, the three strategies ALLD, W SLS, and
GRIM can also take over the population from time to time, and thus their fractions are non-negligible. In addition,
extortionate strategies have no chance to evolve, in line with the results reported in [45]. The rationale underlying
this observation is that the competitions between these strategies exhibit quasi-cyclical dominance. Each strategy
can just be effective in competing with some of the ten strategies. In competition with the remaining strategies, this
strategy would not be so effective or even be dominated. Using more history information in decision-making can
overcome the limitations of memory-1 strategies. AdaCo is such a decision-making rule we have proposed. When
AdaCo enters the competition, the population exhibits qualitatively different dynamics. Figure 6 shows that in
competition with the ten selected strategies, AdaCo enjoys an abundance of nearly 100%, indicating that AdaCo
players can outcompete the selected strategies and take over the population almost all the time. This should be
attributed to the integration of advantages in AdaCo, of previous strategies. Moreover, the cooperation level is
around 83% in the absence of AdaCo. With AdaCo present, the cooperation level can be improved as high as 100%.
This means that classic memory-1 strategies are unable to invade the population occupied by AdaCo players.

In another typical competition environment, we considered a large set of memory-1 strategies. Following ex-
pression (1), a memory-1 strategy can be represented as a vector [po, pcc, pcp, Ppc, Pop|, Where py represents the
probability of cooperating in the first round and pxy represents the player’s probability of cooperation when the
player has chosen X € {C, D} and the opponent has chosen Y € {C, D} in the previous round. Under a noisy envi-
ronment, interactions between memory-1 strategies would enter stable distributions. Thus pg has no effect on the
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Figure 6 (Color online) AdaCo’s evolutionary performance in competition with classic strategies. We evaluate evolutionary outcomes using

the standard pairwise comparison process in a well-mixed population of size M = 100. At each update step, a randomly chosen individual

(the learner) may adopt the strategy of another individual (the role model), with probability W depending on the payoff difference
e

between them. Thus, strategies yielding higher payoffs are more likely to spread in the population. Occasional mutations introduce alternative
strategies, ensuring that the system explores the strategy set over time. The resulting long-run abundances indicate each strategy’s evolutionary
success. (a) We first consider AdaCo (K = 3, t = 2) competing with ten widely studied strategies. In the absence of AdaCo, the generous
strategy GT FTp.2 attains the highest abundance, with GTFTy.4, ALLD, WSLS, and GRIM also maintaining non-negligible presence. When
AdaCo is introduced, it overwhelmingly dominates the population, and the overall cooperation level increases significantly. (b) We then examine
competition between AdaCo and the full space of memory-1 strategies. Each memory-1 strategy is parameterized as [Pcc, Pcp, Poc, Ppop],
and we sample a 6 X 6 X 6 X 6 grid in [0, 1]47 yielding 1296 strategies. Without AdaCo, several memory-1 strategies form a quasi-cyclic dominance
pattern with comparable abundances. Once AdaCo is included, this cycle collapses and AdaCo nearly fixes in the population, again raising the
overall cooperation rate. Parameters: implementation error € = 0.01 and selection intensity 8 = 1.

long-term payoffs. To simplify our simulations, the values of pxy are constrained to the set {0,0.2,0.4,0.6,0.8,1.0}.
Consequently, our simulation encompassed a total of 6* memory-1 strategies. As a control, we first let these memory-
1 strategies compete in the evolutionary race. Results are shown in Figure 6. Although various strategies have a
chance to take over the population, the W SLS-like strategies are the most prevalent. Due to the high level of di-
versity of strategies, even the most abundant strategy [1,0,0,0.6] just enjoys a fraction of 11.5% of the time, further
corroborating the ebbing effectiveness of each memory-1 strategy in interacting with diverse memory-1 strategies.
We then incorporate AdaCo into the competition environment. As mentioned above, AdaC'o player is tolerant but
to a limited degree. This tolerance has a remarkable effect in improving payoffs when interactions happen between
AdaCo players themselves. Figure 6 shows that AdaCo strategy does have a good performance as it can wipe out
all other memory-1 strategies and take over the population almost all the time. The abundance of all memory-1
strategies combined is vanishingly small. The abundance of AdaCo is above 99%. In the absence of AdaCo, the
cooperation level in the population is further reduced as the competing strategies diversify. This is understandable.
Some strategies can achieve high cooperation levels, while others cannot. The population exhibits quasi-cyclical
dominance. On average, the cooperation level in the population is discounted. Once AdaCo is introduced to the
population, it can wipe out all memory-1 strategies. The quasi-cyclical dominance disappears. The population
exhibits a very high level of cooperation, as interactions between AdaCo players can achieve mutual reciprocity
effectively due to the inherent tolerance of AdaCo.

We would like to emphasize that the tolerance in AdaCo entails a certain level of risk of being exploited. For
instance, players can exploit AdaCo players by defecting during a stable cooperative state while cooperating in a
non-stable cooperative state. To implement such exploitation, players need an equal or greater amount of history
information than AdaCo does for decision-making in playing the repeated prisoner’s dilemma game. Nevertheless,
even if such an exploitation is successful, the increment of cooperation thresholds of AdaCo strategy reduces the
possibility of being exploited and thus enhances the evolutionary competence of AdaCo. In fact, in these competition
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scenarios as considered above, no strategies can identify AdaCo’s tolerance and exploit it. As a result, the population
can always be stabilized at high levels of cooperation when AdaCo players take part in evolutionary races.

5 Discussions and conclusion

Understanding the emergence and stability of cooperation in repeated cooperative dilemmas requires a careful
examination of how individuals leverage past interactions to guide future actions [46]. Memory-based strategies,
where decisions depend on the most recent n rounds, provide a natural framework to formalize this process. Memory-
1 strategies, such as TFT and WSLS, have been extensively studied due to computational simplicity and their
ability to sustain cooperation in small-scale interactions [47,48]. However, short memory imposes limits on the
ability to robustly identify and respond to cooperative partners, motivating the exploration of longer memory
strategies.

Among memory-n strategies, the AoNg class exhibits a particularly effective coordination mechanism: “coop-
erate when synchronized, otherwise defect”. This simple yet powerful rule enables rapid establishment of mutual
cooperation when all players follow it, reinforcing stable reciprocity in homogeneous populations. Evolutionary sim-
ulations and analytical payoffs reveal that AoNk excels in short-memory settings, achieving self-cooperation, error
correction, and robust retaliation against defectors. Nevertheless, as memory length increases, this coordination
rule becomes vulnerable: implementation errors can cascade across multiple rounds, breaking synchronization and
undermining cooperation. Consequently, AoNg with extended memory is no longer guaranteed to maintain high
cooperation rates, highlighting that coordination alone is insufficient for long-term stability under realistic noisy
environments.

To tackle these limitations, we introduced the AdaCo strategy, which preserves the coordination principle of
AoNyk while incorporating tolerance. AdaCo players track consecutive coordinated rounds and initiate cooperation
once a threshold is reached. Critically, after sufficient coordination, they tolerate occasional defections without
fully reverting to defection. This design mitigates error propagation while sustaining mutual reciprocity. Analytical
derivations and evolutionary simulations demonstrate that AdaCo consistently outperforms AoNg across a wide
range of cooperation thresholds, tolerance levels, group sizes, and competition scenarios, including interactions with
classic memory-1 strategies such as ALLC, ALLD, TFT, WSLS, GTFT, ZD, and recently discovered strategies
like Cumulative Reciprocity.

Our results also highlight the stability of AdaCo in population dynamics. In well-mixed populations, AdaCo can
resist invasions by unconditional defectors (ALLD) more effectively than AoNg, enlarging the basins of attraction
for cooperative equilibria and stabilizing high levels of cooperation. Moreover, in heterogeneous populations where
multiple strategies coexist, AdaCo overwhelmingly dominates, suggesting that the combination of coordination and
tolerance provides a general mechanism for sustaining cooperation. These findings reinforce that properly leveraging
historical information, not merely increasing memory length, is crucial for strategy design in repeated cooperative
dilemmas.

In summary, both AoNg and AdaCo exemplify how simple coordination principles can promote stable cooper-
ation. While AoN relies on the immediate feedback of synchronized actions, AdaCo extends this framework by
integrating tolerance, allowing cooperative behavior to persist under noisy conditions and extended interactions.
Our work highlights the importance of balancing coordination with flexibility and provides a foundation for explor-
ing more sophisticated history-based strategies that may underlie the emergence and maintenance of cooperation
in complex social and ecological systems.
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