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Abstract This study investigates the bearing-only circumnavigation (BOC) problem involving the control of agent acceleration to
encircle static and moving targets at a prescribed distance and tangential speed. The agent obtains navigation information by measuring
its position and velocity. However, the agent only measures the bearing angle from the agent to the target to obtain information about
the target, since the position of the target is unmeasurable. To estimate the unknown position of the target, we adopt Deghats vector
estimator, the convergence of which relies on a persistent excitation condition. By modeling the dynamics of this problem as a fully
actuated system (FAS), we apply a novel, flourishing FAS-approach-based control method to solve this acceleration-design BOC problem.
For the static target case, we design an FAS-based controller and prove the stability of the closed-loop system. For the moving target
case, we design a robust FAS-based controller and prove the boundedness property of the closed-loop system. Three simulations are
conducted across noiseless static, noisy static, and moving target cases to verify the feasibility of the proposed control methods.

Keywords fully actuated system approach, multi-agent systems, bearing-only circumnavigation, vector estimator, acceleration con-
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1 Introduction

Bearing-only circumnavigation (BOC) is a crucial problem within multi-agent system circumnavigation control
research. In circumnavigation problems, agents need to encircle a target to perform various tasks, including security
surveillance, search & rescue, exploration, source seeking, and military operations. Several studies have explored
different types of circumnavigation problems based on unique operating conditions, such as incomplete information
circumnavigation problems, which include the distance-only circumnavigation problem and the BOC problem. In
the BOC problem, agents only measure the direction from themselves to the target. The advantages of the BOC
setting include the following.

e Fewer sensors at lower cost.

e The possibility of being deployed in distance sensor failure scenarios.

e Applicability in radio silence scenarios.
In 2010, Deghat’s classic study [1] proposed the BOC problem, solving a problem involving an agent and a target.
Ever since, approximately 70 publications have explored BOC problems, with notable representative studies [1-26].

The fully actuated system (FAS) approach is new within the control research domain. In 2020, Duan proposed
the FAS theory [27-29], demonstrating that FASs exist across a wide range and that the FAS approach is a
highly effective method for nonlinear systems. Refs. [27,28] revealed that many real-world control systems can be
simulated as mathematical FASs despite being under-actuated. Ref. [30] explored uncertain FAS models, leveraging
the Lyapunov stability theory to demonstrate a direct approach for designing robust stabilizing controllers for
these uncertain FAS models. Ref. [31] proposed mixed-order FASs for general control systems, demonstrating the
possibility of representing a general control system using a controllable subsystem described by an FAS model and
an extra uncontrollable or supplementary subsystem.

However, the acceleration design problem has been rarely studied among established BOC problems. As FAS
approaches are highly effective for high-order control systems owing to their capability of facilitating arbitrary pole
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configuration after nonlinear cancellation, they can be applied to solve the second-order acceleration-design BOC
problem. The first FAS-based BOC study [23] identified the BOC problem as a unique FAS problem with distinct
features. For instance, the immeasurable nature of the first state necessitates the integration of estimation methods.
Consequently, the FAS approach is crucial to BOC research, making the BOC problem a specialized case within
the FAS research domain.

To estimate the unknown position of the target, implementing an estimator is essential for BOC problems. There
are two types of estimators.

The vector estimator was proposed by Deghat et al. [1]. This estimator represents a valuable technical roadmap
in the BOC research domain, with numerous representative studies [2-4,7,10,14,15,17].

The scalar estimator was proposed by [13]. This estimator was proposed for safety purposes and has been
applied in several studies [16,23,25].

Compared with the scalar estimator, the vector estimator does not utilize explicit measurement derivatives. Thus,
it is more resistant to high-frequency noise. Ref. [23] adopted the scalar estimator to solve the BOC problem via the
FAS approach. Considering the advantage of the vector estimator, a logical move is to replace the scalar estimator
of [23] with a vector alternative. However, this transition introduces technical challenges owing to the fundamentally
different convergence conditions required by the two estimators. In this study, we solve the BOC problem based
on the FAS framework integrated with the vector estimator. We consider static and moving target cases. Given
that the FAS-based BOC research is at its early stages, we investigate the most classic case involving only an agent
and a target. Consistent with the existing literature on vector estimators, we also analyze the persistent excitation
(PE) property. In the static target case, we prove that the PE condition is satisfied during the circumnavigation
process. For the moving target case, the PE condition is guaranteed via specific robust control design tools. The
contributions of this study are summarized below.

(1) Compared with [23], the vector estimator is used, enhancing the resistance of the BOC control system to high-
frequency noise. We extend the vector estimator to the acceleration controller design problem. This demonstrates
the crucial effect of the FAS theory [28] for BOC control problems. Since the FAS framework simplifies the controller
design by decoupling dynamics, we introduce a novel approach to address the acceleration-design BOC problem.

(2) A FAS-based acceleration controller is designed for the static target case. We prove that the closed-loop
system influenced by this controller and the vector estimator is stable. By modeling the BOC system as a mixed-
order FAS, we simplify the controller design, allowing us to assign the poles. This study demonstrates the relevance
of the FAS theory [31] in stabilizing BOC control.

(3) We design a FAS-based robust acceleration controller for moving target cases. This controller enables us to
prove the boundedness of the closed-loop system state. The FAS structure offers a convenient design framework
for robust controllers [30], demonstrating the criticality of the FAS robust theory for addressing the BOC control
problem for moving targets.

The remainder of the paper is structured as follows. Section 2 presents the BOC problem and the vector estimator
as well as the system model. The static target case is analyzed in Section 3. Here, the mixed-order FAS controller
is designed to stabilize the BOC system. Section 4 investigates the moving target case by designing the FAS
robust controller and proving the boundedness property. Section 5 validates the method via three simulations: the
noiseless static, noisy static, and the moving target cases. Section 6 concludes the study and offers some meaningful
directions for future studies.

The following notations are used.

R: set of real numbers.

R, : set of positive real numbers.

R>o: set of nonnegative real numbers.

R™: set of n-dimensional column vectors.
R™*™: get of m x n matrices.

S!: set of two-dimensional unit column vectors.
0: origin of R2.

I: 2 x 2 identity matrix.

Il - ||: vector 2-norm.

Unless defined for the first time, we typically omit the dependence of variables on the time ¢, e.g., a = a(t).
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2 Problem statement and model construction

In this section, the most basic BOC problem, namely, the single-agent single-target case, is comprehensively intro-
duced. Thereafter, the vector estimator for our controller design is proposed.

2.1 Bearing-only circumnavigation problem

We present the single-agent single-target BOC problem.

Our system comprises only one agent and one target, and both the static and the moving target cases are studied.
The velocity of the target is unknown in the moving target case, and the acceleration of the agent is controlled.
The control objective of this circumnavigation problem is to ensure that the agent orbits the target with a desired
distance and tangential speed. Our BOC problem is unique in that only the bearing information of the target, i.e.,
the directional measurement, is measurable. The range information of the target, i.e., the distance measurement,
is not directly measurable by the agent. Regarding other known information, some navigation information of the
agent is known, namely, its position and velocity.

For readers’ convenience, we shall first outline the basic variables employed in our BOC problem.

x(t) € R?: position of target.

y(t) € R?: position of agent.

p(t) € Rxo: agent-target distance, p = || — y||.

d € R, : desired agent-target distance.

a € Ry desired tangential speed of agent.

Subsequently, we introduce the relevant variables to the bearing information. Mathematically, the bearing infor-
mation is represented by radial and tangential unit vectors ¢, ¢ of the agent relative to the target.

¢(t) € S': bearing information, radial unit vector, ¢ = (z — y)/p.

@(t) € St: bearing information, ¢ obtained via a 90° clockwise rotation of ¢.

v(t) € R: radial speed of the agent, v = ¢ T1.

o(t) € R: tangential speed of the agent, v = @'4.

w(t) € R: angular speed of the agent, w = 7/p.

v, (t) € R: speed of the target along ¢, v, = @ .

v, (t) € R: speed of the target along @, v, = @ .

a,(t) € R: acceleration of the target along ¢, a, = @ &.

2.2 Vector estimator

The vector estimator is described in this subsection.

The challenge of our BOC problem lies in the fact that the position of the target is not directly measurable. Since
this position is unknown, something must be designed for its estimation. Thus, we employ the vector estimator
proposed by Deghat et al. [1], as widely referenced in BOC studies. If the readers want to learn another estimator—
the scalar estimator—please refer to [13,16,25].

Variables for estimating the position of the target are introduced as follows.

#(t) € R?: estimated position of the target.

p(t) € R: estimated agent-target distance along ¢, p = @1 (2 — y).

Remark 1. Our definition of p differs from that of [13]. The estimated agent-target distance p is obtained based
on the estimated position of the target &. Thus, the position of the target « is first estimated, followed by @. This
approach differs from [13] where the agent-target distance p is first estimated, followed by p.

Our adopted vector estimator [1] is given by the following;:

&= ko' (y — @), (1)
where k € R, is a coefficient. Notably, @7 is an orthogonal projection matrix that projects vectors onto the ¢
direction along (. This estimator is described in Figure 1. The derivative & indicates the line passing @ and the
position of the agent y. This indicates that & converges tangentially.



Cao S D, et al. Sci China Inf Sci  August 2026, Vol. 69, Iss. 8, 182201:4

T

Figure 1 Description of the vector estimator. Figure 2 Description of variables.

2.3 Problem statement

In this subsection, we provide a formal statement for our BOC problem.

The error notations are described as follows.

e,(t) € R: agent-target distance error, e, = p — d.

es(t) € R: tangential speed error, ez = 0 — a.

Z € R?: estimation error of target’s position, & = x — &.

p(t) € R: estimation error of the agent-target distance, p = p — p.

é,(t) € R: estimated error of the agent C target distance, é, = p — d.
Remark 2. Our definition of the estimation error of the position of the target, @, differs from that of [1], where
x is defined as & — .

Thus far, all the basic variables in our BOC problem have been introduced, and the main variables are illustrated
in Figure 2.

Next, we formally describe our BOC problem. In the static target case, the BOC problem is a stabilization
control problem.
Problem 1 (Static target case). Given the knowledge of the agent’s position y, the agent’s velocity ¢, the agent’s
angular speed w, the radial unit vector ¢, the tangential unit vector ¢, and using the vector estimator (1), design
the agent’s acceleration g such thatlim; .. e,(t) = 0, lim;_, o e5(t) = 0.

In the moving target case, the unknown velocity of the target introduces uncertainty to the BOC problem, making
it a robust control problem; moreover, our control objective focuses on the boundedness property.
Problem 2 (Moving target case). Given the knowledge of the agent’s position y, the agent’s velocity y, the
agent’s angular speed w, the radial unit vector ¢, the tangential unit vector ¢, and using the vector estimator (1),
design the agent’s acceleration y such that

(1) the agent-target distance error e,, the agent’s tangential speed error ey, and the target’s position estimation
error & are bounded;

(2) the agent’s tangential speed ¥ keeps positive.
Remark 3. In the second item, v ensures that the circling movement is performed while guaranteeing the bound-
edness property in the first item.

2.4 Construction of the FAS model

Here, we obtain the estimation error dynamics, (2), and derive the mixed-order FAS model.
First, we study (1), revealing that Eq. (2) of the position of the target is given as follows:

r=i-2=—kpp'(y-2)+i=—kpp [y —z)+ (& &)+
= —kpp (@ — &)+ @ = —kpp & + . (2)

Moreover, the relation between the estimation error of the agent-target distance, p, and the estimation error of the
position of the target, @, is given as follows:

p=p—p=¢ (x-y) - (@-y) =¢ (x—2)=¢" & (3)
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Second, we derive the mixed-order FAS model. Previous studies generally solve their BOC problems without
an explicit system equation. However, we adopt the FAS approach to solve our acceleration-design BOC problem.
In the FAS framework, a system equation must be explicitly defined. We select p and v as system variables. The
derivative of p is

. d (z-y)'(@-9) T -
= — ||l — = V- = xTr — 4a
p=lw—yl - o (@~ 9) (4a)
=i — @y =uv, — . (4b)

By noting that I = T + ¢!, with (4a), we derive
_dx—y p@-g -px-y) t-g-—pp E-y-—@p'@—y) I—ep")(@—y)

dt p p p p p
_ept(E—y) Pl —@ly .-V (T _
= = Y= p=——w|ep
p p p p

Thereafter,

. df[o1
YT\ |10

Hence, we know that

o)=L

p
Ug
p=lw——]¢. 6
(%) ®
With (4a) and (5), taking the derivative of p yields
.. d . . . . . .. .. ,ljw — . . .. ..
p=qlet@-9]=¢ (@ -9+ (@-9) = (; —W> ¢l(E—y)+ " (&)
Uy o T. U2 - T
=|——w| (-0 ta,—p =2 —-20,w+a, +Tw—p . (7)
p p
With (6), taking the derivative of ¥ yields
é_i(_T.)_;T._i__T.._ w_'lj_m T~+—T--
—dt‘Py—Soy $ Y= pSOy Yy
_<w—%>v+gng_—%+vw+goT’y. (8)

Combining (7) and (8) yields the following system equation:
=2

ﬁ:U_m_?me'i_aw""Dw_(pTgv
P

5:—%—1—%}—1—@?&.

Denoting that

(v (t)]z — 20, (0)w a v(t)w
0= o(t)oa () - BO= e |
- o) + v(t)w(t)
thereafter, the error system equation is given as follows:
lZ”] = f+ By 9)

Notably, det(B) =1 # 0 or co. Hence, the error system (9), is obtained as a mixed-order FAS [31].
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3 Static target case

The static target case is explored in this section. First, we propose the FAS controller, after which we prove the
asymptotic stability of the closed-loop system.

3.1 Design of the FAS controller

We design the FAS controller of the static target case and present the assumptions.
We define

€ .
l,p] = fo+ By (10)
[&23]
and
z=—kpp i. (11)

The above represents the error system equation in the static target case. Based on the FAS theory, the controller
is designed as follows:
) ; (12)
1,0

where a,,a,, and a; € R are control coefficients. Notably, e, is unknown; thus, we substitute it with é,. In the
next subsection, we prove that this substitution does not influence convergence.
Next, we introduce the following assumption, which is a constraint for the control coefficients to guarantee
stability.
1,0

Assumption 1. a,,a,,a; € Ry.

1 05
apv—i-apep

§y=-B" (fo +

a5€5

3.2 Stability analysis

Here, the asymptotic stability of the closed-loop system is proven.
Substituting the controller (12) into (9) yields the closed-loop error system equation:

{ €p+ a})ép + agep = ag[), (13a)
érf) + apey = 0. (13b)

First, the upper bound property of p is presented.
Lemma 1. Under Assumption 1, the vector estimator (1) and the controller (12), it follows that p is upper-
bounded.
Proof.  From (13a), we confirm
p+arp+adp=ald+alp.

From Assumption 1 that a;, ag > 0, we confirm that this is an input-state stable system. Assuming p is bounded,

we can immediately conclude that p is also bounded. Assuming V = £T/2, Eq. (11) will yield
V=i"z=-kiTepp s = k(e %)% <O0.

Therefore, the boundedness of & is proven. From (3), we also confirm the boundedness of p, which indicates that p
is also bounded. This concludes the proof.

Thereafter, the lower bound property of w is proven.
Lemma 2. Under Assumption 1, the vector estimator (1) and the controller (12), it follows that after some time,
w exhibits a positive lower bound.



Cao S D, et al. Sci China Inf Sci  August 2026, Vol. 69, Iss. 8, 182201:7

Proof.  Note that w = v/p. Lemma 1 confirms the upper-boundedness of p. Therefore, we only have to prove that
¥ exhibits a positive lower bound after some time. Solving (13b) yields

es(t) = e5(0) exp(—azt) = [0(0) — o exp(—agt). (14)
Hence,
(t) = es(t) + a = a+ [0(0) — a] exp(—azt) = 0(0) exp(—azt) + o[l — exp(—azt)] — .

Thus, it is evident that v exhibits a positive lower bound after a certain time, concluding the proof.

For (11), the following well-known proposition is employed to prove the exponential convergence property of &.
Proposition 1 (PE, [1, Proposition 1]). Let V(t): R5o — R™ " be regulated. Subsequently, the linear time-
varying system, 2(t) = =V (¢)VT(t)z(t), is exponentially and asymptotically stable if and only if for some positive
o1, ag, and At; for all ¢ty € Rxq, there is

to+At
arl < / V(VT(t)dt < azl.

to

This condition is called the PE condition, and V(t) is considered persistently exciting if it satisfies the above
inequality. Another interpretation of the PE condition in scalar form is as follows:

t0+At
(< / UTV@OR A< e, Vio € Ro,

to

where €; and ey are positive scalars, and U € R™ can be any constant unit vector.
Now, the convergence of p can be proven.

Lemma 3. Under Assumption 1, the vector estimator (1) and the controller (12), it follows that p converges to
Zero.
Proof. Lemma 2 confirms that w exhibits a positive lower bound after some time. Thus, ¢ is persistently exciting.
Employing Proposition 1, we determine that p converges to zero, concluding the proof.

The lemma below proves the convergence of e,.
Lemma 4. Consider the system 2(¢) + a12(t) + aoz(t) = f(t), where z(t), f(¢) € R; a1,a0 € Ry. If f(t) converges
to zero, then z(t) also converges to zero.

Proof. In the frequency domain, z(s) = % Since f(t) converges to zero, as revealed by the final
value theorem, we know that lims_,osf(s) = lim;_,~ f(¢) = 0. Employing this theorem again, we confirm that

limy o 2(t) = limgs_0 s2(s) = lims_,0 % = lim,_s0 %E)S) = 0. This concludes the proof.
Finally, we summarize our results in the following theorem, indicating the completion of the BOC task.

Theorem 1. Under Assumption 1, the vector estimator (1) and the controller (12), it follows that e, and ez
converge to zero, solving Problem 1.

Proof. Based on Lemma 3, we confirm that p converges to zero. Recalling (13a) and applying Lemma 4 reveals
that e, converges to zero. Employing (14), we confirm that e; converges to zero, concluding the proof.

4 Moving target case

We investigate the moving target case. First, we design the FAS robust controller to solve this BOC problem. The
boundedness properties of e, and ey are proven.

4.1 Design of a robust FAS controller

First, the constraint on the movement of the target is stated in the following assumption.

Assumption 2. For the velocity of the target, there exists €,0 € Ry such that ||&(t)|] < ¢ and [|&(¢)|| < o for
t > 0. Moreover, ¢ is known.

For the design of a robust controller, the following conjecture is crucial.
Conjecture 1. There exists a known value p. € Ry, such that p(t) > p, for t > 0.
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Remark 4. The value of the positive lower bound, p., is empirical. Usually, the p varies around the desired value
d within a small range. In practice, we can adopt a sufficiently small value p, for the controller design.

Here, Eq. (9) can be rewritten as follows:

lép] B |"U%/p — 20w + a,

_ + fo + BYy. (15)
—0Ug/p

€y

The moving target case is more complicated than the static target case. When the target moves at a low velocity,
the totally unknown velocity of the target makes the previous system a perturbed system.
Next, we design a robust FAS controller as follows:

) 1 —afl)v + agép

y=-B | fo+ 2e0? | |- (16)
Ay

46p3

Here, a}), a,, and ay € R are control coefficients; § € Ry is a des1gn parameter that will be discussed below.

Remark 5. In the robust FAS controller (16), the terms —apv + apep and agey are pole assignment parts. Only
the term, e2e;¢T¢/(46p?), is the robust part.

Substituting (16) into the error system (15), yields
62
€p — afl)v + agép ==L — 20w + ag,
p
2, 2 5
2e-
é{) + azey + ke - P

02 p

Employing (4b), we confirm that the closed-loop error system equation is as follows:

€p + a,l)ép + agep =g, (17a)
= 2, .2
: N )
= s = —— — — 17b
és + ageg PR (17b)

where g(t) = a,v,(t) + adp(t) + [v;gg] — 20, (t)w(t) + ay(t).

4.2 Boundedness of the tangential-speed error

In this subsection, we prove that e; is bounded and that the bound can be arbitrarily regulated.
First, the following assumption is given.
Assumption 3. a; € R;.
Thereafter, we report the following simple result.
Lemma 5. Let a € R,, b,c € R. Thus, there holds bc — ac?® < %.
b2 b

Proof. Tt is evident that bc — ac? = —a (c — %) + 17 < 7 This concludes the proof.

Thereafter, the boundedness property of e; is stated below.
Lemma 6. Conjecture 1, Assumptions 2 and 3, (1), and (16) confirm the boundedness of e3.
Proof.  Define the Lyapunov function, V3 = €2 /2. Assumption 2, Lemma 5, and Eq. (17b) yield the following:

) = 2 2
Vi = epby = —ageZ + (—%) (veg) — %pz(ve@)? < —age? + 5 % p; < —2a5V5 + 6.
Thus, the comparison theorem holds that
0 0 0
< 5(0) — —2a, —.
Vs < S + [VU(O) 2aJ exp(—2ayt) — S (18)

Therefore, we confirm the boundedness of V5. Thus, e; is bounded, concluding the proof.
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4.3 Boundedness of the agent-target distance-estimation error

Here, the boundedness of p is proven. To guarantee PE, we rely on the following assumption to express the value
range of 4.

Assumption 4. 0 < § < aza?.
Thereafter, the following lemma is obtained.

Lemma 7. Based on Conjecture 1, Assumptions 2-4, (1), and (16), it follows that v exhibits a positive lower
bound after some time.

Proof.  From Assumption 4, we confirm that there exist e1,e0 € Ry satisfying (o — £1)? — 265 > 0 such that
0 < 6 < ag|(a—e1)? —2e5]. Therefore, % +¢e2 < 3(a—e1)?. From (18), we know there exists a certain time ¢ such

that Vy < % +¢eo for t > tg. Thus, V; = %e% < %(a —¢1)? for t > tg. Therefore, we obtain |e;| = [t —a] < a—¢7.

Hence, we know v > &1 for ¢t > tg. This concludes the proof.

Proposition 2 (See [1]). Assuming the coefficient matrix, A(t) € R™*", is continuous for all ¢ € Ry, and
constants a,b € Ry exist such that for every solution of the homogeneous differential equation z(t) = A(t)z(t),
where z(t) € R™, we obtain ||z(¢)|| < b||z(to)|| exp(—a(t — o)) for 0 < to < ¢t < co. Therefore, for each h(t) that is
bounded and continuous on R, every solution of the nonhomogeneous equation

2(t) = A(t)z(t) + h(t), z(to) =0

is also bounded for ¢ € Rx¢. Particularly, if |h(t)|| < K}, < oo, it follows that the solution of the perturbed system
satisfies ||z(£)] < 222 + (b]|2(to)]| — 252) exp(—a(t — to)).

a
Lemma 8. Under Conjecture 1, Assumptions 2-4, (1), and (16), the boundedness of & is confirmed.
Proof.  Based on Lemma 7, we confirm that ¢ satisfies the PE condition in the moving-target case. For any
z(t) € R2?, Proposition 1 ensures that the solution to the differential equation, 2 = —k@@? z, which represents the
corresponding homogeneous equation (2), converges exponentially to zero. Consequently, by applying Proposition 2,
we confirm the boundedness of @, concluding the proof.

4.4 Boundedness of the agent-target distance error

In this subsection, we prove that e, is bounded.

First, we validate the following assumption about a, and af.

Assumption 5. a}), ag e R;.

Afterward, the following lemma is obtained.
Lemma 9. Conjecture 1, Assumptions 2-5, (1), and (16) confirm the boundedness of e,.
Proof. Lemma 6 and Conjecture 1 confirm the boundedness of w. Further, Lemma 8 reveals the boundedness of
p. Based on Assumption 2, we confirm the boundedness of g. Assumption 5 illustrates that g can be considered as
the bounded input of a stable system. The observed input-state stability confirms the boundedness of e,.

Finally, Lemmas 6-9 lead to the following theorem, which summarizes this section.

Theorem 2. Under Conjecture 1, Assumptions 3-5, (1), and (16), it follows that
(1) es, €y, and & are bounded;
(2) © exhibits a positive lower bound after some time.

Hence, Problem 2 is solved.

5 Simulation

In this section, three simulations are performed and analyzed. First, we present the results for the static target
case, covering noiseless and noisy cases, followed by the results for the moving target case.

The common parameters shared across these three simulations are defined below. The initial position and velocity
of the agent are set y(0) = [20, 3]T, (0) = [0,0]T. The desired agent-target circling distance and relative tangential
speed are d = 6 and a = 2, respectively. The initial value and coefficient of (1) are #(0) = [4,6]" and k = 0.5,
respectively. The controller parameters are a), = 3, a) = 2, and ay = 8.
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Figure 3 (Color online) Trajectories of agent’s position y and target’s estimated position @& in the static target case.
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Figure 4 (Color online) (a) The agent-target distance estimation error’s norm ||&|| in the static target case. (b) The agent-target distance
error e, in the static target case. (c) The agent-target relative tangential speed error e; in the static target case.

5.1 Static target case

In the static target case, the target is set at position & = [0,0]T. In the following, both noiseless and noisy cases
are simulated. The noiseless case denotes an ideal working environment, whereas the noisy case is a simulation for
real working environments.

5.1.1 Noiseless static target case

For this case, the simulation results are shown in Figures 3 and 4. Figure 3 illustrates x as well as the trajectories of
y and &, revealing that the agent approaches the desired orbit, whereas & approaches its real position @. Figure 4(a)
shows the convergence of the estimator. Figures 4(b) and (c) show the convergence of the closed-loop error system
(13).

The simulation result reveals that the agent performs the circumnavigation task.

5.1.2  Noisy static target case

To simulate a noisy operating environment, we introduce uncertainty to . Furthermore, each coordinate of x is
perturbed by Gaussian white noise with a variance of 0.36. Consequently, the measured radial and tangential unit
vectors ¢ and ¢, respectively, are also perturbed.

The simulation results of the noisy static case are shown in Figures 5 and 6. As shown in Figure 5, besides y and
x, the position of the noisy target is also plotted. These trajectories reveal that the estimator and the controller
operate well in the noisy case. The variables ||Z||, e,, and e are shown in Figures 6(a)(c), respectively.

These results reveal that the agent performs circumnavigation in the noisy static target case.
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Figure 5 (Color online) Trajectories of noisy target’s position, agent’s position y and target’s estimated position @ in the noisy static target
case. “Noisy x” denotes the target’s position perturbed by Gaussian white noise with variance 0.36.
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Figure 6 (Color online) (a) Agent-target distance estimation error’s norm ||&|| in the noisy static target case. (b) Agent-target distance error
e, in the noisy static target case. (c) Agent-target relative tangential speed error ey in the noisy static target case.

5.2 Moving target case

In this subsection, we present the simulation results for the moving target case. Since the moving target condition
already introduces perturbation to the BOC system, we simply perform the noiseless simulation.
The following target trajectory is adopted from Deghat’s classic study [1]:

2+ 0.025¢

xz(t) = .
3 4 sin(0.025¢t) + 0.025¢.
Therefore, we set € = 0.005. Following Conjecture 1, we set p, = 2. We select § = 1 < aza? = 8 x 22 = 32 to satisfy
Assumption 4. Given these parameters, the simulation results are illustrated in Figures 7 and 8. The trajectories
of &, y, and & are depicted in Figure 7. The evolution of p is shown in Figure 8(a), confirming that the relation
p = ps« =2 in Conjecture 1 is satisfied throughout the entire simulation. Furthermore, ||Z||, e,, and ey are depicted
in Figures 8(b)—(d), respectively.

These figures conclude that the circumnavigation task is executed by the agent when the target moves at a low
speed.

6 Conclusion and future work

Research into the FAS-based BOC problem is currently in its early stages. The findings in [23], combined with the
results of this study, indicate that the BOC problem can be effectively resolved using the FAS framework regardless
of the specific estimator employed. Within this context, the error system defined in (13a) serves as a foundational
result; it demonstrates that the convergence of the estimator directly ensures the stability of the controller.



Cao S D, et al. Sct China Inf Sci  August 2026, Vol. 69, Iss. 8, 182201:12

20
g
=z
o 10
<
e
0

-10 -5 0 5 10 15 20 25 30
z-axis/m

Figure 7 (Color online) Trajectories of agent’s position y, target’s position @ and target’s estimated position @ in the moving target case.
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Figure 8 (Color online) (a) Agent-target distance p in the moving target case. (b) Agent-target distance estimation error’s norm ||&|| in the
moving target case. (c) Agent-target distance error e, in the moving target case. (d) Agent-target relative tangential speed error ey in the
moving target case.

Thus far, the single-agent single-target acceleration-design BOC problem has been solved. However, there are
still two limitations in resolving this problem.

(1) Angular velocity estimation problem: the determination of an estimator for w.

(2) Safety problem: the study of the lower bound of p.
The assumption that w is measurable and the conjecture that p, is known in advance are not the perfect choices for
addressing this BOC problem. Moreover, multi-agent or multi-target cases should also be considered in the future.
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