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Quantum combs give a causal description of multi-time quantum

processes with finite memory and provide a natural language for

non-Markovian noise in quantum devices [1]. Existing quantum

comb tomography (QCT) usually assumes that the inserted in-

struments and initial states are known exactly. This assumption

is fragile on real hardware: imperfect instruments are absorbed

into the reconstructed comb, so two imperfect instrument sets can

give inconsistent estimates of the same process. Isometry-based

QCT (iQCT) [2] reduces the computational cost of comb recon-

struction through an isometric parametrization on the Stiefel man-

ifold, yet it inherits the same known-instrument assumption and

is therefore not self-consistent. Recent non-Markovian gate set to-

mography addresses self-consistency but still relies on Choi-state

representations with large constrained parameter spaces [3]. We

address both issues by reconstructing the comb, instruments, and

initial states jointly on the product Stiefel manifold.

For an N-slot process, let C(N) be the comb, J(t) = {J
(t)
v }v

be the available instrument set at slot t, and S = {ρ
(0)
u }u be the

initial-state set. The collection

Γ = {C(N), J(0), . . . , J(N−1),S}

is called a comb-instrument-state (CIS) set. For an instrument

branch sequence A
(0)
v0,x0

, . . . ,A
(N−1)
vN−1,xN−1

, the observed probabil-

ity is

p
(N)
xu,v

= Tr
[

C(N)
(

A
(N−1)
vN−1,xN−1

◦ · · · ◦ A
(0)
v0,x0

)(

ρ
(0)
u

)]

. (1)

Optimizing a smooth objective F with respect to the CIS set

amounts to solving the constrained problem

min
Γ

F(Γ) s.t. Eqs. (3a)–(3d), (2)

where the Choi operators are subject to physical feasibility:

Υ(N)
> 0, (3a)

Trot Υ
(t+1) = Iit ⊗Υ(t), Υ(0) = 1, (3b)

A
(t)
v,x > 0,

∑

x

Trit+1
A

(t)
v,x = Iot , (3c)

ρ
(0)
u > 0, Tr ρ

(0)
u = 1. (3d)

Here Eq. (3a) enforces complete positivity of the comb, Eq. (3b)

enforces causality, Eq. (3c) enforces complete positivity and trace

preservation for each complete instrument, and Eq. (3d) enforces

state normalization. Solving Eq. (2) directly is intractable, and

bounded memory further imposes rank constraints on the Choi

operators.

Theorem 1. For every admissible CIS set Γ, choose ancil-

lary dimensions dat+1 > rank(Υ(t+1)), det,v,x > rank(A
(t)
v,x), and

dru > rank(ρ
(0)
u ). Then Γ admits a parametrization by isometries

Γ = Γ(V, J, S) on the product Stiefel manifold

M =
[

×N−1
t=0 St(dotdat+1 , ditdat)

]

×

[

×t,vSt

(

∑

x

dit+1
det,v,x , dot

)]

×
[

×uSt(di0dru , 1)
]

,

where V (t) : Hit ⊗Hat → Hot ⊗Hat+1 carries the memory ancilla

Hat , J
(t)
v = [W

(t)
v,1, . . . ,W

(t)

v,|J
(t)
v |

]T stacks the branches of the v-th

instrument at slot t, and Su is a purification of ρ
(0)
u . Conversely,

every point on M induces a physically valid CIS representative

satisfying complete positivity, causality, trace preservation of each

complete instrument, and state normalization.

The comb part follows from the isometry cascade of causal

quantum combs [4], with Hat the memory ancilla carrying system-

environment correlations across slots. The instrument part follows
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Figure 1 (Color online) Framework and validation. (a) General framework. A CIS set is reconstructed by Riemannian optimization algorithm

on the product Stiefel manifold, turning physically constrained reconstruction into unconstrained manifold optimization. (b) Numerical simu-

lation versus a full dense Choi-state self-consistent baseline: reconstruction loss (log scale; means over 10 trials, error bars span [min,max]).

(c) Hardware experiment on Wuyue-1 versus iQCT: average squared probability distance D̄ (10 repetitions).

from Stinespring dilation of each branch, and the state part from

purification. Theorem 1 turns the constrained problem (2) into un-

constrained Riemannian optimization on M. The parametrization

is not injective: auxiliary-space and system-space gauge transfor-

mations leave all observable probabilities invariant, so reconstruc-

tions are interpreted up to gauge equivalence.

Figure 1(a) summarizes the workflow. Experiments enumer-

ate initial-state labels and instrument sequences, and repeated

shots estimate the empirical probabilities p̃
(t)
xu,v

. The reconstruc-

tion minimizes

min
(V,J,S)∈M

∑

t

∑

xu,v

(

p̃
(t)
xu,v

− p
(t)
xu,v

)2
, (4)

where M denotes the product Stiefel manifold. Under this rep-

resentation, all observable statistics are determined by the CIS

configuration up to gauge equivalence. In standard QCT, the

probabilities depend linearly on the comb Choi operator and infor-

mational completeness reduces to a linear-injectivity requirement.

In the self-consistent formulation, the probabilities become a non-

linear function of (V, J, S): the spanning condition serves only as a

probing-design criterion ensuring operator-space coverage at each

slot, and does not by itself constitute a complete identifiability the-

orem, since gauge-equivalent configurations remain indistinguish-

able. The recursive probability evaluation is

η
(t)
i = V (t)η

(t−1)
o V (t)†, (5)

η
(t)
o = Tret,v,x

[

W
(t)
v,xη

(t)
i W

(t)†
v,x

]

, (6)

with η
(−1)
o = ρ

(0)
u and p

(t)
xu,v

= Tr[η
(t)
o ]. Here η

(t)
i and η

(t)
o are

the input and output states of the slot-t instrument branch: the

comb link acts first and the instrument acts afterward. We op-

timize (4) by Riemannian ADAM, using tangent-space gradients

and retractions on the Stiefel factors [5].

The per-iteration complexity of complex multiplication of our

method is O(|S|nN
A
mNd3de

∑N−1
t=0 d3at+1

), while the dense Choi-

based baseline has the complexity Ω(|S|nN
A
mNd4N ). Thus the

advantage is most pronounced for bounded-memory combs, where

the ancillary dimensions are small compared with the full Choi

dimension.

We implemented the method in C++ and tested it on both

simulated and hardware data. In numerical tests, overcomplete

CPTNI instruments and randomized non-Markovian combs were

used to generate data. Compared with a full dense Choi-state

self-consistent baseline, the product Stiefel method reached lower

reconstruction loss F across the tested ancillary dimensions (Fig-

ure 1(b)); the label “log2 da1 -log2 da2” denotes log2 of the an-

cillary dimensions at consecutive time steps, and bars are means

over 10 trials with error bars spanning [min,max]. Because the

simulated comb, instruments, and initial states are known, the

synthetic tests also exhibit improved physical reconstruction after

gauge alignment.

Hardware experiments were performed on the Wuyue-1 super-

conducting processor. The deployed single-qubit instruments in-

cluded calibrated CPTP operations and Pauli-basis measurement

operations. On the hardware data, our method attains a smaller

average squared probability distance D̄ = F/Np (with Np the

number of terms) than iQCT, which assumes known instruments

and states, across all tested ancillary dimensions (Figure 1(c)).

Since no ground-truth comb is available on the device, the comb

fidelity between our estimate and the iQCT estimate is reported

only as a consistency comparison with the iQCT reference, not as

an absolute reconstruction-fidelity metric.

As a result, both the numerical and hardware experiments in-

dicate reliable recovery of the CIS set under realistic noise. How-

ever, this should not be conflated with a proof of identifiability

since the CIS set exhibits gauge equivalence. The informational

completeness to uniquely estimate a CIS set remains an open prob-

lem. These results demonstrate that our method provides a practi-

cal route for characterizing non-Markovian processes with reduced

computational overhead.
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