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1 Manifold Geometry of Comb-Instrument-State Set

Consider a comb augmented with an initial-state preparation and instrument interventions at each slot, as shown in
Fig. 1. This framework extends the standard quantum comb formalism to characterize general supermaps of quan-
tum processes. For example, non-Markovian noise in quantum devices is naturally captured by this representation.
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Figure 1 General framework of self-consistent quantum comb tomography (QCT). The diagram illustrates an operational open quantum
process based on a quantum comb (green). The initial state p(0> may contain system—environment entanglement. The maps A® denote the
experimentally accessible operations, and the comb governs the joint system—environment evolution. Together, these elements constitute a
comb-instrument-state (CIS) set, where each component resides on a product Stiefel manifold. The tomography framework contains two main
stages: data collection followed by optimization based on Riemannian principles. F is the loss function of the CIS set, which is related to the
intermediate states 771(0 s ngt) and the output probabilities p(t). Specifically, the core optimization steps involve calculating the Riemannian
gradient and performing retractions on the product manifold.
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At slot t=10;:::;N 1, where N denotes the total number of time slots, let H N and H,, denote the,\llnput and
output system Hllbert spaces of the t-th comb link, respectively. We write H; := iv 01 Hi, and H, =0 Hot
for the tensor-product spaces used in the Choi representation. The ancillary spaces introduced below are H,, for
the comb memory, He, , . for the Stinespring environment of an instrument branch, and H,., for the purification
reference of the initial state. s

The ﬁnite initial-state set is S = f ) 2 L(H;,)gl,. At slot t, the available instrument set is J® :=
(®)
fJ U(t)gv 1, where each instrument J, ® .— A it)w : L(H,,) ! L(H ltJrl)gIJl s a family of completely positive

p’
trace-nonincreasing maps satisfying IJ lAg,t), is CPTP. For an instrument sequence V = (Vo;:::;Vy_1) and an
outcome sequence X = (Xg;:::; Xny— 1) uv denotes the complete experimental record conditioned on the initial-

state label U and the instrument choices v. Here and throughout this paper, j j denotes the cardinality of a finite
set.
The probability of observing the outcome sequence X,y conditioned on the initial state &0), the instrument

branches Ago)zo; Tl 'Aq(fxl 1)1;N1 , and the comb Cc) ig

i
o) = Tr dN) AN-1) A (0 . (1)

UN1 TN 1 Vo,To

More generally, p&tiyv denotes the probability of the partial outcome sequence up to slot t; Eq. (1) is the special
case of the complete N-slot sequence.

Under this framework, all observable probabilities are determined once the comb CV), the initial-state set S,
and the instrument sets J(t) t=0;:::;N 1, are fixed. We refer to the collection of these probablhty—determlmng
elements as the comb- mstrument state (CIS) set.

Definition 1 (CIS set). Given an N-time-step comb CV), finite instrument sets J®) :=fJ ®) gv 1 with 3\ =

fA 5 Ig‘wj”l and Choi operators AEfL 2L(H;,,, H,,), t=0;:::;N 1, and a finite initial-state set S :=f 2

L(H 1O)glus‘ 1, the CIS set is defined as
n (o]
M= CM;J3:=1 OgV ls : (2)

Optimizing a smooth function F with respect to the CIS set amounts to solving the problem

st. T >0; ()
Tr,, YV =1, T O 8t 10 =1; (5)
Al >0; 8tv;x; (6)

Pl
Trit,+1 Avt,)x = 10,; 8t;V; (7)

r=1
©>0; O =1 (8)

where 1 denotes the identity operator on the relevant Hilbert space. The Choi operator YT() 2 L(H, H ;) of C™)
is defined, for ; 2 L(H;), by
h i
C<N)( 1) = Tri T(N) 10 T , (9)

1

and the Choi operator AU % of A w is defined, for 2 L(H,,), by
h i
Agjt,at( ) = TrOt Avt,zc 1it,+1 4 : (10)
Constraint Eq. (4) states that the comb is CP, while Eq. (5) enforces causality, ensuring that past outputs are not
influenced by future inputs. Constraints Eq. (6) and Eq. (7) ensure that the instruments are CPTP.

Solving this problem is intractable when F is non-convex, rendering semi-definite programming techniques in-
applicable. Moreover, when the comb has bounded quantum memory and the instruments and initial states have
bounded environment dimensions, additional rank constraints are imposed on T(t)7 A,(,f)x, and &0), for all t;u;X;Vv.
Consequently, limited-rank optimization for the CIS set becomes necessary, a problem that remains open.
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1.1 Manifold parameterization

A central result of this work is that the CIS set can be efficiently parameterized on a product Stiefel manifold. This
parameterization enables unconstrained Riemannian optimization even under limited-rank conditions.

Theorem 1. LetT = fC(V): J; Sg be an admissible CIS set with Choi operators T (t), AS}ﬁL, and states ,(LO). Choose
> rank(Y (1) for the comb memory after slot t, d

branch, and d,., > rank( SP)) for each purification reference. Then the CIS set admits the Stiefel parametrization

. . . t .
ancillary dimensions d,,_, erv.e > Tank(A S,l) for each instrument

I =T(V;J;S); (11)
Vi= (VO v (V-
() doyda, ., Xds,d ®)ty (£) (12)
8V 2 ClorGarpr ot VIV =14 4,
<J:=f3 ;0 ;Jl(ﬂt)‘)gf;)l;
| _— (13)
: Jét) 2C w=1 Bprdesy o Xdops Jgt)TJét) =1q4,;
= (S1;::05 S8 ) (14)
S, 2 Chodruxl, gig —1:
The parameter domain is the product Stiefel manifold
h i
M = iv:olSt(doidaHl ’ dit dat)
2 ol 3
N—-1 [3®] v
t=0 v=1 St( dit+1det,v,z;d°t)5 (15)
r=1
h i

[S|
u=15t(ds,d,, ;1) 5

where St(n;p) := fX 2 C™P : XTX = 1,; n > pg is the complex Stiefel manifold. Conversely, every
point (V;J;S) 2 M induces a physically valid CIS representative satisfying complete positivity, causality, trace-
preservation of each complete instrument, and state normalization. The parameterization is, however, not injective:
a given admissible CIS set can be represented by infinitely many points on M, related by unitary rotations on the
auxiliary spaces Hg,, He, , ., and H,. that are introduced by the dilation but never enter the Choi operators or
density matrices. These rotations form the auxiliary-space gauge characterized in Section 1.3.

The proof is detailed in Section 1.2. Here, V is derived from the isometry representation of the comb CWV).

h i
C(N)( i) =Tra, y=1 oy (0 oy OF oy (N=DE (16)

where VY : Hy, H o, 'H o, H 4, satisfies V®TV® =1, ; . The space H,, is the memory ancillary space
at slot t, and d > rank (Y (1),

The parameterization of J follows from the Stinespring dilation of instruments. Let qutg)g :H,, 'H
satisfy

satisfies d

Qi1 at41

H

it41 et v,x

h i X
()="Tre,,. W WO WTW =14,

r v,x

AL

x

Collecting the branches as Jf,t) = [Wlf? W (t|).7<f) ‘]T gives Jét)TJth) = 14,, and hence the Stiefel factor in Eq. (15).
Finally, each mixed initial state O i purified as O = Tr,, (S,S!) with S, 2 H;, H ,, and SIS, = 1.

Combining these factors yields the product manifold M in Eq. (15).
1.2 Proof of Theorem 1

This section presents the proof of Theorem 1 by showing that each component of the CIS set I' = fC(V): J: Sg admits
a Stiefel-manifold parametrization, leading to the product manifold structure in Eq. (15). Accordingly, the proof is
organized into three sections, each devoted to one component of the CIS set. Combining these results establishes
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that every admissible CIS set can be parameterized as a point on the product Stiefel manifold, and conversely, every
point on this manifold generates a valid CIS set. This parameterization, however, is not one-to-one due to gauge
freedom (see Section 1.3 for a detailed discussion).

1.2.1 Parameterization of the comb.
For a nite-memory N-slot quantum comb C™) satisfying the causality condition, it can be completely characterized

by the concatenation of N isometries. Thus, for every slot t, there exists an isometry W :H;, H o 'H o H 4,
such that the entire comb can be written as
h i
cN) (i)=Tr 4, y(N1) v © i v Oy y(NLy . (17)

Because W is an isometry satisfying V% VO =14 4, , we have VO 2 St(d,, da,, ; di,da,). Therefore, the

N1
t=0 St(dot dat+l ; di t dat ): (18)

Theorem 1 in shows that the minimal dimension of the ancilla space H,, is the dimension of the support
of b So the ancilla dimensions satisfy g,, > rank( ®1 ), ensuring that each comb link admits such an
isometry.

1.2.2 Parameterization of instruments.

Consider an instrument J.% = fA \(,t)x g at time step t. Each branch A\(,t;)x is a CPTNI map. It admits a Stinespring

dilation
A\(lt,)X () = Tr €tvix W\;?( W \52<y ; (19)

where He,,. is the ancillary space of the instrument branch, and WY Ho 'H ., H ¢, - The completeness
of the instrument, i.e., A\(,t;)X is trace preserving, implies the condition \f?(y W\Q( =
Note that for any input state 2 L(H o), the output A \(,t)x () is a positive semide nite operator on H ;,,, with

trace h i
pag) = Tr AR (20)

X [

which has the operational meaning of the probability of observing an outcome. Thus ,&?x() encodes both the
probability of the classical outcome x and the corresponding post-measurement quantum state. The subnormalized
state conditioned on obtaining outcome x is given by

(®)
Al
= Al (21)
p(xj)
This explicitly shows that each A% is CPTNI, and the family fA & g forms a quantum instrument.
In order to embed these variables onto the manifold, stacking all branches yields the block operator
— )..... t .
390 =winwl 22)
- - My 30 — - o P .
which satis es Jy” Jv° =14, . Thus, the quantum instrument Jy” isonthe St | "di,, de,, ; do

Then consider the quantum instrument set JO = fJ 9 g at each slot fromt=0tot=N 1, the collection of
all these instruments is given as J = (J9;:::; JND ) |t can be parameterized on the manifold

1

N1 0
t=0 v=1 t di t+1 det;v;x 1 de A ’
x=1

i3 i

where the dimensions satisfy g, > rank(A \(,t)x .
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1.2.3 Parameterization of initial states.

Each possibly mixed initial state © 2 L(H i,) admits a puri cation

© =Tr, (S.S)); (23)

where §, is the pure state in the composite system H, H ., and dimension 4, > rank( E,O)).
There is the constraint §§S, = 1. Hence, §, is on the St(d ,d;,;1). The product manifold of the state set
S=(S1;:5Ss)) is

S st(di, dr, ;1) (24)

Since the comb, instrument, and initial-state components are mutually independent degrees of freedom, every
admissible CIS set corresponds to a point on this product Stiefel manifold, and conversely every point on this
manifold generates a valid CIS set. Note that this parameterization admits gauge freedom, as multiple points on
the manifold can produce the same observable statistics (see Section 1.3).

1.3 Gauge freedom and identi ability

The manifold parametrization in Theorem 1 is not injective, since distinct points on the product Stiefel manifold

can yield identical observable probabilities. A gauge transformation is a transformation of (V;J; S) that preserves
all probabilities p@uzv while mapping every valid CIS set to another valid CIS set. As established below, this dual
requirement forces all gauge operators to be unitary, so that complete positivity, causality, trace preservation, and
state normalization are automatically preserved. We now characterize this gauge freedom in detail and analyze its

consequences for optimization and evaluation.

1.3.1 Characterization of gauge freedom

The gauge freedom arises from two independent sources, which we call Type | (system-space) and Type Il (auxiliary-
space).

Type I: System-space gauge (B-family). The CIS probability computation involves an alternating chain
of isometries and density matrices. Between adjacent components, the system Hilbert space H (assumed equal
across all slots: H, = H,, = H, dim(H) = d) serves as the interface. At each of the 2N + 1 interfaces (labeled

conjugation structure X X Y unchanged: the input-side cancellation B! B, = 1 and output-side cancellation
BY(BY)! =1 remove the gauge operators from the probability expression.
Formally, the gauge transformations are

Su=Bo 1,)Su; (G1)
VO =Ban 1a,)VY Bx 1a) t=0::5N 1 (G2)
W =B 2w 1 ews WS Bog ;s t=0i1i5N L (G3)

Algebraically, the bilateral cancellation B,! B, =1 and B }(BY)! =1 preserves the probability expression for any
invertible B ,. However, for the transformed components to remain on the Stiefel manifold, all B must be unitary.
We verify this by checking the isometry constraints inductively along the circuit:

1. State: SYS, = SY(B§Bo 1 ,)Su, Which equals 1 for all valid S, only when B}Bo = 1. Since Bo is d d,
this isometry condition implies B 2 U(d).

2. Comb: WithB, 2 U(d) (s0o B4 =B J,), the isometry condition on ¥® givesv® v® = (B 5 1)V O (B}, Bow
1)V O (B, 1). For allisometries V. © | this equals 1 only when B, Ba.; = 1; otherwise the middle factor
varies with V® . Since Bys1 is d d, this gives B o1 2 U(d).

Wi o Py w® —m 1wl Wy Ry
3. Instrument: With B .1 2 U(d), the completeness relation gives |, Wy:Z Wyx = (B 541 ) « Wy (B 2(t+1) B+
le)Wﬂ letﬂ . By the same reasoning, this equals 1 for all valid instruments only when B.1y 2 U(d).
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The chain By I'B™ 1B" ,1 1B,y establishes that all 2N + 1 operators are unitary. The terminal
constraint is automatically satised: By 2 U(d) ensures Tr[B) Boy ] = Tr[ 1. Conversely, direct substitu-
tion cop) rms that unitary B , preserve all manifold constraints: v v® =B xB) 1 =1, WY W =

Bows (WX WiX)BYy =1, S, = 1.

This is the multi-interface generalization of the similarity-transform gauge in gate-set tomography. The Type |
gauge freedom has real dimension (2N + 1)&

Type II: Auxiliary-space gauge (C-family). The auxiliary spaces introduced by the Stiefel parameteriza-
tion (comb memory H,,, instrument environment H¢,,, , State reference H,) do not appear in the observable
probabilities and admit unitary gauge transformations:

1. Source A (instruments): C,, 2 U(de,, ) acts as wd =@ vt C e YW . The partial trace Tr Crux
eliminates C since Tre[CXCY] = Tr ¢[X] for unitary C, and the completeness relation is preserved since
cYCc =1.

2. Source B (states): G, 2U(d,,) actsasS, = (1, C ,)Su, eliminated by Tr,, analogously.

Cy, = 1. At the terminal end, C 5, appears single-sided under Ty, , requiring C,, 2 U(d,, ). For manifold
preservation, the isometry condition givesv® v® = (1 (C ly)yv®»W@a C § Ca, )VO@ C ).
Starting from C,,, 2 U(d,, ) and proceeding inductively backward: with C,,,, unitary, the expression reduces
tol (C g )YC4 , which equals 1 only when G! is isometric. Since G, is di, d g, this gives G, 2 U(d4,).

. PN b P P
The Type Il gauge freedom has real dimension o, d + ., dg, + ,df .

Total gauge dimension. Combining both types, the gauge freedom of the CIS parameterization has real dimension

2 X 2 X 2 2
le+z:|£ + dat + det;v:x dru :
Type | rzl tv;x {Z u }
Type I

1.3.2 Impact on optimization and evaluation

Since gauge transformations leave the loss function F invariant, the optimization landscape is degenerate along
gauge orbits. The Riemannian optimizer converges to a point on the gauge orbit determined by the initialization.
When prior knowledge of the instruments is available (as in our experimental setup), initializing the optimizer with
the known models biases the solution toward the physical gauge.

For evaluation purposes, gauge xing can be performed post-optimization. Given the estimated CIS sef =
(X; 3;8) (output of Riemannian optimization, in some gauge) and a target CIS set ¢ = (V o;Jo; ) (ideal or

(Type I1) to minimize the weighted Frobenius distance:

Xt ® X (®) X
f= KOO v VK2 + o kIO I §LKE + ukSy S oukZ; (25)

t=0 tv u

where YO : J : 8, denote the gauge-transformed estimates obtained by applying (G1){(G3) and Sources A{C to
, and k Kk g is the Frobenius norm. Since all gauge operators are unitary, the Frobenius distance avoids the
\stretching" problem encountered in GST with non-unitary gauges.

The weights are set as ¢ / L tz, tvv = 1, 4 = 1, where L; is the number of distinct instrument-setting

isometry V® is constrained by more independent data, corresponding to higher statistical con dence; the £
weighting accounts for this varying data coverage.
The gauge optimization can be decomposed into independent stages:

1. Global conjugation (Type 1): optimize overQﬁi'O U(d) to remove system-space representation ambiguity, using

all component weights.

2. Comb re nement (Type Il): optimize over Qt U(d,, ) with v =0, =0, to remove comb auxiliary-space
ambiguity.
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3. Instrument re nement (Type Il): optimize over Qt;v;x U(de,,, ) with instrument-only weights to x the Stine-
spring dilation.

4. State re nement (Type Il): optimize over QU u(d,,) with state-only weights to x the puri cation represen-
tation.

Stage 1 aects all components and should be executed rst. Stages 2-4 act on independent auxiliary spaces and
can be executed in any order or in parallel.

Both gauge families act nontrivially on the Stiefel variables (V; J; S) while leaving every observable probability
p@w invariant; the projection from M to the probability data is therefore many-to-one, with an entire gauge orbit
identi ed by a single distribution. With these parameterizations and gauge quali cations established, Theorem 1
transforms the physically constrained reconstruction problem into an optimization task on the product Stiefel
manifold, modulo gauge equivalence.

2 Tomographic reconstruction based on Riemannian Optimization

The geometric formulation of Section 1 transforms the constrained tomography problem into an unconstrained
optimization on the product Stiefel manifold M. We present the experimental work ow and the reconstruction
algorithm, and analyze the computational complexity.

The proposed framework operates under the following assumptions. (1) The experimentally available quantum
gates and measurements are known by design (i.e., the experimenter knows which operations are intended to be
applied), while their actual physical behavior on the device is unknown and is the object of reconstruction. (2)
The initial states are prepared using a subset of the available quantum gates, and their actual noisy realizations are
reconstructed jointly with the comb and instruments. (3) Non-Markovian e ects arising from system-environment
interactions are modeled through the comb structure, and the reconstruction quality depends on the choice of
ancillary dimensions d, .

2.1 Framework of self-consistent QCT

To capture general open-system behavior, the reconstruction of a complete CIS set requires collecting all experimen-
tally observed outcome probabilities. The experimentally accessible components consist of quantum instruments
and initial state preparations, whose identities are determined by the device con guration. Their actual physical
behavior constitutes the objective of reconstruction. This objective is attainable only if the experiment probes a suf-
ciently rich set of operators. In standard QCT, where the instruments and initial states are known, informational
completeness reduces to a linear-injectivity requirement on the map from the comb Choi operator to the outcome
probabilities. However, it is not an identi ability condition for the full CIS set. In our self-consistent formulation,
the probabilities become a nonlinear function of the joint variable (V; J; S): the spanning property is then evaluated
at the reconstructed instruments rather than imposed a priori, and it characterizes only the local response of the
probabilities to comb perturbations at xed instruments and states, not whether two distinct CIS con gurations
yield identical statistics. As shown in Section 1.3, every gauge orbit maps to a single probability distribution,
SO gauge-equivalent con gurations are indistinguishable. We therefore make no claim that the probability data
determine the full CIS set up to gauge equivalence; the reconstructions are validated against the observed outcome
frequencies, which estimate the probabilities ﬁ) , hot against any theoretical identi ability result.

As illustrated in Fig. 1, the overall procedure consists of two stages: data collection and algorithmic reconstruction.

The rst stage collects the measurement data needed for reconstruction:

1. Execute sequential experiments: The procedure begins with instrument-based state preparation. At
each time slot, an instrument is selected and applied. The experiment iterates through all combinations of
instrument sequences to capture all correlations.

2. Record outcomes: For each instrument sequence con guration X ., the observed probabilities ét) are
estimated from the measured frequencies. These data serve as the empirical input to the reconstruction
algorithm.

Once data acquisition is complete, the tomography task is formulated as an optimization problem. A loss function
F quanti es the discrepancy between the model-predicted probabilities ) and the experimental observations

uyv

Q(P . Under the representation of Theorem 1, all observable statistics are determined by the CIS con guration and



Sci China Inf Sci 8

gauge optimization. The reconstruction task thus becomes the following unconstrained Riemannian optimization
problem:

X X Y ® 2
min F()= : 26
(V;J;S;ZM ( ) - ﬁ( uv p X uv ( )

Thus, CIS set tomography reduces to estimating all manifold-valued variables from sequentially observed statistics.
Eqg. (1) underlies the loss function F, from which all intermediate states and output probabilities are computed.
Since the causal structure of the comb guarantees that future instruments cannot in uence past states or earlier

comb isometries, the probabilities pﬁt) at each slot admit a recursive representation. In this recursion, i(t) and

9 denote the input and output states of the slot-t instrument branch, respectively: the comb isometry VO :

Hi, H 4 !'H o H 4, acts rst, producing i(t) on the instrument input space H,, H 4,, , and the instrument

isometry W\Q( then maps the system part from H,, to H; ., , producing o Speci cally, as shown in Fig. 1, the
intermediate states at time t are given by

t _ .
I( ; w = v ® (()t;)%)u:v \VAWY : 27)
h o i
(()t;)X uv = Tr €tvx W\E?( i:x uyv W\Eg(y ’ (28)
where ((J%() = &0), and the probability at slot t is given by p@u;v =T §>X « J- Note that the full-sequence

probability pf(N) de ned in Eq. (1) is recovered when t=N 1.

The probability in Eq. (1) admits two complementary interpretations. The global supermap perspective interprets
the comb GN) as a higher-order map that accepts the entire CP map sequence\%f) Xn1 A f,?,);xo and the

initial state producing the output probability in a single evaluation. The recursive perspective computes the
probability at each time slot via the intermediate states i“) and 9, exploiting the causal structure of the comb.
These two perspectives are equivalent: as shown by Bisio et al., a causal quantum comB'C admits the isometry
cascade W V@ (Eq. (15)). Splitting this cascade at each instrument insertion point recovers the recursive
formulation, where at each slot t the comb isometry ¥ precedes the instrument: \{) performs the unknown
guantum evolution carrying auxiliary memory, followed by the instrument W\ftZ( representing the experimentally
controllable operation.

For N = 1, the comb C® reduces to an ordinary quantum channel (CPTP map) represented by a single isometry
V@ via Stinespring dilation, with no quantum memory. For N = 2 with a single-qubit system (d ;, =d, = 2), at
slot 0 the comb applies M to the input, producing the output on H ,, while encoding residual quantum information
in the memory space H,,. Atslot 1, V @ jointly evolves the new input H; , with the retained memory H ,, to produce
the nal output. The non-Markovian character is evidenced by the fact that the slot-1 output depends on the slot-0
input through the memory H 5, .

Since the CIS set resides on a product Stiefel manifold, Riemannian optimization can be applied to solve the
reconstruction problem using algorithms such as conjugate gradient and trust-region methods.

These optimizers project Euclidean gradients onto the tangent space of the manifold to obtain descent directions,
and apply retraction to ensure that the updated variables remain on the manifold, as detailed in Section 2.2.

In this work, we adopt the Riemannian adaptive moment estimation (ADAM) algorithm, which retains the
adaptive learning-rate and momentum mechanisms of the standard ADAM optimizer, while ensuring that each
update respects the underlying manifold geometry. The algorithmic details are provided in Section 2.3. The nal
output of this optimization procedure is an estimate of the CIS set that is self-consistent with the observed data, up
to gauge equivalence (see Section 1.3 for details). This completes the framework for self-consistent quantum comb
tomography.

2.2 Riemannian gradient on Stiefel manifold

This section provides a brief overview of the principles of Riemannian optimization. Riemannian optimization
generalizes standard methods by projecting Riemannian gradients onto tangent spaces and updating parameters
via suitable retractions. Together, these components enable the principled extension of standard optimization
algorithms from Euclidean spaces to the Stiefel manifold.

For Riemannian submanifolds, the Riemannian gradient is de ned as the orthogonal projection of the Euclidean
gradient onto the tangent space. Let St(n; p) denote the Stiefel manifold, i.e., the set of all n p complex matrices
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with orthonormal columns. The tangent space at a point X 2 St(n; p) is given by:

n (0]
Tx St(n;p)= V 2C"P XYV +VI¥X =0 : (29)

The orthogonal projector onto the tangent space of St(n; p) is de ned such that the residual U Projy (U) lies in
the orthogonal complement of T St(n; p). Given the Euclidean gradient G 2 C"P  of loss function, its Riemannian
gradient on the Stiefel manifold is obtained by projecting G orthogonally onto the tangent space:

Gst = Proj « (G) =G Xsym(X YG); (30)

where sym(X) := %(X + X Y). This projection ensures that the computed update directions remain tangent to the
manifold.

To traverse the manifold after computing a gradient step, a retraction operation is required. Among various avail-
able retractions (e.g., polar decomposition, QR factorization), we select the Cayley transform for its computational
e ciency and smoothness. Given a step size and a skew-symmetric matrix D 2 C'P , the Cayley retraction is
de ned as:

X0=(@1+ ED)l (1 ED)X; (31)

where setting D = G XY XG ¥ enables updates for variables on the Riemannian manifold. These fundamental
principles facilitate the direct application of various optimization algorithms within this geometric framework.

2.3 Riemannian ADAM algorithm

This section presents the Stiefel-manifold extension of the ADAM optimization algorithm employed in this work.
The ADAM algorithm serves as an e ective alternative to stochastic gradient descent (SGD) for optimization in
Euclidean spaces. By integrating momentum, it dynamically adapts learning rates throughout the training process.
Let jj jj r denote the Frobenius norm. At each iteration, the optimizer executes the following steps, governed by
the hyperparameters ;, 2, o, and :

Algorithm 1 ADAM on the Stiefel manifold

Initialize rst moment M e 0 and second moment s 0 (exponential moving averages of the gradient and its squared norm, respectively).
Set the iteration counter t 1.
Compute the Euclidean gradient G of the loss function F
while not converged do
Update: M ¢ Mg +(1 1)G
Update: s 25+ (1 2)kGk 2
Estimate bias-corrected ratio: r (1 1)

Project onto the tangent space: G g L Mg sym( o YMg)

nl’
H H . H . 1
Select adaptive learning rate: min 0 g kET

Compute skew-Hermitian matrix: D G st Y G él
. — 1
Update via Cayley retraction: 1+ 5D 1 5D
end while
return

The optimization variables may be initialized randomly or using prior experimental knowledge. In the absence of
prior information, a linear-inversion estimate can be computed, providing a high-quality starting point to enhance
convergence. Since all components of the CIS set reside on a product manifold, they can be updated jointly at
each iteration, enabling the optimizer to converge toward a self-consistent solution (modulo gauge freedom, see
Section 1.3).

In addition, as discussed above, we adopt the ADAM optimizer for its numerical stability and e ciency. Other
Riemannian optimization algorithms may also be employed depending on the problem scale and convergence re-
quirements. This exibility allows the proposed framework to accommodate a broad class of CIS set tomography
tasks.

2.4 Complexity

We analyze the computational complexity of the proposed framework and compare it with the full dense Choi-state
constrained optimization baseline. The dominant cost in both methods arises from gradient evaluations during each
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optimization iteration. Both methods evaluate the same loss function F in Eqg. (26) and therefore share a common

data-enumeration factor, which we isolate before comparing per-branch computational costs. Since our method
involves multiple variables on a product Stiefel manifold, we analyze each variable group individually and take the

maximum as the per-iteration upper bound.

Data enumeration. The loss F sums over all experimental records x ., , each labeled by an initial state u 2

t on v and x in the slot-t term of F indicates sequences of length t+1. Let na :=jJ @ j be the number of available

instruments per slot, assumed uniform for simplicity, and m :=jJ W j the number of outcomes per instrument. The

total number of distinct experimental records entering the slot-t term of F is
Noa () =jSj n a7 m™t: (32)

For the slot-t loss contribution to the gradient with respect to a speci ¢ instrument J O the instrument at slot
tis xed to v, while all earlier instrument choices and all outcome histories remain free, giving jSj ni m?

data-enumeration factor is dominated by t=N 1:

Ndata =JSj n x mN; (33)

which enters both the proposed method and the Choi baseline multiplicatively.

2.4.1 The proposed method complexity
We decompose each optimization iteration into three phases and analyze their costs separately.

Setup. Assume uniform system dimension d, =d, =dforallt. Letn A :=jJ ® j denote the number of available
instruments per slot, m := jJ V(t)j the number of outcomes per instrument (assumed uniform for simplicity), d
the instrument ancillary dimension, and d,,,, the comb ancillary dimension. The optimization variables and their
dimensions at slot t are:

Variable Symbol Matrix dimension Manifold
Comb isometry VO ddy,, dd 4 St(dda,, ; ddy,)
Instrument i mdde d St(mdd ; d)
Initial state Su dd, 1 Stdd ,; 1)

Initial states are subsumed into the instrument set as state-preparation operations; their cost is lower and does not
a ect the dominant term.

Phase 1: Forward propagation. For each experimental sequence pre x up to slot t, the intermediate states
evolve as

O -yo 1 oy, (34)
§=TreWd 1a,) & W 1a,); (35)

at+1

where ((jlu) = @ The key matrix operations and their costs at slot t are:
Operation Dimensions involved Cost
Comb: VO vy (dda,, ) (dd 4 ) applied to (dda, )2 O(d3(da,, )?da,)

Instrument: (Wyy 1) 0 (ddeda,, ) (dd ., ) applied to (dda,, )>  O(d3de(da,, )?)

The instrument action dominates with per-branch cost O(d®de(da,,, )3). (This cost assumes a block-wise implemen-
tation over the de environment components, with the partial trace performed by summing block contributions; a
naive dense two-sided multiplication that explicitly forms the full (dd ¢d,,,, ) (dd da,, ) intermediate would carry
a higher power of d..)
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Phase 2: Gradient computation. The Euclidean gradient is computed via adjoint-state backpropagation
through the recursive state evolution. The backward pass has the same computational structure as the forward
pass: for each sequence, the adjoint state propagation involves matrix multiplications of identical dimensions as
Egs. (34){(35).

Pn1 P

The gradient r 30 F of the full loss F = <=0 ( )? receives contributions from all loss terms s =

XU:V
""" ‘N 1, because the instrument J ’ aects the partial probabilities p ©) for every s > t. The dominant
contrlbutlon arises from s = N 1 (the complete N-slot outcome sequence), whose enumeration factor is jSj
nﬁ L mN for xedJ ¥, and jSi n\ mN summed over all ny instruments at slot t. For the purpose of asymptotic
comparison, it therefore su ces to consider the full- sequence gradient cost. The dominant per-branch operation
at slot s is the adjoint of Eq. (35), costing O(d3de(das+1 )3). A single reverse-mode backeglard pass through a full
N-slot sequence traverses all slots s = 0;:::;N 1, accumulating per-branch cost O(dd, o (da.., )®). Hence,

per instrument JV

IXl
090 =jsj n Nt mN & de (dany ) (36)
s=0
and summing over all ny instruments at slot t,
lj(l
0¥ =jsj n N m" & de (o, )*: (37)
s=0

The comb isometry gradient r o F receives contributions from the same sequences. Since™ precedes the
instrument choice at slot t, the enumeration factor is jSj n¥* m%! for the slot-t loss term (or jSj n N mN for
the full-sequence dominant term). The per-branch operatlon lacks the environment dimension ¢ yielding:

1
ot =jgj n ki m" & (da,, ) (38)
s=0

Since the instrument gradient carries the additional environment dimension d > 1 while sharing the same data-
enumeration factor, it is no smaller asymptotically than the comb gradient, and typically dominates when d. > 1
or when the na -fold instrument multiplicity is included.

Phase 3: Retraction. After projecting the Euclidean gradient onto the tangent space, each variable is updated
via Cayley retraction. For X 2 St(n;p), the retraction involves inverting an n n matrix, costing O(n  3) under
a direct dense Cayley implementation. This cost is incurred once per variable per iteration, independently of the
number of sequences:

Variable Manifold dimension Retraction cost
VO St(dda,, ; dda,) O(d*(da,, )%
IO (per instr.) Stmdde; d) O(m3d®d?)

Su (per state) Stdd,,; 1) O(d®)

At each slot t, there are ny instruments Jét) , one comb isometry W9 | and the initial states are retracted once. The
per-iteration retraction cost at slot t is therefore ny  O(m3d®dd) + O(d 3(da,., )3).

Per-iteration and total cost. The gradient cost derived in Phase 2 is the full-loss gradient: a single reverse-
mode backward pass through each full N-slot sequence simultaneously accumulates gradients for all variables across
all slots. Since one backward pass traverses all N slots of the computational graph, the per-sequence gradient
cost is the sum over slots derived above, not N separate backward passes. For the retraction, each variable is
updated independently; the retraction cost incurred at slot t (all n instruments and the comb isometry, omitting
the lower-order state retraction jSj O(d %)) isna m? d® d®+d3 (da,., )®, summed over all N slots.

For reference, the local contribution of the slot-t loss term alone (as opposed to the full-loss gradient) would
involve jSj n , 1 mtl records with per-branch cost O(Pde(da,,, )3); this local form explains why the retraction
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can dominate at early slots (small f, m') while the gradient dominates at later slots. The full-loss gradient is
dominated by the t = N 1 contribution, yielding the total per-iteration cost
I

w1 %! h i’
O jSjnk mN d® de (da,, )® + na md d® d3+d® (da, )® (39)
t=0 t=0
Multiplying by T iterations,
" #!

K1 KL

OT jSjnk mV & d (daw, )3+ N ny m® d® a2+ d® (da., )® (40)
t=0 t=0

With jSj d 2 (choosing an informationally complete set of initial states), the leading gradient term is @ n}
mN ode gy (day, )%

2.4.2 Full dense Choi-state baseline complexity (gradient lower bound)

A full dense Choi-state approach parameterizes all CIS components as Choi states and performs optimization over
the full parameter space. This baseline evaluates the same loss function F as our method, and therefore shares the
same data-enumeration factor. We derive a gradient lower bound under the explicit dense representation, where
the comb Choi matrix and sequence e ects are treated as unstructured dense matrices.

Setup. The quantum comb is represented by the Choi state ™) 2 C9™ ¢ ™ with d%N real parameters, growing
exponentially with N. Each branch Choi operator A\(,t;)x isad d 2 matrix; the collection over all (v;x;t) is lower-
order relative to the dense comb Choi matrix under the considered asymptotic regime. The loss function F in
Eqg. (26) sums over all experimental records, each characterized by an initial state u, an instrument sequence v of
length t+ 1, and an outcome sequence x of length t + 1.

Gradient lower bound. For the slot-t term of F, the number of instrument sequences is n ¥ and the number

of outcome sequences is it , giving jSj n }:1 mt?1 distinct experimental records. Under the explicit dense repre-
sentation, each record contributes a probability peq = Tr| N) seq], @ Frobenius inner product of two unstructured
d®™ d 2N matrices. Computing this inner product, or its gradient with respectto ™) | requires accessing each of
the d*N matrix elements at least once, giving (d*N) operations per record. Summing over all records and noting
that the sum is dominated by t = N 1, any method that explicitly materializes and contracts these dense matrices

requires at least
jSjnkN mN g o (41)

operations per iteration. (Structured contraction schemes that exploit the tensor-product form of s¢q could po-
tentially reduce this cost, but such schemes fall outside the full dense Choi baseline considered here. Constraint
handling such as CP projection, comb causality, and instrument TP constraints introduces additional costs beyond
this gradient lower bound.)

Total cost. Multiplying by T . iterations, any full dense Choi-state method requires at least
Te jSj n) mN g (42)
operations for gradient evaluation alone under the explicit dense representation.

2.4.3 Complexity Comparison

Both methods share the common factor jSj n\ mN from the outcome, iBstrument, and initial-state enumeration
(Eg. (33)). Cancelling this factor, the remaining per-branch cost is & de {“:01 (da,,, ) for our method (an upper

bound) versus ¢N for the full dense Choi baseline (a gradient lower bound). Consequently, whenever

1
d® de (da, ) <d™; (43)

t=0



Sci China Inf Sci 13

our per-branch upper bound lies strictly below the dense Choi gradient lower bound; under the stated cost models,
our method is asymptotically cheaper per gradient evaluation.
P For a universal comb, Theorem 1 requires g,, > rank( ®9 ), giving d,, = d? in the worst case. The sum

Lo (da,, )?is then dominated by the naltermd3 =d®, yielding d® d. d®™ on the left-hand side of Eq. (40),
which exceeds & for N > 1, d > 2; in this regime the comparison is inconclusive and our method o ers no provable
per-branch advantage.

A conclusive advantage emerges when the comb has bounded memory. Two practical regimes are of interest:
(i) Polynomial ancillary growth (d,, = d'): the sum is dominated by d;N = d%N, and the condition becomes
d® de d®N <d™N e, d <dN3 , which is satis ed for su ciently large N (e.g., N >4 ford=2,d . =1). (ii)
Constant ancillary dimension (d,, = d, = const): this corresponds to a system coupled to a few-qubit environment
(e.g., &y = 2"em for nen, environment qubits). The sum becomes N, and the per-branch advantage condition
isN d® de d3 <d*N. The remaining factor is linear in N and polynomial in d, while the full dense Choi lower
bound always scales as®' . This baseline cannot exploit the bounded-memory structural prior, as its parameter
space remains ' regardless of the actual quantum memory.

Table 1 Comparison of per-iteration gradient cost. Common data-enumeration factor jSj n ﬁ m N shared by both methods. The Choi entry

is a gradient lower bound (); our entry is an upper bound for the gradient computation alone (retraction costs are given in Eq. (40) and are
subdominant in the gradient-dominated regime). The ancillary dimension d is a free parameter: d o, =d 2 for a universal comb, d ay = d! or
da, = const for bounded-memory combs.

an

Method Per-iteration gradient Total gradient (T/T . iterations)
Full dense Choi GSi n N mN gy (TciSinh mN g

(lower bound)
Our method
(grad. upper bound)

P P
oGS nN mN & de gy &.) OT jSink mV & de g &)

2.4.4 Parameter Overhead and Experimental Resource Analysis

Finally, we quantify the parameter overhead and sample requirements introduced by the self-consistent CIS recon-
struction.

Parameter count. We quantify the parameter overhead introduced by the self-consistent CIS reconstruction
compared to the non-self-consistent iQCT method. The real dimension of the product Stiefel manifold M in
Eqg. (15) is

2 3
WL T Y i3 i i
dlm(M) = 24 t dat dOt dat+1 d i21 dgt + 42 dOt di t+1 det;v;x d gt S+ [2 d 0 CIru 1] ; (44)
|t=0 {Z } |t=0 v=1 x=1{z } r=1 {Z }

Comb (shared with iQCT) States (new)

Instruments (new)
where each n p complex Stiefel point contributes 2np p 2 real parameters (2np real degrees of freedom minus p
real constraints from XYX =1 p).

The non-self-consistent iIQCT method assumes known instruments and states, reconstructing only the comb
isometries V@ ;:::;VND  Each VO 2 St(do, da,,, ; di, da,) contributes 2d;, da, do da,, d 7 d2 real parameters
(the real dimension of St(n;p) is 2np p 2: 2np real degrees of freedom minus®preal constraints from XYX =1 p).
The total iQCT parameter count is

L
dim(M qcr) = 20, da, do,Gay,,  d 73 (45)
t=0

which, for uniform dimension d;, = d,, =d and universal ancillary spaces ¢, = d? (satisfying d,,, >rank( %)
for a generic comb), yields the asymptotic scaling dim(Mqct ) = O(d V). The self-consistent CIS method addition-
ally reconstructs the instruments and initial states on the product manifold M (Eq. (15)). As shown in Eq. (44),
the total dimension decomposes as

dim(M) = dim(M qcr )+ dim; (46)
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where the overhead dim=N jJ ®j (2jJ 9 jd? d 2)+jSj (2d 1) (evaluated for xed instrument and puri cation
ancillary dimensions ¢ = d, = 1) is polynomial in d and does not change the dominant order O(dN). That is, the
parameter overhead of self-consistency is asymptotically lower-order.

Sample complexity. The number of distinct experimental con gurations is determined directly by the loss
function in Eq. (26), which involves all combinations of initial states and instrument choices:

. . M . t .
Nexp = jSj a0 (47)
t=0

If each slot uses the same instrument set of sizean:=jJ @ j, then Nexp =jSj n N . Each con guration requires M
repeated shots to achieve statistical precision ", where standard estimation theory gives M O(1="2) for binomial
sampling noise (up to logarithmic and category-dependent factors under more re ned multinomial accuracy criteria).
The total number of measurements is therefore

iSi N
Total shots 12 A (48)

This quantity grows exponentially with N due to the instrument-sequence enumeration, a fundamental cost of any
multi-time-step tomography protocol. (The factor m N appearing in the computational data enumeration counts
outcome categories evaluated by the classical loss function, not separately programmed experimental con gurations;
repeated shots under a xed instrument sequence estimate the multinomial distribution over these M outcomes
simultaneously.)

Practical feasibility. As emphasized above, the reconstruction requires su ciently diverse initial-state prepara-
tions and instrument sequences so that competing CIS con gurations yield statistically distinguishable probability
distributions. However, the spanning condition inherited from standard comb tomography addresses only the linear-
injectivity aspect at xed instruments and states and does not by itself constitute a complete identi ability theorem
for the full CIS set. The data requirements are primarily constrained by the number of experimentally deployable
gquantum gates and measurements, which limits the available instrument set and in turn determines the experimental
scale (as re ected in our hardware experiments in Section 3).

3 Experiment Results

As discussed in Section 2, our framework characterizes non-Markovian noise e ects a ecting quantum instruments
across time steps. We consider the task of non-Markovian gate set tomography and demonstrate improved perfor-
mance relative to conventional QCT, which assumes exact knowledge of instruments and states, in both numerical
simulations and hardware experiments.

Algorithms were implemented in C++ using the Quantum++ library. The instrument sets were initialized
using the calibrated gate speci cations, while the quantum comb was initialized with Haar-random isometries. All
experiments were performed for single-qubit systems with two- and three-time-step con gurations.

3.1 Numerical Simulations

We rst generated a complete set of quantum instruments. Informational completeness was ensured by using an
overcomplete collection of CPTNI instruments, constructed from unitarily dilated operations on an ancillary system
and POVMs in the X, Y, and Z bases. For data generation, we selected sequences of N instruments applied to a
prepared initial state. To model realistic device imperfections, perturbations were applied to selected instruments
by conjugating their isometry matrices with rotation operators. Speci cally, for an unperturbed isometry W g, the
perturbed version is

W=e " zWyé " (49)
where ‘; R 2 f0:5;1g (in radians) are the left and right rotation angles, randomly assigned to a subset of in-
struments. This perturbation models systematic gate calibration errors while preserving the isometric structure.
Non-Markovian memory e ects were incorporated by coupling the system to a randomly generated quantum comb,
which mediates system-environment interactions across multiple time steps.
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Figure 2 Numerical simulation results comparing our framework Figure 3 Quantitative reconstruction delity from numerical sim-

with the full dense Choi-state self-consistent QCT method. The up- ulations. The upper panel shows the comb delity log w@ F ¢)
per panel shows the reconstruction loss, and the lower panel shows and the lower panel shows the total instrument-state PTM distance

the wall-clock runtime (log scale). The label \log 2 da, -log, da," de- Fis , both comparing our framework with iQCT. The label \log 2day-
notes log , of the ancillary dimension at consecutive time steps. Bars log, da, " denotes log , of the ancillary dimension at consecutive time
represent averages over 10 independent trials, with error bars span- steps. Bars represent averages over 10 independent trials, with error

ning the full [min; max] range. Our framework consistently achieves bars spanning the full [min; max] range. Across all ancillary dimen-

lower reconstruction loss and signi cantly shorter runtime across all sion con gurations, our method achieves higher comb delity and
ancillary dimension con gurations. lower instrument-state distance than iQCT.

Fig. 2 compares the reconstruction performance for di erent ancillary dimensions of the quantum comb, where
the label \log, da, -log, da, " denotes log, of the ancillary dimension at each time step. All optimization runs were
terminated when the gradient norm fell below 10° . To ensure a fair comparison, we benchmark our method against
a self-consistent full dense Choi-state QCT approach that jointly reconstructs all CIS components via constrained
optimization over the full Choi-state parameter space. This baseline is self-consistent in the same sense as our
method, eliminating the structural advantage inherent in comparisons with conventional QCT (i.e., methods that
assume exact knowledge of instruments and states). As shown in the upper panel, our framework consistently
achieves lower reconstruction loss for both two-slot and three-slot scenarios. The lower panel further demonstrates
a substantial runtime advantage: the manifold parameterization reduces the parameter space and avoids CP-
constraint projections, yielding orders-of-magnitude speedup over the full dense Choi-state approach, consistent
with the complexity analysis in Section 2.4. The results also show that increasing the ancillary dimension yields
only modest improvements in reconstruction accuracy. This observation corroborates the complexity analysis in
Section 2.4: compressing the ancillary dimension provides substantial complexity reduction with only a minor
trade-o in accuracy, demonstrating the e ectiveness of this strategy.

To further quantify the reconstruction accuracy beyond the loss function, we introduce delity metrics that
directly compare the reconstructed CIS components with their ground-truth counterparts.

Comb delity. The Choi state of the reconstructed comb rec 1S compared with the ground truth e via the
Uhlmann delity:

q
1 p p
Fc = QTTr true  rec true s (50)
i Yi
reported as log,(1 F ¢) to resolve the high- delity regime.

Instrument-state PTM distance. Each instrument branch A \(,t)x and initial state f,o) is characterized by its
Pauli transfer matrix (PTM) R = (1=dou) Tr[P; E(P, )]. The reconstruction accuracy at slot t is measured by the
average PTM Frobenius distance

Fe = pl kRO, RO . ke; 51
t = P rec;v;x true;vix NF s ( )
VJXVJ VX
and the state reconstruction accuracy is
1 R
FS = ﬁ Rsg)c;u R ge;u kF; (52)

u=1
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Figure 4 Pauli transfer matrix (PTM) tomography results obtained from numerical simulations. For a quantum channel E, the PTM is

dened as R j = (1=d)Tr[P ; E(P;)], where fP ;g denotes the Pauli operator basis and d is the Hilbert-space dimension. Each panel is displayed
as a heat map, where the color of each pixel represents a matrix element of the PTM. The left section shows the results for distinct initial

states . In the right section, the rst row presents the knowledge model of the instruments, while the second row displays the reconstructed
results at t = 0, corresponding to the actual physical implementation of the instruments. The third and fourth rows follow the same structure

for subsequent time steps. The close agreement between the knowledge models and the reconstructed instruments indicates that deviations

remain small across all time steps.

wher% Rf,s) = Tr[P; ] is the Pauli coe cient vector of the state. The total instrument-state distance is F s =
Fs+ g Fr.

Fig. 3 presents the quantitative reconstruction delity. The upper panel reports the comb delity log ,4(1 F ¢),
while the lower panel reports the total instrument-state PTM distance F|s. For both metrics, our framework con-
sistently outperforms iQCT across all ancillary dimension con gurations, con rming that the lower reconstruction
loss in Fig. 2 translates to genuine improvements in physical reconstruction accuracy.

Fig. 4 presents representative reconstructed instruments in the Pauli transfer matrix (PTM) representation. For
visualization purposes, we show nine randomly selected CPTNI instruments from the overcomplete instrument
set. To emulate realistic experimental deviations, we introduced perturbations to the instruments A, As, and
Ag. Consequently, the reconstructed PTMs for these instruments exhibit slight deviations from the corresponding
knowledge models, faithfully re ecting their actual physical behavior. For the remaining unperturbed instruments,
our method reliably reconstructs them at every time step despite non-Markovian memory e ects. At the last time
step (t = 2), only the measurement operators are accessible; the post-measurement states remain fundamentally
unobservable. This is an intrinsic limitation of any tomography protocol.

Overall, these results demonstrate that the proposed framework reliably reconstructs quantum instrument dy-
namics even in the presence of non-Markovian e ects.

3.2 Hardware Experiment

All experiments were performed on a superconducting quantum processor accessed through the China Mobile
Quantum Computing Cloud Platform (version 3.0). We speci cally employed the Wuyue-1 device (WuYue-QPU-
001), a processor comprising 57 physical qubits accessible through a cloud-based job submission interface.

For each time slot, the available instrument set consists of experimentally calibrated single-qubit CPTP opera-
tions:

fUg;:::;Ui;Mpg; t6=N 1;
- (53)
- M pog; t=N 1;

where U represents the realizable quantum operations and M 2 fX;Y; Zg denotes the measurement operations
available on the device. Due to hardware constraints, the reconstruction was limited to sequences comprising two
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