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Color codes present distinct advantages for fault-tolerant quan-
tum computing, such as high encoding rates and the transversal
implementation of Clifford gates. To fully exploit these prop-
erties in fault-tolerant architectures, high-performance decoding
algorithms for color codes are indispensable. However, the re-
stricted decoder [1]—a standard matching-based decoder for color
codes, which decodes by applying minimum-weight perfect match-
ing (MWPM) independently on two or three restricted lattices—
cannot resolve certain weight-O(d/2) diagonal error configurations
on the 4.8.8 lattice, due to ignoring correlations between restricted
lattices. Since the logical failure rate in the low-error regime is
dominated by minimum-weight failure events, this limitation di-
rectly impacts decoding performance.

Inspired by the unified decoder [2] and the correlated surface
code decoder [3], we introduce a correlated decoder for the 4.8.8
color code that leverages correlations between restricted lattices
to resolve this problem. We provide two versions: vl decodes on
two restricted lattices (faster), and v2 decodes on all three lat-
tices (more accurate). We analyze the decoding performance for
the minimum-weight (O(d/2)) uncorrectable error chains, demon-
strating exponential improvement over the restricted decoder at
very low physical error rates. Our correlated decoders achieve
higher thresholds than both the restricted and unified decoders
under code-capacity and phenomenological noise, while matching
the performance of the unified decoder at very low error rates
with lower decoding time. Via the surface-color code mapping,
our decoder also outperforms the correlated surface code decoder.
Finally, we generalize the decoder to the circuit-level noise model.

Correlated Decoder. The conventional restricted decoder for
the 4.8.8 color code functions by independently decoding on two
of the three restricted lattices, Ry and Rg. Here, Ru denotes
the restricted lattice obtained by removing all color-u checks. A
limitation of this approach is that it cannot correct certain weight-
O(d/2) diagonal error configurations.
not resolve the degeneracy between a combined vertical-horizontal
weight-2 X error and a diagonal weight-2 X error on a red square,
leading to an overestimation of the weight of the correct matching
path. Under the color-surface code mapping, this is analogous to
the inability of the independent X/Z MWPM decoder to resolve
the degeneracy between a combined X-Z error and a Y error on
a single qubit of the surface code.

The correlated MWPM decoder [3] for the surface code ad-

This is because it can-

dresses this issue by setting the weight of edges identified in the
first matching to zero during the second matching. This works
because, under depolarizing noise, if a Z(X) error occurs on a
qubit, an X (Z) error occurs on the same qubit with probability
1/2 (forming a Y error), corresponding to a weight-0 edge. Guided
by the color-surface code mapping, we identify the core step of the
correlated decoder (denoted v1) for the color code that addresses
analogous issues. As shown in the left panel of Figure 1, for decod-
ing the vertical logical Z operator, the procedure first decodes on
the Ry, lattice (Figure 1(a)(ii)) and marks the red checks (deep red
squares) fully traversed by matching edges, then sets the weights
of edges (dashed lines) in the Rg lattice (Figure 1(a)(iii)) incident
to the marked red checks to zero before decoding on Rg. This
correlated decoder successfully corrects the weight-O(d/2) diago-
nal error configurations that the restricted decoder cannot resolve;
examples are provided in the Supplementary Material.

The correlated procedure of vl described above leverages cor-
relations between Ry, and Rg to resolve the degeneracy of two-
qubit diagonal errors. However, correlations also exist in other
error configurations and extend to the Ry lattice (Figure 1(a)(i)).
For instance, for certain error patterns such as adjacent diagonal
errors and boundary error configurations, vl may make an incor-
rect choice when decoding Ry, which can lead to failure when
decoding Rg. To address this, we further improve the decoder
(denoted v2) by incorporating decoding information from the Ry
lattice, which provides additional information from a different per-
spective. Specifically, based on the decoding results from Ry, we
set the weights of edges (gray lines) associated with qubits (deep
red) likely to be in error in both the Rg and Ry, lattices to 0.999.
The remaining procedures remain unchanged. This minor weight
modification biases the decoder toward choosing the correct path,
improving the handling of error patterns that vl may fail to cor-
rect. More illustrative examples are shown in the Supplementary
Material.

Compared to the restricted decoder, the correlated decoder v1
incurs no additional computational overhead but sacrifices decod-
ing parallelism across restricted lattices.
achieves better logical error rates by leveraging the redundant
third restricted lattice, at the cost of one additional matching
round.

Correlated decoder v2

Numerical results. In the regime of asymptotically low physi-
cal error rates, the logical error rate is mainly determined by the
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(Color online) (a) Decoding procedures of correlated decoder v1 and v2 (see text for details). Violated checks are highlighted as filled

circles. Thin lines represent edges with assigned weights, and thick lines indicate the obtained matching. (b) and (¢) Threshold comparison of
the restricted, unified, and correlated decoders (v1, v2, and the correlated surface decoder labeled “cor sc”) for decoding the color code and the

surface code under the code-capacity noise model.

number of minimum-weight failure mechanisms. We evaluate the
logical failure rates of correlated decoders at low physical error
rates using the rare-event splitting method. Correlated decoder
vl achieves performance comparable to that of the unified de-
coder for weight-d/2 errors, while correlated decoder v2 achieves
performance identical to that of the unified decoder.

We now analyze the decoding time of these decoders. The re-
stricted decoder can decode on the restricted lattices in parallel,
whereas the correlated decoder cannot. As a result, the restricted
decoder is approximately 2x (3x) faster than the correlated de-
coder vl (v2). The running time of PyMatching is linear in the
number of nodes in the decoding graph at low error rates. The
correlated decoder vl (v2) performs MWPM on two (three) re-
stricted lattices, while the unified decoder performs MWPM on a
unified lattice connecting three restricted lattices. Consequently,
the unified decoder requires approximately 1.5x (1x) the decoding
time of the correlated decoder v1 (v2). However, as the physical
error rate increases, the runtime of PyMatching becomes superlin-
ear (O(n®) with @ > 1), making the correlated decoder v2 faster
than the unified decoder (O(3n®) vs. O(3%n®)).

We also estimate thresholds using Monte Carlo simulations (10°
samples per point). The threshold is calculated by fitting the logi-
cal error rate data to a Taylor expansion truncated to the quadratic
term f = Az?+Bx+C, where z = (p—pth)l/" is the rescaled error
rate. Under the code capacity noise model, the correlated decoders
achieve thresholds of 10.38% (v1)/10.32% (v2) for the color code
(bit-flip error) and 16.63% (v1)/16.97% (v2) for the surface code
(depolarizing error), as shown in Figure 1. Our correlated decoder
v2 also outperforms the correlated surface code decoder, suggest-
ing that the improvement from using the R, lattice can in turn
benefit surface code decoding through the surface-color code map-
ping. Under the phenomenological noise model, the thresholds are
3.13% (v1)/3.23% (v2) for the color code and 3.51% (v1)/3.69%
(v2) for the surface code.

Under the circuit-level noise model, our correlated decoder
achieves a slight improvement over the restricted decoder and per-
forms closely to the Chromobius decoder. This is expected because
the error configurations whose decoding is improved by the corre-
lated decoder no longer constitute the dominant source of logical
failure in this regime. Instead, uncorrectable errors arise primarily
from complex error mechanisms that effectively reduce the code
distance under circuit-level noise, which fundamentally limits the
performance of conventional matching-based decoders. Detailed
data for all results above are provided in the Supplementary Ma-

terial.

Conclusion and discussion. In this work, we introduce a
correlated decoder for the 4.8.8 color code that enhances the
restricted decoder by leveraging correlations between restricted
lattices, thereby resolving the inconsistency between correction
weight and matching weight. Our results demonstrate improve-
ments over the restricted decoder under both code-capacity and
phenomenological noise models. We note that conceptually simi-
lar strategies “over-matching” and “correlated symatching” in [4],
and the concatenated decoder [5]—similarly leverage redundant
symmetries and correlations, further supporting the broad value
of this principle in matching-based decoding.

Our correlated decoder also provides a new perspective that can
improve surface-code decoding: the matching on the R, lattice
maps to X-Z hybrid matching on the surface code. This prelimi-
nary idea is worth developing and testing in future work. Looking
forward, developing a more general correlated decoding framework
remains an important direction, as our current re-weighting strat-
egy becomes less effective under circuit-level noise due to its com-
plex error mechanisms and rigid edge weights. Extending this
principle to other code families also constitutes a promising future
direction.
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