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Abstract Gaussian measurements cannot be used to witness nonlocality in Gaussian states as well as the network nonlocality in
networks of continuous-variable (CV) systems. Thus special non-Gaussian measurements have to be utilized. In the present paper, we
first consider the scenario of two-input-arbitrary-output (including infinite-output), and propose a kind of nonlinear Bell-type inequality
that is applicable to quantum networks of both finite and infinite dimensional systems. Violation of the inequality will witness the network
nonlocality. This inequality allows us to propose a method of the supremum strategy for detecting network nonlocality in CV systems
with source states being any multipartite multi-mode Gaussian states according to the configurations of the networks by utilizing non-
Gaussian measurements based on generalized quasiprobability functions. The nonlinear Bell-type inequalities for CV networks, which
depend solely on the generalized quasiprobability functions of Gaussian states, are straightforward to construct. As illustrations, we
propose the corresponding nonlinear Bell-type inequalities for any chain, star, tree-shaped and cyclic networks in CV systems with source
states being (1 + 1)-mode Gaussian states. The examples show that this method works well. Particularly, a thorough discussion is given
for the entanglement swapping network. Our study provides a strong signature for the network nonlocality nature of CV systems and
leads to precise recipes for its experimental verification.
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1 Introduction

Bell nonlocality has emerged as a topic of significant interest over the past few decades, with its implications
recognized in various domains of quantum information processing [1-3], quantum communication [4-6], and quantum
key distribution [7,8]. To detect whether a quantum state is nonlocal, Bell inequalities were proposed [9-11]. In [11],
Bell derived inequalities that any theory based on local hidden variables must satisfy. Consequently, the violation
of these Bell inequalities is indicative of Bell nonlocality.

Recently, a generalization of the concept of Bell nonlocality was proposed to address the phenomenon of non-
locality in quantum networks [12], which we call network nonlocality in the present paper, to distinguish it from
the usual nonlocality. The nonlocality within various quantum network configurations has been extensively ex-
plored and studied, including chain networks [12,13], star networks [14, 15], tree-shaped networks [16-18], and
cyclic networks [19,20], by establishing corresponding nonlinear Bell-type inequalities. Research has demonstrated
that network nonlocality plays an indispensable role across multiple domains, including secure communication,
distributed quantum computing, cryptography, quantum key distribution, random number generation, and quan-
tum sensing [21-25]. Detecting nonlocality in quantum networks becomes a basic task in this field. The current
approach is to establish nonlinear Bell-type inequalities; the violation of any one of these inequalities will wit-
ness the nonlocality in the involved quantum networks. However, the majority of studies on network nonlocality
have focused on finite-dimensional systems, and most known nonlinear Bell-type inequalities are confined to the
two-input-two-output scenario.

The continuous-variable (CV) systems are also fundamentally important from theoretical and experimental views.
Specifically, Gaussian states have become important objects in the study of CV quantum information theory due

* Corresponding author (email: houjinchuan@tyut.edu.cn, qixf1980@126.com, hekanquantum@163.com)

(© Science China Press 2026 info.scichina.com  link.springer.com


http://crossmark.crossref.org/dialog/?doi=10.1007/s11432-025-4753-8&domain=pdf&date_stamp=2026-7-15
https://doi.org/10.1007/s11432-025-4753-8
info.scichina.com
link.springer.com
https://doi.org/10.1007/s11432-025-4753-8
https://doi.org/10.1007/s11432-025-4753-8

Yan T T, et al. Sci China Inf Sci  August 2026, Vol. 69, Iss. 8, 180503:2

to their ease of production and manipulation in laboratories, as well as their elegant mathematical structures. The
Bell nonlocality of Gaussian states has been the subject of intensive study. It is noteworthy that Gaussian states
cannot exhibit nonlocality through Gaussian measurements. This is because they inherently have a positive-definite
Wigner function, which allows for the construction of a hidden-variable model [26]. Therefore, the set of Gaussian
nonlocal states is defined as the intersection of the set of Gaussian states and the set of nonlocal states. Additionally,
it is essential to employ special non-Gaussian measurements that are close to Gaussian measurements or can be
implemented in the laboratory to detect the nonlocality inherent in Gaussian states. Banaszek and Wédkiewicz [27]
first demonstrated the Bell nonlocality of the two-mode squeezed vacuum state using the Wigner functions. They
highlighted that there is no direct correlation between the negativity of the Wigner function and Bell nonlocality.
Following their initial work, several studies have expanded upon the concepts introduced in [27]. Some of these
studies considered more phase space displacements, as referenced in [28], while others introduced new observables
that allow for Bell inequality violations for Gaussian states, as seen in [29]. These advancements contribute to a
deeper understanding of the conditions under which Gaussian states can be shown to exhibit nonlocal properties,
emphasizing the role of non-Gaussian measurements in detecting such nonlocality.

The CV quantum networks have garnered increasing attention due to their high transmission efficiency, low
channel loss, and ease of implementation [30-38]. Moreover, experimental advancements have been at the forefront
of developing the hybrid quantum optical paradigm [39-41], with a significant interest from the scientific community
in studying hybrid networks that combine CV and discrete variable (DV) systems [42-46]. Given the practical
advantages of Gaussian quantum information processing [47,48], such as deterministic entanglement generation [49],
it is both natural and crucial to delve into the study of quantum correlations within CV quantum networks with
source states being Gaussian states. Currently, almost all known studies concerning networks in CV systems, such
as on the topics of entanglement swapping [30,50,51], entanglement transmission [52], entanglement distillation [53],
and hybrid quantum communication network [43], assume the source states to be (1 + 1)-mode Gaussian states.
Recently, Chakrabarty et al. [54] detected the nonlocality of an entanglement swapping network in CV systems via
pseudospin measurements. However, compared with DV systems, research on network nonlocality in CV systems
remains relatively limited. One of the main challenges is the lack of nonlinear Bell-type inequalities applicable
to infinite-dimensional networks with infinitely many measurement outcomes. Another challenge is that Gaussian
measurements are not able to witness the nonlocality in Gaussian states, and thus one has to find and utilize suitable
non-Gaussian measurements that can be realized in laboratory. The third issue is that, when these non-Gaussian
measurements are performed, whether the measurement scheme is sufficient to detect the network nonlocality
contained in the networks of CV systems.

Addressing these issues mentioned above, the purpose of the present paper is to propose an approach for detecting
the nonlocality of networks in CV systems with source states being Gaussian states. To do this, we first establish
a new nonlinear Bell-type inequality for general networks of finite or infinite dimensional systems, in the scenarios
where all parties have two inputs but the number of outputs is not limited (which may be infinite). Secondly,
we utilize this inequality and the non-Gaussian measurement scheme based on the generalized quasiprobability
functions, which is physically feasible under ideal conditions, to develop a general method of the supremum strategy
for detecting network nonlocality in CV quantum networks. To address the third issue, several classes of networks
are discussed to illustrate that the measurements based on generalized quasiprobability functions are effective in
detecting the network nonlocality of CV systems. Our work establishes a fundamental connection between Bell
nonlocality and quantum networks in CV systems. This scheme not only deepens the understanding of quantum
nonlocality, but also highlights its potential application prospects in various quantum communication protocols.

This paper is organized as follows. In Section 2, we establish a nonlinear Bell-type inequality for a general network,
which is applicable to scenarios where all parties have two inputs and arbitrary outputs. In Section 3, we review
some notions and notations concerning Gaussian states and generalized quasiprobability functions. In addition, by
applying the inequality established in Section 2, we propose a general approach, that is, the supremum strategy,
to detect network nonlocality in CV systems with any Gaussian states as source states. As illustrations of how to
apply the supremum strategy, Section 4 derives a Bell-type inequality for arbitrary chain networks with each source
state being a (1 4+ 1)-mode Gaussian state. Particularly, the entanglement swapping network is discussed in more
detail. The corresponding nonlinear inequalities are established, respectively, for the star networks, the determinate
f-forked tree-shaped networks, and the cyclic networks in Sections 5-7. A short conclusion and discussion are
provided in Section 8.
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2 A nonlinear Bell-type inequality for quantum networks of any dimensional systems

There are no known nonlinear Bell-type inequalities for quantum networks that are valid for networks of CV systems
with infinitely many measurement outcomes. So, to discuss the network nonlocality of CV systems, we need to
develop nonlinear Bell-type inequalities applicable to CV systems. This is the purpose of the present section.
Consider a finite-size network Z(y, z) consisting of y parties (nodes) Aq, Ag,---, Ay, and z independent sources
S1, 82, -+, 5, that distribute hidden variables A1, Aa,- -+, A;, respectively. Here, for any j =1,2,---,2, S; usually
emits a multipartite quantum source state p;, with the number of parties determined by the number of recipient
nodes. Note that each p; is at least a bipartite state. The number w = max{the number of parties involved p; :
j = 1,2,---,2} is called the depth of the network. Each party A; (i = 1,2,---,y) receives hidden variables
Ai = {Niy, Niy, -+, Ay, } from the corresponding sources S; = {Si,, Si,, -+, S, }, where 81,8, S, satisfy
Y 1 S; ={51,5,--,S5.}. The network locality of Z(y, z) suggests a joint conditional probability distribution of
the measurement outcomes as
z y
P(alx) = / : '/d/\l edhs [T ) TT Plaslei, A, (1)
j=1 1

=

where a = (a1, az,--- ,a,) denotes the parties’ outputs, x = (1,22, ,x,) denotes their inputs. Additionally,
p;(A;) is the probability distribution of A; with the normalization condition [ du;(\;) = 1 [55-57]. Otherwise,
=(y, z) is network nonlocal. It is clear that =(y, z) is network local if all its source states are separable.

For a finite-size quantum network Z(y, z) in systems of any dimensions, recall that, a subset {B1, Ba, -+, Bi} C
{A;}Y_, of k elements is an independent subset if any two elements of {B1, B, -+, By} do not share source of the
network. In the case that such an independent subset of k parties exists, we say that the network =(y,z) has k
independent parties [58]. It is clear that, if =(y, z) has k independent parties, then it has I independent parties for
any positive integer [ < k.

The following is our main result in this section which establishes a nonlinear Bell-type inequality for general
quantum networks of any depth.

Theorem 1. Let Z(y,z) be a finite-size network with %k independent parties. Suppose that the inputs of all
parties are dichotomic, while no restriction is placed on the number of possible measurement outcomes (which may
be infinite when the system is infinite dimensional). If Z(y, z) is network local, then for any local measurements
{M,, : x; € {0,1}}7_, with countable outcomes, the following inequality holds:

B=|I|* +]J]* <1, (2)

where

I= 2% < H (MMSZO + MIiszl) H Mij_0> ) (3)

is € jeK

T=5 < 1 Mo — Mo ) ] Mmj_1> , (4)

is €K jEK

KC = {iy,ig, -, ix} is any fixed index set so that A;,, A;,, ---, 4;, are k independent parties and K = {1,2,---, y}\ K.
In addition, for any ¢ = 1,2, - -, y, with Y,, = {as : ap, is the eigenvalue of M,,}, we have

<MI1MI2"'sz>: Z Z al"'ayXP(ala"'vay|Ila"'7xy)7

a1€YT 4, ay€Yq,

where P(aq,- - -, aylx1,- - -, 2,) is the same as defined in (1).

A proof of Theorem 1 is presented in Appendix A.

From Theorem 1, violation of the inequality (2) demonstrates the network nonlocality of Z(y, z). Thus Z and
J are important quantities for characterizing the network nonlocality. For different network configurations, Z and
J have different expressions. In addition, k is another important quantity representing the network nonlocality.
Roughly speaking, the larger k is, the more network nonlocality is involved by the inequality (2). Therefore, it is
optimal to find the largest such k, denoted by kpax, and the corresponding index set Kpax for the maximal set of
independent parties. However, for a general network, its index set Kp.x for the maximal set of independent parties
and consequently, its maximal independent number kyax = §(Kmax) (the cardinal of Kyhax) are difficult to be found
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out. Nevertheless, analytical methods to determine kp,.x exist for the chain, tree-shaped, star, cyclic networks, and
even some more complex networks [13,14].

Theorem 1 is valid for finite-size quantum networks of any depth in both DV systems and CV systems. However,
in the present paper, we mainly consider its applications to CV quantum networks.

3 A general approach to detect network nonlocality in CV systems by generalized
quasiprobability functions

In this section, we first briefly review some notions and notations concerning Gaussian states and the generalized
quasiprobability functions. Subsequently, we propose a general approach to detect network nonlocality in CV
systems, applicable to any Gaussian networks. Here, a quantum network in a CV system is called a Gaussian
network if its sources emit Gaussian states.

3.1 Gaussian states

Every state p in an n-mode CV system with state space H = Hy ® Hs ® -+ ® H,, has a characteristic function
Xp(ax) defined as

Xp(a) = Tr(pV (),

where a = (w1,y1," ", :Cn,Ayn)T e R, V(a) = exp(iRT ) is the Weyl displacement operator, R = (Ri,Ra,-- -,
RQn) - (lepla' o aanP’n.)' AS usua’lv Qg = (dg + é’g)/\/§ and Pg - _l(dg - d:‘;)/\/i (g - 1527" : 7”) are,
respectively, the position and the momentum operators of the gth mode, where d}; and a4 are respectively the
creation and the annihilation operators of the gth mode satisfying the canonical commutation relation:

lag,af] = a1, (6}, a]) = [ag, @] =0, ¥ g,l= 1,2, -, n.

Particularly, p is called a Gaussian state if its characteristic function x,(c) has the form as
1
xp(a) = exp —ZaTI‘a +idT |, (5)

where

d = ((Ra), (Ra), -+ (R2n))" = (Tr(pR1), Tr(pRz), -, Tr(pR2n))" € R

is called the mean vector of p and I' = () € M2, (R), the algebra of all 2n x 2n matrices over the real field R, is
the covariance matrix of p defined by

i = Tr[p(ARR AR, + AR ARy)],

in which, ARy, = Ry, — (Ry.), (Ri) = Tr[pRy] [49,59]. Note that a matrix T is a covariance matrix for some Gaussian
state if and only if T is real symmetric and satisfies the condition I" 42, > 0, where 2, = Q® Q- B Q € My, (R)
—_——

n
01
with Q = < Lo ) By (5), every Gaussian state p is uniquely determined by its covariance matrix I' and mean

vector d, and thus, one can write p = p(T', d).

Besides the characteristic function, quantum states can also be represented by the Wigner function [49]. The
Wigner function of an n-mode state p is defined as the symplectic Fourier transform of its characteristic function,
that is,

1 —iaT n
Wy(a) = W/e X (m)d? M,

where a = (21, Y1, , Tn,yn) T € R?,
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3.2 The generalized quasiprobability function

For a single-mode quantum state p in a CV system, its generalized quasiprobability function is

oo

2 .\ 2 s+1\"
le)(OGS) = mTY[PH(Oé; s)] = =% Z (S — 1) (o, n|pla, m), (6)

where TI(a;s) = 3200 (5£1)"|a, n){a,n| with |a,n) = D(a)[n). Here, as usual, {|n)}52, is the Fock basis and
D(a) = exp(aa’ + a*a) for each a € C [60,61]. Since the eigenvalues of II(a;s) are unbounded when s > 0, we
always assume s < 0 in this paper unless otherwise specified. It should be noted that some literature refers to the

generalized quasiprobability function Qf,l)(a; s) as the s-parameterized quasiprobability function.
Generally, for any n-mode Gaussian state p, its generalized quasiprobability function is defined as

n 2" n T
QM (a; ) = mﬁ[ﬂ(&dn(ai; s))];
where a = (a1, 0, -+ , ) € C™.
Then, for any bipartite (n1 + ng)-mode Gaussian state p, its generalized quasiprobability function is

ni,n 2natna ni T n 2
QU@ B19) = e T i) 52, (59 @
where a = (a1, 9, , ;) € C™ and B = (b1, B2, -+ ,Pn,) € C". In addition, the marginal distribution of
Q" (e, B ) s
Q) = [ Qe i, (®)

and QgD’M)(ﬁ; s) is defined similarly.

For any r-partite (n; + na + - -+ + n,)-mode Gaussian state p, its generalized quasiprobability function can be
defined similarly.

Particularly, if p(T',,0) is a (14+1)-mode Gaussian state with zero mean, its Wigner function can be represented
as

W,(a, B) = exp {—%XTF;lX}, (9)

4
m2,/detl’,
where X7 is the real row vector [a + o*, —i(a — a*), 8 + 8%, —i(8 — 8*)] and o, 8 € C. Then the generalized
quasiprobability function of p is

QG (o, B 5) = @ /d4YWp(Y)eXp {_%(Y —X)T|s|7HY — X)} . (10)

Using the properties of Gaussian convolution and replacing I', by ' = T', + [s|I4 in (9), one sees that the Wigner
function of p becomes the generalized quasiprobability function Qg,l’l)(a, B;s), where I is the 4 X 4 unit matrix
[29,62].

Below, we list the generalized quasiprobability functions as well as their marginal distributions of two common
types of (14 1)-mode Gaussian states, namely the EPR state and the squeezed thermal state (STS), which are used
repeatedly in this paper.

Example 1. The (1 + 1)-mode EPR state is a pure Gaussian state of the form p" = |1(r)) (¢ (r)|, where

|4(r)) = sechr Y _ tanh"r|n, n), (11)

n=0

and r > 0 is the squeezing parameter. For a non-positive real number s, the generalized quasiprobability function
of the EPR state p" is given by

WDy Beg) — 4 exp 4 — 2 s)(lal? %) — sinh2r(afB + o**
200519 = e { -2 ISP +19) — sinhr(as +a"67)] 12)
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and its marginal single-mode distribution is

(1.0) (4 g) = — 2 ep [ 20F
Ao = e (5557) "

where R(s) = s? — 2scosh(2r) + 1, S(s) = cosh(2r) — s, and «, 3 € C [63]. Obviously, p" is (1 + 1)-mode entangled
if only and if r > 0.

Example 2. The STS is a (1 + 1)-mode mixed Gaussian state defined as a special unitary transform of some
(1 4 1)-mode thermal state, that is,

p(vla 1)2,7") = SlQ(T)(pTl ® pTz)SIQ(T)a (14)

where S15(r) = explr(alal — a1as)] is a two-mode squeeze operator with the squeeze factor 7 > 0 and

1 > n; n
= j=1,2
or, nﬁlz(wl) m(nl, =1,

is the density operator of the jth thermal field with n; its average number of thermal photons. The covariance
matrix for the (1 + 1)-mode STS p is

a0cO
0a0d
r,= ,
c0bO0
0d0b
where the matrix elements are given by a = wjcosh?(r) 4 vasinh®(r), b = vysinh?®(r) + vacosh®(r), ¢ = —d =

1(v1 + v2)sinh(2r) and v; = 2n; + 1 (j = 1,2). Thus a (1 + 1)-mode STS p(v1,vs,r) is uniquely determined by

(vi+1)(v2+1) [64]

Soi103) . In the case

parameters v1,vs, 7. Recall that, p(vy,ve,7) is separable if and only if cosh?(r) <
v1 = vg = v, we refer to p(v,v,r) as the (1 + 1)-mode symmetric STS.
For a non-positive real number s, the generalized quasiprobability function of the (1 + 1)-mode STS p(vy,va,7)

is given by

(1,1) a4 2 5 (v1 + v2)sinh(2r) ¥ o
Qp(’ul,vg,r)(a7 B;s) = 24 exp{ [A1|0<| + As2|B] 5 (af +a*p )]}, (15)
and its marginal single-mode distributions are
(1,0) N 2 2 9
QP(U17027T)(075) = A, exp {_A_2|a| } ; (16)
and
(O,1) 2 2 s
valv2r(ﬁ7 ) 7TA1 exp{_A_1|B| }a (17)

where A = —2cosh?(r)s(v1 4+ va) + (v1 + 8)(va +5), A1 = (v1 +wva)cosh?(r) — vy — 5, Ay = (v + va)cosh?(r) — vy — s,
and «, 8 € C.

In the sequel, without causing confusion, let Qpnl)(a;s) =Q, (n1,0) ( ,B;s) and QE,M)(ﬁ;s) = Q (° "2)( ,08;8)
with e = (a1, ,ap,) €C™ and B = (B1, -+, Bn,) € C™2,

3.3 A general approach to detect network nonlocality in CV systems

Though our approach is valid for any Gaussian networks with arbitrary depth, for the sake of simplicity, we mainly
present our approach for the most common class of finite-size Gaussian networks Z(y, z), that is, those networks
with depth 2, or equivalently, those networks of which all sources emit bipartite multi-mode Gaussian states. Also,
we assume that all measurement operators are of the form

iss), wme{ony,  (18)

k3

Ai Ai i,
MI'(a1i1 aaxiza cr, Ol

i iis) = O(ml)( :5) ® OA("Q)(OL;\? 8@ ® O(niei)(a

7
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i=1,2,-- -y, where A; = {\i;, \iy, -+~ 7)‘iei} denotes the set of local variables associated with the sources S; =
N Neo A Aij
{Siy,Sip, - ,Siei} that connect to party A;. For each j = 1,2, ei, o’ = (a1, 0,7, s Qi ) e C"i.

Thus each source S;; emits an n;;-mode Gaussian state to A;, and the party A; shares an n;(= Zel 1 nlj) mode
e;-partite Gaussian state. In addition,

A i 1—s) @ 9 10 a,’is)+sl, if —1<s<0,
j ):{( ) tl ( t ) (19)

O(nlj)(awl ] X
2®t:1 H(a%t;s)—l, if s < —1
is a Hermitian operator parameterized by a non-positive real number s and some arbitrary complex variables

i Ai Ai . . .
Q1 Qg gy s Ol [62]. As usual, I stands for the identity operator. The possible measurement outcomes of

A (s Ais . . .
O"is )(axij ;8) are given by its eigenvalues

‘ {ﬂ—s)?bm+& if —1<s<0,

2(sH)m — 1, if s < —1,

where m = 0,1,2,---. Clearly, for any non-positive s, || < 1

Under ideal conditions, our measurement scheme is straightforward to implement [63,65]. As illustrated in
the entanglement swapping network of Figure 1(a), two independent sources emit (1 4+ 1)-mode entangled states
pA142 and pA243. For each entangled pair, the corresponding parties perform local measurements using unbalanced
homodyne detection, as depicted in Figure 1(b). In this setup, each signal mode is first mixed with a coherent state
at a beam splitter (BS) with transmissivity 7', and the output is measured using photon-number-resolving detector
(Py). In particular, when s = —1, the measurement only requires an on-off detector (Por) to distinguish between
the presence and absence of photons.

For Gaussian state p142, coherent fields |71) and |£;) enter through the other input ports of each BS. For high

transmissivity 7' — 1 and strong coherent fields 71,&; — oo, the BSs of A; and A(1 can be described by the
displacement operators D(a)!) and D(a)!), respectively, where aj! = 71/ 1T and o)l = & (/L [65]. For a

fixed parameter s, perfect photon number detectors Py (P4 k) and P;\?m) (Pé;“)) are used for measurement. Each
measurement yields a pair of results (n1,n5(1)). By performing multiple measurements and collecting statistics, the
joint probability distribution P(n1,ny(1)) is obtained, leading to the following expression:

(1,1) A A
QpAlAQ (azi ) ax; ) S)

4 5 A
= mﬁ[ p(TT(a}}; ) @ T(ag)s 5))]
4 s+ 1\ mtn2a)
== 2 (1) (m1, ma)|[DT(021) @ DY (@2)]p™ 2 [D(at) @ D(a)]lna, nan)
n1,M2(1)
4 s+ 1\ mtnr2a)
:EWFIF'E: Q—1) P, na)-
nl,nz(l)
The same procedure can be applied to the Gaussian state p243 to obtain QSA:Z% (aii , afv‘g, s).
Consider a finite-size CV network Z(y, z) where each source S; (j = 1,2, -+, z) emits arbitrary bipartite multi-

mode Gaussian state p;. Then the whole network state is a Gaussian state p = ®%_,p;. More clearly, let =(y, z; p)
denote the network =(y, z) with network state p. Each party A; performs two measurements of the form given
in (18) for any i = 1,2,--- ,y. If Z(y, z; p) has k independent parties, then, according to Theorem 1, Z(y, z; p) is
network local implies that the nonlinear Bell-type inequality

B (g, ou;s) = [Z]F + |T|* <1 (20)
. A Al A Ave, .
holds for any complex variables oy = ()L, - ,awizlt, gl ,aI;:Jt) with ¢t € {0,1} and real s < 0.

Furthermore, Egs. (7) and (8) and Eqgs.(18) and (19) allow us to transform the nonlinear inequality in (20) into an
expression involving the generalized quasiprobability functions of Gaussian states.

Also note that, by (7) and (8), for any fixed s < 0, the generalized quasiprobability function Qg")(a,ﬁ;s)

nl)(

and their marginal distribution @ a; s) of any (n1 + ns)-mode Gaussian state o are bounded functions, where
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Ay
PN

Figure 1 (Color online) The optical setup for the measurement strategy in entanglement swapping. (a) An entanglement swapping network
with parties Ay, A2, Az and independent (1 + 1)-mode source states pAlAQ, pA2A3. (b) Optical measurement setup: each local measurement
process involves mixing the input field with the coherent state at a high-transmittance beam splitter (BS), with detection subsequently carried
out by a photon number detector (Py). Notably, for s = —1, only an on-off detector (Por) is required to register the presence of photons.

n =ny +ng, a € C" and B € C"2. Then, for every fixed s < 0, Bf(ozo, ag;s) in (20) is a bounded function of ay
and ;. By Theorem 1, the network Z(y, z; p) is network local which will imply

B=(s,p) = sup B (g, cu;8) <1 (21)

&p,01

holds for all s < 0. Therefore, we have proven the following.

Theorem 2. The Gaussian network =(y, ; p) is network nonlocal if B=(s, p) > 1 for some s < 0.

We refer to this general approach described above as the supremum strategy.

Note that B=(s, p) can be calculated by (7) and (8). Although it is difficult to write out the analytic formula
of B=(s,p) in general, it may still be utilized as a tool to detect the network nonlocality in Z(y, z; p) by numerical
method.

In the following four sections, we apply Theorems 1 and 2 to the chain networks, the star networks, the tree-
shaped networks, and the cyclic networks, where all source states are arbitrary bipartite multi-mode Gaussian
states. Our results show that the measurements M,;s in (18) will work well for witnessing the network nonlocality
of Gaussian networks. To avoid cumbersome presentation of the results, we in fact focus on (1 + 1)-mode Gaussian
states as source states in Sections 4-7. Also, for convenience, we omit the superscript (1 + 1) of the generalized
quasiprobability function of the (1 + 1)-mode Gaussian state p and the superscript (1) of its marginal distribution,
denoting both of them with @,. Similarly, we omit the superscript of O in (18). For any p, ¢, o always stands
for a complex number. Moreover, we introduce some functions for the generalized quasiprobability functions of the
(14 1)-mode Gaussian states to facilitate subsequent discussion in Sections 4-7.

Let p12 be a (1 4+ 1)-mode Gaussian state. We define

’

C;rm (a17 a2, O‘/la Qa; 8) = Qplz (a17 Q2] 5) + Qplz (04/1, 0‘/2; 5)7 (22)

’ ’ ’

0;12 (041, Q2, 0, Og; 5) = sz (0417 Q2] S) - sz (alv Qg5 5)7 (23)
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@ O

Figure 2 (Color online) A chain network Cha(y) consists of y parties Ay, Az, ---, Ay and y — 1 independent sources S1, Sa, - -+, Sy—1. Each
source S; emits (1 4+ 1)-mode Gaussian state pAidit,

D;J)rlg (041, Q2, p, Qg; S) = QP12 (041; 5) + sz (052; S) + Qp(al; S) + QP(OQ; 5)7 (24)
DP12 (041 ) 2, al? 042, ) QPIQ (041; 8) + QP12 (a2; S) - QP12 (041; 8) - QPIQ (042; S)? (25)
p12(§7w N 041,042,(11,0(2, ) §Cp12(04170427a/170427 )+’WDP12(CY1,CY2,OC/1,CY/2;S)+E, (26)

where Q,,, (a1, a2; ) and Q,,, (v}, ay; 8) are the generalized quasiprobability functions of the (14 1)-mode Gaussian
state p12 defined in (7), Qp,, (a1;s) is the marginal function of Q,,, (a1, as2; s) defined in (8), that is,

me Q158 /me a17a27 )da2

Qi (@138), Qpry (s s) and Q,,, (ry; 5) are defined similarly. In addition, let

72(1—s)* mws(l—s)?
1= 27
G= (=T 27)
¢ =(m*(1-s)?% -7w(1-s),v), (28)
and 1y,lo,l A A A A
77577117 72 ?7)3 na) (aril—mvarﬂiz —7727a$§1—77'37 leiz —na)s (29)

where m,mn2,mM3, N4 S {07 1}

4 Witnessing nonlocality in chain networks of CV systems

Consider an arbitrary chain network Cha(y) as described in Figure 2. This is a network consisting of y parties Aq,
Az, --+, Ay, and y — 1 independent sources S1, Sa, - -+, Sy—1. The parties and the sources are arranged linearly such
that any two neighboring parties share a common source. We assume that each S; emits a (1 4+ 1)-mode Gaussian
state for j =1,2,---,y — 1, and each A; performs the measurements of the form in (18) for i =1,2,---,y. We apply
Theorem 1 to establish corresponding Bell-type inequality for arbitrary chain network Cha(y) in Figure 2.

For such Cha(y), it is clear that (1) if y is odd, then kyax = ”TH with the index set of maximal independent
parties K = Kmax = {1,3,--- ,y}; (2) if y is even, then kpax = § with the index set of maximal independent parties
K =Kmnax = {2,4,--- ,y}. Let K= {1,2,--- ,y}\ K and K’ denote the set of indexes from K with the biggest index

excluded. For example, when y is odd, K’ = {1,3,--- ,y — 2}. Then, by Theorem 1, we have the following.

Theorem 3. Let Cha(y) be a chain network as in Figure 2. Assume that each independent source S; emits
(14 1)-mode Gaussian state p4745+1 and let Q454541 (aiﬁ,ai‘hgs), xj,xy € {0,1}, 5 =1,2,-- -,y — 1 denote its
generalized quasiprobability function. If Cha(y) is network local, then the following nonlinear Bell-type inequality

holds:

B;h(ao,al;s) = |Is|kn'iax + |js|knia; <1, 30

—
~—

Ay
where a; = (a;‘i:t, ai;:t, e ,azzj:t, v—y) fort=0,1and p = pA1A2 @ .. @ pAvAv-1 In addition, kmax = yTH

when y is odd, kpnax = % when y is even; for -1 <s<0,

_ 28t (i) (35+17) (ii+1,4) (7, +1 ) Q).
IS - F ( 1S ’ ,’7(0’011’0) ) ,’7(010’011) ’ 8)7 (Cl ’ T](o 1,1 1) ) ’l’]( ) ’ 8)7
while for s < —1,
(it1,8)  (Gi+1,4). (4,i41,8)  (G.3+1.3).
F(¢im M(0,0,1,0)° (0,0,0,1) 18), Jo = F~(¢gim M0,1,1,1)° M(1,0,1,1) 5.
Here,
¢ pvr. o, (6i+10) (Ga+1.5) . w1, (6i+1,4) (J.3+1.5) .
F( U;’n(mmz»ﬁs»m)’n(ﬁs»ﬁs»ﬁ?»ﬁs)’ " 9kmax H E phi A1+1 vy 3 M (o1 m2m3,ma)’ ) X H E. AJAJ+1 ”2 ’ n(ﬁs»ﬁsﬁ%ns)’ 5),

ek’ jex
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(a) (b) (c)

Figure 3 (Color online) Values of z = B*™ (s, r1, 2) in £(3) for pA142 = p"1 and pA243 = p"2 as a function of the parameters 71 and ro for
fixed s. (a) s = —0.5; (b) s = —1; (c) s = —2.

and E*, {1, (2, n are defined as in (26)(29).

A proof of Theorem 3 is provided in Appendix B.

By the above result, if the inequality (30) is violated by some choice of parameters s, a
042‘;1:1 for i = 1,2,---,y — 1, then it demonstrates the nonlocality in the chain network Cha(y) of CV system
(Figure 2). Applying the supremum strategy described by (21) and Theorem 2, one can readily show that if the

chain network Cha(y) is network local, then

A

i i i
x;=0" azi:17 Oéxi+1:0 and

B (s,p) = sup BS (i, cu1is) < 1. (31)

«p,1

Therefore, Cha(y) is network nonlocal if B"(s, p) > 1 for some s < 0.

As a particular category of Cha(y), the entanglement swapping network £(3) = Cha(3) is a standard tool in
quantum information processing. Next, for the scenario of all quantum source states consisting of either pure
Gaussian states or STSs, we conduct a detailed analysis of how to use the inequalities (30) and (31) to witness the
nonlocality in £(3) of the CV system.

Example 3. Counsider the scenario where source states are arbitrary (1 4+ 1)-mode pure Gaussian states in £(3).
As every (1 4 1)-mode Gaussian pure state can be transformed into an EPR state via a local Gaussian unitary
transformation and these operations do not change the network locality, it suffices to consider the scenario where
both source states are (may be different) (1 + 1)-mode EPR states in £(3).

Assume two sources emit both (1+1)-mode EPR states, namely p™ and p™. By inequalities (30) and (31),
Be"(s,p) = B (s, p) is a function of r1, ro and s, denoted as B"(s,r1,72). Then, B"(s,r1,72) > 1 witnesses the
network nonlocality in £(3). B“"(s,r1,72) can be calculated by (12) and (13).

Figures 3(a)—(c), respectively, exhibit the behaviour of B"(s,r1,r2) as a function of r; and ro for specific,
predetermined values of s. To illustrate more intuitively the behavior of B¢*(s,r1,72) when s = —1, we present
Figure 4.

By comparing Figures 3(a)—(c), we see that, if s = —0.5,—2, the generalized quasiprobability functions can-
not witness the network nonlocality. Additionally, by Figures 3(b) and 4, when taking s = —1, the inequality
B*(—1,71,72) > 1 holds for all r; > 0 and r2 > 0 and hence, £(3) demonstrates the network nonlocality nature
if the two sources emit (1 + 1)-mode entangled EPR states. Furthermore, since any Gaussian pure state can be
transformed into an EPR state through a local Gaussian unitary transformation, the generalized quasiprobability
function with s = —1 alone can witness all network nonlocality in £(3) if the two sources emit (1 + 1)-mode en-
tangled Gaussian pure states. This result is consistent with the result in [54]. In addition, it is also analogous to
the result for DV systems obtained in [66], where it was shown that if two source states are entangled pure states,
then the entanglement swapping network of the DV system is network nonlocal. Figure 4 further reveals that £(3)
may be network nonlocal even if one of the source states is separable as B¢*(—1,0,0.5) > 1. Another behavior of
B (—1,71,72) is that lim,, , 0o B (—1,71,72) = 1T, which reveals that the generalized quasiprobability func-
tions are not very powerful to detect the network nonlocality for larger r1,7r2. Anyway, our result suggests that
measurements based solely on the generalized quasiprobability functions with s = —1 are sufficient to detect the
network nonlocality of £(3) in CV systems if the source states are pure Gaussian states.

Example 4. Consider the scenario where source states are (1 + 1)-mode mixed Gaussian states in £(3). For
simplicity’s sake, we consider the scenario that the two quantum source states constitute (1 + 1)-mode symmetric
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Figure 4 (Color online) Values of z = B¢"(—1,71,72) in £(3) for pA142 = p"1 and p?243 = p"2 as a function of the parameter 71 for fixed
re = 0.1,0.5,1,3, 5.
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Figure 5 (Color online) Values of z = B®"(s,r1,72) in £(3) for pA142 = p(1.2,1.2,r;) and p?243 = p(1.2,1.2,73), as a function of the
parameters r1 and rg for fixed s. (a) s = —0.5; (b) s = —1; (¢) s = —2. The blue part represents the plane z = 1 in (b), from which one can
easily see the region where z > 1.

STSs, specifically, p(1.2,1.2,71) and p(1.2,1.2,75) as defined in (14). Then B"(s,r1,72) = B"(s, p) in the inequality
(31) is expressed as a function that depends on s, r1 and ro. Thus, B®"(s,r1,72) > 1 will witness the network
nonlocality in £(3). Considering B¢"(s,r1,72) as a function of the parameters r1 and ro, with s as constants, the
behavior of B¢"(s,71,72) is shown in Figure 5. To more intuitively illustrate the behavior of B¢"(s,rq,r2) when

120°

arcosh(\/%) € (0.09116,0.09117), j = 1,2, we see that £(3) is network local if both r,rs € [0,7,], and thus
B (s,r1,72) < 1 for (r1,72) € [0,75] x [0, 7]

By comparing Figures 5(a)—(c), we see that the inequality B¢*(s,r1,72) > 1 may hold only when s = —1. And
from Figure 5(b), it is known that when both 7 and 7o are relatively large, the condition B¢*(—1,r1,rg) > 1
is satisfied, demonstrating the network nonlocality in £(3). Specifically, by Figure 6(a), with 0.8 < ro < 1.2,
B¢ (—1,r1,m2) > 1 holds true for 0.6 < r1 < 2.2, while B"(—1,7r1,72) > 1 if r = 1.2 and 0.5 < r < 3.2,
demonstrating the network nonlocality. For the situation s = —1 and ro > 1.2, Figure 6(b) reveals that £(3)
demonstrates the network nonlocality if ro = 1.4 and 0.6 < r1 < 3.3. Additionally, if 2 < ro < 5, B (—1,71,12) > 1
holds for r; > 2, demonstrating the network nonlocality. Similar conclusion may be obtained when considering
B (s,r1,72) as a function of 7.

In summary, if the two sources in £(3) emit (1 + 1)-mode mixed symmetric STSs, for example, p(1.2,1.2,r7)

and p(1.2,1.2,79), using the generalized quasiprobability functions with s = —1 enables the detection of network
nonlocality for many values of 71, rs.

s = —1, we present Figure 6. As p(1.2,1.2,7;) is separable if and only if cosh(r;) < \/12t, ie., 0 < 7r; < 715 =

For a chain network Cha(y) with y > 3, due to its complexity, we only consider cases where all sources emit the
same (1 + 1)-mode EPR states (see Example 5) and the same (1 + 1)-mode symmetric STSs (see Example 6).
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Figure 6 (Color online) Values of z = B"(—1,7r1,72) in £(3) for pA142 = p(1.2,1.2,71) and p243 = p(1.2,1.2,73), as a function of
parameters r1 and ro for fixed s = —1. (a) The case r2 € [0.5,1.2]; (b) the case r2 € [1.4,5]. The dashed line represents z = 1, from which one

can easily see when we have z > 1.
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Figure 7 (Color online) Values of z = B (s,7) in Cha(6) for (1+ 1)-mode Gaussian state p?i“4i+1 = p"(i = 1,2,3,4,5), as a function of the
parameter r for fixed s. (a) The behavior of z = B"(s,r) when —1 < s < 0; (b) the behavior of z = B (s, r) when s < —1.

Example 5. Consider the chain network Cha(6). Assume that all source states are the same EPR state p” as
defined in (11), that is, pAi4i+1 = p" for each i = 1,2,3,4,5. Then B (s,p) in the inequality (31) is a function
Beh(s,r) of s and r, and B"(s,7) > 1 witnesses the network nonlocality in Cha(6).

For certain fixed values of s, Figure 7 is derived by considering B"(s,r) as a function of the parameter r. It reveals
that, as a function of r, B (s, r) exhibits entirely different behaviors for s € (—1,0] and s € (—oc, —1]. If s € (—1,0],
B (s,r) has advantage to witness the network nonlocality for those r near 0, while, if s € (—oo, —1], B"(s,r)
has advantage to witness the network nonlocality for those r far from 0. Observe also that, for s € (—oo, —1],
as s increases, more values of r make the inequality B"(s,r) > 1 holding true. When s = —1, a larger set of r
values results in B°"(s,r) > 1, that is, using the generalized quasiprobability function with s = —1 can witness the
network nonlocality for more EPR states.

Furthermore, as depicted in Figure 7(a), when 0 < r < 0.63, we observe that B°"(—0.5,7) > 1. Similarly, in
Figure 7(b), when r > 0.55, we have B"(—1,7) > 1. Consequently, for any 7 > 0, the inequality B"(s,r) > 1
holds for some choice of s, demonstrating the network nonlocality nature. Therefore, we conclude that as long as
the five sources in the chain network Cha(6) emit any identical entangled Gaussian pure states, Cha(6) will generate
network nonlocality, which can be witnessed by the generalized quasiprobability functions. This result is true for
any chain network Cha(y) of CV systems.

Example 6. Assume that all source states of the chain network Cha(6) are the same symmetric STSs p(v,v,7)
as given in (14) with v = 1.2, i.e., pA4i+1 = p(1.2,1.2,7) for each i = 1,2,3,4,5. Note that p(1.2,1.2,7) is a mixed
Gaussian state and it is entangled if and only if » > ry, where 0.09116 < ry < 0.09117. It follows that Cha(6) is
network local if 0 < 7 < 7,. To demonstrate the network nonlocality, we focus on the B"(s,p) in the inequality
(31), which is a function B"(s,r) of s and r. By Theorem 3, B"(s,r) > 1 witnesses the network nonlocality in
Cha(6). Figure 8 is derived by considering B°"(s,r) as a function of the parameter r, with s held constant.

From Figure 8(a), within the range —1 < s < 0, it is observed that only when s < —0.7 there is a small subset of
symmetric STSs that satisfy B"(s,r) > 1. However, as depicted in Figure 8(b), when s < —1, B"(s,7) can detect
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Figure 8 (Color online) Values of z = B°"(s,7) in Cha(6) for (1 + 1)-mode Gaussian state p?i4i+1 = p(1.2,1.2,7) (i = 1,2,3,4,5), as a
function of the parameter r for fixed s. (a) The behavior of z = B"(s,r) when —1 < s < 0; (b) the behavior of z = B"(s,r) when s < —1.

network nonlocality in a larger number of STSs. Moreover, within the interval s < —1, as s increases, an increasing
number of STSs contribute to the condition B¢"(s,r) > 1. Therefore, when all sources emit symmetric STSs
in Cha(6), employing the generalized quasiprobability functions with s = —1 allows for the detection of network
nonlocality in a greater number of instances.

In addition, from Figure 8(a), the inequality B¢"*(—0.8,7) > 1 holds when 0.5 < r < 1.25. And in Figure 8(b),
the inequality B°"(—1,r) > 1 is satisfied for » > 1.18. Thus we conclude that if all sources emit symmetric STSs
pliditt = p(1.2,1.2,7) (i = 1,2,3,4,5) in Cha(6) and r > 0.5, then Cha(6) exhibits network nonlocality, which can
be witnessed by the generalized quasiprobability functions. However, for this scenario, we still do not know whether
Cha(6) is network local or not for ry < r < 0.5. We believe that, there exists 1o with 0 < rg < r1.2 < 0.5 such
that Cha(6) is network local if and only if 0 < r < r1.2. Generally, if all source states are the same symmetric STSs
p(v,v,7), there exists r, > 0 such that Cha(6) is network local if and only if 0 < r < 7y.

5 Witnessing nonlocality in star networks of CV systems

In this section, we consider the star network S(y) depicted in Figure 9, which consists of y parties Aq, As,--- , Ay, and
y—1 independent sources S1, S, - - -, Sy—1. It is clear that in star network S(y), the number of maximal independent
parties kmax = y— 1, and the corresponding index set of maximal independent parties K = Kpax = {1,2,--- ,y—1}.

We assume that each S; emits the (1 + 1)-mode Gaussian state for j = 1,2,--- ,y — 1, and each A; performs the
measurements of the form in (18) for ¢ = 1,2,---,y. Then, by applying Theorem 1, we obtain the following
nonlinear Bell-type inequality for the star network S(y) in Figure 9.

Theorem 4. Let S(y) be a star network as in Figure 9. Assume that each independent source S; emits (14-1)-mode
Gaussian state p4i4v, and let QijAy (aiﬁ,a;‘;; s) with z;,z, € {0,1}, j = 1,2,--- ,y — 1 denote its generalized
quasiprobability function. If S(y) is network local, then the following nonlinear Bell-type inequality holds:

t 1 1
B (a;s) = | T[T + [ Tsl=T <1, (32)
where o = (O()\l O()\l cee O(Ay71 aAy71 a>‘1 a>‘1 RN Oé)\yfl aAy*I ) — AlAy® Az A, R --® Ay_14Ay
- x1=0" ;I;y:07 ) $y71:0’ 1y:07 r1=1 1y:17 ) :Ey—1:17 1y:1 7p - P p p .

Furthermore, the meanings of Z; and J; in (32) are similar to those in Theorem 3, and their specific expressions
can be found in (C4), (C5), (C9), and (C10) of Appendix C.

A proof of Theorem 4 can be found in Appendix C.

According to Theorem 4, if we select appropriate parameters s, aijzo, aijzl, forj=1,2,---,y—
1 such that the inequality (32) is violated, then it demonstrates the network nonlocality in the star network S(y).
Similar to (21), we use the supremum strategy described in Section 3 such that

Aj

Aj
o) _gand g’

B (s.p) = sup By (ax:5) < 1. (33)
[e %

if the star network S(y) is network local.

Example 7. Consider the star network S(6) with the same pure Gaussian source states. Without loss of generality,
we assume that p?i4e = p" is an EPR state for each j = 1,2,3,4,5. Then B*!(s,p) in the inequality (33) is a
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Figure 9 (Color online) A star network S(y) consists of y parties Ay, Az, -+, Ay, and y — 1 independent sources S, Sa, - -+, Sy_1. And each
independent source S; emits (1 4+ 1)-mode Gaussian state ij Ay for each j=12,--y—1.

Figure 10 (Color online) Values of z = B**(s,r) in S(6) for pA346 = p"(j = 1,2,3,4,5), as a function of the parameter r for fixed s. (a) The
case of —1 < s < 0; (b) the case of s < —1.

function B%!(s,7) of s and 7. From Theorem 4, B%!(s,r) > 1 demonstrates the network nonlocality in S(6). Figure
10 illustrates the value of B%(s,r) when regarding B*!(s,r) as a function of r for some fixed s.

Figure 10 reveals that the inequality B*(s,r) > 1 holds true only when s = —1. In this case, as r increases, the
value of B%!(—1,r) initially rises and then declines. The largest violation B**(—1,r) &~ 1.227 occurs at r = 0.75.
Furthermore, for any 7 > 0, it holds that B*/(—1,7) > 1, indicating that if the five quantum source states are
identical entangled EPR states, they will exhibit network nonlocality in S(6). However, B%*(—1,r) — 17 quickly as
r — oo. Since every Gaussian pure state can be transformed into an EPR state through a local Gaussian unitary
transformation, we conclude that if all five sources in S(6) emit any identical entangled Gaussian pure states, it
will generate network nonlocality.

Example 8. Consider the star network S(6) with the same mixed Gaussian states as the source states. Assume
plide = p(1.2,1.2,r) is a STS as defined in (14) for each j = 1,2,3,4, 5. In this context, B* (s, p) in the inequality
(33) is expressed as a function B%!(s,r) that depends on both s and r. According to Theorem 4, when B$t(s,r) > 1,
it witnesses the network nonlocality in S(6). For certain specific, fixed values of s, we can obtain Figure 11 by
plotting B%(s,r) as a function of the parameter r.

From Figure 11, it is evident that the inequality B%!(s,r) > 1 holds exclusively when s = —1 and r > 0.55,
indicating the presence of the nonlocality in S(6) when r meets or exceeds this threshold. Additionally, as r increases,
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Figure 11 (Color online) Values of z = B*!(s,r) in S(6) for pi 46

s. (a) The case of —1 < s < 0; (b) the case of s < —1.

=p(1.2,1.2,7) (j = 1,2,3,4,5), as a function of the parameter r for fixed

Figure 12 (Color online) A tree-shaped network 7 (m, f) consists of X partles consisting of Ay, Az, -+, A;_sm and fl_f;n independent
T—
. ) ) [L“ Ait X Fo
sources Si, S2, - -+, Sy_ym . And each independent source S; emits (1 + 1)-mode Gaussian state p for each ¢ =1,2,- - -, oy
-7

the value of B*!(—1,r) exhibits a trend of initial increase followed by a decrease, and ultimately approaches 1. The
maximum value B$'(—1,r) ~ 1.118 is achieved at r = 1.

6 Witnessing nonlocality in tree-shaped networks of CV systems

In this section we discuss the network nonlocality in the determimstlc m-layer f-forked tree-shaped network

T(m, f), f parties Ap, Ao, - -- ,All—f;n and fl__f;

sources S1,52, -+, 55— . Employmg the same methodology as in Sectlons 4 and 5, we establish corresponding
T—

Bell-type inequality for the tree-shaped network 7 (m, f) of CV systems.

In tree-shaped network 7 (m, f), it is clear that (1) if m is odd, then ky.x = 1;{ T]’:: " with the index set of maximal
independent parties K = Kyax = {1, 1_1_71 +1, 1= ff 42,1, ]']__Tf;}t:g,g, ; (2) if m is even, then kmax = %7;;1
with the index set of maximal independent parties K = Kpax = {1_1ftf_1 +1, 1= ff + 2, 1 7 }t 2,4, . Let
K=1{12-, f 3\ K and K’ denote the set of indexes from K with the last layer of indexes excluded For
example, when m is odd, K" = {1, L 1£f +1, = ff +2,-- 1 =7 }t —3,5,...,m—2. Then, by applying Theorem 1, we

have the following.
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Figure 13 (Color online) Values of z = B*"(s,r) in T(3,2) for (1 + 1)-mode Gaussian state pA142 = pA143 = pA244 — yA245 — ;4346 —
pA347 = p"as a function of the parameter = for fixed s. (a) The case of —1 < s < 0; (b) the case of s < —1.
Theorem 5. Let 7 (m, f) be a tree-shaped network as in Figure 12. Assume that each independent source S; emits

A Ay . . . -
(1 +1)-mode Gaussian state p 7' and let Q Apgqdid (oziir . oag)c‘zjﬂ;s) denote its generalized quasiprobability
p ki

function, where Tray, Tit1 € {0,1},i=1,2,---, flif; and [-] represents the ceiling function. If 7 (m, f) is network

local, then the following nonlinear Bell-type inequality holds:
B (e, 015 8) = | T Foss + [T, e < 1, (34)

Af,fm Af,fm
A1 L a>\'” ¢ Oé)\l — o =7 ¢ o =7
xo=t" sy G o=t BPa =t Y, =0 Qo pm =
[+1 % T+

when m is even. Furthermore, the meanings of Z, and Js

f=f" A,
where p = ®,277 (p ¥

K2

TAHl _

), and a; = (aiizt,a

= 0,1, kmay = Lgr =
I b) max f24,1 14,f2

in (34) are analogous to their counterparts in Theorem 3, and their specific expressions can be found in (D6), (D7),
(D13), and (D14) of Appendix D.

A proof of Theorem 5 is provided in Appendix D.

By the above theorem, a violation of inequality (34) witnesses the nonlocality in T (m, f) of the CV system.

The following two examples illustrate how to use Theorem 5 and the supremum strategy to specifically analyze
the network nonlocality in 7 (m, f).

fm+1

when m is odd, kpax =

Example 9. Consider the tree-shaped network 7 (3,2) with source states that are the same EPR states. In this
scenario, pA142 = pAids = pAada — pA2ds — pAsds — pAsdr — oman EPR state as defined in (11). Let

>\1 >\1 >\2 )\2 )\3

A3 A4 A4 As As A6 A6 12
z1=ts Xao=t) Xzl =t) Apy—t, Vgp—t, « ) eC ,

oy = (CY Opi—t) Ogo—ts Ogi—t) Agg—ts Vgg—t> Xgg—t, Vgr—¢
where ¢t € {0,1}. Then
B'(s,7) = sup Bzr(ao,al;s)
Qa, 01
is a function of s and r. According to Theorem 5, B'"(s,r) > 1 will demonstrate the network nonlocality in 7(3,2).
Figure 13 shows the image of B"(s,r) when considering B'"(s,r) as a function of r for the cases —1 < s < 0 and
s < —1, respectively.

From Figure 13(a), it is evident that the inequality B (—0.8,7) > 1 holds when 0 < r < 0.75. Additionally,
in Figure 13(b), the inequality B (—1,7) > 1 is satisfied for 7 > 0.7. Consequently, taking s = —0.8 and —1
will detect the network nonlocality in 7(3,2) for any r > 0. Furthermore, since any Gaussian pure state can be
transformed into an EPR state through a local Gaussian unitary transformation, we conclude that if the six sources
in the tree-shaped network 7(3,2) emit the same entangled Gaussian pure states, then the network is network
nonlocal.

Example 10. Now let us consider the tree-shaped network 7(3,2) with all source states being the same mixed
Gaussian states, say a symmetric STS p(v,v,7) as defined in (14). For simplicity, let pA142z = pAids = pA24s —
pAzds = pAsde = pAsdr — (1.2 1.2 7). Just like what we have done in Example 9, by taking the supremum of
BZT(ao, a1; s) in the inequality (34) over the parameters ay, a1, one gets a function B*"(s,r) of s and r. Applying
Theorem 5, if B (s,7) > 1, then it demonstrates network nonlocality. For some fixed values of s, Figure 14 is
obtained by treating B'"(s,r) as a function of the parameter r.
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Figure 14 (Color online) Values of z = B'"(s,r) in T(3,2) for (1 4+ 1)-mode Gaussian state pA142 = pA143 — pA244 — 4245 — ;4346 —
pA3A7 = p(1.2,1.2,7), as a function of the parameter r for fixed s. (a) The case of —1 < s < 0; (b) the case of s < —1.

Figure 15 (Color online) A cyclic network Cyc(y) consists of y parties consisting of A1, Az,---, A, and y independent sources S1, Sa, - -, Sy.

And each independent source S; emits (1 + 1)-mode Gaussian state ij Aj+1 for each j=1,2,---,y—1and Sy emits (1 + 1)-mode Gaussian
Ay A

states p” vl

From Figures 14(a) and (b), we can see that the inequality B (s,r) > 1 holds for some 7 only when s < —1,
and as s increases, more symmetric STSs p(1.2,1.2,7) satisfy the inequality B (s,7) > 1. Therefore, using the
generalized quasiprobability function with s = —1 allows for witnessing network nonlocality of a larger number
of STSs in 7(3,2). Furthermore, Figure 14(b) demonstrates that the inequality B (—1,r) > 1 holds whenever
r > 1.025. Then, we conclude that, with every source state being symmetric STS p(1.2,1.2,r), if » > 1.025, the
tree-shaped network 7 (3, 2) exhibits network nonlocality.

7 Waitnessing nonlocality in cyclic networks of CV systems

In a cyclic network Cyc(y) (see Figure 15), there are y parties A;, Ao, - - -, A, with A; and A, sharing a source S; for
i=1,2,---,y—1,and A, and A; sharing a source S,. It is clear that (1) if y is odd, then kpax = yT_l with the index
set of maximal independent parties K = Kmax = {1,3,5,--- ,y — 2}; (2) if y is even, then Ky = ¥ with the index
set of maximal independent parties K = Kuyax = {1,3,5,--,4 — 1} or {2,4,6,--- ,y}. Let £ = {1,2,--- ,y} \ K.
Using a measurement scheme based on generalized quasiprobability functions and applying Theorem 1, we can
establish the following nonlinear Bell-type inequality for the cyclic network Cyc(y) of CV systems.

Theorem 6. Let Cyc(y) be a cyclic network as in Figure 15. Assume that each independent source S; emits
(1 + 1)-mode Gaussian state p®i4i+1 and let Q754500 (ai‘j,ai‘jﬂ; s) for j = 1,2,--- ,y — 1 denote its generalized
quasiprobability function; S, emits (1 4+ 1)-mode Gaussian state pAvA1 and let Qpay a1 (aiz’,aif;s) denote its
generalized quasiprobability function, where z;,z, € {0,1}, j = 1,2,--- ,y — 1. Then Cyc(y) is network local
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Figure 16 (Color online) Values of z = BY(s,r) in Cyc(5) for (1 + 1)-mode Gaussian state pi4it1 = pA541 = p" (j = 1,2,3,4), as a
function of the parameter r for fixed s. (a) The case of —1 < s < 0; (b) the case of s < —1.

implies that the following nonlinear Bell-type inequality holds:

1 S
B (g, a5 8) = | I Fmex + [ Ts|Fmax <1, (35)
— ,ALA Az A Ay 1A Ay A (A A Ay—1 Ay—1 A A
Wherep =prERp TR QTR oy = (o‘miztvaz;:tv T ao‘mzflztvazz:tvazz:tvazf:t) fort € {Oa 1}

In addition, kynax = nyl when y is odd, kmax = § when y is even. Furthermore, the quantities Z, and J in (35)
have meanings analogous to those defined in Theorem 3. Specifically, their explicit expressions are provided in
Appendix E: for odd y, refer to (E4), (E5), (E9), and (E10); for even y, see (E12), (E13), (E15), and (E16).
Our proof of Theorem 6 is provided in Appendix E.
According to Theorem 6, if the inequality (35) is violated by some specific choice of parameters s, agjzo, i

12217
i‘:H:O, aijﬂzl fort=1,2,--- ;y—1and 0‘25:07 0‘25:17 0‘2?:07 ai‘le, then it demonstrates the network nonlocality
in Cyc(y) of CV system. Moving forward, we will provide two specific examples to illustrate how to use the inequality

(35) to witness the nonlocality in Cyc(5) of CV systems.

«

Example 11. Consider the cyclic network Cyc(5) and assume that pAidi+1 = pAsAt = p7 is an EPR state as in
(11) for each j =1,2,3,4. Let

A1 A1 A2 A2 A3 A3 A4 A4 As As ) c Clo
)

Oy = (amlzt’ Qpo=t) Xpo=t) Aqa=ts Ugo=ps Xy =t Qg =5 Vgp=ps Vo=t Qg =¢

where t € {0,1}. Then
B%(s,r) = sup By(cv, au;s)
Qa, 01
is a function of s and r. By Theorem 6, BY(s,r) > 1 will demonstrate the network nonlocality in Cyc(5). For some
specific fixed values of s, Figure 16 plots B%(s,r) as a function of the parameter .

In Figure 16(a), when s is fixed within the interval (—1,0], the inequality B°(s,r) > 1 holds for some r when
s < —0.5 and this inequality is only satisfied when r takes on relatively small values. Figure 16(b) shows that, when
s < —1, the inequality B (s,r) > 1 holds when r is sufficiently large, and as s increases, there are more values of r
that satisfy B%(s,r) > 1. So we can see that using the generalized quasiprobability function with s = —1 enables
us to witness more network nonlocality.

Moreover, from Figure 16(a), the inequality B<Y(—0.5,r) > 1 holds for 0 < r < 0.6, while from Figure 16(b), the
inequality BY(—1,r) > 1 holds for » > 0.55. In conclusion, by taking s = —0.5 and —1, the inequality B (s,r) > 1
holds for any r > 0. This reveals that if all five sources in Cyc(5) emit any identical entangled EPR states, they
generate a network nonlocality correlation in Cyc(5). Therefore, we in fact obtain that if the five sources in Cyc(5)
emit any identical entangled Gaussian pure states, the cyclic network Cyc(5) demonstrates the network nonlocality.

Example 12. Let us consider the scenario that all sources in the cyclic network Cyc(5) emit identical mixed
Gaussian states. For simplicity, we assume that pAi4i+1 = pAsd = p(1.2,1.2,7) (j = 1,2,3,4), where p(1.2,1.2,7)
is a symmetric STS as described in (14). Similar to Example 11, B%(s,7) = supy, «, By (e, a1 5) is a function
of s and r, and by Theorem 6, B%Y(s,r) > 1 demonstrates the network nonlocality in Cyc(5). Figure 17 depicts the
value of B%(s,r) as a function of the parameter r for several fixed s.

It is observed from Figures 17(a) and (b) that when s = —0.8 and s < —1, B%Y(s,r) > 1 for some r. Furthermore,
Figure 17(a) indicates that the inequality BY(—0.8,r) > 1 holds for 0.5 < r < 1.25, while Figure 17(b) reveals that
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Figure 17 (Color online) Values of z = B (s, r) in Cyc(5) for (1 + 1)-mode Gaussian state pi4i+1 = pA541 = p(1.2,1.2,7) (j = 1,2, 3,4),
as a function of the parameter r for fixed s. (a) The case of —1 < s < 0; (b) the case of s < —1.

the inequality BY(—1,r) > 1 holds for > 0.7. Combining these two facts reveals that, the cyclic network Cyc(5)
exhibits network nonlocality if r > 0.5.

8 Conclusion and discussion

Gaussian states serve as a highly valuable resource in the field of quantum information and quantum communication
protocols, and the quantum networks that will be operated in the future are likely to be hybrid networks. However,
so far, there has been a significant limitation of research focusing on the network nonlocality for CV systems. The
challenge comes from the fact that Gaussian states cannot recognize nonlocality when Gaussian measurements
are performed. In this work, we aim to address the problem of detecting network nonlocality in CV systems by
proposing an effective nonlinear Bell-type inequality for a general network of finite or infinite dimensional system,
where each party has two inputs and unrestricted outputs (which may be infinitely many). This inequality provides
a general approach for detecting the network nonlocality of CV systems, where the quantum source states are multi-
mode Gaussian states and the measurement scheme is based on generalized quasiprobability functions. Notably,
assessing the network nonlocality in CV systems using this inequality is straightforward, as this inequality is
solely related to the generalized quasiprobability functions of Gaussian states. This allows us to propose a general
approach called the supremum strategy. To illustrate how to utilize established nonlinear Bell-type inequality and
the supremum strategy to detect the network nonlocality of CV systems, we establish several nonlinear Bell-type
inequalities for various network configurations of depth 2, including the chain, star, tree-shaped, and cyclic networks
of CV systems with source states being arbitrary (1 4+ 1)-mode Gaussian states. In addition, the violation of these
inequalities was demonstrated for identical entangled EPR states and certain symmetric STSs. Through these
examples, we infer that, for a general quantum network, if all source states are identical (1 + 1)-mode entangled
Gaussian pure states, then the Bell-type inequalities of the network will be violated, and this violation thereby
naturally witnesses the network nonlocality. We also observe that, using only special measurements based on the
generalized quasiprobability functions, for instance with some choice of s, is sufficient to recognize the network
nonlocality of networks with pure Gaussian source states. When source states are identical mixed Gaussian states
such as the symmetric STSs p(v, v, r), the situation becomes more complex. However, by utilizing the generalized
quasiprobability function, one still can recognize the network nonlocality for all > r, for some r, > 0. For the
entanglement swapping network, the scenarios where sources emit different pure Gaussian states or symmetric STSs
are discussed in detail.

Our scheme demonstrates that for Gaussian networks, measurements based on generalized quasiprobability func-
tions can effectively detect network nonlocality. This approach may provide new insights into protocols including
quantum sensing [35] and device-independent quantum key distribution [36].

Moreover, under ideal conditions, our approach is physically feasible. As described in [63], when all sources
emit (14 1)-mode Gaussian states in the quantum network, the experimental implementation based on this scheme
requires only a beam-splitter coupled to the photodetector. When the parameter s = —1, the measurement scheme
only requires a beam-splitter coupled to an intense coherent state, followed by a photodetector that distinguishes
between vacuum and non-vacuum states. Although the proposed test presents implementation challenges due to in-
evitable optical losses and imperfect detection, recent advances in photon-number-resolving detectors have brought
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it closer to practical realization. Significant efforts are underway to develop high-efficiency photon-number-resolving
devices using superconducting-nanowire detectors or transition-edge sensors [67-72]. Notably, recent experimental
progress has yielded single-photon detectors with approximately 98% detection efficiency and photon-number res-
olution up to 32 [72]. Nevertheless, further in-depth exploration is still required to push single-photon detection
toward even higher photon-number resolution and to achieve high-fidelity detection in multi-photon regimes.

It is worth to point out, although our work only focuses on the network nonlocality of CV systems, our scheme
is well-suited for detecting network nonlocality within “hybrid” quantum networks that are integrated with both
DV and CV systems. For example, consider the entanglement swapping network with one source emitting a single-
photon entangled state p = |¥)(¥| with |¥) = %(|01> + ]10)) (its two-mode generalized quasiprobability function

and its marginal single-mode distribution are given in [63]) and the other source distributes a (1 + 1)-mode EPR
state. Then, similar to the proof of Theorem 3, one can establish a nonlinear Bell-type inequality by applying
Theorem 1 to detect the network nonlocality in this hybrid entanglement swapping network.
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