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Appendix A Proof of Theorem 1

Let E(y, z) be a general network with k independent parties in system of any dimension and assume that it is network local. We prove
that, for any dichotomic local measurements {My, : z; € {0,1}}Y_; of countable outcomes, the nonlinear Bell-type inequality (2) in the
main text holds.
For any ¢ = 1,2, -+,y, denote Yo, = {ay, : a), is the eigenvalue of M, }. Then (Mg, M, - sz) = Z Z Z ajas -
ale“rwl a2€'r;n2 ayETxy

-ayP(a1,a2,- -, ay|r1, 22, - -, Ty) and the expectation of the outcomes of My, is
(M) =Y aiP(ailzs, M), (A1)
a; €Yg;
where i = 1,2,--- ,y and Ay = {\j;, Xy, -+ ,)\iei} denotes the set of local variables associated with the sources that connect to party

A;. Since |a;| < 1 for any i, we have [(Mz,)| <1
Denote the index set of k independent parties as K = {41,142, - -, i} and let K = {1,2,-- -, y}\K. By Eq.(3) in the main text and

Eq.(Al), we have
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Using the Mahler inequality [1], inequalities (A2) and (A3) together lead to
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The second inequality in inequality (A4) is from the inequality [(AT Mg, )| + (A~ M, )| = max{[(Maz; =0)|,[(Ma; =1)[} < 1 for
s =1,2,--- ,k; and the final equality in inequality (A4) is from the normalization condition of the probability distribution of hidden

states. O

Appendix B Proof of Theorem 3

For arbitrary chain network scenario Cha(y) described in Figure 2, it is clear that (1) if y is odd, then kmax = y%rl with the index set
of maximal independent parties K = Kmax = {1,3,--- ,y}; (2) if y is even, then kmax = % with the index set of maximal independent
parties K = Kmax = {2,4,--- ,y}. Denote by K = {1,2,--- ,y} \ K and K’ the set of indexes from K with the biggest index excluded.
For example, when y is odd, K’ = {1,3,--- ,y — 2}. In Figure 2, if y is odd, by Egs.(3) and (18) in the main text,
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Similar to Eq.(B1), when y is even, we have
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By combining Eqs.(B1) and (B2), for arbitrary chain network Cha(y),
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Now, by Egs.(7), (19), (22), (24) (27) and (29) in the main text, for —1 < s < 0, we get
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So, we obtain the desired expression of Zs as in Theorem 3, that is, Egs.(B7) and (B10).
By a similar argument to Eq.(B3), it can be derived from Egs.(4) and (18) in the main text that
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Now, using Eqs.(7), (19), (23), (25), (26), (27) and (29) in the main text, we find that for —1 < s <0,
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Therefore, we arrive at the desired expression for Js stated in Theorem 3, namely, Eqs. (B15) and (B18), which completes the proof. O
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Appendix C Proof of Theorem 4

For a star network S(y) as in Figure 9, it is clear that the number of maximal independent parties kmax = y — 1, and the corresponding

index set of maximal independent parties K = Kmax = {1,2, -,y — 1}. By Egs.(3) and (18) in the main text, we have
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Here, EE, ¢1, ¢2 and 7 are defined as in Eqs.(26)-(29) of the main text. The proof is completed.
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Appendix D Proof of Theorem 5

m+1
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and
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Here, E*, ¢1, {2, n are defined as in Eqgs.(26)-(29) of the main text. The proof is completed. [m]

Appendix E Proof of Theorem 6

In a cyclic network Cyc(y) (see Figure 15), there are y parties Ay, Ao, ---, Ay with A; and A; sharing a source S; fori =1,2,---,y—1,
Ay and A; sharing a source Sy. Here, we have to address the scenarios where y is odd or even as two distinct cases in Cyc(y).
(a) y is odd.
When y is odd, it is straightforward that kmax = ny1 with the index set of maximal independent parties K = Kmax = {1, 3,5, ---,y—2}.
Let K ={1,2,--- ,y}\ K and K = K\{y — 1}, then by Eqgs.(3) and (18) in the main text,
1
s :P«lezo + M11:1)M12:0 o (sz,gzo + sz,2:1)sz,1:0Ma:y:0>
2

— 1 T{[((O(03Y g5 8) @ O3} o ))+(0(%1,17 s) @ O(ay!_y39)))

2 2
® (0! _y; >®O(az2 0i9) ®- - ® ((0(ap~>_y; >®0(a D)
+ (0,235 ®0(a)" 2 _139) ® <O<a2y: _0i8) ® 0 i)

® (O(c) o 7075)®O( o 7075))}@‘“1“‘2 ® - ®plu-1dy ®p“y“1)}

=2L X T{[(O(X_y; 5) + O(adl _y35)) @ O(ad] _ys 5)]pA142}) (E1)

2

x Tr{[O(a)2_ 07s>®<o<az ,07s>+o<az3 1s>>1pA2As}
X x Tr{[(0(a)Y 72 i) + 0(a41 72 _13)) @ Ofay? =g )lpv24v-1}
X“{[O(%iiizo, 5) ® 0oy _o,snp‘*y—lf*u}mﬂé(aizzo 5) @ (0(a"_g;s) + O(all_y; 8)]pAv A1}

—— T IO g5 8) + 00X _y:) @ O(adi | _gis)lpidee)
2 i€k

X H Tr{[O zv—075)®(o( z]+1—07 )+O( z]+1_17 ))]pA A]'H}XTT{[O(Q o 1_07 )®O( zy—075)}PAy_1Ay}-
JEIC

Additionally, in Eq.(E1), y + 1 actually represents 1 due to the cyclic nature of the network.
By Egs.(7), (19), (22), (24), (26)-(29) in the main text, if —1 < s < 0, then

Tr{[é(aiz 15) @ O(a) 2 s)lptvr vy
=Tr{[((1 - S)ﬁ(ai;’:iz is)+sh®((1— s)n(az’!_57 s) + sD)]pAv-14v}

=(1— $)*Te{[[1()" ! L3 8) ® TI(aZh; 5)]pAu=14v} + (1 — 5)

Tr{[fI(a ”,1_ovs)®1]p vt A} 4 s(1 = ) Tr{[I © TI(a z”_éy s)ptv-14v) 4 s

2

(1 —s)* - Ay 7T8(1 5)* Ay 2 E2
=T Qi (000 a0 ) + (@ 4y 1y (@27 i) + @, ya, (212his)] 45 (E2)

2 4

w21 —s)* 4 Ay_1 Ay—1 Ay_1 Ay_1 7rs(1—8) T Ay_1 Ay—1 Ay_1 A
:TCpAy,lAy (azz_1:07azz:07azz_1:07a1:5:0;8) + 1 pAy—14y (azz_1:07azz:07azz_1:07a11 Zi8) +s°

2 4 2

e (1 —8)* ms(1—5)" 5 x4 Ay—1 Ay_1 Ay—1.
_EpAy_lA, ( ) ) 4 ) S ’axZ,I:O’axZZO’axzf1=0’axz:0’s)

_gt (y Ly,y—1), ..
_EPA 1Ay(2><c 1(0,0,0,0) 78);
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while if s < —1, then

Tr{[0(a ”f_o,s>®0<ar _o,snp v-14v)

=Te{[(201(a," "y ) — I) ® (2AT(cr) el o3 s) — D]ptv=1vy
=4Tr{[{I(e "~ i_oy )®H(%I’_B78)]P v=14v} — 2T {[Tl(a “,1—07 5) ®@ Iptv—14v} — 2T‘F{[I®H(ax“’_578)]P v=rduy 4
y— A Ay — Ay
=r2(1 — s)? QpAyilAy (azZ,i:ovazyfi)v s) —m(l— s)[QpAy,lAy (azz,izo? s) + Q,Ay_14y (a? —us)+1 (E3)
w2 (1-s)? 4 Ay Ay—1 )\, T W m(l—s) 4 PO VRS W S
= 2 pAu—14y (ax'ylfi =0 aw;_o, a,’” _os ax;:(); s) — 2 DpAy_lAy( x;71:07 ax;:o» ax‘ytl:oa ax;:()i s)+1
2 2
e (1 —s) m(1—58) . X Ay—1 Ay A,
_EpAy,IAy( 2 » 2 717azZ,i:O’azz:%ﬁazz,i:mazy*%}’s)
_t (y—1,y,y—1),
*EpA —14y (2 ¢Gim M(0,0,0,0) 78)-
Now, substituting Egs.(B4)-(B5), (B8)-(B9), (E2)-(E3) into Eq.(E1) and defining
+ o1 pvs. (i 110) (5,5+1,7) (y—1,9,y—1) .
F ( v2? ”27n(ﬂlwz,ﬁsﬂm)’n(ﬁsﬂ?sﬂw n8)? M(ng.m10.m11.mi2)" 5)
_ (i,i+1,4) (4,9+1,9) (y—1,y,9—1)
- ’; x I;ICE AiAitl (4“2’77(771,7727773,774)’ x H E” pAi A1 (C“2’n(nmne,n7 78)’ 8) X E Ay— 1Ay(2 C“2’n(n9,mo,n11,m2)’ 5)
z jGIC
we obtain for —1 < s <0,
_ ptp2s? p28%(6i414) (Gd+10) (y—1y,y—1). .
I‘S - F ( 18 ? 15 (0,0,1,0) bl TI(O,U,O,l) 7"”(0,010’()) bl 8)7 (E4)
while for s < —1,
— (2 (4,i+1,1) ( +17J) (y—1,y,y—1),
Is=F (<27 CQ ’ 7’(0 0,1,0) ( 1) 7"(07(),070) ) 5)' (ES)
Similarly, by Egs.(4) and (18) in the main text,
1
e :2yT71 <(Mz1:0 - Mz1:1)M12:1 o (Mmy72:0 - ‘]\4%»/—2:1)1\4351/*1:1]\4%4:1>
50N 5 i
< [T m{l(O(a)i_g; 5) — Olani_y38) @ Ot _y;8)|pidint} (E6)
2 e ’ ’ H—
AN Y AN A AL Ay
x [T {00 _1:5) @ (00, _gi8) — 0@, s )]p 41} x Te{[0(@)! ")) @ O(aZ}; )l phv=14v).
jex’
Likewise, in Eq.(E6), y + 1 actually represents 1 due to the cyclic nature of the network.
Analogous to Egs.(E2) and (E3), when —1 < s <0,
2 (y—1y,y—1
Te{[O(e) ) _y58) @ Olaly sl My = B (5 x ¢ sm e (E7)
while if s < —1,
. 1
1 Ay_1Ayy _ ot y—1l,y,y—1)
TI'{[O( zz 1717 ) ® O(azy—17s)]p y—1 ’y} - EpAy—lAy (5 X C27n(1 1,1,1) 75)' (Es)
Substituting Egs.(B12)-(B13), (B16)-(B17), (E7)-(E8) into Eq.(E6) and defining
vy, o (4,0+1,1) (4,5+1,9) (y—1,y,y—1)
B ( “2’C”2’n(m,mﬂlsﬂm)’n(nomemhns) " Mng.miomi1miz)’® s)
_ 1. (5,0 +1,%) (4,3+1,3) .
_2% x H E. pAiAit1 U2’n(7i17n2»n377l4)’8) x H AJAJ+1 ”2’7’(”5,”577777778)’8)
i€ jexk’
(y=Llyy=-1) |
* Ep y— 1Ay( X Cuzim M(ng.m10m11.m12)° 5)
we obtain for —1 < s <0,
(iyi+1,3) (4,5+1,3) (y—1,y,y—1)
Js =F~(¢1, ¢ 7"7(0 110 Mo, M1a0,) 58 (E9)
while for s < —1,
_ (0 (4i+1,3) (d,7+1,3) (y—1,y,y—1),
Js =F (CQ’CQ’U(O,I,l 1)777(1 0,1,1) 77](111’171) 75)- (EIO)
Here, E*, ¢1, ¢2, n are defined as in Eqgs.(26)-(29) of the main text. m]

(b) y is even.



Sci China Inf Sci 9

For cyclic network Cyc(y), if y is even, then kmax = % with the index set of maximal set of independent parties K = Kmax =
{2,4,6,---,y}. Denote by £ = {1,2,--- ,y} \ K. By Egs.(3) and (18),

1
Is :F«le:[) + Mz1:1)Mz2:O e (sz,lzo + sz,IZI)Ma:y:0>
2
= LT {[(0(0X7_y;5) ® O _y; ) + (O o
=T {[((O(aV_g3 8) ® 003! _g39)) + (O(ay?_y58) @ O(a) _y59)))

(O(azz 0,8)@0((}[12 015 ))®®((é( v—2 075)®O( —1= =035 ))
+ (003172 _158) © O(a}!~1159) @ (O(a x_a, s)®O(a iy_o, 5))] (B11)
(pA1A2®~~®p =14y ®pA A1)}

:L% l;ICTr{[(O(CM;. :s) + O 2139) ® O(a) +1_075)}pAiA11+1}

X H’Pr{ x *07 )®(O( 3?J+1—0? )+O( 931+1—1’5))]pA'7A'j+1}7
JEIC

with y + 1 actually represents 1 (mod y). Substituting Egs.(B4), (B5), (B8), (B9) into Eq.(E11) and defining

(1. (B3 +1,0) Gd+Li) Ly L + vy, (iyit1,0) Ga+la) .
F(Coss (n1,m2,m3,m4)° (nsmmm»ns)’s) 2% H EpAiAz‘+1( ”2’77(771,172,773,774)’ x H E A1A1+1( ”2’77(775,716,717,778)’8)’
ek’ jek
we obtain for —1 < s <0,
_ pe2s?, (@it L) (Ga+Lg), .
Ts = F7(¢° ,77(070,1,0)777(0’0,0’1) ;8); (E12)

while for s < —1,

_ pt (3i4+1,3) (4,5 +1,5)
L =F (CZ’”(O 0,1,0)° M(0.0,0,1) + 8- (E13)

Similarly, by Egs.(4) and (18),

Ts %((Mrl— 7M931:1)M962=1"'(Mxy,1:0*Ma:y,1:1)Mxy:1>

= TH{(O(2—gi5) © 002 _g53)) = (O(a21_yi5) & O(a] i)
® (0(ad}_y35) ® O(a) zrl, DR <<O(a 2 )@0( pis)
—(0(a3" 2 _19) @ 0(a) "1 _159)) @ (O} 2 1i9) @ Oy >>1 (B14)
(P42 @@ phv-tdy ®pAyA1)}

= [T O i 8) = OeNi_yi8) ® 0@y )lpedinr)
22 ek
x TT T _159) @ (0(a)7,, o3s) = Oy _y;s))ptiisnl).

jeK

Substituting Egs.(B12), (B13), (B16), (B17) into Eq.(E14) and defining

1
F( (4,i+1,7) (5,5+1,7) Ce) — H (4,441,4) s) x H (7,5+1,7) 5),

”2’n(m,nzma,m)’n(ns»ns,wns)’ 2% : pA1A1+1 v2’n(m,n2,n3 )’ AJAJ+1 vz’"(ﬂs,nemmns)
ex jex

we have for —1 < s <0,

S T @1
while for s < —1,

To= P (@m0 o
Here, E*, ¢1, ¢2, n are defined as in Eqgs.(26)-(29) of the main text. The proof is completed. o
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