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Trajectory tracking is a fundamental control problem with broad

applications [1, 2]. While existing methods typically guarantee

only asymptotic convergence [1] or bounded tracking errors [2],

finite-time exact tracking exhibits superior convergence precision,

speed, and robustness, making it highly suitable for practical ap-

plications.

However, tracking control faces several challenges. Among

these, actuator faults pose a critical threat to system reliabil-

ity, thereby prompting the development of fault-tolerant control

(FTC) methods [1]. While existing approaches like optimal fuzzy

FTC [1] address uncertain nonlinear systems with actuator and

sensor faults, they lack transient performance guarantees. Pre-

scribed performance control (PPC) enforces funnel-shaped error

convergence, yet integrating FTC and PPC for finite-time exact

tracking in strict-feedback systems remains unresolved—a gap this

work addresses.

The main contributions of this study are as follows. First,

while existing studies such as [1,2] only achieved asymptotic track-

ing or bounded tracking control for strict-feedback nonlinear sys-

tems with actuator faults, this study realizes global performance-

guaranteed finite-time exact tracking control via sliding mode con-

trol methods for the first time, and successfully addresses the crit-

ical issue of unknown virtual control directions. Second, the pro-

posed tan-type error transformation method and novel Lyapunov-

like function effectively eliminate the initial condition constraints

and error surface effects inherent in conventional control methods,

while simultaneously guaranteeing the global boundedness of all

closed-loop signals. These innovative results provide a comprehen-

sive solution to the key challenges in exact tracking control.

Notation. Throughout this study, Rn denotes the n-

dimensional Euclidean space. |x| denotes the absolute value of

scalar x. ||x|| denotes the Euclidean norm of vector x. x
⊤ repre-

sents the transpose of vector x. N+ represents the positive integer

set.

Problem formulation and preliminaries. Consider an uncertain

strict-feedback nonlinear system:

ẋi(t) =fi(x̄i(t)) + gi(x̄i(t))xi+1(t) + di(t), 1 6 i 6 n− 1,

ẋn(t) =fn(x̄n(t)) + gn(x̄n(t))u(t) + dn(t), (1)

y(t) =x1(t),

where xi ∈ R, x̄i = [x1, . . . , xi]⊤ ∈ Ri is the system state, y(t)

and di(t) ∈ R denote the output and external disturbance of the

system, respectively; fi(x̄i) and gi(x̄i) : Ri → R are unknown

continuous and piecewise continuous nonlinear functions. u(t) ∈ R

denotes the control input. Considering actuator faults, the con-

trol input u(t) is modeled as u(t) = τ(t)v(t) + θ(t), where v(t)

denotes the control signal to be designed; τ(t) and θ(t) stand for

the partial loss of effectiveness and the float fault of the control

signal, respectively. Define the reference signal to be tracked as

y0(t), and ȳi(t) = [y0(t), . . . , y0(t)]⊤ ∈ Ri.

The control objectives are to design the control signal v(t)

such that: first, the output y(t) tracks the reference signal y0(t)

with prescribed performance; second, exact tracking is guaranteed

within a finite time; third, all signals in the closed-loop system are

uniformly bounded globally.

Main results. The design begins with the following exponential

function:

ρi(t) =
(

π

2
− ρi∞

)

e−ρi1t + ρi∞,

where π

2
> ρi∞ > 0 and ρi1 > 0. Let the tracking error denote

e1(t) = y(t) − y0(t), and ei(t) = xi(t) − αi−1(t), i = 2, 3, . . . , n.

The virtual control signals βi(t), i = 1, 2, . . . , n − 1, are passed

through first-order filters: d̄iα̇i(t) + αi(t) = βi(t), αi(0) = βi(0),

where d̄i > 0, and αi(t) is the output of the filter. The correspond-

ing filtering error is defined as zi(t) = βi(t) − αi(t). Define the

transformed errors ωi(t) and the integral sliding mode variables

si(t) as ωi(t) = tan
(

π

2
ki(t)

)

, ki(t) = arctan(ei(t))/ρi(t), si(t) =

ωi(t)+λi

∫ t

0
sign(ωi(µ))dµ, and low-pass filters as τ̄i ζ̇i(t)+ζi(t) =

−sign(si(t)), where λi, τ̄i > 0 are a positive constant and the filter

constant, and ζi(0) = 0, i = 1, 2, . . . , n. Then, the virtual signals

and actual controller are designed as follows:

β1 =− c1sign(ξ1), (2)

βi =−
ci
√

si + ̺i|si|

ξi
− ̺′iξiφi

(

L̄2
i +

z2i−1

d̄2i−1

)
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−
|ξi−1|φi−1(z2i−1 + x2

i )

ξiφi

, i = 2, 3, . . . , n− 1, (3)

v =−
1

γn

(

cn
√

sn + ̺n|sn|

ξn
+ ̺′nξnφn

(

L̄2
n +

z2n−1

d̄2n−1

)

+
|ξn−1|φn−1(z2n−1 + x2

n)

ξnφn

+
n
∑

i=1

|ξi|φiHi

ξnφn

)

, (4)

where ci > 0 (i = 1, 2, . . . , n), ̺i > 1, and ̺′i > 0 (i =

2, 3, . . . , n) are scalars to be designed. Meanwhile, we define

φi = π
2ρi cos2(π

2
ki)

, γi = cos2(kiρi) and L̄i = Li(x̄i, ȳi, t)‖x̄i −

ȳi‖, where the function Li(x̄i, ȳi, t) is given as in Assumption

4 in Appendix A. Additionally, the variables ξi are defined as

ξ1 = s1 and, for i = 2, 3, . . . , n, ξi = 1 + ̺isign(si). Let

s(t) = max{|si(t)|, . . . , |sn(t)|}. Then the feedback gain Hi(t) is

defined as

Hi(t) = hi(t) + ri(‖ω‖t + |Qt|)e
−r̄it, (5)

where ‖ω‖t = max{sup06µ6t |ω1(µ)|, . . . , sup06µ6t |ωn(µ)|},

ri, r̄i > 0, Qt = {q ∈ N+|s(tq) = 0, sign(s(t−q )) 6= 0, tq−1 < tq 6

t, t0 = 0}, and |Qt| is the cardinality of Qt. Then the switching

gain hi(t) is designed as follows.

• If s(t) 6= 0, then hi(t) evolves according to

ḣi(t) = h̄i1|si(t)| + h̄i2, hi(0) > 0;

• If s(t) = 0, then hi(t) is switched to

hi(t) = h̄i3|ζi(t)| + h̄i4,

where h̄ij > 0, j = 1, 2, 4, and h̄i3 = Hi(ti) with ti being the

latest instant up to t such that sign(s(t−i )) 6= 0 and s(ti) = 0.

Then the main results are presented in the following theorem.

Theorem 1. Consider system (1) with actuator faults and

known control directions. If Assumptions 1–5 in Appendix A all

hold, then virtual signals and the control signal, as shown in (2)–

(4), can guarantee all three objectives.

Then, we consider the case where the directions of virtual con-

trol signals gi, i = 1, 2, . . . , n − 1 are unknown. Similarly, the

virtual signals and actual controller are designed as

β1 =− c1
sign(ξ1)

b1
, (6)

βi =−
ci
√

si + ̺i|si|

biξi
−

sign(ξi)

bi

(

L̄i +
|zi−1|

d̄i−1

)

−
|ξi−1|φi−1(z2i−1 + x2

i )

biξiφi

, i = 2, 3, . . . , n− 1, (7)

v =−
1

γn

(

cn
√

sn + ̺n|sn|

ξn
+ ̺′n

(

L̄2
n +

z2n−1

d̄2n−1

)

+
|ξn−1|φn−1(z2n−1 + x2

n)

ξnφn

+
n
∑

i=1

|ξi|φiHi

ξnφn

)

, (8)

where bi 6= 0 (i = 1, 2, . . . , n − 1). The other variables are set to

the same. Then the main results are presented in the following

theorem.

Theorem 2. Consider system (1) with actuator faults and un-

known virtual control directions. If Assumptions 1–4 and 6 in

Appendix A all hold, then virtual signals and the control signal,

as shown in (6)–(8), can guarantee all three objectives.

The results of the stability analysis and the proofs of Theorems

1 and 2 are provided in detail in Appendix A. The simulations

are performed as shown in Appendix B, demonstrating the effec-

tiveness of the proposed method. Figure 1 shows the schematic

diagram of the proposed control mechanism, and concludes Theo-

rems 1 and 2.

Figure 1 The control mechanism.

Remark 1. Note that the initial value of tan(ρi(t)) tends to in-

finity, which results in a natural satisfaction of the initial PPC con-

dition: ei(0) < tan(ρi(0)), thereby addressing the initial value con-

straints. The transformed errors ωi and ki convert the constrained

problem into an unconstrained tracking problem. The sliding

mode variable si handles unknown nonlinearities and bounded un-

certainties, and guarantees finite-time stability of the tracking er-

ror. The low-pass filter ζi ensures boundedness of the switching

gain hi during sliding motion (s(t) = 0). The parameter bi 6= 0

substitutes the virtual control coefficients gi, i = 1, 2, . . . , n− 1.

Conclusion and future work. This study addresses the prob-

lem of global performance-guaranteed, finite-time tracking fault-

tolerant control for uncertain strict-feedback nonlinear systems,

utilizing integral sliding mode techniques. The feasibility and ef-

fectiveness of the proposed approach are validated in Appendixes

A and B through theoretical analysis and numerical simulations.

Future studies will focus on achieving predefined-time exact track-

ing with guaranteed performance for broader classes of nonlinear

systems, including those affected by computational demands, sen-

sor noise, and hardware constraints.
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