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As a vital component of urban public transportation systems,

metro trains play a crucial role in alleviating traffic congestion and

supporting reliable daily commuting. With the continuous growth

of passenger travel demand, automatic train operation (ATO) sys-

tems are developed to meet the requirements for enhanced opera-

tional efficiency and improved reliability [1,2]. Accurate modeling

of train dynamics is fundamental to ensuring that ATO systems

maintain superior operational performance. Traditional physics-

based models, while interpretable, rely on simplified assumptions

that fail to capture the nonlinear and time-varying characteris-

tics of real-world train dynamics [3]. Conversely, data-driven deep

learning models can represent complex behaviors but often lack

interpretability [4], and are difficult to integrate with linear con-

trol frameworks essential for safety-critical applications. Koop-

man operator theory offers a principled solution by lifting nonlin-

ear dynamics into a linear latent space, enabling the application

of advanced control techniques with enhanced transparency and

theoretical rigor [5]. However, the application of Koopman-based

modeling to train operation remains largely unexplored.

To address these challenges, this work proposes a deep Koop-

man operator (DKO) framework for data-driven modeling and pre-

dictive control of metro train longitudinal dynamics. The frame-

work employs a deep neural network as a lifting function to embed

nonlinear train dynamics into a linear latent space. A multi-step

prediction loss function is designed to explicitly account for actu-

ator lag and long-term temporal dependencies. The learned linear

representation is subsequently incorporated into a model predic-

tive control (MPC) framework to achieve real-time speed tracking

while ensuring compliance with safety constraints under varying

operating conditions.

Consider the following discrete train control model:

xk+1 = fd(xk, uk), (1)

where xk ∈ X ⊂ R and uk ∈ U ⊂ R. Let u be a control sequence

vector, defined as u ,
(

u(i)
)∞

i=0
, and u ∈ R(U). The extended

state vector Xk = [xk,u
⊤]⊤ lies in R × R(U). The dynamics of

Xk is described by

Xk+1 = Fd(Xk) =

[

fd(xk,u(0))

Su

]

, (2)

where S is the left shift operator: Su(i) = u(i+1). The Koopman

operator κ is defined as

κΨ̂(X) = Ψ̂ (Fd(X)) , (3)

where Ψ̂ : X × R(U) → R is the nonlinear lifting function. To

achieve a finite-dimensional approximation of κ, let

Ψ̂(x) =
[

Ψ(x)⊤ u(0)
]⊤

(4)

with Ψ(x) = [ψ1(x), ψ2(x), . . . , ψp(x)]⊤ being a vector of lifting

functions. Define zk , Ψ(xk) ∈ Rp×1. It follows

zk+1 = Ωzk + Γuk,

x̂k = Λzk,
(5)

where x̂k is the reconstructed state. The matrices Ω, Γ, and Λ

are obtained by solving
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‖ΛΨ(xj)− xj‖
2

2
.

(6)

The input-state datasets {(uj , xj , x̃j)}
N
j=1

are vectorized as

X = [x1, x2,· · · , xN ], X̃ = [x̃1, x̃2,· · · ,x̃N ],U = [u1, u2,· · · , uN ],

where xi,x̃i, ui∈ R.

Define Ψ(x̃) , [ψ1(x̃),ψ2(x̃),. . . ,ψp(x̃)]⊤, Ξ = [Ψ(x̃1),Ψ(x̃2),

. . . ,Ψ(x̃N )], and Θ=[Ψ(x1),Ψ(x2), . . . ,Ψ(xN )].

By virtue of (4), the extended lifted state vectors for the dataset

are given by

Θ̃ =

(

[

Ψ(x1)⊤ u(1)
]⊤

, . . . ,
[

Ψ(xN )⊤ u(N)
]⊤

)

.
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Then, Eq. (6) can be equivalently rewritten as

min
κ

‖Ξ− κΘ̃‖22 (7)

and the optimal Koopman operator and output matrix can be cal-

culated as κ1:p , [Ω,Γ] = (ΞΘ̃
⊤)(Θ̃Θ̃

⊤)†,Λ = (XΘ
⊤)(ΘΘ

⊤)†.

The framework learns nonlinear train dynamics from opera-

tional data and embeds them into a globally linear form via multi-

step prediction for temporal consistency. The DKO-based model-

ing architecture is shown in Figure 1.

Figure 1 (Color online) The structure of the multi-step predictor

based on DKO.

To learn the lifting functions, a deep encoder-decoder network

Ψ(·) and Ψ−1(·) is trained. Each layer is computed as

Y ℓ
∗ = σℓ∗(W

ℓ
∗Y

ℓ−1
∗ + bℓ∗), ∗ = e, d, (8)

where ∗ denotes either the encoder (e) or the decoder (d), and

W ℓ
∗ and bℓ∗ are the weights and biases. Both networks use ReLU

activations for layers ℓ = 1, . . . , H − 1, and a linear output layer

without activation. The lifted and predicted states are computed

as

Ψ(xk) =WH
e Y H−1

e , x̂k+1 = WH
d Y H−1

d
(9)

and the multi-step prediction is computed as

Ψ̂(xk+s) = Ω
s
Ψ(xk) +

s
∑

i=1

Ω
s−i

Γuk+i−1. (10)

The total loss combines the reconstruction loss, the embedding

consistency loss, and the multi-step prediction loss,

Lf=
3

∑

i=1

αiLi +α4

(

‖θE‖1+ ‖θD‖1+‖θE‖
2
2+‖θD‖22

)

, (11)

L1=
1

N

N
∑

i=1

(xk − x̂k)
2, (12)

L2=
1

s

s
∑

i=1

L
(

Ψ̂(xk+i),Ψ(xk+i)
)

, (13)

L3=
1

s

s
∑

i=1

L(xk+i, x̂k+i), (14)

where L(·) is the mean squared error loss.

Then, Algorithm 1 is given to guide the training process of the

deep Koopman operator training model (5), where Ndata denotes

the size of the training data, Nbatch denotes the number of the

training batch and (θE , θD ,Ω,Γ,Λ) are optimized via stochastic

gradient descent method.

Algorithm 1 Deep Koopman modeling of the train dynamics.

Input: Parameters θD , θE, ξ, η, s,Ω,Γ, epochmax; hyperparameters

αi, Nbatch, batchsize, p;

Output: Optimized parameters: θD, θE ,Ω,Γ,Λ;

1: epoch ⇐ 0;

2: while epoch < epochmax do

3: for i = 0 to Nbatch − 1 do

4: Compute Θ̃ ⇐ Ψ̂(X), Ξ ⇐ Ψ(X̃);

5: Calculate κ1:p , [Ω,Γ] = (ΞΘ̃⊤)(Θ̃Θ̃⊤)†;

6: for j = 0 to batchsize − 1 do

7: k ⇐ i × Nbatch + j;

8: if k > Ndata then

9: break;

10: end if

11: Compute x̂k and L1 with (5) and (12);

12: for l = 1 to s do

13: Compute Ψ̂(xk+l), L2, L3 with (10), (13), and (14);

14: end for

15: end for

16: Compute Lf with (11), and update θE ⇐ θE − ξ∇θE
Lf ,

θD ⇐ θD − ξ∇θD
Lf ;

17: end for

18: epoch ⇐ epoch + 1;

19: end while

20: Compute Λ with Λ = (XΘ⊤)(ΘΘ⊤)†.

Based on the DKOmodel (5), a Koopman-based MPC (KMPC)

can be formulated. The controller minimizes the tracking error and

control effort, where ∆uj = uj+1 − uj and Q, R and F are the

weighting matrices. Set Np = Nc. The KMPC cost function is

min
Uk

Np−1
∑

i=0

(

‖ŷk+i|k − yrk+i|k‖
2
Q + ‖uk+i|k‖

2
R

)

+

Nc−2
∑

j=0

‖∆uk+j|k‖
2
F .

This can be reformulated as a quadratic program (QP):

minU
1

2
U⊤HU+f⊤U subject to linear constraints. At each time

step, the first element of the optimal sequence is applied, and the

horizon shifts forward.
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