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Abstract The problem of modeling the end-to-end delay in computer net works without Kleinrock's independence assumption (KIA)

has not been solved since 1961. Computer networks are modele d with the following assumptions: packet arrivals are Poiss on, packets are
routed based on a xed routing strategy, packet lengths are e xponentially distributed and remain unchanged when they tr averse from node
to node in networks. In this paper, we rst introduce a distri bution C(p; ), which generalizes the hypoexponential distribution. Ba sed
on this distribution, we develop a computationally simple m ethod to model three end-to-end delay measures, namely the p robability
distribution functions, the average delay and the jitter of end-to-end delay. We then show that this method provides a \g ood" prediction
about the above delay measures. This is done by simulating a 4 0-node random network with 1560 packet ows under two networ k loads:
light and high. For those 1560 ows under two network loads, t he end-to-end delay distribution functions using our metho d generally
pass the Kolmogorov-Smirnov test at a 5% signi cance level; the relative errors in our predicted average end-to-end del ay and jitter

values are all less than 0.066.
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1 Introduction

End-to-end (E2E) delay is one of the most important quality-of-sevice (QoS) measures for network operation and
optimization [ 1{ 3]. A theoretical framework of modeling end-to-end delay uses queing theory, and it was rst set
up by Kleinrock in his Ph.D. proposal in 1961 H], followed by his Ph.D. thesis p] and his book on communication
nets [6]. In the 50th anniversary issue of operations research in 2002, Kilerock described his path to packet networks
and presented some of his major results on computer networkg]l Those results include a critical independence
assumption, also known as Kleinrock's independence assumption (IQ).

Kleinrock's independence assumption. Each time a packet is received at a node within the network, a new
length is chosen for this packet independently from an exponentiabistribution; and an explicit formula for the
average delay at any channel [7] L

ET]= & (1)
where E[] is an expectation operator,T; is the delay of a packet at channeil, C ; is channeli's service rate (the unit
is packets per unit time) and ; is the total arrival rate at channel i. KIA has been widely used in packet-switched
network analysis, e.g., [8{11]

Kleinrock argued that in reality, packets maintain their lengths as they pass through networks [12] However,
without KIA, Kleinrock in 2002 considered the network modeling problem to be analytically intractable [7]. As an
alternative to KIA (or without KIA), a computer network shall be m odeled as a queueing network with dependent
service times. Most work on this subject is limited to a two-station/queue tandem case. In 1977, Mitchell et al.13]
investigated the in uence of di erent degrees of correlation between the service times of a given customer on the
performance of a two-station tandem system (with and without blocking). Their results were primarily based on
simulation experiments. Boxma [14, 15] analyzed the M=G=1! G=1 system and derived an exact solution for the
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stationary distributions of the joint stationary distributions of wa iting times at both queues, and sojourn times at
the second queue (but end-to-end delay was not investigated). &bin [16] and Calo [17, 18] studied the average
end-to-end delay estimation under di erent message distributionsand transmission rates at di erent queues. Pinedo
and Wol [ 19 studied the average waiting times in a two-station case with equal ervice times at both nodes.

A few studies have reported tandem systems with more than two qaues and dependent service times. Wol 20|
investigated light tra ¢ asymptotics for expected waiting times in a s eries of queues with correlated service times.
Sandmann R1] studied the average end-to-end delay in a tandem network (for p to ten queueing nodes) by
simulation. In 2011, Popescu and Constantinescu2?] reported results on the network latency distribution of an
actual chain of IP routers experiments. By comparing the experinental results with predictions under KIA, they
concluded that KIA is not valid for modeling end-to-end delay distribution in these experiments. The above work
considered tandem networks only.

For complex network topologies or advanced wireless channels, thend-to-end delay modeling along a path is
mostly carried out by the use of numerical convolution R3{25]. Recently, machine learning techniques were adopted
to predict end-to-end delay based on training datasets generateby the NS3 network simulator with a mixture of
UDP and TCP trac [ 26]. However, these approaches are either not simple or may be inapptible to modeling
the network delay for any network topology or any network loads.

For the past six decades, only a two-queue tandem network with eggl capacity channels has been known to have
a non-explicit solution [14,15], but this solution is not for the end-to-end delay distribution. In th is paper, we will
take one step forward, i.e., we propose a new method to model thend-to-end delay distribution, average delay
and jitter for any packet ows within computer nets without KIA. C omputer networks are modeled in the same
way as [7] with the following assumptions: packet arrivals are Poisson, packis are routed based on a xed routing
strategy, packet lengths are exponentially distributed and remainunchanged when they traverse from node to node
in networks. Moreover, the end-to-end delay distribution functions, including their probability density function
(pdf) and cumulative distribution function (cdf), have explicit form ulae that rst appeared in [ 27].

In the simulation part, we consider a 40-node random network. By aalyzing the data sets from this network, we
show that our method can well predict the network delays. Assumig that there is a direct ow between all pairs
of nodes, there will be 1560 (= 40 39) packet ows in total. The predicted end-to-end delay distributions of these
packet ows usually pass the Kolmogorov-Smirnov (KS) test. The predicted average delay and jitter values have
very small relative errors. When the method based on a delay modalith KIA is used, the method consistently
fails the KS test when the path length is greater than one; the relaive errors in terms of predicted jitter value are
much higher than those introduced by the method without KIA.

The rest of this paper is organized as follows. Sectior2 explains how the distribution in [27] is formulated,
followed by its basic mathematical properties. In Section3, we model a computer network without KIA in a formal
way, and then introduce some important symbols and their de nitions as well as some key matrices that model a
network. Section 4 is about two methods of modeling end-to-end delay distribution funtions, average delay and
jitter based on two di erent delay models: (1) a model without KIA a nd (2) a model with KIA. In Section 5, a 40-
node network topology is simulated. The end-to-end delay models witout and with KIA are shown and compared
with simulation results. Section 6 summarizes this paper's work.

The main contributions of our research are as follows.

We introduce a distribution C(p; ), which generalizes exponential, Erlang and hypoexponential disibutions,
and derive some mathematical properties of this distribution that are related to our work.

We show that per-node queueing delayV; follows C(p; ) without KIA, which enables accurate characterization
of dependence when packet sizes remain unchanged; we proposeeav analysis framework, which gives closed-form
expressions for pdf, cdf, end-to-end delay and jitter in compute networks without/with KIA.

We validate our analysis framework on a 40-node, 1560- ow network, which con rms accuracy throwgh KS
tests, and less-than-0.066 relative errors in predicted mean andtier values.

2 On the distribution in [ 27]: C(p; )

We now brie y present the distribution in [ 27]. Let h > 1 be a positive integer,p1; p2;:::;pn be h real numbers be-
tween 0 and 1, andX 1; X,;:::; X beh independent Bernoulli distributed random variables (r.v.s) with parameters
p1; P2;:::; pn; the probability mass function (pmf) of X; (8f 6 h) is given by
(
i if Xi=1;
= " ! 2)

Gg=1 p if X;j =0:
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Let 1; 2;:::; nh beh positive real numbers andYy; Yz;:::; Y, be h independent r.v.s, with Y; following an expo-
nential distribution of parameter ;; the pdf of ; is given by
fy, ()= je 't (3)
If U; is the product of X; and Y; (i.e., Ui = X;Y;), then Uy;Uy;:::; Uy are h independent r.v.s; the pdf ofU; is [27]
fu ()= piie "+g (1) (4)
where (t) is the Dirac delta function, de ned as
( 1; t=0;
t) = ’ e 5
(t) o {60 (5)
which also satis es the condition i (t)dt = 1. The cdf of U; is
Fou()=1 pe ' (6)
The random variable (r.v.) Z = ih:1 U; follows a distribution in [ 27] with two parameter vectors p = (p,;p2;:::;
pr) and =( ;; 2;:::; n). Under the condition of ; & (i 6 j; 8i;j 6 h), the pdf of Z is given by
o B i :
fz(t)= 1+ —)— pie "+ Q (1); (7)
i=1 j=1;j6i ) !
where
w
Q=1 F@O)= q: (8)
i=1
The cdf of Z is given by [27]
DAY D
P(Z6t)= Fz(t) = 1+ —1— pe (9)
i=1 j=1;j6i J !

For simplicity, such a distribution is referred to as C(p; ).
The following Remarks 1{ 4 present some relevant properties oC(p; ) for this work.

Remark 1. C(p; ) generalizes the (1) degenerate with point mass at zero, (2) expential, (3) hypoexponential
and (4) Erlang distributions.

It is straightforward to show the generalization property of C(p; ) in the above remark. C(p; ) will be in the
form of a degenerate distribution with point mass at zero ifh =1 and p; = 0; it will be an exponential distribution
if h=1and p; = 1; it will be a hypoexponential distribution if h> 2;8p =1 (i 6 h)yand ;6 ; (i 6 j; 8i;j 6 h);
it will be the Erlang distribution if h> 2;8p, =1 (i6 h)and ;= ; (i & j; 8i;j 6 h).

Remark 2. The mean and the variance ofZ are

z =E[Z]= _ = (20)

and " I
2 =vaz]= @2 B (11)
i=1 i
where Var[] is a variance operator.
The mean and the variance ofZ have been derived in 27].

Remark 3. In a particular case whenh =2 and ; 6 », we have a cdf

F,()=1 1+-21 pe st 1+ P2 5o et (12)
2 1 1 2
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Let = > 1. If the following condition holds
2 1= P12 (13)
then Z is another C(p; ) distributed r.v. with h=1, =f ;gand

D= P1+ P1P2 1 : (14)

For a proof of Remark 3, seeAppendix A. This remark means that under a condition of (13), the sum of two
independentC(p; ) distributed r.v.s with h =1 is another C(p; ) distributed r.v. with h = 1. This property will
be used for the proof of Remark6 in Subsection4.2.

Remark 4. In case there exists at least ongy; that equals 1, the pdf ofZ can be simpli ed

X oo\ b
fz(t) = 1++ pi ie it (15)
i=1 j=1;6i ) :

It is because if there existsp, = 1, then g = 0 because of @), which meansQ in (8) is zero.

3 Computer network modeling without KIA

3.1 Modeling a computer network without KIA

A computer network is packet-switched; and it hasN nodes (e.g., routers or switches) andM one-way commu-
nication channels. Its topology can be described as a directed grépG = fV;Eg, where V is a set of nodes
V =f1;2;:::;Ng and E is a set of channelsE = f1;2;:::; M g that connect pairs of ordered and distinct nodes.
Moreover, channeli's capacity is denoted byC;. An example of a six-node network topology is shown in Figurel.

Channel 1 denotes a one-way link from node 1 to node 2.

Besides the topological graphG = fV; Eg, a functioning network must carry a number of packet ows and
implement a routing strategy. A packet ow is a stream of packets with the same source-destination pair (i.e., from
nodej to nodek); and it has the following two properties:

(1) Packet arrivals from nodej to node k follow a Poisson process with the mean arrival rate j ;

(2) Packet lengths are independent exponentially distributed rancdm variables with the mean packet length & .

Speci cally, consider a ow from node j to node k. Let Vi be the size of a typical packet. Thus, the pdf of
packet length Vi is given by

fy, )= e ': (16)

The network model considered in this paper does not adopt KIA. Inthis respect, we introduce the zeroth
assumption.

AO: in a network without KIA, packets maintain their lengths as they pass through the network; the service
time (i.e., transmission time) at each link is directly proportional to the packet length and channel capacity.

This assumption implies that (1) the channel capacities of all commuiication links are deterministic and (2) the
retransmission rate of any link is small and can be ignored. The AO assnption is more likely to represent real
networks than KIA. Therefore, when a typical packet passes tlough a communication channeli, the service time
R; of this packet is strongly correlated (likely is linearly dependent) with its own packet size, which can be simpli ed

to
\Y

= a
Finally, a packet-switched network is a store-and-forward commuication net. When packets are passing through

a node, they are stored in a queue, if necessary, and then forwaded (transmitted) to the next node on the way to
their destination based on a routing strategy.

Ri (7)

3.2 Notations and de nitions

For convenience, we here list some of the important symbols and thiede nitions (note that these symbols are
largely consistent with the symbols in [6], unless stated otherwise). Certain relations among the de nitionsare
given as well.
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Figure 1 (Color online) Six-node network example.

hj« : path length of a packet ow with origin j and destination k; it is the number of channels that the packet
ow passes through, i.e.,hy = jPj j.
i: symbols with the subscript or the superscripti refer to the quantities for the channeli.
jk : symbols with the subscript or the superscriptjk are referred to as the quantities for packets with originj
and destination k.
1= : average length of packet.
. portion of interfering tra c.
. scale factor that relates the relative external arrival rate jx to the actual external arrival rate ., i.e.,
jk = k-
Ci: channeli's capacity.
ik - external arrival rate (average number of packets entering ndej per second) with originj and destination

i: total arrival rate (average number of packets entering the ctannel per second) to the channel.
Pi : a routing path for a packet ow with origin j and destination k; it consists of a sequence of channels; it
is assumed that the path is simple, as no two channels iy are identical.
ru . the next node to forward given that a packet is in nodeu and has destinationk.
i: trac load of channel i,ie., = i=(C; ).
. network load that is the maximum value of tra c loads of all channels, i.e., =maxi2g i.
ik : the relative external arrival rate (to the actual arrival rate  j« ) with origin j and destination k.
Ti: delay of a typical packet passing through a channel without KIA (includes both time on queue and time
in transmission); T; is a r.v.
T:: delay of a typical packet passing through a channel with KIA; T; is a r.v.D.
Zjk . end-to-end delay of a typical packet with originj and destination k without KIA; Zjc is ar.v.
Zjk . end-to-end delay of a typical packet with originj and destination k with KIA; Zy is ar.v.

3.3 Matrices that describe a computer network model

According to the discussion in Subsectior8.1 and notations in Subsection3.2, we are now able to de ne a computer
network by the following four matrices, namely, (1) the adjacencymatrix J, (2) the relative demand matrix , (3)
the actual demand matrix D and (4) the routing matrix R:

(1) I =[Ciln n: G is the capacity of channeli that connects nodeu to nodev (u;v 2V);

(2) =[ xIn n: j isthe (;k)-th entry and it is the relative external arrival rate with origin j and destination
K;

1) In this paper, symbols with two dots hovered refer to quant ities when KIA is made; symbols without these two dots refer t 0 quantities
without KIA.
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B)D =[ kIn n: jk isthe actual external arrival rate with origin j and destination k;

(4 R =[rwIn n: ruk isthe (u;k)-th entry; under a xed routing strategy, it is the next node to f orward given
that a packet is in node u and has destinationk.

Note that the diagonal elements of the matricesJ, , D and R shall all be zero.

Since jk = jk (see the de nition of in Subsection3.2), the matrix D is a scaled by the scale factor (a
scalar)

D= (18)

When a routing matrix R is determined, a path for packets with any origin-destination pair is determined ac-
cordingly. By using the demand matrix D, it is straightforward to obtain the total arrival rate at any chan nel
: X X X _
i = ik Iy (1) = ik Ipye (0); (19)
JH ik
where 1p, (i) is an indicator function, i.e., 1p, (i)=11if i 2 Pk and 1p, (i) = O otherwise.
At the end, let the network load be the maximum tra c load of all channels

_ o i

MR MR T @)
Our de nition of is di erent from Kleinrock' strlglnaI danmgn as o= =(C)][6], where is the total arrival
rate of packets fsom external sources, i.e., = ., Kk = ; | jk,andC isthe sum of all channel capacities in
anet, ie.,C= ,C;. We are in favor of (20) because shall always be in the range of [01).
4 C(p; ) and end-to-end delay models for computer networks without a nd with KIA

On page 37 in p], Kleinrock proposed a partial-di erential di erence equation for a network with Poisson arrivals
and no KIA. Unlike product-form queueing networks (where the siate of the net at any time t can be described
only by the numbers of customers at all queues), Kleinrock showedhat the state of a network at any time t is
described by (1) the numbers of packets waiting for (or being trasmitted on) all channels, (2) packet sizes waiting
(or being transmitted) on all channels, and (3) time remaining to conplete transmission in progress on all channels.
This implies that the arrivals see time averages (ASTA) property for the product from queueing networks may be
invalid. To date, no analytical solution to the partial-di erential die rence equation has yet been found.

By investigating the average network delay via extensive simulatio®, Kleinrock [6] had an observation.

Kleinrock's observation. If there is su cient mixing of trac, then the dependence e ect ma y be small,
resulting in an e ect of restoring the independence of interarrivaltimes and packet sizes.

Kleinrock's observation is partially justi able because the predicted/approximated average end-to-end delays
without and with KIA are equal due to Remark 9. Considering that the predicted network jitters without and with
KIA are unequal (see Remark10), it may be more appropriate to revise Kleinrock's observation as ftlows.

Revised observation. If there is su cient mixing of tra c, then the dependence e ect ma y be small, resulting
in an e ect of restoring the independence of interarrival times andpacket sizes.

Denote by T; the delay of the packet experienced when it passes through the enneli along the path Py . T; is
the sum of the queueing delayw; and the service timeR; (the processing and propagation delays are neglected)

T =W, + R;: (21)
The end-to-end delayZj, along the path Pj is the sum of delaysT; (i 2 Pjx )
X X X
22" 187 wer)2 7w L 22)

G
i2P,-k i2P,-k IZij !

where the 2nd equality holds because of21) and the 3rd equality holds because of 17).
Eq. (22) is the starting point for modeling end-to-end delay without KIA in Subsection 4.1 and with KIA in
Subsection4.2.

2) Interested readers can refer to Subsection 3.5 of [ 6] for results on richer topologies.



Chen Y, et al. Sci China Inf Sci July 2026, Vol. 69, Iss. 7, 172302:7

4.1 End-to-end delay model without KIA

Eq. (22) can be expanded as
X X v
ij = Wi + E = ij + Rjk; (23)
i2P i2 P
where Wj, and Ry, are called the compound queueing delay and the compound service teralong the path Py in
this paper.
Because packets keep their lengths unchanged, the compoundregee time in (23) is

X v X 1 v
Rjk = ==V C = F; (24)
) i ) i jk
I2P]k I2P]k
where 1
Cp=pP + (25)
i2 P G

Cik is termed the compound channel capacity along the patP;x . Because the packet length is exponential with a
pdf of (16), Eq. (24) indicates that Rjx is another exponentially distributed r.v. with the mean compound sewice
time being

E[V] 1
ERx]= — = : 26
Ril= © 7= <. (26)
So the pdf of the compound service timeRji is
ijk (1) = Cjke Ct: (27)

By using the fact that the exponential distribution is a special caseof C(p; ) (see Remark1), Ry follows
C(fpk g f jk g), where
Pk = « =1; (28)
and
jk = Ci: (29)

Note that jx is an auxiliary symbol and will be used later (for simplifying the notation in (36)).

Let hj (or h if no ambiguity is raised) be the path length of P . If the revised observation is made, then a path
Pix can be decomposed intd individual M=M=1's link (for each communication link i along the path). The ow
into each link is a Poisson process with a mean rate;. Moreover, it is a property of an M=M=1 queue that the
stationary distribution function of the queueing delay W; at channeli is

PW, 6t)=1 e it; (30)
where .
i = C—i; (31)
and
i= Ci i (32)

By comparing the cdf of (6) with the cdf of (30), we can conrm that W; is a C(p;; i) distributed r.v., where
pi=figand i=f g

The compound queueing delaywji is the sum of W; along the path soWj, follows C(pjk ; j ) with a cdf of (9),
where

pk =F i:i2Pko; (33)
and
jk=fi:i2ijg: (34)
Therefore, the stationary cdf of the compound queueing delayVj. is given by
X Y o
Fw, () =1 1+ - e it (35)

i2Pj j2Pj ;j6i !
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Eq. (23) shows that the end-to-end delayZjc is the sum of a compound queueing delayVyc (a C(pjk; jk)
distributed r.v.) and a compound service time Rk (a C(fpyk 9;f j« g) distributed r.v.). We have the following
result.

Proposition 1. In a computer network without KIA, consider a packet ow with orig in j and destination k and
with a xed path Py under a xed routing strategy. The end-to-end delay is aC(pjk; j ) r.v., where
Pik = pik [f x =1g; (36)
and
k = kI[f xk=Cikag (37)
Speci cally, the stationary pdf and cdf of end-to-end delay are
X Y .
fz, () = 1+ L ey (38)
2Py 2Py ot
j6i
and Xy .
Fz, ()=1 1+ L — e Yy (39)
i2Pj 2Py ) :

j6i

where Pjc in (36) is termed the extended path in this paperPy = Py [f jkg.

Note that since px = j« =1, fz, (t) in (38) is a simpli ed form (see Remark 4).
Remark 5. The average delay and the jitter for packets with originj and destination k are
X X 1 X 1
zi =E[Zi]= E[Ti]= —= —_— (40)
2P 2Py 2Py ! :
and v 1
qg— H X 2 o2
z = Var[Zi]= t —2' - (41)
2Py i :
where ; and ; are de ned in (31) and (32), j and j are dened in (28) and (29).
Proof.  According to (10) in Remark 2, we have
0 1
X X
Ez;]? i®e” A, 1 © RN
i i Cc jk i Cc i
f 2P i2Pj J i2Pj
X X
@ _ 1 + 1@ ;; (42)
. i Ci i Cj Ci i
i2 Pk 12 Pk

The 3rd equality holds because of 25).
The jitter z, is a direct result of (11) in Remark 2.

4.2 End-to-end delay model with KIA

We can follow roughly the same steps in Subsectiod.1 to derive the end-to-end delays in a computer network
with KIA. Consider again a packet ow with origin j and destination k and a typical packet that goes through a
sequence of linksPy, with path length being h. With KIA, each time the packet is received at a channeli within

and identically distributed r.v.s and are identical to the r.v. V in Subsection 4.1
With KIA, Eq. ( 22) can be written as
X X vV X
Zi = Ti= Wi+ — = Wi+ R; (43)
: i2 Py
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The stationary distribution function of the queueing delay W, at channeli is
PW, 6t)=1 e it (44)

where ; and ; are de ned in (31) and (32), respectively. Note that W; is again aC(pi; i) distributed r.v. with
pi=figand i=f g

According to (43), T; is the sum of W; and R;. Considering that the service time R; is exponential with the
mean service time equal to £ C;, we have the following result.

Remark 6.  T; is exponential with the mean delay equal to E ;; the cdf of T; is given by
P(Tiet)=1 e ! (45)

Proof.  This result can be obtained from Remark3 in Section 2 becauseW,; and R; satisfy the condition , 1=
p1 2 of Remark 3.

Let us temporarily let 1 = C; i, 2= Ci,ppr= i=C; and p, = 1. We can verify that the condition
2 1= p1 2 holds. Moreover,let = , 1= ;, we have
P1+ PiP2 1 Pr+Pr1_ P12 i Ci
= = = — —=1: 46
Ci | (46)

The end-to-end delayZjc is the sum of the delayT; at each node. Because the stationary distribution ofT; is
exponential, the stationary distribution of Zjc is a hypoexponential distribution; the pdf and cdf of Zj, are

f, (t)= Y L e Yy (47)
Zix ) ) [ !
2Pk j2Py j6i ) !

and X v

Fp, (D=1 e (48)
i2Px j2Py j6i ! !

where ; is de ned in (32). Note that the distribution function of ( 48) with KIA may rst be found by Wong in
1978 p8] and was also used in Popescu and Constantinescu's worR7).

Remark 7. In a computer network with KIA, the average delay and the jitter f or packets with origin j and
destination k are

X X 1 X 1
2, “E[Zi]= E[Ti]= —= —_— (49)
2P 2Py 2Py ! :
and v
a —— UX 4
2, = Var[Zj ] = ¢ - (50)
2Py |

Note that (49) and (50) in Remark 7 are the basic properties of the hypoexponential distribution.
Remark 8.  When the path length is one (i.e.,h = 1), the delay distributions without and with KIA are the same.

It is straightforward to show the above remark is true: if the path length is one, then both the computer network
without and with KIA can be modeled as an M=M=1 system with the same parameters. Therefore, the delay
distributions for both networks are the same.

Remark 9. The average end-to-end delays without and with KIA are the samej.e.,
Zix = Zi . (51)

By comparing (40) in Remark 5 with (49) in Remark 7, it can be concluded that (51) is true. Furthermore, either
E[Ti] of (40) or E[Ti] of (49) is
1

Ci i’

which is identical to (1). Hence, the average end-to-end delay derived in7] is still valid with no KIA.

E[T]=E[Ti]= (52)
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Remark 10.  If the variance of V is greater than zero andh;jx > 2, the jitter without KIA is higher than the jitter
with KIA, i.e.,

Zi > 7, (53)
Proof.  For a typical packet, V in (23) and fVigizp, in (43) are independent and identically distributed r.v.s.
Therefore, we have

2 3 2 3 0 1
X X X
e ;k =Var 4 Ri® Var4d RS = CizVar[V] @ éA Var[V]
' i2 P i2 Py jk Oizpjk i 1
0 1, 0 1 0 1,
X X 2 X X 2
- @ 1A varlv] @ 1A Var[V] = %)@ La 1 X Var[V]:  (54)

_ Ci _ Ci _ Ci _ Ci

I2ij |2ij |2ij |2ij

First, Var[ V] > 0. Second, based on the Cauchy-Schwarz inequality, we have an ineglity when h;c > 2 (note that
the equality holds only whenhy =1). This inequality is expressed as follows:

0 1,
X 1 X 1 ?
@ EA > — (55)
i2py i2 Py :
Therefore, we have
gjk ijk > 00 A (56)

which is (53). The \, "in (56) is an equivalence sign.

Finally, for the delay models without and with KIA, the case ; = ; in either (39) or (48) is pathological as it
causes a division by zero problem. Such a problem can be mitigated byightly changing either the value of ; or
the value of ;.

5 End-to-end delay distribution results and discussion

In this section, we put two methods in Subsections4.1 and 4.2 together and compare them with simulation results.
Speci cally, we consider a synthetically generated random networkopology consisting of 40 nodes uniformly dis-
tributed within a square area. Each node is connected to its four narest nodes. The random network has 40 nodes
and 196 links, including 4 di erent bandwidth links: 1, 2, 4 and 8 Mbps. Assuming that there is always a direct
ow between all pairs of nodes, there will be 1560 (= 40 39) packet ows in total. Their topologies and link
bandwidths are shown in Figure2. The other two matrices are

(1) R =[ru]In n~: R is constructed by Dijkstra's algorithm; in details, there are 196 ows with a path length
h being 1; 258 ows with h = 2; 264 ows with h = 3; 288 ows with h = 4; 308 ows with h =5; 154 ows with
h =6; 60 ows with h=7; 32 ows with h =8;

(2) =[ xIn n~: anyentry value except diagonal entries is the minimum link bandwidth of its path from node
j to node k divided by the square of its path length, i.e., jx = (minizp, Ci):h]?k .

Packet sizes are exponentially distributed with a mean packet size af86 bytes pP9]. For demonstration purposes,
we consider two network loads: light network load ( = 1=3) and heavy network load ( = 2=3). The total sample
size for any simulation scenario is 365 million.

Figures 3(a) and (b) show the simulation and the predicted cdfs and pdfs of ad-to-end delay of eight specic
packet ows with dierent path lengths, i.e., h = f1;2;3;4,;5;6; 7,89 when the network load is 3. Figures 4(a)
and (b) show the simulation and the predicted cdfs and pdfs of ende-end delay of the above eight packet ows
when the network load is 2=3. When h = 1, the predicted distribution functions without and with KIA are th e
same due to Remark8. Furthermore, it can be observed from these sub- gures that Ks. (38) and (39) always give
much better predicted results compared with @7) and (48).

We use the KS test to check the goodness-of-t for 89) and (48) by the use of the end-to-end packet delay

(Ho and H1):
Ho i Fs(t) = H(1);
Hi:Fs(t) 8 H(t);
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— 1 Mbps
——2 Mbps
—4 Mbps
—8 Mbps

Figure 2 (Color online) A random network consisting of 40 nodes with | inks of di erent capacities.

where F(t) is the empirical/sample cdf from ij and H (t) is its hypothesized one, i.e.Fz, (t) from (39) or ink (t)
from (48). Also, the KS statistic is obtained

ds = SlipJ'Fs(t) H (1) :

Given that the total sample size is 36 million, Figures 5(a) and (b) show the rejection ratio (the ratio of the
number of tests for which the null hypothesis shall be rejected at 0.05 signi cance level to the number of test?)
versus the path length when the network loads are light and heavyrespectively. In most cases, the null hypothesis
tests based on 89) cannot be rejected, i.e., the average rejection ratios are 0.147hwven = 1=3 and 0.249 when

= 2=3. On the other hand, the null hypothesis tests based on48) were all rejected except the ows with h =1
(this is because wherh = 1, both methods produce the same results due to Remarl), suggesting that the sample
distribution is statistically signi cantly di erent from ( 48). Moreover, we can observe that the rejection ratio for 39)
increases as the values di or increase, which is due to the tra c correlation, or more speci cally, the dependent
service times.

Figure 6 shows the sample mean 2, (an unbiased estimator), the predicted results based on z, and 2, for
each ow under the light and heavy network loads. Note that the values of z, and 2, are identical because of
Remark 9. We further assume that 7, adequately represents the true average delay, and use the rela¢ error to
measure the approximation accuracy of z,

. Zj Z;
relative error = =k - (57)

Figure 6 also shows the relative errors of 7, for the two network loads. We can observe that when = 1=3, the
relative errors are in the range of 0.000{0.061 while when = 2=3, the relative errors are 0.000{0.066.

Figure 7 shows sample network jitter %z, , the predicted jitters based on z, and 2, for each ow under the
light and heavy network loads. Based on these two gures, it can beobserved that

(1) z, is always greater than or equal to 2, due to Remark 10;

(2) the values of 7, are close to the values of 2, while the values of 2, are not whenh > 2.

3) The values for h = f1;2;3;4;5;6;7;8g are f 196; 258; 264; 288; 308; 154; 60; 32g, respectively.
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Figure 3 (Color online) Sample and predicted cdfs and pdfs of end-to- end delay for the ows #16, 2, 4, 14, 1, 10, 45 and 245. These ow s
have distinct path lengths from one to eight. A light network load of = 1=3 is considered. (a) Sample and predicted cdfs; (b) sample an d

predicted pdfs.

We again assume that %, adequately represents the true jitter value, and use the relativeerror to measure the
approximation accuracy of z, and 2,

A AN

VA Z: i .
" ~ or ————: (58)
Zik Zik

relative error =

Figure 8 shows the relative errors using z, and 24 for each ow. When h > 2, the relative errors using z, are
much less than the errors using 2 i.e., the errors using z, are in the range of 0.000{0.050 when = 1=3 and
0.000{0.065 when = 2=3, while the relative errors using 2, are in the range of 0.104{0.548 when = 1=3 and
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Figure 4 (Color online) Sample and predicted cdfs and pdfs of end-to- end delay for the ows #16, 2, 4, 14, 1, 10, 45 and 245. These ow s
have distinct path lengths from one to eight. A heavy network load of = 2=3is considered. (a) Sample and predicted cdfs; (b) sample an d

predicted pdfs.

0.029{0.464 when =2=3.
In conclusion, the simulation and predicted results from all the aboe experiments suggest that in computer
networks without KIA, our end-to-end delay model without KIA is\ good" and is superior to the delay model with

KIA.

6 Conclusion

Mathematically modeling the end-to-end delay in computer networkswithout KIA has been unknown since 1961.
In this paper, we showed that it is possible to make a good end-to-ehdelay prediction in a computationally simple
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Figure 5 (Color online) KS tests for di erent path lengths. (a) Light network load (=1 =3); (b) heavy network load ( =2=3).
Figure 6 (Color online) Average end-to-end delay for each ow. (a) Li ght network load ( =1 =3); (b) heavy network load ( =2=3).
Figure 7 (Color online) Jitter for each ow. (a) Light network load ( =1 =3); (b) heavy network load ( =2=3).

manner. Speci cally, we rst introduced a new distribution as well as its structural properties, and then used this
new distribution to develop a model that is capable of characterizingthe packet delay distribution, average delay
and jitter in a computer network without KIA. A comparison betwee n simulation and predicted results from a 40-
node random network with 1560 packet ows shows that our modelis \good" based on the fact that our end-to-end
delay distributions generally pass the KS test at a 5% signi cance leve the relative errors on average end-to-end
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Figure 8 (Color online) Relative error of jitter for each ow. (a) Lig ht network load ( =1 =3); (b) heavy network load ( =2=3).

delay and jitter values are all less than 0.066.
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Appendix A Proof of Remark 3

In the case h =2, let = 2 1. The cdf of (9) can be expressed as
+
Fz(t)=1 1+F)271 pie 1t 1+p:|-72 p2e 2t =9 1+ P2 1 pie 1t 1+ pi(1+) pze(1+) t
2 1 1 2
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=1 e 1t 1+ P2 1 p1 1+ M poe t : (Al)

If we arbitrarily let 1 + Pila*) iy (A1) be zero, i.e.,

+
1+ PO sog = p(ae) #2)
0 2 1= P12, (A3)

then Eq. (Al) can be written as
+

Fo(y=1 - PETPP21 (Ad)

Eq. (A3) is the condition of ( 13) and —P1™PiP2 1 5 (14).
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