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Abstract Large kernel polar codes demonstrate exceptional error-correction capabilities in finite-length coding, making them promising
candidates for enabling 6G’s ultra-high reliability and ultra-low latency communication (URLLC) requirements. However, the decoding
complexity exhibits exponential growth relative to the kernel dimension. In this paper, we study Tanner-graph-assisted (TGA) serial
decoding to further reduce complexity without sacrificing error-correction performance. We first establish the standard for the Tanner
graph to satisfy serial decoding and give rigorous proof. In particular, a gamified worm search scheme is designed, which makes the
proposed standard practical for screening Tanner graphs by accurately tracking the worm’s running trajectory in the node matrix.
Then, we construct a low-complexity serial TGA successive cancellation (TGA-SC) decoder. The decoder takes the kernel matrix
that satisfies both the standard and the optimal polarization exponent as the Tanner graph. Moreover, the serial decoding equations
for arbitrary dimensional linear binary kernels are derived. Numerical results demonstrate that our scheme achieves significant error-
correction improvement compared to classic polar codes while maintaining similar complexity.
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1 Introduction

Polar codes, as theoretically optimal codes capable of reaching Shannon’s capacity limit, have been successfully
integrated into 5G New Radio standards for reliable channel control [1,2]. The foundational structure of polar
codes stems from the polarization effect generated through Kronecker product operations on two-dimensional kernel
matrices. However, when applied to 6G’s ultra-reliable low-latency communication (URLLC) requirements [3, 4],
existing 5G polar code implementations face significant challenges. This limitation arises from 6G URLLC’s need
for shorter code lengths to reduce transmission delays, which substantially diminishes channel polarization effects
and consequently degrades polar code performance [5]. This critical situation has created an urgent demand for
enhancing the polarization efficiency of polar codes under short blocklength conditions.

Large kernel polar codes, designed to enhance polarization through the construction of high-dimensional polar-
ization kernel matrices [6], have gained growing research interest. Ref. [7] demonstrated that increasing kernel size
improves polarization performance, while also establishing necessary and sufficient conditions for such matrices to
achieve polarization. Complementary approaches include the use of decomposition techniques to optimize binary
kernels and the development of non-binary kernels with higher polarization exponents derived from Reed-Solomon
codes. Further exploration in [8], extended to linear and nonlinear binary kernels, achieves record polarization
exponents for dimensions up to 16. Collectively, these advancements have strengthened polar codes’ asymptotic
error-correction capabilities, positioning them as increasingly competitive against state-of-the-art channel coding
methods.

Despite the promising theoretical results, large kernels pose challenges for implementing the polar decoders.
Generally, the complexity of a straightforward successive cancellation (SC) decoder for length N polar codes based
on kernel F, scales as O(2F Nlog,, N) [7], which increases exponentially with the kernel size p. Several approaches have
been explored to mitigate the high decoding complexity of large kernel polar codes. Ref. [9] introduced an I-formula
technique to simplify LLR expressions, though only formulations for F3 and Fy kernels were provided. In [10], an
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approximate kernel processing method leveraging window decoding was proposed, accompanied by implementations
for 16 and 32 dimensional kernels. These designs demonstrated reduced decoding complexity relative to Fo-based
polar codes at comparable error correction performance. Notably, not all kernels support this approach in an
efficient way. Addressing this limitation, Ref. [11] developed a unified recursive trellis-based framework for kernel
processing, employing the max operator to approximate the summation operator in the computation of kernel
processing. However, both window decoding and recursive trellis necessitate a compromise between complexity
and decoding accuracy. Recently, Ref. [12] presented a W-expression approach utilizing bit-channel transition
probabilities, reducing SC decoder complexity to O(p?N log, V') while maintaining the error-correction benefits of
large kernels. Despite this advancement, the method currently supports kernels up to dimension 16 and retains
higher computational overhead than the classic polar code.

As an auxiliary tool, the Tanner graph can effectively reduce decoding complexity [13]. However, due to the
requirement of simultaneously satisfying the kernel matrix and bit-by-bit serial decoding characteristics, existing
solutions such as classical polar and the Tanner graph in [13] cannot be applied to SC decoding for large kernel
polar codes. To our knowledge, there currently exists no research on Tanner graph designs tailored for SC decoding
of large kernel polar, which remains an open problem.

In this paper, we explore Tanner-graph-assisted SC decoding for large kernel polar codes. The Tanner graph
employed in large kernel SC encounters two primary challenges. First, the dual constraints imposed by the kernel
matrix and bit-by-bit serial decoding necessitate rigorous deterministic standards to ensure Tanner graph configu-
rations align with serial decoding principles. Second, given the kernel size, the potential candidate space of Tanner
graphs may be huge, and it is very tricky to quickly search for one that satisfies the deterministic standards. We
address these obstacles by investigating the Tanner graph construction and serial decoding framework design. The
main contributions can be summarized as follows.

(1) We develop a theoretical deterministic standard for kernel Tanner graphs to concurrently satisfy constraints
stemming from the polarization effect of the high-dimensional kernel matrix and the principles of bit-by-bit serial
decoding. Furthermore, the proposed standard is formally validated through a tree structure analysis. To the best
of our knowledge, this work represents the first systematic integration of Tanner graph theory to enhance serial
decoding for large kernel polar codes.

(2) We introduce a gamified worm traversal algorithm designed to facilitate the practical application of the stan-
dard by meticulously monitoring the worm’s movement path across node matrices. The algorithm is subsequently
integrated into an automated kernel matrix constructor, which generates compliant polarization kernel matrices
that adhere to serial decoding requirements. Leveraging this framework, we propose Tanner-graph-assisted succes-
sive cancellation list (TGA-SCL) decoding for large kernel polar and derive serial decoding equations applicable to
linear binary kernels of arbitrary dimensions.

(3) Extensive numerical results validate that our proposed large kernel TGA-SCL decoder is capable of providing
a significant performance gain over PCC polar codes standardized in 5G. Particularly, under an additive white
Gaussian noise (AWGN) channel, when the kernel dimension p = 15 and the code length N = 120, a FER
performance gain of 0.2 dB is obtained. In addition, the computational complexity of TGA-SCL decoding is
O(L%logpN ), which is similar to that of classical polar codes.

The remainder contents are organized as follows. In Section 2, we introduce the basics of large kernel polar. In
Section 3, we give and prove the standard on the kernel and a worm search strategy is proposed to meet the standard.
In addition, the decoding equations for arbitrary dimensional kernel are derived. In Section 4, we elaborate the
enhanced TGA-SCL decoding. Section 5 presents extensive simulation results. Finally, we conclude our paper in
Section 6.

2 Preliminaries

2.1 Large kernel polar encoding

Large kernel polar codes can provide excellent polarization rate by constructing a kernel matrix with large error
exponent (EE). Specifically, the error exponent of a kernel F,, is given by

EE(F,) = }9 S log, (D), (1)
1=0

where D; (i =0,---,p—1) is the partial distance, and p is the size of the kernel matrix.
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Similar to polar encoding, the codeword x of large kernel polar codes can also be obtained from the generator
matrix Gy, which is expressed as ¥ = ulV Gy = uNFl®", where code length N = [", and F; denotes polarization
kernel with a size of [ x [. The code structure of large kernel polar codes fulfills an equivalent role to the generator
matrix, embodying the fundamental correlation between input vectors and codewords. As demonstrated in Figure 1,
using a kernel case of size 5, the structure organizes P stages arranged right-to-left, with each stage comprising N/[
identically sized kernels. The critical challenge in designing such a structure lies in determining the interconnection
vectors between consecutive stages, which is summarized as follows.

(1) Calculate the connection vectors between stage 1 and stage P — 1, which can be calculated as

w; = (g, 0 4 Big1, 0 +2 X Bigr, .o, + (N/Biy1 — 1)Biy1), (2)

—1
where, i € [2,P—1], B1 =1, B = 1‘[ oo =(LUi+1,2xli+ 1, (Bi—1) x li+1, .., li+1i,2 x li+1i, ..., (Bi —
=1

1) x li +13).
(2) Compute the connection vector wp between the (P — 1)-th stage and the P-th stage, which is defined as

wp = (1L,IP+1,2xIP+1,...(8p — 1) x IP+1,..,IP,IP+1P,2 x I[P+ 1P, ...,(Bp — 1) x IP +1P).  (3)

(3) Derive the connection vector w; between codeword z and the initial stage. This vector ensures precise
alignment between codewords generated via the generator matrix and those derived from the Tanner graph repre-
sentation.

2.2 Large kernel polar decoding

With a code structure, SC decoding can be performed on it. However, the absence of specialized analysis tools,
such as the Tanner graph of polar codes, leaves kernel operations in the code structure as black boxes processes [13].
Consequently, SC decoding for large kernel polar depends critically on the fundamental formula derived from the
generic kernel matrix Fy,

W (i) = = 1ZWI Pili) = s S0 Wl Fi) - W (l (e Fi), (4)

!
1+1 Uit

where ul,, € {0,1}'~%. The LLR of the i-th bit channel is defined as

o WO = 0) g, WOl 0P - Wl a0
=1 - - )
: V[/l(z)(yll,ull_”ui =1) Z ul, Wiy |(U1 w=1F1)1) - W(yl|(ul1,ui:1Fl)l)

()

where u} , _; represents (ui™tu; = 1ul,, € {0,1}17%). As the kernel size increases, the complexity of (5) will
increase exponentially. Clearly, directly implementing SC decoding is infeasible. Numerous studies have aimed to
simplify the computational demands of (5), including approaches like I-formula and W-expressions [12], yet these
solutions remain limited to kernels of size 16 or smaller. Compounding the issue, even these optimized methods
maintain substantially higher computational requirements compared to classic polar code SC decoding.

From an alternative viewpoint, Ref. [13] illuminated the structural intricacies of the code structure by constructing
a Tanner graph aligned with the kernel matrix, subsequently introducing Tanner-graph-assisted belief propagation
list (TGA-BPL) decoding for large kernel polar. The TGA-BPL decoding process initiates at the rightmost nodes
of the Tanner graph, iteratively computing leftward information for key nodes and input-side nodes across each
layer of the kernel matrix. Upon reaching the leftmost nodes, the algorithm reverses direction to calculate rightward
information for relevant nodes layer-by- layer The decoding terminates upon reaching the maximum iteration count,
yielding the estimated codeword sequence 4. Figure 2 exemplifies a Tanner graph for code length N = 5. Here,
nodes a and b are initialized with zero-valued left and right information, and serve as key nodes in the decoding
process. All key nodes are gathered into a set Q, and needs to satisfy the following constraints: (i) the L and R
information of any @Q; can be expressed by Q; (j # i), as well as the input and output nodes of the kernel Tanner
graph; (ii) the number of KN should be as small as possible. The left information L; (i = 6,7,---,10) and the right
information R; (j =1,2,---,5) are initialized as

L; = LLR(ys), (6)
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Figure 1 Code structure of the Fg-based polar code with N = 25. Figure 2 Kernel Tanner graph corresponding to kernel size 5.
R 0,ifieZ, )
7] 4o, if i € Z€,

where LLR(y;) is the channel LLR received by the i-th node and Z is the information bit index set, Z¢ = {i|i €
[N],i ¢ T}. The left information of the key nodes is calculated as

La = g(9(Le, Ra + Lo), Rs + g(Ls, Ry + L10)), (8)
Ly = L1o + g(R3 + g(Ra, g(Le, Ra + L)), Ls), (9)
where the function g(z,y) is used to obtain the LLR of the lower left node in an XOR structure, and can be

calculated as g(x,y) = In 1;;f;y. Furthermore, after possessing the L of nodes a and b, the L information of the

input side nodes of the kernel Tanner graph can be derived:

Ly = g(La,9(R2, Rs + Ly) + L7), 10

(10)
Ly = g(L7 + g(R1, La), R5 + Ly), (11)

L3 = g(Ls, Ry + L1o) + g(Ra, 9(Le, Ra + L)), (12)

Ly = Lo + g(9(Ra, R3 + g(Ls, Ry + L10)), Ls), (13)

Ls = Ly + g(Ra2, L7 + g(Ru1, La))- (14)

After updating the L information of the leftmost nodes of the kernel Tanner graph, the R information of the
key nodes and the rightmost nodes is calculated from left to right in a similar process. The L and R information

update process is continuously cycled until the maximum number of iterations is reached. The sum of the L and R
information of the leftmost nodes is obtained as LLR; = L; + R;, and the estimated decoding result is defined as

0, i¢7,
4; =41, LLR;<0,i€cT, (15)
0, LLR;>0,ieT.

3 TGA-SC decoding for large kernel polar

It is a fact that both Fa-based polar and TGA-BPL [13] inherently share a structural foundation in utilizing the
Tanner graph, enabling their capacity for low-complexity serial or parallel decoding implementations. However,
extending these Tanner graph methodologies to larger kernel serial SC decoding is not feasible. The Tanner-graph-
assisted SC decoding for larger kernel serial decoding encounters two primary challenges. First, the dual constraints
imposed by the kernel matrix and bit-by-bit serial decoding necessitate rigorous deterministic standards to ensure
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Tanner graph configurations align with serial decoding principles. Second, the explosion of potential Tanner graph
candidates for a given kernel size creates significant difficulty in quickly identifying one specifically designed for
larger kernels. This section systematically addresses these two challenges and introduces a novel low-complexity
Tanner-graph-assisted SC serial decoding framework specifically designed for larger kernels.

3.1 Standards of valid Tanner graphs

The Tanner graph can be regarded as an effective tool to assist decoding. Different channel coding schemes have
different Tanner graphs. For example, the Tanner graph of an LDPC code is designed based on the check matrix
and consists of check nodes and variable nodes [14]. The classical polar code is composed of the XOR structure
corresponding to the kernel matrix of size 2 [15]. Although the Tanner graph is designed for a large kernel polar
code in [13], it is only for parallel decoding. When it comes to SC decoding, due to the bit-by-bit serial decoding
characteristics, the Tanner graph used for SC decoding has more stringent restrictions. Specifically, any decoded
bit in the Tanner graph needs to be able to determine the current bit based on the estimated decoded bits [16].
For ease of understanding, taking the kernel Tanner graph in Figure 2 as an example, although it can be used for
parallel BP, it cannot be directly employed for SC decoding. We assume that given the estimated bit 4, and the
received channel LLR, one cannot use this to decode any of the nodes 2-5.

Given a polarization kernel matrix F,,, of size p, the corresponding kernel Tanner graph candidate space can
be obtained through [13]. It is a challenge to determine whether a kernel Tanner graph can be SC decoded from
the huge candidate space. Next, we propose the standard for determination.

Proposition 1. If the kernel Tanner graph satisfies SC decoding, then for any rightmost node z; € {z1, 22, -+ ,2p}
of the kernel Tanner graph, the following conditions must be met:

T(Ly,,z:) < 1. (16)
Therein u; (j =1,2,---,p) is the j-th leftmost node, I,; € {LLRz{V, Ru{v}, and function 7 is defined as

07 ;M IUj = @7
L, |

T(Iu].,xi) = d (17)
Z (p(Iu] (q)a Ii), otherwise,
g=1
where the function ¢ is computed as
1, a=b
ERSN ’ 18
wla,b) { 0, otherwise. (18)

Proof.  We first analyze the decoding process of SC. An important feature is to estimate the LLR of each bit to
be decoded serially, and obtain the decoding result by hard decision of the LLR. The LLR estimate of the current
decoded bit 7 is related to two variables: (i) the LLR sequence L; received by the channel; (ii) the bit sequence ;.
Assume that the estimated value of the i-th decoded bit is

LLR; = h)(4;, L;), (19)

where 4; € ﬂi_l, L; € LLRY. The functional description of the héi) is that given the sequence 4,; and L;, SC
decoding is performed to obtain the current decoded bit. From another perspective, Eq. (19) can be equivalently
converted into decoding based on the Tanner graph and is described in detail in Subsection 3.3. Specifically,
according to the LLR values L; of some nodes on the rightmost side of the Tanner graph and the estimated
decoding result @; on the leftmost side, the left information L, which represents the LLR, and the right information
R, which implies the decoded bit, are transmitted through the Tanner graph structure to estimate the LLR of a
node on the left side of the Tanner graph.

It can be found that the structure of the Tanner graph is the key factor affecting whether large kernel polar
codes can perform SC decoding. In particular, the Tanner graph of a large kernel polar code is composed of several
XORs, where the left information LLR transfer is defined as the tree structures (a) and (b) in Figure 3, and the
right information partialsum transfer is shown as the tree structures (¢) and (d) in Figure 3. The tree structure
represents the root node’s estimated dependency on its child nodes. For example, in an XOR structure, the upper
left, lower left, upper right, and lower right nodes are denoted as 1, 2, 3, and 4, respectively. The left information
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Figure 3 (Color online) Tree structure corresponding to a single XOR. (a) Upper left node; (b) lower left node; (c) upper right node; (d) lower
right node.

L4 calculation of node 2 depends on the partialsum R; of node 1, as well as the Ls and Ly in Figure 3(b), which
can be described as

Ly = ¢(Ry, L3, L), (20)

where the function ¢ is defined as
d(z,y,2) = (=1)" y+ 2. (21)
Given any leftmost node u; (5 =1,2,---,p) in the Tanner graph, take it as the root node, which is recorded as
the first level of the tree, and continuously expand its children downward. For all nodes t at level I (1 =1,2,---,T)

in the tree, where T is the total number of levels, |t| = 2!. Let the subset lej) of t be
I = {h|h € Ry or h € Ly} (22)

Note that for all nodes in I&?, they have no children. Therefore, the LLR estimate of the root node u; will be
uniquely determined by the information carried by set I;. In particular, I; is expressed as

={I (1) 1) . ](T)} (23)

u; Uy 0 7’11,]

According to (20), we can find that only after obtalmng the left information L;, can someone calculate the left
information Ly. Therefore, L1 and Lo cannot exist at the same time, which is equivalent to the number of times L3
or Ly cannot appear more than twice simultaneously. Furthermore, if the current root node w; satisfies (19), the
number of left information of any node x; (i = 1,2,---,p) on the rightmost side of the Tanner graph that appears
in I, cannot exceed 1.

For ease of understanding, we give an example when the kernel dimension is 7, and its Tanner graph is shown in
Figure 4. Take the leftmost node u; of the Tanner graph as the root. Since the calculation of the left information of
u1 depends on L, and Ly, the root node u; has two descendants, L, and Lj. Furthermore, L, is calculated based
on L. and L4, and L. depends on the L,, and L,,, which are the LLR received by the channel. At this point, since
nodes x; and x5 are the rightmost nodes of the Tanner graph, the subsequent generations will not be expanded.
The same process will eventually result in a tree with u; as the root node, as shown in Figure 5(a), where the set
L, is

L, = {Lwlewzv T 7LI7}' (24)
In addition, L,, is uniquely determined by the node z;. Therefore, Eq. (24) can be simplified to I,, = {x1, 22, -,
a7}, which satisfies (16). So far we can conclude that node u; can perform SC decoding through (19).

Different from w1, node ug also depends on the estimated decoding result, which is the right information R,,, of
uy. Therefore, the root node us has three descendants, namely R,,, L, and L. The descendants of L, and Ly,
are derived from the tree structure formed by the root node u;. R,, has no descendants because it belongs to the
leftmost node information of the Tanner graph. The tree with ug as the root node is shown in Figure 5(b), where
the set I, is

Iu3 = {RuleIULmza"' aLﬂC7}' (25)

Therefore, node ug also satisfies the SC decoding in (19).
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Figure 5 (Color online) Tree structures formed by different root nodes. (a) Tree with u; as root; (b) tree with us as root.

3.2 Standard-based Tanner graph construction

After knowing the deterministic standard for SC decoding of Tanner graphs, one needs to put the standard into
practical application. Specifically, search for the valid Tanner graph from the huge Tanner graph candidate space
according to the standard. However, in the design of the Tanner graph, it is difficult to describe the Tanner graph
directly. Instead, a Tanner graph can be indirectly characterized by check relations. For example, the Tanner graph
in Figure 4 can be represented by a check relation set, which is given as

CheckRelation = {26,13,45,15,67,345,57,126, 367}. (26)
The subset {13} represents the XOR operation of u; and ug, which is described as
{13} < u1 @ us. (27)
Similarly, the subset {13, 15,126} represents
{13,15,126} < u1 B uz $ us S u2 & ug, (28)

where the arrow represents equivalent conversion. It can be found that Eq. (28) is equivalent to the operation
structure on the line connecting the Tanner graph nodes u; and z; in Figure 4. Therefore, it can be safely said
that the check relation set and the Tanner graph can be converted to each other.

Next, given the size and FF, the kernel and check relation set that satisfy SC decoding in (19) are constructed.
Two problems need to be solved. First, given a candidate check relation set, how to quickly determine whether
it can satisfy (19) based on Proposition 1. Second, continuously generate a kernel matrix and check relation set
candidates. For problem 1, we first replace the check relation to the Tanner graph with the conversion from the



Liu YY, et al. Sci China Inf Sci July 2026, Vol. 69, Iss. 7, 172301:8

Algorithm 1 BasicSearch(row, column, CheckRelation).

Require: row, column, CheckRelation;
Ensure: WormFoot, newrow, newcolumn;

1: Initial: WormFoot = 0, z = 0;

2: NodeMatriz = TransToMatrix(CheckRelation);
3: A = RetIns(row, column, NodeMatrix);

4: for j =1 to |A] do

5 B = SearchRow(row, a;, NodeMatriz);
6: flag = 0;

7 for k =1 to |B| do

8 ¢, = FormCheck(row, by);

9: w = FindPosition(CheckRelation, ci);

10: if ¢, € CheckRelation and a; = w then

11: WormFoot = {WormFoot,b,}; z= z+ 1; flag = 1; break;
12: else

13: WormFoot = {WormFoot}; z = z; flag = 0;

14: end if

15: end for
16: if flag =1 then

17: newrow(z) = by; newcolumn(z) = a;;

18: else

19: newrow(z) = 0; newcolumn(z) = 0;

20: end if

21: end for

check relation to the node matrix. In this way, the search process of the set I, (j = 1,2,---,p) corresponding

to the root node u; in the Tanner graph is converted to a search in the node matrix. In particular, the set I, is
obtained through the traces of the worm in the node matrix. In Algorithm 1, the basic search process of the worm
is summarized. Given the initial position of the worm in the node matrix, which is determined by row and column,
the trace at the next moment is found through the functions TransToMatrix, RetIns, SearchRow, FormCheck, and
FindPosition.

TransToMatrix. Given a check relation set CheckRelation, convert it into a node matrix of dimension p X
(|CheckRelation| + 1), where |CheckRelation| is the number of elements in CheckRelation. Specifically, the i-th
element in CheckRelation represents that lines ¢ and b in the Tanner graph form an XOR structure, corresponding
to the elements with indices (a, i), (a,i+ 1), (b,%), and (b,7 + 1) in the node matrix being 1, which is expressed as

NodeMatriz(a,i) = 1,
NodeMatriz(a,i+1) =1,
NodeMatriz(b,i) =1,
NodeMatriz(b,i+ 1) = 1.

(29)

Taking the CheckRelation in (26) as an example, the NodeMatrixzy1o is initialized to a matrix of all zeros.
For the first element {26}, it means that lines 2 and 6 in the Tanner graph form an XOR structure. Therefore, the
elements with indexes (2, 1), (2,2), (6,1), and (6,2) in NodeM atrizyx1o are 1. Perform similar operations on other
elements in CheckRelation to obtain the final NodeMatrizyy10:

[(0111100110]
1100000110
0110011011

NodeMatrizzxio=|0011011000]. (30)

0011101100

1100110011

0000111100]

RetIns. Give a matrix M of size x X y, row index i, 7 € {1,2,--- ,z}, and column index j, j € {1,2,---,y —2}.
The function RetIns(i, j, M) outputs the column index of the first 1 in the i-th row of the matrix M that satisfies
both the value greater than j and the adjacent elements are all 1.

RetIns(i,j, M) = {z|M(i,z) =1,M(i,z+ 1) =1, z>5}. (31)

SearchRow. Give a matrix M of size x Xy, row index 4, i € {1,2,--- , 2}, and column index j, j € {1,2,--- ,y—1}.
The function SearchRow(i, j, M) outputs all row indices in the matrix M where the column indexes j and j + 1
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are both 1, except for the i-th row.
SearchRow(i, j, M) = {r|M(r,j) =1, M(r,j+ 1) = 1,r £ i}. (32)

FormCheck. Given a matrix M of size 2 X y, i and j are the row indices of M, where i,j € {1,2,--- ,a}, i # j.
Function FormCheck(z, j) outputs the check relation formed by i and j:

FormCheck(i, j) = i x 10°%¢U) 4 j, (33)

The operation size(a) is the number of digits in the integer a. For example, if a = 12, then size(a) = 2.
FindPosition. Give a set @ with no repeated elements, and an integer b. If element b belongs to Q, then the
function FindPosition(Q,b) returns the index of the position of b in Q; otherwise the output is empty.

0, beq,

{jlQ(5) = b}, otherwise. (34)

FindPosition(Q,b) = {

Taking the NodeMatrixz in (30) as an example, given the current position, explain Algorithm 1 to obtain the
trace of the worm during the instruction set period. Assume that the row and column indexes of the worm are
i =1 and j = 0, respectively. After the function ReturnIns(i, j, M), the instruction set A = {2, 3,4, 8} is obtained.
For the first element a; = 2 in A, after SearchRow(i,a;, M), the row index 3 is returned, which means that the
worm passes through the third row of the Node M atriz under the guidance of instruction a;, and records the trace
WormFoot = {3}. Next, continue to execute instruction as = 3, and after SearchRow(i,az, M), return the row
index set B = {4,5}. Apply FormCheck(4, b;,) to each element by, in B to form the check relations set C = {14, 15}.
It can be found that element ¢; = {14} does not belong to the CheckRelation in (26). Although co = {15} does,
the position index returned after FindPosition(CheckRelation,15) is w = 4. Since w # as, which implies that
instruction as is invalid, the trace of the worm remains unchanged at the third row. In a similar process, for
instructions a3 = 4 and a4 = 8, the worm passes through the 5-th and 2-th rows of the NodeM atrix, respectively.
At this point, the footprint of the worm is updated to WormFoot = {3,5, 2}.

With row index i € {1,2,--- ,p} and column index j = 0 as the initial position, according to the BasicSearch,
continuously update instructions to the worm until it traverses the entire NodeMatrix and obtains the set
WormFoot. At this point, the set I,, corresponding to the u;-th root node can be obtained. If for any I,,,i =
{1,2,---,p}, Eq. (16) holds, then the CheckRelation is legal and can be decoded according to (19). The complete
search process is summarized in Algorithm 2.

For problem 2, given the kernel size and the required F'E, it is necessary to continuously generate differentiated
check relations for search in Algorithm 2. Function TannerConst in Algorithm 3 summarizes the generalized
procedure of the proposed Tanner graph construction method, where function KernelConst can be referred to
n [13]. Given kernel size p and EE, KernelConst continuously constructs different kernel matrices F,y, with EE
through selection, crossover, and mutation of the generic algorithm (GA). Specifically, KernelConst is defined as

{Fpxp} = KernelConst(p, EE). (35)

Each time F,y, with the required F'E is generated. All possible check relation spaces Q are obtained [13]. Apply
Algorithm 2 to each check relation in @ and return those satisfying (19).

3.3 Decoding algorithm

In general, the TGA-SC decoding of large kernel polar codes relies on the transfer of LLR and partialsum between
adjacent stages in the Tanner graph. Consequently, the crucial step to TGA-SC decoding is to calculate the LLR
and partialsum information of the kernel Tanner graph. Specifically, the kernel Tanner graph is divided into S
layers from right to left; each layer contains p nodes. There are a total of p(S — 1) nodes in the kernel Tanner graph
except for its own input and output, whose LLR and partialsum are initialized to 0. After the rightmost nodes of
the kernel Tanner graph receive the channel LLR, TGA-SC loops in the order of f function, ¢ function, g function,
¢ function, e function, and g function until each leftmost node is estimated bit by bit. It is worth noting that the
large kernel polar codes are not decoded bit by bit in ascending order, but are related to the actual designed kernel
Tanner graph.
Function f calculates the LLR of the upper left node a in an XOR structure and is defined as

LLR, = f(LLR,,LLR;) = LLR. 8 LLRy, (36)
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Algorithm 2 Search(CheckRelation).

Require: CheckRelation;
Ensure: FinalCheck;

1:
2:
3:

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:
25:
26:
27:
28:
29:
30:
31:
32:
33:
34:
35:
36:
37:
38:
39:

4
5:
6:
7.
8
9

Initial: dyrow = 0, dycolumn = 0; record = 0;
NodeMatriz = TransToMatrix(CheckRelation);
for i =1 to p do
row = i; column = 0; WormFoot = 0; t = ;
{nr,nc, WormFoot} < BasicSearch(row, column, CheckRelation);
for z =1 to |nr| do
if RetIns (nr(z),nc(z), NodeMatriz) = () then
t+—tuz;
else
t=1t;
end if
end for
nr < nr\nr(t); nc < nc\nc(t);
while nr # () do
for j =1 to |nr| do
{nrl,ncl, WF} < BasicSearch(nr(j), nc(j), CheckRelation); dyrow < {dyrow,nrl};
dycolumn < {dycolumn,ncl}; WormFoot <— {WormFoot, WF};
end for
nr = dyrow; nc = dycolumn; h = (;
for o =1 to |nr| do
if RetIns (nr(o),nc(o), NodeMatriz) = ( then
h < hUo;
else
h = h;
end if
nr < nr\nr(h); nc + nc\nc(h);
end for
end while
if WormFoot satisfies (16) then
record = record + 1;
else
record = record;
end if
if record = p then
FinalCheck = CheckRelation;
else
FinalCheck = 0;
end if
end for

Algorithm 3 TannerConst(p, EF).

Require: p, EFE;
Ensure: Fj,x,, FinalCheck;

1:
2
3
4
5:
6
7
8
9

10:
11:
12:

for i = 1 to N;terr do
K, xp < KernelConst(p, EE);
Q < obtain all check relations for Ky xp;
for j =1 to |Q| do
CheckRelation < Search(Q););
if CheckRelation # () then
Fpxp = Kpxp; FinalCheck = CheckRelation; break;
else
Fp,xp = 0; FinalCheck = 0;
end if
end for
end for

where ¢ and d are the upper right and lower right nodes in an XOR. The H operation is calculated as

Hw; = 2tanh~* tanhE ~ argmin(|w;|) - sgn(w;). 37
; 1;[1 5 gmin(|w;]) - | [ sgn(w:) (37)

1<i<z =1
The ¢ function makes a hard decision on the node’s LLR and obtains the decoding result, which is defined as

0, i¢T,
o(LLR;)=1{ 1, LLR;<0,i€eT, (38)
0, LLR;>0,ieT.
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Function g calculates the LLR of the lower left node b in an XOR structure, and is expressed as
LLRy = g(LLR., LLRy,¢(LLR,)) = (=1)°“£8) . LLR. + LLRy. (39)

The e function calculates the partialsum of nodes ¢ and d, and is expressed as

¢(LLR,) ® c¢(LLRy), i=0,
e(e(LLRa), e(LLRy), ) — 4 CLLT) @ c(LLR) (40)
¢(LLRy), i=1.
Specifically, the partial sums ps. and psq of nodes ¢ and d are calculated as
pse = e(¢(LLR,),c(LLRy),0), (41)
psq = e(¢(LLR,),c¢(LLRy),1).

For further explanation, we use Figure 4 to illustrate SC decoding of the kernel Tanner graph. In particular,
the kernel Tanner graph is divided into 5 layers, and the LLR of the rightmost i-th node is L,, (i = 1,2,---,7).
Calculate the LLR of all nodes in the s-th layer that can perform f function from right to left. For s =1, one can
obtain the LLR values of nodes ¢ and e, respectively, which are calculated as

LLRgl) = f(L117L12)5 (42)
LLRWYW = f(Ly,, Ly,). (43)

For s = 2, LLRgf) of node h is obtained from nodes ¢ and x4, and LLR;Q) is calculated from x5 and x7.

LLR? = f(LLRY, Ly,) = f(f(Lsy, Lag ), La,), (44)
LLRY = f(L,,, La,). (45)

For s = 3, only the following LLRSIS) of node a can be obtained:
LLR®) = f(LLRW, LLRY)) = f(Ly, 8 Ly,, Ly, B Ly,). (46)
In a similar process, the LLR,(f) of node k when s = 4 is computed as
LLR{" = f(LLRD, LLR() = f(f(Le, 8 Loy, Loy @ La,), f(Lay B Ly, L)), (47)

Since the LLR value of u; is L,, = LLR](:l), by applying the ¢ function to L,,, one obtains the decoded estimate
value 11 of node u;. According to the loop constraint, the next step is to perform g operation to calculate the LLR

of all nodes that can perform (39) when s = 4, and LLRS,%) is calculated as
LLRS;’];) = g(LLR¢(13)a LLR;LQ),pSSEI)) = (_l)ﬁlf(Lml i szaLxr) i L967) + f(LOC'a i LxsaLﬂu)' (48)

Following the loop constraint, execute function c(LLR,(ﬁ)) to get the estimated 4z of node ug. Then, calculate

. . . . . 1
the partialsum of all nodes in each layer that can perform (41) from left to right. Specifically, according to psgl)

and ps&lg), the partialsum value ps,(13) = U1 @ ug of node a in layer s = 3 and psﬁf) = ug of node h in layer s = 2 are

obtained through e operation. Furthermore, the LLR values of nodes n and ¢ are computed by (39) as

LLRg) = g(LLRgl)v Lz47p522 ) = (_1)ﬁ3 “Lypy ® Lyg + Ly, (49)
LLR® = g(LLRY, LLRY  ps{?) = (~1)®% . L, 8 Ly, + Ly, B Ly, (50)

Until now, one loop is completed. Continue this loop and calculate the LLR of nodes w4, us, us, ug, and ur bit by
bit as
Lu4 = f((_l)m@ﬁa ’ st B st + qu (_1)711@713 ’ Lwl B sz + st B Lw7)a (51)

Lus = (_1)114 ’ ((_1)ﬁ1®ﬁ3 Loy B Log + La,) + (_1)111@&3 Ly, B Ly, + Las 8 Loy, (52)
L'u.2 _ f((_l)vlléBﬁsGSﬁ:s 'Lzl + Lz2,f((—1)m®ﬁ3®ﬁ4®ﬁ5 'Lz3 +Lx67 (_1)7116971369715 'Lz5 + Lz7))7 (53)
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LUG = (_1)ﬁ2((_1)ﬁ1®ﬁ3®ﬁ5l’11 + Lﬂﬂz) + f((_l)ﬁl®ﬁ3®ﬁ4®ﬁ5 : Lﬂﬂs + Lﬂﬂs? (_1)ﬁ1®ﬁ3®ﬁ5 : LIs + LI7)7 (54)

L'u.7 _ (_1)71269716((_1)711697136571469715an + Lxg) + (_1)7116971369715Lx5 + Lx7- (55)

Applying ¢ function to L,,, gives the decoded estimated of u;. It can be found that the serial decoding order of the
kernel Tanner graph corresponding to Figure 4 is (u1, us, u4, us, uz2, ug, u7).

Given the kernel Tanner graph, the L,, of u; to be decoded can be obtained through the functions loop process
mentioned above, and the decoding order is recorded as R. For ease of expression, the calculation of L, (i = R)

is represented by the function h,(,i) (1t = R) in (19). For example, L,, in (53) can be re-expressed as L,, =

h,(,2)(111,113,ﬂ4, U5y, Ly y Lyyy Ly Lsy Ly, Ly, ). Based on the decoding of the kernel Tanner graph, one completed
the large kernel polar SC decoding by continuously looping the functions h,, KernelDecoding, and KernelEncoding.
In particular, the SC decoding function KernelDecoding of the kernel Tanner graph is defined as

KernelDecoding(h,) = {c(h](oi)|i =R)}. (56)
The function KernelEncoding calculates the partialsum of the kernel matrix F,., and is defined as
KernelEncoding(u]) = u[F,,, (57)

where uf € {0,1}?. The number of initialization stages in code structure is P = log,(N), and the decoding order
T is defined as
T = ((Tl - 1)p+R7 7(TP - 1)p+R7p2+ (7‘1 - 1)p+Ru

ot (= Dp+ R (N/p? = 1)p* + (rp = 1)p + R), o

where r; (i =1,2,---,p) is the i-th element in R, and x + R = (z + 71,2 + 712, - , 2+ 7).
TGA-SC decoding starts from the LLR at the output of the first stage of the code structure, and calculates the

kernel Tanner graph that can execute the function h,(,j) in the i-th (i = 1,2, -, P) stage to the left, where j is the
updated node of the input LLR value LLRg:l)put in the ¢-th stage. When reaching the P-th stage, record the value

of ¢, and then apply (56). In this way, the bits with index T/”

(t—1)p are estimated as

Uptr = KernelDecoding(LLR(P) (T(tf_l)p)), (59)

(t—1)p input

where Tff_l)p = {T(t,l)p,T(t,l)pH, -+, Typ}, and T; is the i-th element in 7. The estimated decoding bits are
assigned to the partialsums of the corresponding nodes in the P stage. According to the loop rule, the next step

starts from the partialsum psl(-f;)ut at the input of the P stage of the code structure, and calculates the kernel Tanner
graph that can execute (57) in the j-th (j = P,P —1,--- ,a) stage, where 1 < a < P. The function loop process is

applied continuously until all decoded bits are estimated.

The SCL decoder in classic polar holds the most likely decoding paths in a list of size L. When decoding a frozen
bit, each path in the list is appended with O for this frozen bit. When decoding information or an unfrozen bit,
each path in the list is split into two paths, and 0 and 1 are appended, respectively. Then, these 2L paths are
compared and the L most likely paths are kept in the list. The path with the least penalty will be selected as the
decoding output at the last bit. Similar ideas can also be used for TGA-SC. Therefore, TGA-SCL decoding is easily
generated.

4 Enhanced TGA-SCL decoding

While employing a high-dimensional kernel with superior EE improves the polarization performance of polar codes
at finite lengths, it is only when the kernel approaches infinity that full polarization is attainable [7]. Therefore,
as long as the kernel dimension is not infinite, large kernel polar codes always have insufficiently polarized bit
channels. PCC polar code makes full use of partially incompletely polarized bit channels to transmit parity check
bits [17]. The dispersion, forward, and enhancement characteristics of the parity check bits greatly improve the
error-correction capability of the classic polar codes. Drawing on the idea of PCC polar codes, this section proposes
parity-check-assisted TGA-SCL (PTGA-SCL) decoding for large kernel polar codes.

In PTGA-SCL decoding, we assume that the code length is N, the number of information bits is K, and the
M+ K bit channels with the lowest error probability are called non-frozen bit channels A, which are used to transmit
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Figure 6 (Color online) FER performance of the proposed decoder under different kernel sizes. (a) Compared with classic polar SC when code
rate R = 1/2; (b) compared with classic polar SC when code rate R = 1/4.

parity check and information bits. M is the number of check bits, and their positions P are evenly distributed in
N and is represented as
P={N@i=L[j (K+M)/M],j=1,2,--- M}, (60)

where | | is a round-down operation. The M check bits are randomly connected to the previous information bits to
form a check relationship, which is defined as

rp,, = Z x; | mod 2, (61)

JEEM

where P, and xp, (m =1,2,---, M) are the position and value of the m-th parity check bit, respectively, and &,,
is the information bits index set that forms a check relationship with the m-th parity check bit.

The difference from TGA-SCL decoding is that PTGA-SCL supplements the decoding of parity check bits. In
particular, parity check bits rely on (61) for bit estimation instead of LLR. When the parity check bit is estimated
by (61) and LLRs are inconsistent, a penalty will be imposed on the current decoding path, thereby reducing the
survival probability of its subpath.

5 Simulation results

In this section, numerical results are implemented to evaluate the performance of the devised TGA-SC decoder. We
assume BPSK transmission with {+1, —1} over AWGN channel. All code rates R = N/K are 1/2 and the frame
error rate (FER) is used as a criterion to measure decoding performance.

5.1 Error-correction performance

Figure 6 portrays the FER performance of TGA-SC decoding for large kernel polar codes under different kernel
sizes, with classic polar SC decoding serving as a benchmark. Specifically, Figure 6(a) shows the performance when
the code rate R = 1/2. As can be seen, the error-correction performance of TGA-SC is almost determined by the
error exponent of the kernel matrix. Specifically, for kernel Fy5, although the EFE is slightly greater than Fy, it
achieves a significant improvement in FER performance. Simulations show that the error-correction capability of
the TGA-SC exceeds classic polar SC decoding when FFE is greater than 0.5. More specifically, when the kernel
size | = 16, code length N = 256, and FER = 1072, the devised TGA-SC decoding obtains a gain of about 0.4 dB
compared with the polar SC method. To present further insights, Figure 6(b) compares the FER performance of
TGA-SC when the code rate R = 1/4. The phenomenon mentioned above still exists. In other words, when the
FE'E is higher than that of the classic polar code, the error-correction capability of TGA-SC decoding is significantly
improved.

Figure 7 compares the FER performance of TGA-SCL with existing decoding schemes for large kernel polar codes.
In particular, in Figure 7(a), the SC-based recursive-trellis [11] and W-expression [12] method is employed to serve
as a benchmark. It can be seen that the FER performance of TGA-SCL is similar to that of W-expression under
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code.

different kernel sizes, and both outperform recursive-trellis. In addition, the complexity of TGA-SCL is much lower
than that of the W-expression, which is explained in Subsection 5.2. Figure 7(b) demonstrates the performance of
the TGA-SCL with recently proposed parallel TGA-BPL decoding [13]. Note that the TGA-BPL decoder employs
an early termination criterion and has a complexity of O(LT - 2QTN -log, N), where @ is the number of XORs in the
kernel Tanner graph. We observe that the invented TGA-SCL decoding has similar complexity to TGA-BPL while
achieving significant improvement in error correction capability. Specifically, when kernel size p = 15, code length
N =225, and FER = 1073, the TGA-SCL decoding obtains a gain of about 0.2 dB. In addition, Figure 7(b) is also
compared with the parallel BP in [18] and the fast decoding in [6], and significant improvements in error correction

capability are achieved.

Figure 8(a) compares the FER performance of TGA-SCL decoding with classic polar SCL decoding. The simula-
tions confirm that the proposed decoding methods achieve more significant error-correction performance gains than
polar SCL. For example, when the code length N = 225, L = 16, and FER= 1072, the devised TGA-SCL decoding
obtains a gain of about 0.3 dB compared with polar SCL. Figure 8 shows a comparison between PTGA-SCL and

parity-check-aided SCL (PCA-SCL) decoding of the 5G standard PCC polar [1].

We show simulation results for

N = 225, N = 120, and all code rates are 1/2. In particular, for code length N = 120, PTGA-SCL adopts the
form of a hybrid kernel, and the generator Gy = F15 ® F§®3. The number of check bits is set to M = 8 for both
decoders. The results show that PTGA-SCL outperforms PCA-SCL under different code lengths.

5.2 Complexity analysis

For TGA-SC with code length N, its decoding is based on the offline optimized kernel Tanner graph. Therefore, the
complexity of TGA-SC decoding mainly depends on the calculation of node LLR in the Tanner graph. Specifically,
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Table 1 Complexity comparison of different decoding schemes.

Polar (SC) Polar (SCL) Large kernel (straightforward SC) W-expression TGA-BPL TGA-SCL

O(NlogyN) O(LNlog,N) O(2”LNlog, N) O(p®Nlog, N) O(LT2%  1og, N) O(L2EN 1og, N)

the Tanner graph has log, N stages from right to left, and each stage has N/p consistent kernel Tanner graphs.
Assuming that there are £ XOR structures in a single kernel Tanner graph, then the entire Tanner graph has
(NE/P)log,N XORs. Note that when all elements of the kernel matrix are 1, £ reaches its maximum value p2.
Because in an XOR structure, the LLRs of the upper left and lower left nodes need to be calculated according to (36)
and (39), respectively. Therefore, when the standard Landau notation O(-) is employed for denoting the complexity,
a TGA-SC decoder for a large kernel polar code can be implemented with complexity O(%logpN ). When it comes
to TGA-SCL decoding, since there are L paths in the decoding process, its complexity is approximately L times
that of TGA-SC and can be expressed as O(L%logpN).

Table 1 shows the complexity comparison of different decoding strategies for classical polar codes and large kernel
polar codes. It can be found that the proposed TGA-SCL can achieve a complexity similar to that of classical polar
SCL decoding, both of which are lower than the W-expression. Specifically, the proposed TGA-SCL decoding
reduces the computational complexity of direct SC decoding of large kernel polar codes from exponential to linear
level, which makes the practical application of large kernel polar codes possible.

6 Conclusion

In this paper, we proposed a TGA-SC decoding for large kernel polar to meet the stringent reliability and la-
tency constraints in 6G URLLC. We establish theoretical criteria for the Tanner graph to satisfy serial decoding
constraints, accompanied by rigorous proofs. Then, a gamified worm search scheme is designed, which makes the
proposed criteria practical for screening Tanner graphs by accurately tracking the worm’s running trajectory in the
node matrix. Finally, the Tanner graph-based SC decoding for large kernel polar codes is proposed. Benefiting
from the strategies mentioned above, our scheme achieves significant complexity reduction and error-correction
enhancement compared to existing decoding methods.
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