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Abstract Deterministic learning (DL) enables neural network (NN)-b ased learning control of single-input single-output (SISO ) non-
linear systems and e ectively improves control performanc e through learned knowledge. The focus of this paper is to ext end DL to
complex multiple-input multiple-output (MIMO) nonlinear systems and, for the rst time, to provide a rigorous theoret ical analysis for
neural learning and control of such systems. The proposed sc heme achieves a true NN-based learning and intelligent cont rol framework
for complex unknown MIMO systems, enabling them to learn thr ough adaptive control in a manner analogous to human learnin g, while
storing the acquired knowledge for subsequent control task s. The coupling among multiple subsystems introduces compl ex and unknown
interaction terms at each system level, which creates subst antial challenges for both stability analysis and veri cat ion of the learning pro-
cess in MIMO systems. To address this issue, an adaptive neur al control strategy is designed to ensure uniform boundedne ss of all signals
and satisfactory tracking performance. Subsequently, to r esolve the challenge of establishing learning for MIMO syst ems, we propose a
non-sequential recursive learning proof method. By design ing a selection function and leveraging DL theory, we establ ish the persistent
excitation (PE) property of the coupled NN inputs. Furtherm ore, through state transformations, we construct closed-I oop linear time-
varying (LTV) systems with coupled interconnections and ri gorously prove their exponential stability, enabling accu rate approximation
of uncertain coupled nonlinear dynamics. Finally, by utili zing the learned knowledge, we construct a knowledge-based learning controller
that signi cantly improves closed-loop control performan ce. Simulation results validate the e ectiveness of the pro posed method.
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1 Introduction

Multiple-input multiple-output (MIMO) systems are widely employed ac ross a broad range of practical applications.
Many such systems are inherently coupled nonlinear systems with nitiple inputs and outputs and are often
characterized by unknown uncertainties, such as those arising in ineless communication, autonomous driving, and
industrial control [ 1{ 3]. This prevalence underscores the importance of studying MIMO cotrol, as e ective control
strategies can substantially enhance system stability and resporsspeed.

In MIMO control systems, strong coupling and interaction e ects exist among various inputs and outputs.
This coupling complicates the system dynamics, making them di cult to manage using traditional single-input
single-output (SISO) control strategies. This complexity is further exacerbated when uncertain parameters and/or
unknown nonlinear functions appear in the input coupling matrix or system interconnections. Undoubtedly, these
characteristics increase the challenges associated with system dwling, analysis, and controller design. Therefore,
designing a high-performance controller that can e ectively handlethe complexities and uncertainties arising from
the inter-coupling of multiple inputs and outputs, while ensuring overall system performance, such as response speed
and steady-state error, remains a signi cant challenge.

For certain speci ¢ forms of parameter-uncertain MIMO systems previous adaptive control schemes primarily rely
on feedback linearization methods to estimate decoupling matriceshiat mitigate input coupling uncertainties [ 4{ 6],
or they employ adaptive backstepping techniques to design contiers that ensure system stability and transient
performance [/{9]. However, these methods are developed under speci ¢c assumptis regarding unknown coupling
uncertainties; either the interconnection nonlinearities are knownfunctions or the input coupling matrices are
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deterministic, implying the availability of prior structural information . Owing to the lack of e ective tools to
address general coupling uncertainties, the conclusions of thes@proaches cannot be directly extended to the more
general case in which unknown nonlinear functions without bounday constraints are present in both the input
coupling matrices and system interconnections.

With the application of radial basis function neural networks (RBF N Ns) in control systems L0{12], relevant
studies have begun to investigate adaptive neural network conwl (ANNC) for unknown MIMO systems formed
through the interconnection of multiple subsystems. In [L3], an ANNC scheme is employed for a standard triangular
MIMO based on the stability analysis of an integral Lyapunov function. However, in that MIMO system, the
unknown interconnection terms appear only in the highest-order guation of each subsystem. In 14], a broader
class of MIMO systems was investigated for the rst time, in which unknown nonlinearities exist in every equation
of each subsystem. The ANNC problem for a class of block triangulaMIMO nonlinear time-delay systems was
studied in [15]. By employing an improved Lyapunov-Krasovskii function and online NN approximation, control
without singularities was achieved, and parameter adaptation was educed. Various control scenarios of unknown
interconnected MIMO systems under practical constraints and eternal nonlinear disturbances have also been
examined in [16,17].

The core of intelligence lies in the acquisition, assimilation, and applicatio of knowledge [L8]. From this perspec-
tive, intelligence represents not merely the accumulation of static kowledge but a dynamic and adaptive capability.
According to existing surveys, the literature has not yet resolvedthe learning problem for complex and unknown
interconnected MIMO systems, particularly in the context of closed-loop control. Our objective is to learn the
unknown interconnected nonlinear coupling dynamics of each subsyem during the closed-loop control process.
The dynamic knowledge acquired by these NNs characterizes the swplex coupling behavior of the MIMO system
and represents a key aspect of its theoretical and practical vale. If the focus is limited solely to system stability
and tracking performance, the aforementioned NN-based methds cannot guarantee a genuine learning proces$q],
as convergence of the NN parameters cannot be ensured. Everhan similar control tasks are encountered, the
network parameters must be recalculated because no knowledgeristained [20].

In fact, the learning capability of RBF NNs depends on satisfaction d the persistent excitation (PE) condition, yet
guaranteeing prior ful llment of the PE condition remains challenging [21]. With the development of deterministic
learning (DL) theory, it has been proven that the PE condition for R BF NNs is satis ed for any periodic or quasi-
periodic recurrent trajectory [22]. Based on the PE condition lemma established in this theory, numeros studies on
adaptive learning control have emerged in recent years. AlthougtDL has achieved substantial progress in dynamic
modeling for various classes of unknown nonlinear systems, leading signi cant advancements in high-performance
control and applications such as control R3{ 27], fault diagnosis [28,29], electrocardiogram (ECG) detection B0, 31],
and stall detection for axial compressors 32, 33], remain limited to SISO systems. To date, learning for general
MIMO systems continues to face substantial obstacles due to copiex coupling and interconnection e ects among
multiple subsystems. Consequently, dynamic modeling and high-peofrmance learning control for general MIMO
systems have not yet been fully resolved.

Speci cally, owing to the high dimensionality and coupled interconnecion structure of MIMO systems, existing
approaches cannot e ectively address their learning control prblems. In particular, unknown coupling terms
may in uence the global system behavior at every order of each susystem, thereby increasing the complexity of
accurate model identi cation and control design. Achieving precie closed-loop dynamic modeling for such systems
requires simultaneously handling interactions among multiple inputs amd outputs, mutual state coupling among
subsystems, and nonlinear uncertainties. Therefore, both themtical analysis and algorithm design encounter
signi cant challenges.

This paper solves, for the rst time, the problem of accurate dynamic modeling for unknown MIMO systems in
a general complex block triangular form. The main contributions aresummarized as follows.

(1) To e ectively address the complex learning problem, a specic linar time-varying (LTV) system is rst
designed to decompose the global dynamic complexity into a series afosed-loop error subsystems that can be
analyzed independently. The dynamic behavior of the learning procss is subsequently mapped into an exponential
stability framework for LTV systems. Each subsystem, treated & a local LTV system, precisely characterizes the
dynamic behavior of speci ¢ sub-dynamics, thereby reducing the oupling complexity in the global learning analysis.
This approach establishes a theoretical foundation for addresso dynamic learning problems in complex coupled
nonlinear systems.

(2) A non-sequential recursive jumping selection approach is propsed to establish the PE condition in coupled
subsystems. This method overcomes the limitations of traditional echniques in handling complex coupled systems
by recursively constructing jumping conditions, enabling exible treatment of nonlinear coupling dynamics among
subsystems. It facilitates accurate dynamic modeling of coupling rationships and guarantees strict satisfaction of
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the PE condition.

(3) Furthermore, based on the closed-loop dynamic knowledge leaed by the multi-subsystem NNs, a knowledge-
based empirical controller is constructed, which signi cantly improves the closed-loop control performance of the
MIMO system.

Over the past two decades, learning control has emerged as an ective approach for improving system per-
formance through adaptive learning. Existing studies have demortsated that embedding DL mechanisms into
ANNC can guarantee closed-loop stability while simultaneously extrating local dynamic knowledge from online
control signals, which can subsequently be reused and generalizéal similar tasks [23{27]. This research direction
has been systematically investigated in representative SISO nonlireg systems. The seminal deterministic learning
mechanism proposed by Wang and Hill 23] demonstrated knowledge extraction and reuse in a simple secormlder
system and was later extended to standarch-th order systems with unknown a ne terms [ 25]. Subsequent studies
addressed more complex strict-feedback systems with unknownomlinearities using input-to-state stability (ISS)
modular designs 27] and dynamic surface control (DSC) R6]. Beyond strict-feedback forms, neural learning con-
trol has also been developed for pure-feedback nonlinear systenfd34]. Recent work further incorporated output
and state constraints into the DL framework [24, 35]. Moreover, learning-based approaches have been applied to
exible manipulators with unknown dynamics, demonstrating e ectiv e knowledge extraction, storage, and reuse
in practice [36]. Learning-based control methods have also been extended to galarly perturbed systems, where
data-driven optimization techniques improve stability and performance in fast-slow dynamic settings. Recent stud-
ies developed such strategies for singularly perturbed systems vhitunknown dynamics, as reported in 87, 3§].
These studies explore iterative learning control methods that e ectively utilize system data to ensure stability and
learning e ciency.

Although these contributions have established a solid theoreticaldundation for the \learning control" paradigm,
the problem of accurately acquiring and reusing dynamic knowledge ircomplex interconnected MIMO nonlinear
systems remains largely unexplored. In contrast, this paper advaces learning-based neural control under the
DL paradigm to complex interconnected MIMO nonlinear systems with unknown dynamics. We establish PE
and stability conditions in the presence of multi-system couplings anddevelop structured learnable modeling of
unknown interconnection terms together with closed-loop dynamicknowledge reuse. To the best of our knowledge,
no systematic results have extended the DL framework to this seing, which underscores the originality of the
present work.

The ANNC schemes for interconnected MIMO systems have been &nsively studied, with emphasis on ensuring
stability and tracking performance under various system structues and uncertainties L3{17]. Although these
studies achieve stability and tracking in complex MIMO settings, they remain con ned to adaptive control. In
contrast, our work not only guarantees stability and tracking but also establishes learning within the closed-loop
control process, thereby enabling dynamic knowledge extractiomnd reuse in interconnected MIMO systems.

This article is organized as follows. Sectior2 presents the problem formulation and the necessary preliminary
results. The design of the ANC controller for the unknown MIMO system is described in Section3. Section
4 provides the learning analysis for the unknown MIMO system (). Section 5 demonstrates how the learned
knowledge is reused and includes a performance comparison. The silation setup and results are presented in
Section 6. Finally, the main conclusion is summarized in Section?.

2 Problem formulation and preliminaries

2.1 Problem formulation

In this paper, we consider an unknown MIMO nonlinear system compseed of interconnected subsystems. The
schematic diagram of the overall system framework is shown in Figwr 1. As shown in (), each di erential equation

represented by the unknown functionsf ., () and gk, (). Additionally, interconnection coupling terms associated
with the input signals ux appear in the highest-order di erential equation of each subsystm. Here, | denotes
the order of subsystemk; % = | represents the order dierence between subsystenk and subsysteml;
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Figure 1 Interconnected MIMO system with m subsystems.

follows according to [L4].

Case 1. When | = k, implying % = %k = 0, the interconnection terms include only the states of the current
subsystem, that iSX;. (i, o) = Xkii -

Case 2. When | 6 k, if ix % 6 O, the term X;.(j, o, ) does not exist. Ifix % > O, X;;(i, o ) denotes

the partial states of I-th (I = 1;:::;m and not equal to k) subsystem embedded in theiy order equation of k-th
subsystem.
>£1|1= frin Xy o) o i Xmy(in %am) T OLin X0 %i)r::5iXmi(in %m) XL+l (16016 1 1)
X1; 1=f1 1(x)+ Os; 1(X1 1 Liesn Xmp g 1)U1,
| (1)
>(J<|k=fk|k X1k %a)r o XmiGie %m) ¥ Okic XLk %) s Xmi(ic %m) Xkiv+ls (16 0k 6 k1)
=fio Uit )+ O (X1 o 25000 Xm; 1) Uk;

yk—Xk;l. 1<k 6 m:

Assumption 1 ([39]). The sign of the ane term gy, () is known, and there exist two positive constantsgy;; ,
and 9, > 0 such that 0< 9i, 6 joi, ()i 6 Oki,. Without loss of generality, we assume thatgy;, () > O.

The recurrent reference model is considered as follows:

(
Xdi = fai(Xa); @
Ydi = Xdi; 16 16 m;
wherexq = [Xq1;:::;Xam]" 2 R™ denotes the reference state vector with bounded componentshe scalaryg 2 R

represents the desired output of thei-th subsystem in (1). Moreover, fg4(Xq) corresponds to known nonlinear
dynamics.

Our primary objective is to design a set of controllersuy (k = 1;:::;m) that: (1) ensure that all closed-loop
signals of the aforementioned unknown nonlinear MIMO system are hlmately uniformly bounded (UUB), while
the output of each subsystem,y, tracks its designated reference trajectory; (2) ensure that during the control
process, all NN weights in the controlled system converge to smalleighborhoods of their ideal values, implying

that the unknown nonlinear dynamics involved in the closed-loop contol are accurately approximated and learned
by the NNs.
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2.2 Localized neural networks

This study employs the RBF NN as an identi er to approximate underly ing nonlinear dynamics

X
m(V)= agrj(V)= ATR(V); ®3)
j=1

functions asrj (V) =exp k V  jk®= 2 ,where | =[ j1; j2;:::; jp]’ Species the center of each neuron and
j denotes the width of the corresponding receptive eld. Accordingto [40], the RBF NN can approximate any
continuous function with arbitrary accuracy

(V)= ATR(V)+ (V); 8V2 vy; (4)

whereA denotes the optimal NN weight vector, and (V) represents the approximation error, satisfyingj (V)j 6
In [23], the spatially localized learning property of the RBF NN is emphasized.Owing to this property, a limited
number of neurons con ned to a specic region along the recurrehtrajectory are su cient to approximate the
function (V)
V)=ATR(V)+

whereR (V) =[rg, (V);:::;re (V)] 2 RN is a subvector ofR(V), with neuron centers located near the trajectory
V (t). Here, N denotes the number of neurons in this subset, which is smaller tharhte total number N. The optimal
weights are given byA =[ga ;:::;q ]",and denotes the approximation error along the input trajectory, which

is tightly bounded by

Lemma 1 ([22]). Consider a recurrent trajectory U(t), that continuously maps the time interval [0;1 ) into R
and remains within a bounded compact region y, with y  RY. For the RBF neural network W' S(U), with
centers arranged on a regular lattice su ciently dense to cover the compact set , the regression subsetS (U)
consisting of neurons whose centers lie in a small neighborhood bf{(t) satis es the PE condition.

3 Adaptive neural control design with DSC lter

In this section, the ANC scheme is designed for the MIMO system in tle form of (1) to achieve the control and
learning objectives. During the controller synthesis, the DSC techique is employed to simplify the design procedure
and reduce the input dimension of the NNs, thereby facilitating the sibsequent learning analysis. The backstepping
design methodology is detailed below. First, the dynamic surface ear coordinate transformation for the k-th

(
ZK;1 = X1 Xdks
_ o . (5)
Zii, = Xkiy ki) (k=250 W
where ., (1) denotes the output of the DSC Iter driven by i, 1.
Step 1. Consider the rst-order tracking error term and its derivative
Ze1 = fler Xu@ o) i Xmi@ %) T Okl XL %)t Xmi@ %w) Xki2 o Xdk
fler Xk (6)
= Ok1 el 2y Xk2 -
Ok; 1
De ne the rst unknown nonlinear function as
fre1  Xak
Hk1(Zk1) = —— (7)
Ok; 1

where the NN input Zy.; is de ned as

Zk;lz[XI;a %1);:::?)(;;(1 D/.lm);)idk]T 2 k1 (8)



Yang Q C , et al. Sci China Inf Sci July 2026, Vol. 69, Iss. 7, 172206:6

For notational simplicity fi;1 X1:1 og,)s 5 Xm@ %n) @NAdOk1 X1:0 %.) 5 Xm @1 %, ) are abbreviated as
fr.1 and gk.1, respectively. The same notation is used in the subsequent derivain. Using the NN to approximate
the unknown nonlinear function Hy.1(Zx. 1), we obtain

Hi1(Zk1) = W 1Sk1(Zi) + w1 9)

where .1 denotes the approximation error with j «.1j 6 .;, and W,., is the corresponding ideal constant NN
weight vector.
Noting that zy.2 = X2 k;2(f), We have

Zk1 = Oct Ze2t kaf) F Wit Ski(Z) + k1 (10)

De ne the ltering error of the virtual control variable k1 as

Y2 = keaf) ki1l (11)
Then, Eqg. (10) can be written as
Zi1= Oc1 Zk2t Ykt k1t WeiSki(Zik) + w1 (12)
The virtual control law .1 is designed as
k1= Ge1Zkr W 1Sk1(Zi); (13)

where c.1 > 0 is a design parameter. In conjunction with the DSC technique, thevirtual control variable .1 is
passed through a rst-order DSC lter to obtain the ltered varia ble )

K2t) T ok2t) = k1 k2t)(0) = k1(0): (14)
Substituting (13) into (12), yields the closed-loop dynamical subsystem
Zx;1 = Ok1 Ck;1Zk;1 + Zk;2 + Yk;2 ngsk;l(zk;l) + k1 ] (15)

where Wy.; = \f\\/k;l W,., denotes the NN weight estimation error.
The NN weight update law of \f\\/kT;lsk;l(Zk; 1) is designed as follows:

Wk;l: Wk;l = k1 Sk;l(Zk;l)Zk;l k;lwk;l ; (16)

where .1 = I;l > 0; k1> 0 are prescribed positive design parameters inl).
Step ik 2<ix 6 x 1) Noting zyi, = Xki, ki (f),» We obtain

Zeiy = Xkiv ki (f)

= fri, X1:(ic %)+ Xmi(e %m) T Okic XL(iv %a)r -0 Xmi(ie %m ) Xkig+l ki (F) (17)
fii K (f
= i, ——— "k()+Xk;ik+1
Ok;i

De ne the unknown nonlinear function at order (iy) as

friv i),

Hii (Zki ) = o
Ik

(18)

where h i

Ziie = XL o) 0 XmiGe Sk )i Ki() 2 kil (19)
Similarly, an RBF NN Wk;iTk Ski, (Zki ) is employed to approximate the nonlinear function

Hii, (Ziiy ) = Wil S (Zki )+ ki (20)
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and noting z:i, +1 = Xki, +1 ki +1( f)» We obtain
Ziie = Ok Zkiest ¥ kiee1(f) F Wil Sci (Zii )+ kiiy - (21)
The virtual control law ;, is designed as
ik = CaicZkie  Zkie 1 Wi, Sk (Zii); (22)
where ¢, > 0 is a prescribed control gain. The corresponding ltered variable ., +1(¢) is de ned by
Kic+1(F) T oKi+L(f) T ki k;ik+1(f)(0) = ki (0): (23)
The DSC lter error Yy, +1) is de ned as follows:
Yic(ic+l) = k(ix+1) f Kii i - (24)
Substituting (22) and (23) into (21), yields
Ziie = O (Zkierl CkieZkie  Zki 1 Wi, Sk (Zii )+ ki F Vi) ) (25)

where Wy, = \/\‘/k;ik Wi, denotes the NN weight estimation error.
The adaptive updating law for \f\\/kT;i « Skii i (Zkii ) is formulated as

Wi, = Wi, = ki S @ii)Zaie kWi (26)

where i, = I;ik >0, ki, >0(1l<iyx6 g 1)are prescribed positive design parameters in2g).
Step . Noting that z.. , = Xy, , k; «(f),» We obtain

Zg o = fio UL U 1) ) O (X 150 Xm0 1) Uk
f. :
= Ok K K ) + Ug (27)
O «
The unknown dynamics at the last order can be expressed as
fi. ;
Hi (2 )= ———==L, (28)
O «
where the input of (28) is denoted as
Zic  =[XTugnue 1 e ]’ 20 ke (29)
Using the RBF NN to approximate the unknown nonlinear function Hy. , (Zk. ,) as follows:
Hk; k(Zk§ k) = Wk;Tk S(Zk; k)+ K k- (30)
Substituting (30) into (27), yields
Z; = O Ukt Wk;Tk S(Zk; k)+ K ok s (31)

where ; , denotes the ideal approximation error satisfyingj «; ,j6 . . Let \f\\/k; . denote an estimate ofw,. ,

and de ne the weight estimation error as Wy, , = \f\\/k; o Wi . The adaptive neural controller uy of k-th
subsystem is designed as
U= G w2k« Zk ¢ 1 Wl;r Sk (Zi s (32)

where ¢, denotes the designed control gain.
The NN weight update law of \f\\/k; Sk (Zk: ) is designed as

W, \ = \A\*k; ok Sk (Zi )2k k; kwk; P (33)
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where ., = I; >0, >0are prescribed positive constants.
Substituting (32) into (31) yields the closed-loop dynamical equation

Zg; « = Ok « Ck; « Zk; « Zg, 1 Wl;r kSk; k(Zk; k)+ K ok - (34)
Combining (15), (25) and (34) yields the closed-loop dynamic surface error system

8
E Zk:1 = Okt Ck;1Zk;1 + Zk;2 + Yki2 ngsk;l(zk;l) + k1

:

Zie = Oaiv Zkictl CainZiic Zkie 1 Wi, S (Zki )t kit Yk(ery @<ik6 k1) (35)

— T
Zg; « = Ok « G w2k v Zk ok 1 Wk;ksk;k(zk;k)+ K«

Noting from (23) that

_k; (i +1) f =( ki k;(ik+1)f): = Yk (i+) = - (36)

Then, we obtain 8
R Yo = Yz k2(Zk 25 Wi 15 Xq); .
?Yk;(ik+1) = Telen kit (Zici o+1 s Whe 13000 Wi, 5 xa); G0

where ( )i, is a smooth nonlinear function. It is given by k-g(Zk-z;Wk;l;Xd) = G121 t WkT;lSk;l(Zk;l)
+ Wl @8:10)=@u0 %X %y @810)=@m % ) Xmi (@ %) T W1 @B1()=@acXak and i, 41

(Ziii +1; Wk 1;::"Wk|ka Xd) = Ckiy Zkiy + Zii 1+\A\7‘k Ski (Zkii )+ \f\\/kIk @B, ()=@u1(iy %)Xa(ix %a)r- 5
@81, =@y o Xty 0+ W @820)=@ler, 1Y, =
Theorem 1 (Stability and tracking) . Consider the closed-loop system consisting of the interconnectezhd coupled
unknown MIMO system (1), the reference model 2), the DSC lter ( 23), the designed neural controlleruy for k-th
(k = 1;:::;m) subsystem @32), the NN update laws (16), (26), (33). For any > 0, provided that the initial
values of aII signals satisfyV (0) 6 , it follows that all closed-loop signalsX and \f\\/k.k (wherek =1;:::;m and
16 ix 6 ) are UUB. In addition, the tracking zy.1 converges to a compact neighborhood of zero Wlthln a nite
time Tk.

Proof. Consider the composite Lyapunov function candidate

1 X0 Xk 5 1 X0 Xk T N 1 X Xk 5
V=3 Zii, t 5 Wi ki Wkik + 5 Yici - (38)
k=1 iy =1 k=1 iy =1 k=1 iy =2

Based on @6), (35), and (37), the time derivative of (38) is given by

xn Xk 5 X 1 Xk X 1
= Cicii e O Zicsi T+ Ok;i « Zki i Zkii  +1 Okii Zkiw 1Zkji T Okii « Zk;i & Yk; (i +1)

k=1 ik=l ik=l ik=2 ik=1

Xk Xk

Oki v Zii , Wi, Sk (Zii ) + Oki v Zkii kil
ik=l ik=1
" 4

X Xk X0 Xk 2

+ Wl;r Ski« (Zxi ) Zkii Ki W Wi, + M + Yii i : (39)
ik 1k ok 1k ok K;i k K;i k ;i k K;i k
k=1 1=l k=1 iy =2

According to the boundedness of the reference signals w@X thepset d = f>11,| k>fj,k2 <D og is compact
Wherepo is a positive constant. It follows that the set o := f(* L, * z&;, + e i W k,ka.k
K=l ,k - yk,k) 6 2 gis also compact. Consequently, the composite set 4 o iIs compact. From (37), all

variables in the smooth nonlinear function ., () lie within 4 0. Hence, ;, () attains a maximum value on
d o denoted by ki -
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Applying Young's inequality yields
8
Z
Okii  Zkii g Zkii  +1 ©

2 2 2
i . Zicie+t iy
+ 1
2 2
2 2 2
Zk;i k 1 + Zk;i Kk gk;i k .
2 2 '
2 2
Y i Ok:i
2 sk +1) Kk,
Okii  Zkii o ki (i +1) © Zii, + —
2 2
Gici i ki v .
4 1

Okii  Zkii . 1Zki, O

2
Ziiy Okii ki 6 Zii, t

92, S.2 z2. . 40
O Zii Wi Sy (Zii ) 6 = ::'k Kl 4 k"{k kWi , k%5 (40)
Ik
S.2 72 .
Wi, Sai (Zki )2, 6 = ” <y k;{k KW, K%,
ik
ke Wi Wi, 6 ki WG, (Wi, + W)
6 Kii ka;i ‘ k2 + %kwk;i ‘ k2 + ki ka;i . kz;
2 2
ki i Yici .
Viie kix 6 — St w
Substituting (40) into (39), yields
xn 2. S .2 S .2
\L6 C1Gk1 +3+ L2 T o (41)
k=1 ki1 ki1
X1 1 1 g2 S22 S2
+ Ck;ikgk;ik+3+ ng;ik L+ égl%;ik + k,lk-k,lk + k,.lk Zlf;ik
=2 K;i K;i g
1 2 1 2 gE K Sk'z K Sk'2 2
+ . o 7 + Zgr.  + = LI L R S £
Ckv kgky k ng, Kk 1 ng, K k; . k; . k, Kk
Xk 2 1 2 Xk .
+ gk,|£ 1 gy :\,Ilvk yIE;i ) kL,lI. K ka;i ) k2 +# (42)
ik=2 ik=1
P 2. 2 P 2 2 2
where# =" * . s+, w. Then, let 6o10k1 = o+3+ B1Z1 lk;S:;l + S:i CiOki, = o+3+ 308, 1+
1+2 gl%;i ksk:izl< Sk:izl< 1~2 1~2 QE; K Sk;Z K Sk;Z K gl%;i K 1 k;i2 X
igkiik+T+ k:ik,ck;kgk;k= 0+§gk;k 1+§gk;k+ [ +1+ k;k,lz - 0+ 4 * 4w
and ki, =4 min ( ki,)= o. The variable ¢ is a positive design parameter.
Consequently, Eq. @2) can be rewritten as
X X 2 X T 1 Xk 2
\L 6 Ozk;i K 0 Wk;i ki Wk;i K Oyk;i K + # 6 2 OV + <! (43)
k=1 k=1 k=1 ki =2
P
Here, < = E“:l #. By selecting o > >, it follows that \L < 0 whenV = . Consequently, the regionV <

is an invariant set, implying that for any initial condition satisfying V(0) 6 , inequality (43) holds for all t > O.
Furthermore, solving (43) yields

V6<+(V(0) <)exp( 2 ot); (44)
P m P Gi K P . . .
where< = <=2 o= ., i:=1 —o—k o+ i:=2 w =(2 o). From (44), all closed-loop signals includingzy;, ,
Wi, and yg.i, are UUB.
From (43), we have
X Xk
zg; 6 2<+2(V(0) <)exp( 2 ot): (45)

k=1 ik=1
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The result indicates that for given zo > 2<, there exists a nite time Ty.1 such that for t > T .1, z1 satis es
jZk1) 6 Zo; k=151, (46)

Observe that zy can be reduced to an arbitrarily small value by appropriately selectig o, ki, and w.
Consequently, the tracking error z.; settles within a small neighborhood of zero in a nite time T,. Since
Zk1 = Xk1  Xd1, and Xg1 is bounded, it follows that xx.1 (kK = 1;:::;m) is also bounded. From the above
analysis, the rst state of each subsystem is therefore boundedNext, we prove that the second state of each sub-
system, namelyXy.» is bounded. FromXy.2 = Zx.2 + Y2 + K1 the boundednessxy.» requires boundedness of the
virtual control variable .1. However, .1 is a composite function that involving the states of other subsystens
and depends ONX1:(1 o) 550 Xmy (L % )3 Xds Wk 1- The diculty arises because the states of other subsystems
X1 o) (1 2f1:::;mg#$ k), which are in uenced by unknown interconnections, have not yetbeen shown to be
bounded. Therefore, boundedness ofy.» cannot be concluded directly. Following the proof strategy in fL4], the
analysis is divided into two cases: Case 1, all subsystems have thensa order; Case 2, not all subsystems have the
same order.

Case 1. Assume that all subsystems have identical order, that is, ; = = 5 or equivalently % (i;k 2
f1;:::;mg) = 0. Under this condition, the virtual control variable .1 can be expressed as a function of
X1:1;:10; Xm:1, the reference statexq, and the estimated parameteer 1. Since Xy.1 has already been shown to

be bounded it follows that .1 is bounded. Consequently, the second statey., is bounded as well. Using the
same recursive argument, boundedness of the remaining stateart be established in the sequencey;i, 1! Xki,,
wherek =1;:::;;mandiy =3;:::; k. Therefore, all system statesX . Combined with (44), all closed-loop signhals
including Xand\/\\/k.k (k=1;:::;m;iy=1;:::; ) are UUB.

Case 2. In general, MIMO systems do not satisfy the special condition desibed in Case 1. In most practical
situations, the subsystem orders are not identical, which implies tha there exists at least one subsystent such
that %: = « ¢ 6 0. In this case, boundedness of .1 cannot be established directly in a single step. If
1 % > 1,theterm X1 o, ) is involved, and its boundedness has not yet been veri ed. To addrss this di culty,
the following selection strategy is adopted to determine the next vitual control variable ;1 whose boundedness
will be established

(prip) =arg max (i i); (47)

where
Ur, f(k;ik)jXki, has not been proven bounded:

Remark 1. The purpose of the selection function in 47) is to identify the system state that maximizes the
di erence between the highest subsystem order and the currenstate order. This strategy reduces the inclusion
of states from other subsystems in the subsequent virtual combl variable, thereby facilitating the boundedness
analysis based on already established results.Speci cally, suppose;, 1 k 2 f1;:::;mg is the variable whose
boundedness is to be established. According to the previous deritian, ., 1 depends ONX1:(iy, 1 %q)r-:ss

Xmi(ie 1 %m ) Xds W00t 'Wklk . The objective is to minimize or eliminate the in uence of states from aher
subsystems, namelyx;. (e 1 %) (I 2 (1;:::;m) 6 k). Noting that X, 1 %) = Xi(, + , 1) Wherel =
f1,:::;mgand | 6 k, since | is a xed and known constant, X;.¢i, 1 o) contains the least amount of state
informa‘uon when ik is maximized.

By selecting (p;ip) for the p-th subsystem using @7), .1 becomes a function composed entirely of previously
established bounded states. Hence, ;1 is bounded. Sincex,;» is bounded, it follows that z,> = Xp2 V2 pil
is also bounded. Next, applying the same selection strategy4(7), the subsequent virtual control variable i, 1
is chosen, and its boundedness is established, which in turn guarag#s boundedness of the corresponding system
state Xp;i,. According to (47), the virtual control variable i, 1 at each step contains minimal state information
from other subsystems, and these states have already been stioto be bounded. Consequently, i, 1 is bounded,
which further implies boundedness ofxy;,. Proceeding recursively, boundedness of all;, 1 and Xy, (where
k=1;:::;m) is established. Therefore, aII closed-loop system state$ are bounded.

Regardlng the system input signals, the rst control input u; is constructed from X, the reference statexgy,
and the estimated parametersz 10 'Wl .- Hence,u; is bounded. For the next subsystem,u, depends on
XiXg;up; Wo.g;:i: 'Wg ,» and based on the boundedness af; and X, it can be concluded thatu; is also bounded.
By the same recursive argument, all control inputsuy (k =1;:::;m) are bounded. At this stage, all signals in the
closed-loop system are uniformly bounded.



Yang Q C , et al. Sci China Inf Sci July 2026, Vol. 69, Iss. 7, 172206:11

4 Learning from neural control for MIMO systems

In the previous section, the stability of the unknown MIMO system was established through detailed analysis.
However, the adaptive NN controller described above guaranteesnly closed-loop stability. It remains unclear

whether the NNs embedded in the controller can accurately approxnate or identify the unknown interconnected

nonlinear functions in the system. Therefore, true learning cannoyet be claimed. The learning capability of NNs

has long been a central issue in control theory, since realization déarning determines whether an adaptive NN
controller can be regarded as genuinely intelligent control. In fact,NN learning occurs only when the PE condition
is satis ed. However, veri cation of the PE condition is typically dicu It, as it cannot be guaranteed a priori.

According to Lemma 1, if the input vector of the RBF NN satis es the recurrent property, the corresponding
regressor sub-vector satis es the PE condition. The next step igo show that the NN input of each subsystem
satis es the recurrence condition. Owing to the intrinsic complexity of MIMO systems, the unknown interconnected
nonlinear terms substantially increase the di culty of establishing NN learning. Speci cally, the NN input depends

not only on the states within each subsystem but also on coupled sta information from other subsystems. To
address this challenge, a new analytical approach is required to esblish NN learning. The following theorem
summarizes the main learning result of this section.

Theorem 2 (Learning proof). Consider the closed-loop control system consisting of the MIMO plat (1) with
unknown interconnection terms, the reference model2), the adaptive neural controller (32), the DSC lIters ( 14),
(23), and the NN update law (16), (26), (33). For any given initial conditions X (0) 2 o (where o is a suitably

\f\\/k;ik converge to a small neighborhood of their common optimal value&V,; . Furthermore, locally accurate
approximations of the unknown closed-loop interconnection dynarits Hy.i, () are achieved by\f\\/kT;ikSk;ik () and
WkT;i . Ski\ () along the NN input trajectories Zy;, (t)(t > T k;i, ), where
Z,,
Wi, (s)ds; (48)

Wi, = meanz i, 1, Wi (1) =
tb ta t

where fp;ta] (th > ta > Tk, k=1;::0,m; i = 1;::1; ) represents a period after the system's closed-loop
control has reached a steady state.
Proof. In this part of the learning proof, the presence of unknown interonnection terms implies that the NN input
of each subsystem contains coupled state information from othesubsystems. Consequently, the PE condition for
each subsystem cannot be established recursively in the same mamas for an SISO system by simply following
the subsystem order. The proof is divided into two cases: Case 1)lasubsystems have the same order; Case 2, not
all subsystems have the same order.

Case 1. According to Theorem 1, the tracking error z.; converges to a small neighborhood of zero within a

nite time Ty.1. Hence,Xy. 1 converges toxgk. Thus, Xk.1 (k =1;:::;m) becomes recurrent. Since all subsystems
have identical order, namely %; = = %m =0, the NN input Zg1 = [X1:1 oy)i: 5 Xm(@ % );&,k]T =
[X1:1;:: 0 xm:1; Xak]T . Because the reference signatq is recurrent and xx.1 (k = 1;:::;m) has been shown to

be recurrent, the NN inputs Zy.1 are recurrent. Consequently, the regressor subvecto®.1(Zk.1) satis es the PE
condition according to Lemma 1.
Step 1. Based on the localized property of RBF NN along the trajectory Zy.1(t), the tracking error subsystem
for z.1 and the NN weight estimation error subsystem forWy.; can be written as
8

2 Z;1 = Ok1 Ci:1Zk;1 t Zk:2 + Yk 2 W|;|:1 Sk;l (Zk;l)+ kil ( )
49

T Wi = k1 Ser (Zen)zer kaWir

and
Wk;l = k1 Sk;l (Zk;l)zk;l k;lwk;l ;

where Sy;1 (Zk;1) denotes the subvector of neurons located near the trajectgy while S,.; () denotes the comple-
mentary subset. The term W,.; represents the weight estimation error associated with the activeneurons along
the trajectory, and 1 = k1 VVkT;l Sk.1 (Zk;1) denotes the localized approximation error, withj ;1 j close to
j k1j. It is noted that the a ne term g«.1 may amplify the approximation error, which can degrade the learning



Yang Q C , et al. Sci China Inf Sci July 2026, Vol. 69, Iss. 7, 172206:12

performance. To mitigate this e ect, the state transformation .1 = z1=0k.1 IS introduced. Accordingly, the
closed-loop system 49) can be transformed into the following LTV system with small pertur bation terms:

" # " . #" # " o #
81 _ G101 G151 (Zi1)=0k1 €1 | ki1 : (50)
Wk;l k;1Sk;1 Ok;1 0 Wk;l kil ki1 Wk;l
where E;l = Ok1(Zk 2+ k1 * Yk 2)=0k1. According to Theorem 1 and Assumption 1, 8;1 can be made su ciently
small. Moreover, by choosing k.1 su ciently small, the term k1 ki \f\\/k;l can also be made small. Therefore,

Eq. (50) can be regarded as an LTV system subject to small perturbatios. Based on Assumption 1 and Lemma
1, the term gk;lslf;l (Zk:1)=0k:1 satis es the PE condition. Let A(t) = k10«1, and chooseP (t) = gf;lzgkl, then
we haveATP + PA+ R = 260102, O210c1=0, = 024[20¢1 + G¢1=G%4]. According to Assumption 1 and
Theorem 1, g1 is bounded. Hence, an appropriate control gairc.1 can be selected such that &4 + gk;lzgf;l >0
holds. By Theorem 2.5 in P2], the nominal part of (50) is exponentially stable. Furthermore, applying perturbation
theory in [41], the LTV system (50) remains exponentially stable. ConsequentlyW,.1 converges exponentially to
a small neighborhood of zero within a nite time Ty.;. The size of the convergence neighborhood is bounded by
i 8;1 jandk 1 k1 \/\‘/k;l k. Hence, the unknown interconnected nonlinear dynamic$.1(Zx.1) can be accurately

approximated by the NN ngsk;l(zk;l) and \f\\/kT;1 Sk.1 (Zk:1) along the recurrent trajectories Zy.1(t) as
Hi1(Zk1) = Wi Sei(Zk) + R = Wily Scr (Zk) + ks (51)

where both 8;1 and .1 remain close to .1 owing to the convergence ofWy.; .

During the steady-state interval after weight convergence, thke averaged valuéW,.; over a certain period is taken
as the learned dynamical knowledge abouH.1( ) in this process according to @8) as

Hi1(Zic1) = W 1Sk1(Zi) + k1= Wiy S (Zin) + k1 s (52)

where .1 and .1 remain su ciently close to 8;1 and .1 , respectively.
Step 2. Note that 1 = Geizkr WQ;Sk1(Zk1) = ceilkr  Xak)  WJ,Sk1(Zk1), and since Wiy
converges toWy. 1, it follows that:

k1= Ck;l(Xk;l Xdk) Wl;l;—lsk;l(zk;l) + I'k;l; (53)

where" .1 = [Wk:1 \/\\/k; 11" Sk:1(Zk:1) becomes su ciently small owing to convergence oh/\\/k;l. SinceXy.1 and Zy.1
are recurrent, .1 is also recurrent. Fromxy,> = Zg2+ Yk2+ k1, and the fact that z, and yy;» converge to small
neighborhoods of zero by Theorem 1, it follows thatxy > is recurrent. Moreover, SinCeyx,2 = k. 2() k.1 IS small,
k. 2¢f) is recurrent. Consequently, i (1) iS recurrent according to (14).

Next, under the assumption that all subsystems have identical oder in this case, learning of all NNs is established
recursively in sequence. The input of the second NN of subsystemis Zx;2 = X1;2 %,)i 5 Xm 2 %m )i k2(f) =
X125 50 Xmy @) s de2(f) Since%q = = %m = 0. From the previous step Xk;1, Xk;2 (K =1;:::;m) and g o)
have been shown to be recurrent. Hence, the NN inpuZy., is recurrent. Consequently, the regressor subvector
Sk:2(Zk: 2) satis es the PE condition.

Exploiting the localized property of the RBF NN along trajectory Zy.»(t), the closed-loop subsystem associated
with the tracking error z., and the NN weight estimation error subsystemWy., can be written as

8

— T .
2 Zg:2 = Ok;2 Ck;ZZk;2+ Zx;3 Zk;l+ Yk;3 Wk;z Sk;2 (Zk;2)+ k;2

. (54)
: Wk;Z = k2 Sk;2 (Zk;z)zk;Z k;ZWk;Z ;

and
Wk;z = k2 Sk;2 (Zk;Z)Zk;Z k;ZWk;Z ;

where 2 = k2 WkT;z Sk.2 (Zk;2) denotes the localized approximation error along the recurrent tajectories

Zy:»(1). Introducing the state transformation ex.» = zx.2=0k. 2, the closed-loop error system %4) can be transformed
into the following LTV system with small perturbation terms
" PR #o P #
&2 _ Ck;20k; 2 gk;25|1-;2 (Zk;2)=%k; 2 €2 | E;z
Wh: 2 k;2Sk;2 Ok 2 0 W, 2 k2 k2 Wi

; (55)
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where E;z = Ok2(Zks  Zk1t k2 * Yk3)=Ok2. Then, according to Theorem 1 and Assumption 1, 8;2 and
k2 k2 Wk;z can be made su ciently small through appropriate parameter sele¢cion. Hence, Eq. (65) can
be regarded as a perturbed LTV system. LetA(t) = G202, and chooseP(t) = glf;zzg<;2, then we obtain
ATP + PA+ = 200205, Of,0k2=%, = Ogo[20k2 + Gw2=C,]. By selecting the control gain g, such that
202+ gk;z=g§;2 > 0, the LTV system (55) is exponentially stable according to Theorem 2.5 in22] and perturbation
theory in [41]. Consequently,Wy., exhibits exponential convergence to a small neighborhood of zefahere the size
of the neighborhood is determined byj 8;2 jandk k2 k2 Wk;z k. After exponential convergence of the NN weights,

W2 is selected according to 48). Therefore, along the recurrent trajectoriesZ.»(t), the unknown interconnected
dynamics Hy.»(Zy. ) is accurately approximated by WkT;ZSk;z(Zk;z) and WkT;2 Sk.2 (Zk:2) as follows:

Hi2(Zk2) = W Sk2(Zi2) + k2= Wiy Sz (Zi2) + k2 (56)

where both ., and .2 remain su ciently close to .».
Furthermore, once\/\\/k;z converges toWy. o, the virtual control .2 =  Zc1  Cc2Zk2 WkT.ZSk;z(Zk;g) becomes

a recurrent. From Xg.3 = Zk3 + Y3 + k2, the third state xi3 is also recurrent. Sinceyk;s =  ;3(f) k2
is close to zero, |.3) is recurrent, and consequently, .3y is recurrent. Thus, the third NN input Zy3 =
Xu@) i Xm @) s 3t )]T follows a recurrent trajectory, and Sy.3(Zk.3) satis es PE condition.

Step ik (36 ik 6 K 1). Following the same reasoning, it can be shown tha®Zy.;, possesses the recurrent
property, which ensures that Sy, (Z:i, ) satis es the PE condition. Combining the localized property of the RBF
NN and the state transformation ey, = z;, =0k, , the closed-loop system along the trajectoryZ, (t) (t>T ki, )
can be expressed as the following LTV system:

" # " . #" # " o #
& _ Cai O Okie Ski, (Zki )=y iy . Kif ; (57)
Whei ki S Gk 0 Wi kiv ki Wi,
where 25 = Ok (Zki+t  Zaiw 1t kiv Tt Yie(iern) ) iy and i T ki \IVkT;ik Ski, (Zi,) denotes the

localized approximation error along recurrent trajectories Zy.;, . By selecting an appropriate control gain ¢, ,
Wi, converges to a su ciently small neighborhood of zero within nite tim e. As a result, the unknown dynamics
Hii, (Zki, ) can be accurately approximated bkaT;i « Ski (Zk;i, ) along the recurrent trajectories Z; , (t)

Hicio (Zii ) = Wi, S (Zii )+ ki = Wit Sie (Zii )+ ki s (58)

where both ;, and y;, remain su ciently closeto ;,,and Wy, is selected according to 47). Moreover, both
_ki o +1( ) @and the subsequent system statey;,+1 are recurrent.
Step « (k=1;:::;m). Based on the previous analysis, namely Steps 1 throughy 1, it can be concluded

the input Zy. . = XT;ug;iii Uk 1; XK« (F) T of the last-order NN recursively contains input variables from othe
subsystems. Therefore, the proof proceeds recursively acaling to the order of the subsystems, beginning with the
last order of the rst subsystem, namely \f\\llT .St (Z1; )

According to (29), the input to the last-order NN of the rst subsystem is Z;. , = [XT; ;. 1(f)]T. From the
previous analysis, all system statesX and _;. ,(s) are recurrent. Thus, the NN inputs Z;; ,(t) follows a recurrent
trajectory, and the regression vectorS;. , () satis es the PE condition. Similarly, by utilizing the localized property
of the RBF NN and introducing the state transformation e;. , = z;. ,=0. ,, the following closed-loop LTV system

arises along the recurrent trajectory ofZ. | (t)

" # " . #" # " #
€, - Cy; 101 Os; 181; 1 (Zli 1):915 1 €1, + (:I?; 1 . (59)
Wy, 1,51, O, 0 Wi, , pyon Wi,
where 2; ., = 0 ,( zi;, 1+ 1, )0 , is suciently small. By selecting an appropriate control gain c; ,,

exponential stability of the LTV system (59) is established using the same reasoning as in the previous steps.
Consequently, W;. , converges to a small neighborhood of zero, and the unknown sysh dynamicsHi. ,(Z1. ;)
is accurately approximated by the converged NNWlT; ,S1; , (1) according to (47)

Hl; 1(Zl; 1) = W:I-.r 181; 1(Zli 1)+ 1,4 = W:I-.r 1 Sl; 1 (Zli 1)+ 11 s (60)
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where both 1., and 1., remain su ciently close to 1. ,.
According to (32), the control input of the rst subsystem u; converges to
Ur= Cy .21, Zi;, 1 Wy Sy u(Zy )+ "o (61)
where";. | = [Wy., Wi ]Sy ,(Z1 ,) diminishes to a su ciently small value due to convergence of W;. ,.
Hence, the control input u; becomes recurrent.

Next, the input vector of the second subsystem isZ,. , = [XT;uq; . z(f)]T, we can see thatZ,. ,(t) follows
recurrent orbits. Consequently, the regression vecto6,. ,(Z,. ,) satis es the PE condition. Under the PE condition
of Sy. ,(Z2: ,), the corresponding identi cation error LTV system can be constructed in a manner similar to (59) and
its exponential stability can be established. Accordingly, the weighs of the last-order NN of the second subsystem
converge toW,. , and

H2§ 2(222 2) = WZT, 2822 2(22; z)+ 2, = WZT, 2 822 2 (ZZ; z)+ 2 5 (62)

where both ,. , and ». , remain su ciently close to 5. ,, respectively.

Similarly and recursively, it can be shown that the NN inputs Zy. , =[X T;ug; iUk 1; K k(f)]T are recurrent
and thus satisfy the PE condition. Consequently the correspondig NN weights \/\\/k; . converge, and the converged
NN Wy. . accurately approximates the unknown dynamicsHy. , () along the recurrent trajectories Zy. , (t).

At this point, it has been established that the NNs of all subsystemsachieve learning, and all unknown intercon-
nected intrinsic dynamics are accurately identi ed by the correspamding NNs.

Case 2. Unlike Case 1, learning in this case cannot be achieved through a stightforward recursive procedure
due to the presence of unknown interconnected terms with nonagpl order. Therefore, a di erent strategy is required
to establish the learning process of the NNs.

subsystem is established. Sincex.1 = X1 Xgk converges, it follows thatxy.1 is recurrent.
Note that, unlike Case 1, the recurrent property of .1 cannot be established directly, and therefore the next
state xx.1 cannot be shown sequentially to be recurrent. This is becausey.; still contains subsystem states whose

in 1if1 9% > 1. To address this issue, the following selection strategy6@) is adopted to determine the next
system state to be analyzed

(d;iq) = arg (kma)\gue( koK) (63)

where
Ue , f(Kk;ik)jXki, has not been proven recurreng:

Zg1 = Xu( %) 5 Xmd %m)s Xd T [X1:1;::: ;xm;l;xd]T. Therefore, Zq.1(t) follows the recurrent trajectory.
Thus, the PE condition is satis ed for the regression vectorSg;1(Zq;1).

Based on the localized property of the RBF NN, the corresponding losed-loop error system associated with
Sy:1(Zg;1) is given by

2 Zg1= Gg1 CgiZgit Zgz2 + Vg2 Wc;r;l Sqi1 (Zg)) * g1

N (64)
T Wg1 = g1 San (Zgi1)Zga q;l\f\\/q;l ;
and
Wy1 = g1 Sg1 (Zan)Zan Q;lwq;l ;
where Sq.1 (Zq;1) consists of neurons localized near the loop trajectoryZq.1(t), q1 = q1 WJl Sq1 (Zg:1)

denotes the localized NN approximation error. Introducing the stee transformation eq1 = zg:1=0q;1, the LTV
system corresponding to 64) is obtained as
" # " #" # " #
€1 _ Cq;190;1 gq;lsg;l (Zg:1)=0q1  €qa + 8;1
W1 a:15g;1 Gg;1 0 Wq;1 a1l ol Wq;l

; (65)
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where 8;1 Og:1(Zg2 + q1 + Ygq;2)=0q;1. According to Theorem 1 and Assumption 1, 8;1 converges to a
su ciently small value. By selecting a su ciently small 4.1, the perturbation term a1l q1 \f\\/q;l can also be
made su ciently small. Thus, an appropriate control gain cq;1 can be selected such that &1 + gq;lzi;l > 0 holds.
By combining Theorem 2.5 in R2] with perturbation theory in [ 41], the LTV system (65) is exponentially stable.
Consequently, Wq.1 converges exponentially to a small neighborhood of zero. Therefe, the unknown system

dynamics H;1(Z4;1) is accurately approximated by the converged NNW(LSq;l( ) according to (47) as follows:

Ha1(Zg1) = Wc{lsq;l(zq;l)+ g1 = W(;r;l Sq1 (Zga) * g1 s (66)
where 41 and 1 remain in close proximity to .1, respectively.
Therefore, the virtual control .1 converges to 1 = Cq1(Xq1  Xdq) ngsq;l(zq;l) + "g:1. Owing to the

convergence of the NN weights, .1 becomes recurrent, where g1 is su ciently small. Since zq.» and yq.2 converge
to small neighborhoods of zero by Theorem 1xq2 = Zg2 + Yq2 + g1 IS recurrent. Moreover, (1) iS recurrent
based on convergence ofy.» and the lter ( 14).

Next steps. In the remainder of the proof, the recurrent properties of the remaining system states and the
learning of the NNs cannot be established in a xed order. This is becase the interconnection structure may
introduce subsystem states whose recurrence has not yet beestablished. Therefore, the selection function 47) is
repeatedly applied to determine the next state to be analyzed. Assme that the next state to be analyzed isxg;,,,
which satis es

(9;ig) = arg (kma)lgue( ko k) (67)

where
Ue, f(K;ik)jXki, has not been proven recurreng:

According to (22), the corresponding virtual control variable satis es

- T .
Gla D= Zate 2 Caia DZate 0 Waa, nSats 1Zad, 1) (68)
where the NN input Zq,;, 1) is given as follows:
T
Zalie D= Xiig 1 %10 5 XmiGa 1 %m) Gl DI (69)

Remark 2.  The set Ue de ned in the selection function (67) indicates that the state xq;, selected at this step
maximizes the di erence between the subsystem orderq and the current index iq (that is max( g iq) for 8xgq;i, 2
Ue ) among all states that have not yet been proven recurrent. Corersely, a state exhibits an order di erence greater
than ( ¢ iq), at the current step, then it does not belong to Ue and has already been established as recurrent.
Consider the subscripts of the system states appearing in the NN jput Z.;, 1). Since there arem interconnected
subsystem states, namelyKs; i, 1 9%:)s 111 Xmi(iy 1 %m ) thEY can be represented compactly agy; i, 1 o) (K=
1;:::;m). The order dierence of the last state of each subsystem is comgted asDyx = ¢ (iq 1 %k) =
k Iqgtl+( ¢ k)= ¢ Iig+l. Accordingto (67),( ¢ iq)is maximal atthe current step. SinceDy is larger than
( ¢ ig), none of these subsystem states belong tde and therefore they have already been established as recurrent.

other subsystem state has an order di erence not smaller tharDy, and thus does not belong toU.. Consequently,
all such states are recurrent. Next, it remains to establish the reurrent property of _g.;, 13 in (69). According
to the above analysis, the system statexq,, 1) of the g subsystem is recurrent because its order dierence is
q Iq*+*1l> 4 Iiq. Basedon Theorem 1, the tracking errorzq,, 1y = Xqyi, 1) aiy 1f converges close to
zero, it can be concluded that g, 1)¢ is also recurrent. Thus, its derivative _q i, 1r IS recurrent. Based on
the above analysis, we prove that the NN inputZ,.;, 1)(t) follows the recurrent orbits. According to Lemma 1,

Sqiis 1)(Zgyi, 1)) Satis es the PE condition.

Combining the local properties of the RBF NN with the state transformation eq.i, 1y = Zgqyi, 1)=qi, 1), the

following closed-loop LTV system along the trajectory ofZq,;, 1)(t) is obtained

. y i 4 "
€ite D _ _ S H9%ta 9 Gate HSqi, 1 Yala D Caliy 1)
Wi 1 Saitiq 1) Yai(iq 1 0 Waiiiq 1
a:(iq 1) WSa(ie 1) q:;q ) 4 ai(iq 1) (70)
+ ailia 1) ;

a;(iq 1) ai(iq 1) Wq;(iq 1)
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0 - . . ) ’ = ; ] = )
where i 1) T Oate »(Zaiac  Zele 2 F e DT Yoo+ )ae vr @A g n 0 T g D)
W;(iq 1 Sqiq 1 (Zaqis 1) denotes the approximation error along the recurrent trajectay Zqyi, 1). Similarly,

by selecting an appropriate control gain cqi, 1), Wq,i, 1) IS guaranteed to converge to a su ciently small
neighborhood of zero. Consequently, the unknown functionHq.i, 1)(Zq;i, 1)) IS accurately approximated by

WCI(iq ySaiis 1(Zqgi, 1)) along trajectory Zqyi, 1(t)

— T
Hate 1 (Zaia 1) = Wad, nSats 0Eate 1)+ a2
—_ T .
= Wai, v Sate v Zatie 0)F aiq 1 (71)

where g, 1 and g, 1 remainsuciently closeto 4, 1y, respectively, andWy,;, 1) is selected according to
(47). Therefore, the virtual control 4, 1) in (68) is recurrent. Furthermore, _g;, ¢ty and the subsequent system
state xq;i, are recurrent.

Remark 3. The above procedure is dynamic and iterative. After a system stat is established as recurrent, the
selection function is applied to determine the next state to be analyed. Each time a state is proven recurrent, it is
removed from the setU,. In fact, the above process of implementing the proof by selectinghe function may jump
back and forth between the states of each subsystem. Therefe, this process is like taking balls from a box (the
box here is equivalent to the setUg), continuously reducing the number of balls in the box. The balls that have
been taken out are equivalent to the colors of the known balls, andhe probability of the balls that have not been
taken out is a ected by the balls that have been taken out.

According to the selection function (67), the state that maximizes the order dierence 4 iq, is chosen at
each step. Because the order of the last state of each subsystds consistent with the system order, it has the
minimal order di erence and is therefore selected last. Through ths dynamic selection process, the maximal order
di erence decreases monotonically to zero. Consequently, all sj@m states X = xl 1;:::;XIT N T are eventually
established as recurrent. In addition, the learning process of all Ns except those correspondmg to the nal order
of each subsystem is established.

Last steps. The NN corresponding to the nal order of each subsystem is embaded in the controller uy (k =

1;:::;m). Therefore, the remaining proof focuses on establishing the PEandition and learning properties of the
NNs within the controllers (32).
From (29), the NN input associated with controller uy is Zx. , = [XT;us; iUk 15 ke k(f)] Accordingly,

convergence of the NNs is established sequentially fromm; to uy,. First, the NN input of controller u; is denoted as
Zi. .= XU 4 T. As established previously, the entire state vectorX is recurrent, and 1. .(f) is recurrent
due to recurrence ofxy. ,. Hence, the regression vectoB;. , (Z;. ,) satis es the PE conditions.

Next, following the same procedure as in the previous steps, a cloddoop error LTV system is constructed via
state transformation and the localized property of the NN

" P ) #o P 4
€1; 4 — C1; .01 Os; 181; 1 (Zli 1):915 1 €1 + 8; 1 . (72)
W, , 1.5, O, 0 Wa; | n, o1, Wi,

where §. , = O .(z1;, 1+ 1, )"0 ,. From Theorem 1 and Assumption 1, 2. ., Is suciently small. By

selecting 1. , is su ciently small, the perturbation term 1, 1, \f\\/l; ., is also su ciently small. Therefore,

the control gain c;; , can be selected such that @; , + ¢ ,=¢Z. , > 0 holds. By applying Theorem 2.5 in p2]

together with perturbation theory in [ 41], the LTV system (65) is exponentially stable. Consequently, W;. ,
converges exponentially to a small neighborhood of zero. Henceheé unknown dynamicsH1. ,(Z1. ,) is accurately
approximated by the converged NNWlT; ,S1; , () upon on (47) according to

Hl: 1(212 1) = W]-_r, 1812 1(21; 1)+ 1,1, = W]-_r, 1 Sl; 1 (Zl; 1)+ 11 (73)

where both 1., and 1., remain su ciently close to 1. ,.
After the convergence 01‘\/\‘/1; .» the controller input u; satis es

Ur= € ,21;, 21, 1 Wi ,S;,(Zy,): (74)

SinceZi. , and X are recurrent, u; is recurrent. Subsequently, from the observation of the input ofsecond NN
embedded inu,, we can deduce thatZ,. , = X T;ug; 2 2(f) T contains X, ui, and . (). Based on above
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analysis, the rst input variable is recurrent, and therefore we can conclude that Z,. , is recurrent. Consequently,
the regression vectorS,. ,(Z,. ,) satis es the PE condition.

Following the same procedure as in12), the NN of the second subsystem achieves learning through safaction
of the PE condition for S,. ,( ) and the exponential stability of the corresponding LTV system. Consequently, the
NN weight \f\‘/z; , to a small neighborhood of its optimal valueW-. ,. Accordingly

H2; z(ZZ; 2) = WZT ZSZ; 2(22; 2)+ 2, = WZT 2 82; 2 (ZZ 2)+ 2 5 (75)

where both ,. , and ,. , remain su ciently closeto . ,.

Therefore, the second input signalu, is recurrent, analogous to {4). Next, the NN input of controller Z3. , =
XT;ursug; s S (f )]T in uz of the third subsystem follows the recurrent signals and correspading regression vector
Ss. ,(Z3. ,) satis es the PE condition. Then we can construct the corresponling closed-loop error LTV system
of e3. , and W3. , similar to (72). Subsequently, the NN \f\\/; ,S3; 4(Z3; ,) in the third subsystem can be proved
to achieve weight convergence, and the corresponding unknownydamic function Hs. ,(Z3. ,) can be accurately
approximated by Wi . Ss; ,().

recurrence implies that the NN input Zy. , (t) follows a recurrent trajectory. According to Lemma 1, the regression
vector Sy.  (Zk. ) satis es the PE condition. Hence, the NN \/\\/kT; . Sk, () achieves learning, and its weights
converge toW. , .

After establishing learning for the NNs at the nal order of each subsystem, the learning proof for all NNs in the
interconnected MIMO system described in (). The closed-loop dynamical knowledge obtained through this proess
can be characterized as follows. Along the reference recurrentgjectory ' E;i ) (Zli‘;i . (1)), there exists a neighborhood

band region g,, ~determined by constantsd and ; . When the actual system trajectory * ﬂ;i ) (Zlf;i . (1)). When

the actual dynamical trajectories’ y;, (Zi;i, (t)) enters g, ., the learned constant value NNWkT;i « Ski\ () accurately
approximates the unknown interconnected nonlinear dynamicsHy.i, (). The formal description is given by

dist(" iy (Zii N> T ):" , (25, (0) <d )i WG, Skinc () Hii OF < iy (76)

where ., is suciently close to ;,. The above formula (76) indicates that once the NN input trajectory

Zy;i (1) enters the neighborhood band region g, o the learned constant NN WkT;i . Ski\ () provides an accurate
approximation of the unknown interconnected nonlinear dynamicsHy:, ().

5 Learning control for MIMO systems based on knowledge

In the previous section, the learning processes for two cases ofiknown interconnected MIMO systems were estab-
lished. All NNs in system (1) achieved weight convergence, and the learned closed-loop dyn&al knowledge was

closed-loop dynamical knowledge to a knowledge-based learning dool framework, thereby further improving the
performance of the closed-loop MIMO system.
Based on the acquired knowledge, the following knowledge-based heéng controller is constructed

Uk = C¢ o2k« Zk « 1 Wk Sk (Zk o) (77)

and the corresponding virtual controllers are de ned as
(
k1= Ce1Zk1 W 1Sk1(Zk);

_ T P g . (78)
Kik = OkivZiic  Zkiv 1 Wi S (Zii); (K=15000m5 e = 150000 k),

where the control gaincyi, is de ned as in the previous section. The proposed learning controframework for the
unknown interconnected MIMO system is shown in Figure 2.

Theorem 3.  Consider the closed-loop system composed of the interconnecteshknown MIMO system (1), the

if the initial value satises V(0) < , then all closed-loop signalsX and the adaptive weights\/\\/k;i L (k=1;::0,m)
with 1 6 ix 6 ¢ remain UUB. Moreover, the tracking error z.; converges to a small neighborhood of the origin in
nite time.



Proof.

Yang Q C , et al. Sci China Inf Sci July 2026, Vol. 69, Iss. 7, 172206:18

o~
. ; uk k
AdaptlYg,Neural Saniralies Interconnected MIMO System Y
U = =Ch oy 2o — Ziepier = W ki Siepr(Zipr)
W k.pk l Xa
RBF NN Learning Law )
v
Learned dynamic knowledge
Wi, 4, SC) The adaptive neural control (training) phase
T
___________________ B e o PR e e S i 5 i i e R e o 2 o R e ]
___________________ ettt et
i
!
i
y
Knowledge-based controller Uk Yk
- Interconnected MIMO System >
U = —=CrpiZipye ~ Zhp—1 ~ WiepSkopye (Zk‘Pk)
Xq I
The learning control (knowledge use) phase
Figure 2 (Color online) Block diagram of the proposed learning and co ntrol framework.

based learning control scheme is obtained

8

> Z1= Ok1 Ge1Zeit Zk2 * Ykz * Hi1(Zi)  WidiSk1(Zka)
S T T Ok Zhivrl CivZaic Zkiv 1T Vi + Hii (Ziii) Wi Sii i (Zii) ;A <ik6 1)
. Z; « = Ok « Ck; « Zk; « Zy; 1+Hk;k(zk§k) WI;I;—kSk;k(Zk;k):

By combining (1), (5), (24), (77) and (78), the following closed-loop error surface system for the knowleds

(79)
Consider the Lyapunov function candidate
1 X Xk 1 X Xk
=3 Zlf;ik t 5 Vi - (80)
k=1 ix=1 k=1 ix=2
Its time derivative is computed as
X Xk X Xk
V= Zyii Zigiy T+ Yiii i Ykii «
k=1 jx=1 k=1 ix =2
xn Xk 5 X! Xk X !
= Cii i Ok i Ziciy + O i Zkii « 2k +1 Oii e Zkiine 12kt i i Ziii « Vi (i +2)
k=1 ik=l ik=1 # ik=2 n ik=1 #
Xk . X Xk Y2,
+ Ociv Zkih, Hii (Zii ) Wi, Skiy (Zki )+ =+ Vi ki (81)
ik=1 k=1 iy =2
Similar to (37), the input of the continuous function ;i () (k=1;:::;m; iy =2;:::; k) in (81) is contained

in the compact set ¢ d, except for\f\\/k;l;:::;\f\\/k;ik 1. Therefore, i, satisesj ki, j<

0

d-
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Applying Young's inequality yields
8

G Zii, Zii 41 6 ZIE;Zik + Zlf;ik; QE;ik;
Okiiy Zkii . 12Zki, 6 Zﬁi; L i kzgﬁik;
Ok Zii o Yi: (i +1) 0 Z8i, + M (82)
iy Zai, Hiiy (Zki) Wi, Swiy (Ziy) 6 285, Oei, + k;T?k:
Vi ki © %+ w:

Following the approach in Theorem 1, letcc10c1 = o0+2, Cki Oki, = ot+t2+ %g,f;ik .t %gf;ik Ce Ok =

2 2 . . . T
0t 302 , 1t 308 andl= = o+ gk”; * + —-. The parameter o is a positive design constant. Substituting
these expressions into §1) yields
L6 2oV +R; (83)
— P m P k P m P k 2 — H — i —
whereR=" ., ‘5, W+ o ‘a1 «i = Giventhat o> R=2 , it can be concluded that\. 6 O forV =
Furthermore, it follows from (83) that
V6 R+(V(O) R)exp( 2 ot); (84)
where =) P p p
R _R= L owr Lk 2 =4
R= — = : (85)
2 0 2 0

Eq. (85) implies that R can be made arbitrarily small by selecting appropriate o and w. The remaining steps
follow those in Theorem 1. Consequently, all closed-loop signals areUB, and the tracking error z..; converges to
a small neighborhood of zero.

6 Simulation studies

Example 1. To verify the e ectiveness and advancement of the proposed apach, we consider the following
unknown MIMO system composed of two mutually coupled and intercanected subsystems
8 X1.1 = 0:5(X1;1 + Xp;1) + (140 :1x3.1X3.1)X1.2;
% X1;2 = (X1;1X1;2 + X2;1X2;2) +[2 + COS(X1;1X2;1)]U1;
X2;1 = X1;1X2;1 +[2 + sin( X1;1X2;1)]X2;2; (86)
§ X2:2 = (X1,1X1;2 + X21X2;2 + U1)® + (€XP*Ht +exp *21)up;
Toyk = Xk k=12

The recurrent reference model is given by the following second-der nonlinear system:

Xd1 = Xd2;

(87)
Xa2 = Xar+ (1 x31)X3;

where Xq1; Xq2 represent the reference output of the two subsystems in86). The parameter issetto =0:2 and
initial values are [X41(0); X42(0)] =[0:2; 0:1].
(1) Learning from ANC control for unknown MIMO systems. According to Section 3, the adaptive NN controller

of the rst subsystem is designed asu; = C12Z12  Z11 \/\\/;251;2(21;2), and the controller of the second
subsystem is designed as; = Cp2Z22  Z21 \f\\lzT;ZSZ;g(Zg;z). The corresponding virtual controllers are 1.1 =
C1:1Z1:1 \f\\/lT;1$(Zl;1) and 4 = C2:1Z2:1 \f\\/zT;18(Zg;1). The rst NN of the rst subsystem Wl;lsl;l()

uses 27 neuron nodes with centers evenly distributed on [0:25;0:25] [ 0:25;0:25] [ 0:25;0:25] and width
1.1 = 0:2. The second NN of the rst subsystem\/\\ll;gsl;z( ) uses 324 neuron nodes with centers evenly distributed
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Figure 3 (Color online) Tracking performance of (a) the rst subsyst em and (b) the second subsystem.
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Figure 4 (Color online) The NN weights convergence of (a) the rst sub system and (b) the second subsystem.

on[ 0:250:25] [ 0:250:25] [ 0:25;0:25] [ 0:15;0:15] [ 0:1;0:1]and width 1., =0:15. The rst NN of second
subsystem\f\\/g;lsz;l( ) uses 27 neuron nodes whose centers are evenly distributed on(:25;0:25] [ 0:25;0:25]
[ 0:25;0:25] and width ,.; = 0:2. The last NN of second subsystemf\\/g;zsg;z() uses 27 neuron nodes with

centers evenly distributed on [ 0:25;0:25] [ 0:25;0:25] [ 0:250:25] [ 0:150:15] [ 0:1;0:1] [ 0:1;0:1]
and width 5., = 0:15. The design parameters are set t@;.; = €1 =8, €12 = Cp =10, 11 = = 22 =6,
11 = = 22 =0:001. The initial states are [x1.1(0); X1:2(0)] = [0:2; O], [X2:1(0); X2:2(0)] = [0 :1; 0] and the initial

NN weights are Wy.1(0) = W1.5(0) = W,.1(0) = W,.,(0) = 0. The simulation results for part (1) are shown in
Figures 3{5. The tracking performance of the ANC scheme is showin Figure 3. Figure 4 shows convergence of
the NN weights for the two subsystems.

(2) Learning control using experience for unknown MIMO systems From Figure 4, the NN weights of each
subsystem converge to steady values, indicating that the NNs haw learned the underlying unknown nonlinear
dynamics, as illustrated in Figure 5. According to (48) in Theorem 2, the learned knowledge is extracted by
computing the time average of the converged weights, de ned a®y.;, = meantz[lgo;zo()]\f\\/k;i (D (k=1;2;ik =1;2).
These averaged weights are stored as constant-weight NNs topeesent the acquired dynamical knowledge obtained
through DL. By recalling the stored knowledge, the experience-bsed learning controllers are constructed according
to (77) in Section 5. The control performance comparison between the ANC and LC dwemes is shown in Figure
6. The results demonstrate that the LC scheme achieves improvettacking performance compared with the ANC
scheme for the considered MIMO system.

Example 2.  In the second simulation case, a two-degree-of-freedom robotarm system with two joints is consid-
ered, where each joint is driven by an independent motor. Owing to igini cant dynamic coupling and interconnection
between the two joints, the system is modeled as an MIMO system awisting of two interconnected subsystems.

The system dynamics are described as

M(geg+ V(q;aa+ G(q) = ; (88)
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Figure 5 (Color online) The NN approximation of (a) the rst subsyste m and (b) the second subsystem.
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Figure 6 (Color online) The tracking performance comparison betwee n ANC and LC schemes for (a) the rst subsystem and (b) the seco nd
subsystem.
where " #
a+ bcos(@) c+ b=2cosp)
M (q) = ;
c+ b=2cos(p) c
" ) # " #
bsin(op)(a @ + 0:505) dcos(1) + ecos(@)
V(q;Qa= o 5 ; G(g) =
0:5bsin(op) of ecos( + )
The vector q = [q;]" denotes the joint positions of the robotic manipulator, and = [ 1; »]" represents

the control input vector. The system matrix parameters are de ned asa = 12m; + 12(my + my), b = 2l;1,my,
c = 12my, d = (my + my)lig, and e = myl,g. Here, |; denotes the length of thei-th link, m; denotes the
mass of thei-th link, and g is the gravitational constant. The parameter values are speci edas m; = 0:8kg,
my =2:3kg,l; =1m, I, =1m, and g= 9:8m=s?. The tracking reference signals for the two joints are de ned as
Xq = [0:8sin(t); 0:6 cos¢)]". The controller parameters are selected as;.; = 1 =6, G2 = Cp =12, 1= =5
and ;= , =0:001. The simulation results are illustrated in Figures 7{10, with tracking performance shown in
Figure 7. The convergence of the NN weights is presented in Figure. 8Figure 9 demonstrates that the unknown
joint dynamics are accurately approximated by the constructed RBF NNs. Furthermore, as shown in Figure 10,
the proposed LC scheme achieves superior control performano@mpared with the ANC scheme in this example.
The sensitivity analysis, reported in (see Table 1) indicates that theproposed approach is robust to variations in
the learning rate, with negligible in uence on tracking accuracy and @nvergence e ciency. In contrast, the control
gains and the number of NN nodes have more pronounced e ects. drger control gains and increased NN nodes
improve tracking accuracy, reduce overshoot, and shorten théransient response, but increase computational cost.
These ndings highlight a clear trade-o between control performance and computational e ciency.
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Figure 7 (Color online) Tracking performance of the robotic arm. (a) Joint-1; (b) Joint-2.
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Figure 8 (Color online) The NN weights convergence of (a) Joint-1 and (b) Joint-2.
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Figure 9 (Color online) The NN approximation of (a) Joint-1 and (b) Jo int-2.

Remark 4. The proposed method exhibits clear advantages in computational @mplexity compared with con-
ventional ANC approaches. Traditional ANC algorithms require continuous online adaptation of NN weights, even
when addressing identical or highly similar control tasks. Consequtly, they impose greater computational demands
and increased processing overhead. In contrast, the proposedethod enables accurate learning of NNs within the
closed-loop framework and preserves the acquired knowledge ascanstant NN. As a result, the knowledge-driven
neural network controller operates without repeated online weighadaptation when encountering identical or similar
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Figure 10 (Color online) The control performance comparison between ANC and LC for (a) Joint-1 and (b) Joint-2.
Table 1 Sensitivity analysis of learning rate (LR), control gain (G ain), and NN nodes (Nodes).
LR  MAE RT(s) 0s Te (S) Gain MAE  RT (s) 0s T () Nodes MAE  RT (s) 0s T ()
12 0.055 5.6 0.29 39.5 12 0.059 5.7 0.24 41 2700 0.028 17.5 0.16 49
10 0.055 55 0.27 39.7 10 0.076 5.6 0.29 42 1620 0.042 11.7 0.19 47
8 0.056 5.6 0.25 42.5 8 0.12 5.3 0.36 45 972 0.059 5.7 0.24 41
6 0.059 5.7 0.24 41 6 0.16 4.5 0.44 53 432 0.082 3.4 0.34 39
Table 2 Quantitative comparison of control performance. MAE in Exa mple 1 indicates the mean absolute error during 50 s while in E xample
2 it means the mean absolute error during 40 s.
. . . Example 1 Example 2
Simulation comparison
ANC LC ANC LC
Transient time (s) 100 4 41 3
Overshoot 9:6 10 ° 2.0 10 °® 2:4 10 ! 6:9 10 °
MAE 1:9 103 31 10 4 59 10 2 41 10 3
Running time (s) 57.3 38.2 5.7 4.7

tasks, thereby substantially reducing computational load and resurce consumption.

The quantitative evaluation is reported in Table 2. In two experimental environments, the proposed method
reduced running time by 33.4% and 16.1%, respectively, compared witthe conventional ANC approach, demon-
strating improved computational e ciency. Furthermore, due to the heavier computational burden associated with
continuous online adaptation, conventional ANC methods typically exhibit slower tracking error convergence and
longer transient responses. In contrast, the proposed methodgigni cantly accelerates convergence, with improve-
ments of 96% and 92.7% in the two experiments. The overshoot of thtracking error is also reduced by 79.2%
and 97.1%, respectively. These improvements stem from the incogration of learned dynamical knowledge into the

control algorithm, which enables accurate early-stage approximgion and compensation of the unknown nonlinear
dynamics.

Remark 5 (Challenges and solutions in practical engineering) The proposed method may encounter challenges
in practical engineering applications, particularly with respect to computational e ciency and robustness to distur-
bances. To mitigate these issues, future research will investigatetrategies such as system-level transformations and
parallel computation to further improve computational e ciency. In addition, robustness can be strengthened by
incorporating adaptive sliding-mode control and disturbance-obgrver-based techniques, thereby ensuring stability
in the presence of unmodeled dynamics and external perturbation These considerations emphasize the practical
relevance of the proposed method and its potential for further @vancement.

7 Conclusion

This paper extends DL to complex MIMO nonlinear systems, advanciig the transition of DL from SISO systems to
the more challenging MIMO domain. By addressing the intrinsic couplinge ects and unknown interaction terms
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in MIMO systems, the proposed approach achieves a genuine nedrkearning mechanism, enabling the system to
adaptively extract knowledge from control experience and stordt for improved performance in subsequent tasks.
Simulation studies validate the e ectiveness of the proposed framwork, demonstrating its capability to manage
nonlinear coupling, achieve accurate knowledge acquisition, and eage robust tracking performance. Future research
will further investigate the extension of this framework to more camplex scenarios, particularly those involving
multiple or time-varying control tasks, where reliable knowledge rewse and robustness remain critical challenges.
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