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Abstract Deterministic learning (DL) enables neural network (NN)-b ased learning control of single-input single-output (SISO ) non-
linear systems and e�ectively improves control performanc e through learned knowledge. The focus of this paper is to ext end DL to
complex multiple-input multiple-output (MIMO) nonlinear systems and, for the �rst time, to provide a rigorous theoret ical analysis for
neural learning and control of such systems. The proposed sc heme achieves a true NN-based learning and intelligent cont rol framework
for complex unknown MIMO systems, enabling them to learn thr ough adaptive control in a manner analogous to human learnin g, while
storing the acquired knowledge for subsequent control task s. The coupling among multiple subsystems introduces compl ex and unknown
interaction terms at each system level, which creates subst antial challenges for both stability analysis and veri�cat ion of the learning pro-
cess in MIMO systems. To address this issue, an adaptive neur al control strategy is designed to ensure uniform boundedne ss of all signals
and satisfactory tracking performance. Subsequently, to r esolve the challenge of establishing learning for MIMO syst ems, we propose a
non-sequential recursive learning proof method. By design ing a selection function and leveraging DL theory, we establ ish the persistent
excitation (PE) property of the coupled NN inputs. Furtherm ore, through state transformations, we construct closed-l oop linear time-
varying (LTV) systems with coupled interconnections and ri gorously prove their exponential stability, enabling accu rate approximation
of uncertain coupled nonlinear dynamics. Finally, by utili zing the learned knowledge, we construct a knowledge-based learning controller
that signi�cantly improves closed-loop control performan ce. Simulation results validate the e�ectiveness of the pro posed method.
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1 Introduction

Multiple-input multiple-output (MIMO) systems are widely employed ac ross a broad range of practical applications.
Many such systems are inherently coupled nonlinear systems with multiple inputs and outputs and are often
characterized by unknown uncertainties, such as those arising in wireless communication, autonomous driving, and
industrial control [ 1{ 3]. This prevalence underscores the importance of studying MIMO control, as e�ective control
strategies can substantially enhance system stability and response speed.

In MIMO control systems, strong coupling and interaction e�ects exist among various inputs and outputs.
This coupling complicates the system dynamics, making them di�cult to manage using traditional single-input
single-output (SISO) control strategies. This complexity is further exacerbated when uncertain parameters and/or
unknown nonlinear functions appear in the input coupling matrix or system interconnections. Undoubtedly, these
characteristics increase the challenges associated with system modeling, analysis, and controller design. Therefore,
designing a high-performance controller that can e�ectively handlethe complexities and uncertainties arising from
the inter-coupling of multiple inputs and outputs, while ensuring overall system performance, such as response speed
and steady-state error, remains a signi�cant challenge.

For certain speci�c forms of parameter-uncertain MIMO systems, previous adaptive control schemes primarily rely
on feedback linearization methods to estimate decoupling matrices that mitigate input coupling uncertainties [ 4{ 6],
or they employ adaptive backstepping techniques to design controllers that ensure system stability and transient
performance [7{ 9]. However, these methods are developed under speci�c assumptions regarding unknown coupling
uncertainties; either the interconnection nonlinearities are known functions or the input coupling matrices are
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deterministic, implying the availability of prior structural information . Owing to the lack of e�ective tools to
address general coupling uncertainties, the conclusions of theseapproaches cannot be directly extended to the more
general case in which unknown nonlinear functions without boundary constraints are present in both the input
coupling matrices and system interconnections.

With the application of radial basis function neural networks (RBF N Ns) in control systems [10{ 12], relevant
studies have begun to investigate adaptive neural network control (ANNC) for unknown MIMO systems formed
through the interconnection of multiple subsystems. In [13], an ANNC scheme is employed for a standard triangular
MIMO based on the stability analysis of an integral Lyapunov function. However, in that MIMO system, the
unknown interconnection terms appear only in the highest-order equation of each subsystem. In [14], a broader
class of MIMO systems was investigated for the �rst time, in which unknown nonlinearities exist in every equation
of each subsystem. The ANNC problem for a class of block triangularMIMO nonlinear time-delay systems was
studied in [15]. By employing an improved Lyapunov-Krasovskii function and online NN approximation, control
without singularities was achieved, and parameter adaptation was reduced. Various control scenarios of unknown
interconnected MIMO systems under practical constraints and external nonlinear disturbances have also been
examined in [16,17].

The core of intelligence lies in the acquisition, assimilation, and application of knowledge [18]. From this perspec-
tive, intelligence represents not merely the accumulation of static knowledge but a dynamic and adaptive capability.
According to existing surveys, the literature has not yet resolvedthe learning problem for complex and unknown
interconnected MIMO systems, particularly in the context of closed-loop control. Our objective is to learn the
unknown interconnected nonlinear coupling dynamics of each subsystem during the closed-loop control process.
The dynamic knowledge acquired by these NNs characterizes the complex coupling behavior of the MIMO system
and represents a key aspect of its theoretical and practical value. If the focus is limited solely to system stability
and tracking performance, the aforementioned NN-based methods cannot guarantee a genuine learning process [19],
as convergence of the NN parameters cannot be ensured. Even when similar control tasks are encountered, the
network parameters must be recalculated because no knowledge isretained [20].

In fact, the learning capability of RBF NNs depends on satisfaction of the persistent excitation (PE) condition, yet
guaranteeing prior ful�llment of the PE condition remains challenging [21]. With the development of deterministic
learning (DL) theory, it has been proven that the PE condition for R BF NNs is satis�ed for any periodic or quasi-
periodic recurrent trajectory [22]. Based on the PE condition lemma established in this theory, numerous studies on
adaptive learning control have emerged in recent years. AlthoughDL has achieved substantial progress in dynamic
modeling for various classes of unknown nonlinear systems, leading to signi�cant advancements in high-performance
control and applications such as control [23{ 27], fault diagnosis [28,29], electrocardiogram (ECG) detection [30,31],
and stall detection for axial compressors [32, 33], remain limited to SISO systems. To date, learning for general
MIMO systems continues to face substantial obstacles due to complex coupling and interconnection e�ects among
multiple subsystems. Consequently, dynamic modeling and high-performance learning control for general MIMO
systems have not yet been fully resolved.

Speci�cally, owing to the high dimensionality and coupled interconnection structure of MIMO systems, existing
approaches cannot e�ectively address their learning control problems. In particular, unknown coupling terms
may in
uence the global system behavior at every order of each subsystem, thereby increasing the complexity of
accurate model identi�cation and control design. Achieving precise closed-loop dynamic modeling for such systems
requires simultaneously handling interactions among multiple inputs and outputs, mutual state coupling among
subsystems, and nonlinear uncertainties. Therefore, both theoretical analysis and algorithm design encounter
signi�cant challenges.

This paper solves, for the �rst time, the problem of accurate dynamic modeling for unknown MIMO systems in
a general complex block triangular form. The main contributions aresummarized as follows.

(1) To e�ectively address the complex learning problem, a speci�c linear time-varying (LTV) system is �rst
designed to decompose the global dynamic complexity into a series ofclosed-loop error subsystems that can be
analyzed independently. The dynamic behavior of the learning process is subsequently mapped into an exponential
stability framework for LTV systems. Each subsystem, treated as a local LTV system, precisely characterizes the
dynamic behavior of speci�c sub-dynamics, thereby reducing the coupling complexity in the global learning analysis.
This approach establishes a theoretical foundation for addressing dynamic learning problems in complex coupled
nonlinear systems.

(2) A non-sequential recursive jumping selection approach is proposed to establish the PE condition in coupled
subsystems. This method overcomes the limitations of traditional techniques in handling complex coupled systems
by recursively constructing jumping conditions, enabling 
exible treatment of nonlinear coupling dynamics among
subsystems. It facilitates accurate dynamic modeling of coupling relationships and guarantees strict satisfaction of
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the PE condition.
(3) Furthermore, based on the closed-loop dynamic knowledge learned by the multi-subsystem NNs, a knowledge-

based empirical controller is constructed, which signi�cantly improves the closed-loop control performance of the
MIMO system.

Over the past two decades, learning control has emerged as an e�ective approach for improving system per-
formance through adaptive learning. Existing studies have demonstrated that embedding DL mechanisms into
ANNC can guarantee closed-loop stability while simultaneously extracting local dynamic knowledge from online
control signals, which can subsequently be reused and generalizedto similar tasks [23{ 27]. This research direction
has been systematically investigated in representative SISO nonlinear systems. The seminal deterministic learning
mechanism proposed by Wang and Hill [23] demonstrated knowledge extraction and reuse in a simple second-order
system and was later extended to standardn-th order systems with unknown a�ne terms [ 25]. Subsequent studies
addressed more complex strict-feedback systems with unknown nonlinearities using input-to-state stability (ISS)
modular designs [27] and dynamic surface control (DSC) [26]. Beyond strict-feedback forms, neural learning con-
trol has also been developed for pure-feedback nonlinear systems [34]. Recent work further incorporated output
and state constraints into the DL framework [24, 35]. Moreover, learning-based approaches have been applied to

exible manipulators with unknown dynamics, demonstrating e�ectiv e knowledge extraction, storage, and reuse
in practice [36]. Learning-based control methods have also been extended to singularly perturbed systems, where
data-driven optimization techniques improve stability and performance in fast-slow dynamic settings. Recent stud-
ies developed such strategies for singularly perturbed systems with unknown dynamics, as reported in [37, 38].
These studies explore iterative learning control methods that e�ectively utilize system data to ensure stability and
learning e�ciency.

Although these contributions have established a solid theoretical foundation for the \learning control" paradigm,
the problem of accurately acquiring and reusing dynamic knowledge incomplex interconnected MIMO nonlinear
systems remains largely unexplored. In contrast, this paper advances learning-based neural control under the
DL paradigm to complex interconnected MIMO nonlinear systems with unknown dynamics. We establish PE
and stability conditions in the presence of multi-system couplings anddevelop structured learnable modeling of
unknown interconnection terms together with closed-loop dynamicknowledge reuse. To the best of our knowledge,
no systematic results have extended the DL framework to this setting, which underscores the originality of the
present work.

The ANNC schemes for interconnected MIMO systems have been extensively studied, with emphasis on ensuring
stability and tracking performance under various system structures and uncertainties [13{ 17]. Although these
studies achieve stability and tracking in complex MIMO settings, they remain con�ned to adaptive control. In
contrast, our work not only guarantees stability and tracking but also establishes learning within the closed-loop
control process, thereby enabling dynamic knowledge extractionand reuse in interconnected MIMO systems.

This article is organized as follows. Section2 presents the problem formulation and the necessary preliminary
results. The design of the ANC controller for the unknown MIMO system is described in Section3. Section
4 provides the learning analysis for the unknown MIMO system (1). Section 5 demonstrates how the learned
knowledge is reused and includes a performance comparison. The simulation setup and results are presented in
Section 6. Finally, the main conclusion is summarized in Section7.

2 Problem formulation and preliminaries

2.1 Problem formulation

In this paper, we consider an unknown MIMO nonlinear system composed of interconnected subsystems. The
schematic diagram of the overall system framework is shown in Figure 1. As shown in (1), each di�erential equation
of order k (k 2 f 1; : : : ; mg) within the described MIMO system contains unknown interconnection coupling terms
represented by the unknown functionsf k;i k (�) and gk;i k (�). Additionally, interconnection coupling terms associated
with the input signals uk appear in the highest-order di�erential equation of each subsystem. Here, � k denotes
the order of subsystemk; %kl = � k � � l represents the order di�erence between subsystemk and subsysteml;
�xk = [ xk; 1; : : : ; xk;� k ]T 2 R� k denotes the system state vector of thek-th subsystem;X = [�xT

1 ; : : : ; �xT
m ]T 2 R

P m
k =1 � k

represents the complete state of the overall subsystems;u1; : : : ; um 2 R denote the inputs of the subsystems,
respectively, andyk = xk; 1 is the output of each subsystem;f k;i k (�) and gk;i k (�) (k = 1 ; : : : ; m and i k = 1 ; : : : ; � k )
are unknown smooth nonlinear functions at each order of thek-th subsystem. Note that the interconnection coupling
terms �x l; ( i k � %kl ) (l = 1 ; : : : ; m) appearing in each subsystem, exempli�ed here by thek-th subsystem, are de�ned as
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Figure 1 Interconnected MIMO system with m subsystems.

follows according to [14].
Case 1. When l = k, implying %kl = %kk = 0, the interconnection terms include only the states of the current

subsystem, that is �x l; ( i k � %kl ) = �xk;i k .
Case 2. When l 6= k, if i k � %kl 6 0, the term �x l; ( i k � %kl ) does not exist. If i k � %kl > 0, �x l; ( i k � %kl ) denotes

the partial states of l -th ( l = 1 ; : : : ; m and not equal to k) subsystem embedded in thei k order equation of k-th
subsystem.

8
>>>>>>>>>><

>>>>>>>>>>:

_x1;i 1 = f 1;i 1

�
�x1;( i 1 � %11 ) ; : : : ; �xm; ( i 1 � %1m )

�
+ g1;i 1

�
�x1;( i 1 � %11 ) ; : : : ; �xm; ( i 1 � %1m )

�
x1;i 1 +1 ; (1 6 i 1 6 � 1 � 1);

_x1;� 1 = f 1;� 1 (X ) + g1;� 1 (�x1;� 1 � 1; : : : ; �xm;� m � 1) u1;

...

_xk;i k = f k;i k

�
�x1;( i k � %k 1 ) ; : : : ; �xm; ( i k � %km )

�
+ gk;i k

�
�x1;( i k � %k 1 ) ; : : : ; �xm; ( i k � %km )

�
xk;i k +1 ; (1 6 i k 6 � k � 1);

_xk;� k = f k;� k (X; u 1; : : : ; uk � 1) + gk;� k (�x1;� 1 � 1; : : : ; �xm;� m � 1) uk ;

yk = xk; 1; 1 < k 6 m:

(1)

Assumption 1 ( [39]). The sign of the a�ne term gk;i k (�) is known, and there exist two positive constants �gk;i k

and g
k;i k

> 0 such that 0 < g
k;i k

6 jgk;i k (�)j 6 �gk;i k . Without loss of generality, we assume thatgk;i k (�) > 0.

The recurrent reference model is considered as follows:

(
_xdi = f di (xd);

ydi = xdi ; 1 6 i 6 m;
(2)

where xd = [ xd1; : : : ; xdm ]T 2 Rm denotes the reference state vector with bounded components.The scalar ydi 2 R
represents the desired output of thei -th subsystem in (1). Moreover, f di (xd) corresponds to known nonlinear
dynamics.

Our primary objective is to design a set of controllersuk (k = 1 ; : : : ; m) that: (1) ensure that all closed-loop
signals of the aforementioned unknown nonlinear MIMO system are ultimately uniformly bounded (UUB), while
the output of each subsystem,yk , tracks its designated reference trajectory; (2) ensure that, during the control
process, all NN weights in the controlled system converge to small neighborhoods of their ideal values, implying
that the unknown nonlinear dynamics involved in the closed-loop control are accurately approximated and learned
by the NNs.
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2.2 Localized neural networks

This study employs the RBF NN as an identi�er to approximate underly ing nonlinear dynamics

 nn (V ) =
NX

j =1

aj r j (V ) = AT R(V ); (3)

where A = [ a1; a2; : : : ; aN ]T 2 RN is the neural weight vector, with N > 1 denoting the number of neurons
in the NN, V 2 
 V � Rp is the input vector, where p represents the dimensionality of the NN input, and
R(V ) = [ r1(V ); r2(V ); : : : ; rN (V )]T 2 RN is the RBF regression vector. Here,r j (V ) is de�ned using Gaussian basis
functions as r j (V ) = exp

�
�k V � � j k2=� 2

j

�
, where � j = [ � j 1; � j 2; : : : ; � jp ]T speci�es the center of each neuron and

� j denotes the width of the corresponding receptive �eld. Accordingto [40], the RBF NN can approximate any
continuous function with arbitrary accuracy

 (V ) = A � T R(V ) + � (V ); 8V 2 
 V ; (4)

whereA � denotes the optimal NN weight vector, and� (V ) represents the approximation error, satisfyingj� (V )j 6 � � .
In [23], the spatially localized learning property of the RBF NN is emphasized.Owing to this property, a limited

number of neurons con�ned to a speci�c region along the recurrent trajectory are su�cient to approximate the
function  (V )

 (V ) = A � T
� R� (V ) + � � ;

whereR� (V ) = [ r k1 (V ); : : : ; r k � (V )]T 2 RN � is a subvector ofR(V ), with neuron centers located near the trajectory
V (t). Here, N � denotes the number of neurons in this subset, which is smaller than the total number N . The optimal
weights are given byA �

� = [ a�
l 1

; : : : ; a�
l �

]T , and � � denotes the approximation error along the input trajectory, which
is tightly bounded by � .
Lemma 1 ( [22]). Consider a recurrent trajectory U(t), that continuously maps the time interval [0 ; 1 ) into Rq

and remains within a bounded compact region 
U , with 
 U � Rq. For the RBF neural network W T S(U), with
centers arranged on a regular lattice su�ciently dense to cover the compact set 
 U , the regression subsetS� (U)
consisting of neurons whose centers lie in a small neighborhood ofU(t) satis�es the PE condition.

3 Adaptive neural control design with DSC �lter

In this section, the ANC scheme is designed for the MIMO system in the form of (1) to achieve the control and
learning objectives. During the controller synthesis, the DSC technique is employed to simplify the design procedure
and reduce the input dimension of the NNs, thereby facilitating the subsequent learning analysis. The backstepping
design methodology is detailed below. First, the dynamic surface error coordinate transformation for the k-th
(k = 1 ; : : : ; m) controlled subsystem is de�ned as

(
zk; 1 = xk; 1 � xdk ;

zk;i k = xk;i k � � k;i k ( f ) ; (i k = 2 ; : : : ; � k );
(5)

where � k;i k ( f ) denotes the output of the DSC �lter driven by � k;i k � 1.
Step 1. Consider the �rst-order tracking error term and its derivative

_zk; 1 = f k; 1
�
�x1;(1 � %11 ) ; : : : ; �xm; (1 � %km )

�
+ gk; 1

�
�x1;(1 � %k 1 ) ; : : : ; �xm; (1 � %km )

�
xk; 2 � _xdk

= gk; 1

�
f k; 1 � _xdk

gk; 1
+ xk; 2

�
:

(6)

De�ne the �rst unknown nonlinear function as

H k; 1(Zk; 1) =
f k; 1 � _xdk

gk; 1
; (7)

where the NN input Zk; 1 is de�ned as

Zk; 1 = [�xT
1;(1 � %11 ) ; : : : ; �xT

m; (1 � %km ) ; _xdk ]T 2 
 k; 1: (8)
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For notational simplicity f k; 1
�
�x1;(1 � %k 1 ) ; : : : ; �xm; (1 � %km )

�
and gk; 1

�
�x1;(1 � %k 1 ) ; : : : ; �xm; (1 � %km )

�
are abbreviated as

f k; 1 and gk; 1, respectively. The same notation is used in the subsequent derivation. Using the NN to approximate
the unknown nonlinear function H k; 1(Zk; 1), we obtain

H k; 1(Zk; 1) = W � T
k; 1Sk; 1(Zk; 1) + � k; 1; (9)

where � k; 1 denotes the approximation error with j� k; 1 j 6 � �
k; 1, and W �

k; 1 is the corresponding ideal constant NN
weight vector.

Noting that zk; 2 = xk; 2 � � k; 2( f ) , we have

_zk; 1 = gk; 1
�
zk; 2 + � k; 2( f ) + W � T

k; 1Sk; 1(Zk; 1) + � k; 1
�

: (10)

De�ne the �ltering error of the virtual control variable � k; 1 as

yk; 2 = � k; 2( f ) � � k; 1: (11)

Then, Eq. (10) can be written as

_zk; 1 = gk; 1
�
zk; 2 + yk; 2 + � k; 1 + W � T

k; 1Sk; 1(Zk; 1) + � k; 1
�

: (12)

The virtual control law � k; 1 is designed as

� k; 1 = � ck; 1zk; 1 � Ŵ T
k; 1Sk; 1(Zk; 1); (13)

where ck; 1 > 0 is a design parameter. In conjunction with the DSC technique, thevirtual control variable � k; 1 is
passed through a �rst-order DSC �lter to obtain the �ltered varia ble � k; 2( f )

� _� k; 2( f ) + � k; 2( f ) = � k; 1; � k; 2( f ) (0) = � k; 1(0): (14)

Substituting ( 13) into ( 12), yields the closed-loop dynamical subsystem

_zk; 1 = gk; 1

�
� ck; 1zk; 1 + zk; 2 + yk; 2 � ~W T

k; 1Sk; 1(Zk; 1) + � k; 1

�
; (15)

where ~Wk; 1 = Ŵk; 1 � W �
k; 1 denotes the NN weight estimation error.

The NN weight update law of Ŵ T
k; 1Sk; 1(Zk; 1) is designed as follows:

_~Wk; 1 = _̂Wk; 1 = � k; 1

�
Sk; 1(Zk; 1)zk; 1 � � k; 1Ŵk; 1

�
; (16)

where � k; 1 = � T
k; 1 > 0; � k; 1 > 0 are prescribed positive design parameters in (16).

Step i k (2 < i k 6 � k � 1): Noting zk;i k = xk;i k � � k;i k ( f ) , we obtain

_zk;i k = _xk;i k � _� k;i k ( f )

= f k;i k

�
�x1;( i k � %11 ) ; : : : ; �xm; ( i k � %km )

�
+ gk;i k

�
�x1;( i k � %k 1 ) ; : : : ; �xm; ( i k � %km )

�
xk;i k +1 � _� k;i k ( f )

= gk;i k

�
f k;i k � _� k;i k ( f )

gk;i k

+ xk;i k +1

�
:

(17)

De�ne the unknown nonlinear function at order ( i k ) as

H k;i k (Zk;i k ) =
f k;i k � _� k;i k ( f )

gk;i k

; (18)

where

Zk;i k =
h
�xT

1;( i k � %k 1 ) ; : : : ; �xT
m; ( i k � %km ) ; _� k;i k ( f )

i T
2 
 k;i k : (19)

Similarly, an RBF NN W � T
k;i k

Sk;i k (Zk;i k ) is employed to approximate the nonlinear function

H k;i k (Zk;i k ) = W � T
k;i k

Sk;i k (Zk;i k ) + � k;i k ; (20)
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and noting zk;i k +1 = xk;i k +1 � � k;i k +1( f ) , we obtain

_zk;i k = gk;i k

�
zk;i k +1 + � k;i k +1( f ) + W � T

k;i k
Sk;i k (Zk;i k ) + � k;i k

�
: (21)

The virtual control law � k;i k is designed as

� k;i k = � ck;i k zk;i k � zk;i k � 1 � Ŵ T
k;i k

Sk;i k (Zk;i k ); (22)

where ck;i k > 0 is a prescribed control gain. The corresponding �ltered variable� k;i k +1( f ) is de�ned by

� _� k;i k +1( f ) + � k;i k +1( f ) = � k;i k ; � k;i k +1( f ) (0) = � k;i k (0): (23)

The DSC �lter error yk; ( i k +1) is de�ned as follows:

yk; ( i k +1) = � k; ( i k +1) f � � k;i k : (24)

Substituting ( 22) and (23) into ( 21), yields

_zk;i k = gk;i k (zk;i k +1 � ck;i k zk;i k � zk;i k � 1 � ~W T
k;i k

Sk;i k (Zk;i k ) + � k;i k + yk; ( i k +1) ); (25)

where ~Wk;i k = Ŵk;i k � W �
k;i k

denotes the NN weight estimation error.

The adaptive updating law for Ŵ T
k;i k

Sk;i k (Zk;i k ) is formulated as

_~Wk;i k = _̂Wk;i k = � k;i k

�
Sk;i k (Zk;i k )zk;i k � � k;i k Ŵk;i k

�
; (26)

where � k;i k = � T
k;i k

> 0; � k;i k > 0 (1 < i k 6 � k � 1) are prescribed positive design parameters in (26).
Step � k . Noting that zk;� k = xk;� k � � k;� k ( f ) , we obtain

_zk;� k = f k;� k (X; u 1; : : : ; uk � 1) � _� k;� k ( f ) + gk;� k (�x1;� 1 � 1; : : : ; �xm;� m � 1) uk

= gk;� k

�
f k;� k � _� k;� k ( f )

gk;� k

+ uk

�
: (27)

The unknown dynamics at the last order can be expressed as

H k;� k (Zk;� k ) =
f k;� k � _� k;� k ( f )

gk;� k

; (28)

where the input of (28) is denoted as

Zk;� k = [ X T ; u1; : : : ; uk � 1; _� k;� k ( f ) ]
T 2 
 k;� k : (29)

Using the RBF NN to approximate the unknown nonlinear function H k;� k (Zk;� k ) as follows:

H k;� k (Zk;� k ) = W � T
k;� k

S(Zk;� k ) + � k;� k : (30)

Substituting ( 30) into ( 27), yields

_zk;� k = gk;� k

�
uk + W � T

k;� k
S(Zk;� k ) + � k;� k

�
; (31)

where � k;� k denotes the ideal approximation error satisfyingj� k;� k j 6 � �
k;� k

. Let Ŵk;� k denote an estimate ofW �
k;� k

,

and de�ne the weight estimation error as ~Wk;� k = Ŵk;� k � W �
k;� k

. The adaptive neural controller uk of k-th
subsystem is designed as

uk = � ck;� k zk;� k � zk;� k � 1 � Ŵ T
k;� k

Sk;� k (Zk;� k ); (32)

where ck;i k denotes the designed control gain.
The NN weight update law of Ŵk;� k Sk;� k (Zk;� k ) is designed as

_~Wk;� k = _̂Wk;� k = � k;� k

�
Sk;� k (Zk;� k )zk;� k � � k;� k Ŵk;� k

�
; (33)
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where � k;� k = � T
k;� k

> 0; � k;� k > 0 are prescribed positive constants.
Substituting ( 32) into ( 31) yields the closed-loop dynamical equation

_zk;� k = gk;� k

�
� ck;� k zk;� k � zk;� k � 1 � ~W T

k;� k
Sk;� k (Zk;� k ) + � k;� k

�
: (34)

Combining (15), (25) and (34) yields the closed-loop dynamic surface error system

8
>>>><

>>>>:

_zk; 1 = gk; 1

�
� ck; 1zk; 1 + zk; 2 + yk; 2 � ~W T

k; 1Sk; 1(Zk; 1) + � k; 1

�
;

_zk;i k = gk;i k

�
zk;i k +1 � ck;i k zk;i k � zk;i k � 1 � ~W T

k;i k
Sk;i k (Zk;i k ) + � k;i k + yk; ( i k +1)

�
; (1 < i k 6 � k � 1);

_zk;� k = gk;� k

�
� ck;� k zk;� k � zk;� k � 1 � ~W T

k;� k
Sk;� k (Zk;� k ) + � k;� k

�
:

(35)

Noting from ( 23) that

_� k; ( i k +1) f = ( � k;i k � � k; ( i k +1) f )=� = � yk; ( i k +1) =�: (36)

Then, we obtain 8
><

>:

_yk; 2 = �
yk; 2

�
+ 	 k; 2(Zk; 2; Ŵk; 1; xd);

_yk; ( i k +1) = �
yk; ( i k +1)

�
+ 	 k;i k +1 (Zk;i k +1 ; Ŵk; 1; : : : ; Ŵk;i k ; xd);

(37)

where 	( �)k;i k is a smooth nonlinear function. It is given by 	 k; 2(Zk; 2; Ŵk; 1; xd) = ck; 1 _zk; 1 + _̂W T
k; 1Sk; 1(Zk; 1)

+ Ŵ T
k; 1

�
@Sk; 1(�)=@�x1;(1 � %k 1 ) _�x1;(1 � %k 1 ) ; : : : ; @Sk; 1(�)=@�xm; (1 � %km ) _�xm; (1 � %km )

�
+ Ŵ T

k; 1@Sk; 1(�)=@_xdk •xdk and 	 k;i k +1

� (Zk;i k +1 ; Ŵk; 1; : : : ; Ŵk;i k ; xd) = ck;i k _zk;i k + _zk;i k � 1 + _̂W T
k;i k

Sk;i k (Zk;i k )+ Ŵ T
k;i k

�
@Sk;i k (�)=@�x1;( i k � %k 1 ) _�x1;( i k � %k 1 ) ; : : : ;

@Sk;i k (�)=@�xm; ( i k � %km ) _�xm;i k � %km

�
+ Ŵ T

k; 1@Sk; 1(�)=@_� k;i k ( f ) _yk;i k =� .

Theorem 1 (Stability and tracking) . Consider the closed-loop system consisting of the interconnectedand coupled
unknown MIMO system (1), the reference model (2), the DSC �lter ( 23), the designed neural controlleruk for k-th
(k = 1 ; : : : ; m) subsystem (32), the NN update laws (16), (26), (33). For any � > 0, provided that the initial
values of all signals satisfyV (0) 6 � , it follows that all closed-loop signalsX and Ŵk;i k (where k = 1 ; : : : ; m and
1 6 i k 6 � k ) are UUB. In addition, the tracking zk; 1 converges to a compact neighborhood of zero within a �nite
time Tk .
Proof. Consider the composite Lyapunov function candidate

V =
1
2

mX

k=1

� kX

i k =1

z2
k;i k

+
1
2

mX

k=1

� kX

i k =1

~W T
k;i k

� � 1
k;i k

~Wk;i k +
1
2

mX

k=1

� kX

i k =2

y2
k;i k

: (38)

Based on (26), (35), and (37), the time derivative of ( 38) is given by

_V =
mX

k=1

�
�

� kX

i k =1

ck;i k gk;i k z2
k;i k

+
� k � 1X

i k =1

gk;i k zk;i k zk;i k +1 �
� kX

i k =2

gk;i k zk;i k � 1zk;i k +
� k � 1X

i k =1

gk;i k zk;i k yk; ( i k +1)

�
� kX

i k =1

gk;i k zk;i k
~W T

k;i k
Sk;i k (Zk;i k ) +

� kX

i k =1

gk;i k zk;i k � k;i k

�

+
mX

k=1

� kX

i k =1

� ~W T
k;i k

Sk;i k (Zk;i k )zk;i k � � k;i k
~W T

k;i k
Ŵk;i k

�
+

mX

k=1

� kX

i k =2

"

�
y2

k;i k

�
+ yk;i k 	 k;i k

#

: (39)

According to the boundedness of the reference signals in (2), the set 
 d = f xd : kxdk2 < D 0g is compact,
whereD0 is a positive constant. It follows that the set 
 0 := f (

P m
k=1

P � k
i k =1 z2

k;i k
+

P m
k=1

P � k
i k =1

~W T
k;i k

� � 1
k;i k

~Wk;i k +
P m

k=1

P � k
i k =2 y2

k;i k
) 6 2� g is also compact. Consequently, the composite set 
d � 
 0 is compact. From (37), all

variables in the smooth nonlinear function 	 k;i k (�) lie within 
 d � 
 0. Hence, 	 k;i k (�) attains a maximum value on

 d � 
 0 denoted by 	 �

k;i k
.
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Applying Young's inequality yields

8
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

gk;i k zk;i k zk;i k +1 6
z2

k;i k

2
+

z2
k;i k +1 �g2

k;i k

2
;

� gk;i k zk;i k � 1zk;i k 6
z2

k;i k � 1

2
+

z2
k;i k

�g2
k;i k

2
;

gk;i k zk;i k yk; ( i k +1) 6 z2
k;i k

+
y2

k; ( i k +1) �g2
k;i k

4
;

zk;i k gk;i k � k;i k 6 z2
k;i k

+
�g2

k;i k
� � 2

k;i k

4
;

� gk;i k zk;i k
~W T

k;i k
Sk;i k (Zk;i k ) 6

�g2
k;i k

S� 2
k;i k

z2
k;i k

� k;i k

+
� k;i k

4
k ~Wk;i k k2;

~W T
k;i k

Sk;i k (Zk;i k )zk;i k 6
S� 2

k;i k
z2

k;i k

� k;i k

+
� k;i k

4
k ~Wk;i k k2;

� � k;i k
~W T

k;i k
Ŵk;i k 6 � � k;i k

~W T
k;i k

( ~Wk;i k + W �
k;i k

)

6 � � k;i k k ~Wk;i k k2 +
� k;i k

4
k ~Wk;i k k2 + � k;i k kW �

k;i k
k2;

yk;i k 	 k;i k 6
	 � 2

k;i k
y2

k;i k

4w
+ w:

(40)

Substituting ( 40) into ( 39), yields

_V 6
mX

k=1

��
� ck; 1gk; 1 + 3 +

�g2
k; 1S� 2

k; 1

� k; 1
+

S� 2
k; 1

� k; 1

�
z2

k; 1 (41)

+
� k � 1X

i k =2

�
� ck;i k gk;i k + 3 +

1
2

�g2
k;i k � 1 +

1
2

�g2
k;i k

+
�g2

k;i k
S� 2

k;i k

� k;i k

+
S� 2

k;i k

� k;i k

�
z2

k;i k

+
�

� ck;� k gk;� k +
1
2

�g2
k;� k � 1 +

1
2

�g2
k;� k

+
�g2

k;� k
S� 2

k;� k

� k;� k

+ 1 +
S� 2

k;� k

� k;� k

�
z2

k;� k

+
� kX

i k =2

�
�g2

k;i k � 1

4
�

1
�

+
	 � 2

k;i k

4w

�
y2

k;i k
�

� kX

i k =1

� k;i k

4
k ~Wk;i k k2 + #

�
; (42)

where # =
P � k

i k =1
�g2

k;i k
� � 2

k;i k
4 +

P � k
i k =2 w. Then, let ck; 1gk; 1 = � 0 + 3 +

�g2
k; 1 S � 2

k; 1

� k; 1
+

S � 2
k; 1

� k; 1
, ck;i k gk;i k = � 0 + 3 + 1

2 �g2
k;i k � 1 +

1
2 �g2

k;i k
+

�g2
k;i k

S � 2
k;i k

� k;i k
+

S � 2
k;i k

� k;i k
, ck;� k gk;� k = � 0 + 1

2 �g2
k;� k � 1 + 1

2 �g2
k;� k

+
�g2

k;� k
S � 2

k;� k
� k;� k

+ 1 +
S � 2

k;� k
� k;� k

, 1=� = � 0 +
�g2

k;i k � 1

4 +
	 � 2

k;i k
4w ,

and � k;i k =4� min (� k;i k ) = � 0. The variable � 0 is a positive design parameter.
Consequently, Eq. (42) can be rewritten as

_V 6
mX

k=1

�
�

� kX

i k =1

� 0z2
k;i k

� � 0

� kX

i k =1

~W T
k;i k

� � 1
k;i k

~Wk;i k �
� kX

kk =2

� 0y2
k;i k

+ #
�

6 � 2� 0V + < : (43)

Here, < =
P m

k=1 #. By selecting � 0 > <
2� , it follows that _V < 0 when V = � . Consequently, the regionV < �

is an invariant set, implying that for any initial condition satisfying V (0) 6 � , inequality ( 43) holds for all t > 0.
Furthermore, solving (43) yields

V 6 �< + ( V (0) � �< ) exp(� 2� 0t); (44)

where �< = <=2� 0 =
P m

k=1

� P � k
i k =1

�g2
k;i k

� � 2
k;i k

4 +
P � k

i k =2 w
�
=(2� 0). From ( 44), all closed-loop signals includingzk;i k ,

~Wk;i k and yk;i k are UUB.
From (43), we have

mX

k=1

� kX

i k =1

z2
k;i k

6 2�< + 2( V (0) � �< ) exp(� 2� 0t): (45)
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The result indicates that for given z0 >
p

2�< , there exists a �nite time Tk; 1 such that for t > T k; 1, zk; 1 satis�es

jzk; 1j 6 z0; k = 1 ; : : : ; m: (46)

Observe that z0 can be reduced to an arbitrarily small value by appropriately selecting � 0, � k;i k , and w.
Consequently, the tracking error zk; 1 settles within a small neighborhood of zero in a �nite time T2. Since
zk; 1 = xk; 1 � xd1, and xd1 is bounded, it follows that xk; 1 (k = 1 ; : : : ; m) is also bounded. From the above
analysis, the �rst state of each subsystem is therefore bounded. Next, we prove that the second state of each sub-
system, namelyxk; 2 is bounded. From xk; 2 = zk; 2 + yk; 2 + � k; 1 the boundednessxk; 2 requires boundedness of the
virtual control variable � k; 1. However, � k; 1 is a composite function that involving the states of other subsystems
and depends on �x1;(1 � %k 1 ) ; : : : ; �xm; (1 � %km ) ; xd; Ŵk; 1. The di�culty arises because the states of other subsystems
�x l; (1 � %kl ) (l 2 f 1; : : : ; mg 6= k), which are in
uenced by unknown interconnections, have not yetbeen shown to be
bounded. Therefore, boundedness ofxk; 2 cannot be concluded directly. Following the proof strategy in [14], the
analysis is divided into two cases: Case 1, all subsystems have the same order; Case 2, not all subsystems have the
same order.

Case 1. Assume that all subsystems have identical order, that is,� 1 = � � � = � m or equivalently %ik (i; k 2
f 1; : : : ; mg) = 0. Under this condition, the virtual control variable � k; 1 can be expressed as a function of
x1;1; : : : ; xm; 1, the reference statexd, and the estimated parameterŴk; 1. Since xk; 1 has already been shown to
be bounded, it follows that � k; 1 is bounded. Consequently, the second statexk; 2 is bounded as well. Using the
same recursive argument, boundedness of the remaining states can be established in the sequence� k;i k � 1 ! xk;i k ,
where k = 1 ; : : : ; m and i k = 3 ; : : : ; � k . Therefore, all system statesX . Combined with (44), all closed-loop signals
including X and Ŵk;i k (k = 1 ; : : : ; m; i i = 1 ; : : : ; � k ) are UUB.

Case 2. In general, MIMO systems do not satisfy the special condition described in Case 1. In most practical
situations, the subsystem orders are not identical, which implies that there exists at least one subsystemc such
that %kc = � k � � c 6= 0. In this case, boundedness of� k; 1 cannot be established directly in a single step. If
1� %kc > 1, the term �xc;(1 � %kc ) is involved, and its boundedness has not yet been veri�ed. To address this di�culty,
the following selection strategy is adopted to determine the next virtual control variable � p;1 whose boundedness
will be established

(p; ip) = arg max
(k;i k )2 Ur

(� k � i k ); (47)

where
Ur , f (k; i k )jxk;i k has not been proven boundedg:

Remark 1. The purpose of the selection function in (47) is to identify the system state that maximizes the
di�erence between the highest subsystem order and the currentstate order. This strategy reduces the inclusion
of states from other subsystems in the subsequent virtual control variable, thereby facilitating the boundedness
analysis based on already established results.Speci�cally, suppose� k;i k � 1 k 2 f 1; : : : ; mg is the variable whose
boundedness is to be established. According to the previous derivation, � k;i k � 1 depends on �x1;( i k � 1� %k 1 ) ; : : : ;
�xm; ( i k � 1� %km ) ; xd; Ŵk; 1; : : : ; Ŵk;i k � 1. The objective is to minimize or eliminate the in
uence of states from other
subsystems, namely �x l; ( i k � 1� %kl ) (l 2 (1; : : : ; m) 6= k). Noting that �x l; ( i k � 1� %kl ) = �x l; ( i k � � k + � l � 1) where l =
f 1; : : : ; mg and l 6= k, since � l is a �xed and known constant, �x l; ( i k � 1� %kl ) contains the least amount of state
information when � k � i k is maximized.

By selecting (p; ip) for the p-th subsystem using (47), � p;1 becomes a function composed entirely of previously
established bounded states. Hence,� p;1 is bounded. Sincexp;2 is bounded, it follows that zp;2 = xp;2 � y2 � � p;1

is also bounded. Next, applying the same selection strategy (47), the subsequent virtual control variable � p;i p � 1

is chosen, and its boundedness is established, which in turn guarantees boundedness of the corresponding system
state xp;i p . According to (47), the virtual control variable � p;i p � 1 at each step contains minimal state information
from other subsystems, and these states have already been shown to be bounded. Consequently,� p;i p � 1 is bounded,
which further implies boundedness ofxp;i p . Proceeding recursively, boundedness of all� k;i k � 1 and xk;i k (where
k = 1 ; : : : ; m) is established. Therefore, all closed-loop system statesX are bounded.

Regarding the system input signals, the �rst control input u1 is constructed from X , the reference statexd,
and the estimated parametersŴ1;1; : : : ; Ŵ1;� 1 . Hence, u1 is bounded. For the next subsystem,u2 depends on
X; x d; u1; Ŵ2;1; : : : ; Ŵ2;� 2 , and based on the boundedness ofu1 and X , it can be concluded that u2 is also bounded.
By the same recursive argument, all control inputsuk (k = 1 ; : : : ; m) are bounded. At this stage, all signals in the
closed-loop system are uniformly bounded.
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4 Learning from neural control for MIMO systems

In the previous section, the stability of the unknown MIMO system was established through detailed analysis.
However, the adaptive NN controller described above guaranteesonly closed-loop stability. It remains unclear
whether the NNs embedded in the controller can accurately approximate or identify the unknown interconnected
nonlinear functions in the system. Therefore, true learning cannot yet be claimed. The learning capability of NNs
has long been a central issue in control theory, since realization oflearning determines whether an adaptive NN
controller can be regarded as genuinely intelligent control. In fact,NN learning occurs only when the PE condition
is satis�ed. However, veri�cation of the PE condition is typically di�cu lt, as it cannot be guaranteed a priori.
According to Lemma 1, if the input vector of the RBF NN satis�es the recurrent property, the corresponding
regressor sub-vector satis�es the PE condition. The next step isto show that the NN input of each subsystem
satis�es the recurrence condition. Owing to the intrinsic complexity of MIMO systems, the unknown interconnected
nonlinear terms substantially increase the di�culty of establishing NN learning. Speci�cally, the NN input depends
not only on the states within each subsystem but also on coupled state information from other subsystems. To
address this challenge, a new analytical approach is required to establish NN learning. The following theorem
summarizes the main learning result of this section.

Theorem 2 (Learning proof). Consider the closed-loop control system consisting of the MIMO plant ( 1) with
unknown interconnection terms, the reference model (2), the adaptive neural controller (32), the DSC �lters ( 14),
(23), and the NN update law (16), (26), (33). For any given initial conditions X (0) 2 
 i 0 (where 
 i 0 is a suitably
chosen compact set), andŴk;i k (0) = 0 ( k = 1 ; : : : ; M ; i k = 1 ; : : : ; � k ), we have that all NN weight estimates
Ŵk;i k converge to a small neighborhood of their common optimal valuesW �

k;i k
. Furthermore, locally accurate

approximations of the unknown closed-loop interconnection dynamics H k;i k (�) are achieved by Ŵ T
k;i k

Sk;i k (�) and
�W T

k;i k
Sk;i k (�) along the NN input trajectories Zk;i k (t)( t > T k;i k ), where

�Wk;i k = meant 2 [t a ;t b ]Ŵk;i k (t) =
1

tb � ta

Z t b

t a

Ŵk;i k (s)ds; (48)

where [tb; ta ] (tb > t a > T k;i k ; k = 1 ; : : : ; m; i k = 1 ; : : : ; � k ) represents a period after the system's closed-loop
control has reached a steady state.
Proof. In this part of the learning proof, the presence of unknown interconnection terms implies that the NN input
of each subsystem contains coupled state information from othersubsystems. Consequently, the PE condition for
each subsystem cannot be established recursively in the same manner as for an SISO system by simply following
the subsystem order. The proof is divided into two cases: Case 1, all subsystems have the same order; Case 2, not
all subsystems have the same order.

Case 1. According to Theorem 1, the tracking error zk; 1 converges to a small neighborhood of zero within a
�nite time Tk; 1. Hence,xk; 1 converges toxdk . Thus, xk; 1 (k = 1 ; : : : ; m) becomes recurrent. Since all subsystems
have identical order, namely %k1 = � � � = %km = 0, the NN input Zk; 1 = [�x1;(1 � %k 1 ) ; : : : ; �xm; (1 � %km ) ; _xdk ]T =
[x1;1; : : : ; xm; 1; _xdk ]T . Because the reference signalxdk is recurrent and xk; 1 (k = 1 ; : : : ; m) has been shown to
be recurrent, the NN inputs Zk; 1 are recurrent. Consequently, the regressor subvectorSk; 1(Zk; 1) satis�es the PE
condition according to Lemma 1.

Step 1. Based on the localized property of RBF NN along the trajectoryZk; 1(t), the tracking error subsystem
for zk; 1 and the NN weight estimation error subsystem for ~Wk; 1 can be written as

8
><

>:

_zk; 1 = gk; 1

�
� ck; 1zk; 1 + zk; 2 + yk; 2 � ~W T

k; 1� Sk; 1� (Zk; 1) + � k; 1�

�
;

_~Wk; 1� = � k; 1�

�
Sk; 1� (Zk; 1)zk; 1 � � k; 1Ŵk; 1�

�
;

(49)

and
_~Wk; 1 �� = � k; 1 ��

�
Sk; 1 �� (Zk; 1)zk; 1 � � k; 1Ŵk; 1 ��

�
;

where Sk; 1� (Zk; 1) denotes the subvector of neurons located near the trajectory, while Sk; 1 �� (�) denotes the comple-
mentary subset. The term ~Wk; 1� represents the weight estimation error associated with the activeneurons along
the trajectory, and � k; 1� = � k; 1 � ~W T

k; 1 �� Sk; 1 �� (Zk; 1) denotes the localized approximation error, with j� k; 1� j close to
j� k; 1j. It is noted that the a�ne term gk; 1 may amplify the approximation error, which can degrade the learning
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performance. To mitigate this e�ect, the state transformation ek; 1 = zk; 1=�gk; 1 is introduced. Accordingly, the
closed-loop system (49) can be transformed into the following LTV system with small pertur bation terms:

"
_ek; 1
_~Wk; 1�

#

=

"
� ck; 1gk; 1 gk; 1ST

k; 1� (Zk; 1)=�gk; 1

� k; 1Sk; 1� �gk; 1 0

# "
ek; 1

~Wk; 1�

#

+

"
� 0

k; 1�

� � k; 1� k; 1� Ŵk; 1�

#

; (50)

where� 0
k; 1� = gk; 1(zk; 2 + � k; 1� + yk; 2)=�gk; 1. According to Theorem 1 and Assumption 1,� 0

k; 1� can be made su�ciently

small. Moreover, by choosing� k; 1 su�ciently small, the term � � k; 1� k; 1� Ŵk; 1� can also be made small. Therefore,
Eq. (50) can be regarded as an LTV system subject to small perturbations. Based on Assumption 1 and Lemma
1, the term gk; 1ST

k; 1� (Zk; 1)=�gk; 1 satis�es the PE condition. Let A(t) = � ck; 1gk; 1, and chooseP(t) = �g2
k; 1=gk; 1, then

we haveAT P + P A + _P = � 2ck; 1 �g2
k; 1 � �g2

k; 1 _gk; 1=g2
k; 1 = � �g2

k; 1[2ck; 1 + _gk; 1=g2
k; 1]. According to Assumption 1 and

Theorem 1, _gk; 1 is bounded. Hence, an appropriate control gainck; 1 can be selected such that 2ck; 1 + _gk; 1=g2
k; 1 > 0

holds. By Theorem 2.5 in [22], the nominal part of (50) is exponentially stable. Furthermore, applying perturbation
theory in [41], the LTV system (50) remains exponentially stable. Consequently, ~Wk; 1� converges exponentially to
a small neighborhood of zero within a �nite time Tk; 1. The size of the convergence neighborhood is bounded by
j� 0

k; 1� j and k� k; 1� k; 1� Ŵk; 1� k. Hence, the unknown interconnected nonlinear dynamicsH k; 1(Zk; 1) can be accurately

approximated by the NN Ŵ T
k; 1Sk; 1(Zk; 1) and Ŵ T

k; 1� Sk; 1� (Zk; 1) along the recurrent trajectories Zk; 1(t) as

H k; 1(Zk; 1) = Ŵ T
k; 1Sk; 1(Zk; 1) + � 0

k; 1 = Ŵ T
k; 1� Sk; 1� (Zk; 1) + � k; 1� ; (51)

where both � 0
k; 1 and � k; 1� remain close to� k; 1 owing to the convergence of~Wk; 1� .

During the steady-state interval after weight convergence, the averaged value�Wk; 1 over a certain period is taken
as the learned dynamical knowledge aboutH k; 1(�) in this process according to (48) as

H k; 1(Zk; 1) = �W T
k; 1Sk; 1(Zk; 1) + �� k; 1 = �W T

k; 1� Sk; 1� (Zk; 1) + �� k; 1� ; (52)

where �� k; 1 and �� k; 1� remain su�ciently close to � 0
k; 1 and � k; 1� , respectively.

Step 2. Note that � k; 1 = � ck; 1zk; 1 � Ŵ T
k; 1Sk; 1(Zk; 1) = � ck; 1(xk; 1 � xdk ) � Ŵ T

k; 1Sk; 1(Zk; 1), and since Ŵk; 1

converges to �Wk; 1, it follows that:

� k; 1 = � ck; 1(xk; 1 � xdk ) � �W T
k; 1Sk; 1(Zk; 1) + " k; 1; (53)

where " k; 1 = [ �Wk; 1 � Ŵk; 1]T Sk; 1(Zk; 1) becomes su�ciently small owing to convergence ofŴk; 1. Sincexk; 1 and Zk; 1

are recurrent, � k; 1 is also recurrent. Fromxk; 2 = zk; 2 + yk; 2 + � k; 1, and the fact that zk; 2 and yk; 2 converge to small
neighborhoods of zero by Theorem 1, it follows thatxk; 2 is recurrent. Moreover, sinceyk; 2 = � k; 2( f ) � � k; 1 is small,
� k; 2( f ) is recurrent. Consequently, _� k; 2( f ) is recurrent according to (14).

Next, under the assumption that all subsystems have identical order in this case, learning of all NNs is established
recursively in sequence. The input of the second NN of subsystemk is Zk; 2 =

�
�x1;(2 � %k 1 ) ; : : : ; �xm; (2 � %km ) ; _� k; 2( f )

�
=�

�x1;(2) ; : : : ; �xm; (2) ; _� k; 2( f )
�

since%k1 = � � � = %km = 0. From the previous step xk; 1, xk; 2 (k = 1 ; : : : ; m) and _� k; 2( f )

have been shown to be recurrent. Hence, the NN inputZk; 2 is recurrent. Consequently, the regressor subvector
Sk; 2(Zk; 2) satis�es the PE condition.

Exploiting the localized property of the RBF NN along trajectory Zk; 2(t), the closed-loop subsystem associated
with the tracking error zk; 2 and the NN weight estimation error subsystem ~Wk; 2 can be written as

8
><

>:

_zk; 2 = gk; 2

�
� ck; 2zk; 2 + zk; 3 � zk; 1 + yk; 3 � ~W T

k; 2� Sk; 2� (Zk; 2) + � k; 2�

�
;

_~Wk; 2� = � k; 2�

�
Sk; 2� (Zk; 2)zk; 2 � � k; 2Ŵk; 2�

�
;

(54)

and
_~Wk; 2 �� = � k; 2 ��

�
Sk; 2 �� (Zk; 2)zk; 2 � � k; 2Ŵk; 2 ��

�
;

where � k; 2� = � k; 2 � ~W T
k; 2 �� Sk; 2 �� (Zk; 2) denotes the localized approximation error along the recurrent trajectories

Zk; 2(t). Introducing the state transformation ek; 2 = zk; 2=�gk; 2, the closed-loop error system (54) can be transformed
into the following LTV system with small perturbation terms

"
_ek; 2
_~Wk; 2�

#

=

"
� ck; 2gk; 2 gk; 2ST

k; 2� (Zk; 2)=�gk; 2

� k; 2Sk; 2� �gk; 2 0

# "
ek; 2

~Wk; 2�

#

+

"
� 0

k; 2�

� � k; 2� k; 2� Ŵk; 2�

#

; (55)
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where � 0
k; 2� = gk; 2(zk; 3 � zk; 1 + � k; 2� + yk; 3)=�gk; 2. Then, according to Theorem 1 and Assumption 1,� 0

k; 2� and

� k; 2� k; 2� Ŵk; 2� can be made su�ciently small through appropriate parameter selection. Hence, Eq. (55) can
be regarded as a perturbed LTV system. LetA(t) = � ck; 2gk; 2, and chooseP(t) = �g2

k; 2=gk; 2, then we obtain
AT P + P A + _P = � 2ck; 2 �g2

k; 2 � �g2
k; 2 _gk; 2=g2

k; 2 = � �g2
k; 2[2ck; 2 + _gk; 2=g2

k; 2]. By selecting the control gain ck; 2 such that
2ck; 2 + _gk; 2=g2

k; 2 > 0, the LTV system (55) is exponentially stable according to Theorem 2.5 in [22] and perturbation

theory in [41]. Consequently, ~Wk; 2� exhibits exponential convergence to a small neighborhood of zero, where the size
of the neighborhood is determined byj� 0

k; 2� j and k� k; 2� k; 2� Ŵk; 2� k. After exponential convergence of the NN weights,
�Wk; 2 is selected according to (48). Therefore, along the recurrent trajectoriesZk; 2(t), the unknown interconnected

dynamics H k; 2(Zk; 2) is accurately approximated by �W T
k; 2Sk; 2(Zk; 2) and �W T

k; 2� Sk; 2� (Zk; 2) as follows:

H k; 2(Zk; 2) = �W T
k; 2Sk; 2(Zk; 2) + �� k; 2 = �W T

k; 2� Sk; 2� (Zk; 2) + �� k; 2� ; (56)

where both �� k; 2 and �� k; 2� remain su�ciently close to � k; 2.
Furthermore, once Ŵk; 2 converges to �Wk; 2, the virtual control � k; 2 = � zk; 1 � ck; 2zk; 2 � �W T

k; 2Sk; 2(Zk; 2) becomes
a recurrent. From xk; 3 = zk; 3 + yk; 3 + � k; 2, the third state xk; 3 is also recurrent. Sinceyk; 3 = � k; 3( f ) � � k; 2

is close to zero,� k; 3( f ) is recurrent, and consequently, _� k; 3( f ) is recurrent. Thus, the third NN input Zk; 3 =
[�x1;(3) ; : : : ; �xm; (3) ; _� k; 3( f ) ]T follows a recurrent trajectory, and Sk; 3(Zk; 3) satis�es PE condition.

Step i k (3 6 i k 6 � k � 1). Following the same reasoning, it can be shown thatZk;i k possesses the recurrent
property, which ensures that Sk;i k (Zk;i k ) satis�es the PE condition. Combining the localized property of the RBF
NN and the state transformation ek;i k = zk;i k =�gk;i k , the closed-loop system along the trajectoryZk;i k (t) ( t > T k;i k )
can be expressed as the following LTV system:

"
_ek;i k

_~Wk;i k �

#

=

"
� ck;i k gk;i k gk;i k ST

k;i k � (Zk;i k )=�gk;i k

� k;i k Sk;i k � �gk;i k 0

# "
ek;i k

~Wk;i k �

#

+

"
� 0

k;i k �

� � k;i k � k;i k � Ŵk;i k �

#

; (57)

where � 0
k;i k � = gk;i k (zk;i k +1 � zk;i k � 1 + � k;i k � + yk; ( i k +1) )=�gk;i k , and � k;i k � = � k;i k � ~W T

k;i k
�� Sk;i k

�� (Zk;i k ) denotes the
localized approximation error along recurrent trajectories Zk;i k . By selecting an appropriate control gain ck;i k ,
~Wk;i k � converges to a su�ciently small neighborhood of zero within �nite tim e. As a result, the unknown dynamics

H k;i k (Zk;i k ) can be accurately approximated by �W T
k;i k

Sk;i k (Zk;i k ) along the recurrent trajectories Zk;i k (t)

H k;i k (Zk;i k ) = �W T
k;i k

Sk;i k (Zk;i k ) + �� k;i k = �W T
k;i k � Sk;i k � (Zk;i k ) + �� k;i k � ; (58)

where both �� k;i k and �� k;i k � remain su�ciently close to � k;i k , and �Wk;i k is selected according to (47). Moreover, both
_� k;i k +1( f ) and the subsequent system statexk;i k +1 are recurrent.

Step � k (k = 1 ; : : : ; m). Based on the previous analysis, namely Steps 1 through� k � 1, it can be concluded
that all system states X = [ xk; 1; : : : ; xk;� k j k = 1 ; : : : ; m]T and _� k;� k ( f ) (k = 1 ; : : : ; m) are recurrent. However,
the PE condition for the NN in the �nal order of each subsystem cannot be established directly. This is because
the input Zk;� k =

�
X T ; u1; : : : ; uk � 1; _� k;� k ( f )

� T
of the last-order NN recursively contains input variables from other

subsystems. Therefore, the proof proceeds recursively according to the order of the subsystems, beginning with the
last order of the �rst subsystem, namely Ŵ T

1;� 1
S1;� 1 (Z1;� 1 ).

According to (29), the input to the last-order NN of the �rst subsystem is Z1;� 1 = [ X T ; _� 1;� 1 ( f ) ]T . From the
previous analysis, all system statesX and _� 1;� 1 ( f ) are recurrent. Thus, the NN inputs Z1;� 1 (t) follows a recurrent
trajectory, and the regression vectorS1;� 1 (�) satis�es the PE condition. Similarly, by utilizing the localized property
of the RBF NN and introducing the state transformation e1;� 1 = z1;� 1 =�g1;� 1 , the following closed-loop LTV system
arises along the recurrent trajectory ofZ1;� 1 (t)

"
_e1;� 1

_~W1;� 1 �

#

=

"
� c1;� 1 g1;� 1 g1;� 1 ST

1;� 1 � (Z1;� 1 )=�g1;� 1

� 1;� 1 S1;� 1 � �g1;� 1 0

# "
e1;� 1

~W1;� 1 �

#

+

"
� 0

1;� 1 �

� � 1;� 1 � 1;� 1 � Ŵ1;� 1 �

#

; (59)

where � 0
1;� 1 � = g1;� 1 (� z1;� 1 � 1 + � 1;� 1 � )=�g1;� 1 is su�ciently small. By selecting an appropriate control gain c1;� 1 ,

exponential stability of the LTV system ( 59) is established using the same reasoning as in the previous steps.
Consequently, ~W1;� 1 � converges to a small neighborhood of zero, and the unknown system dynamicsH1;� 1 (Z1;� 1 )
is accurately approximated by the converged NN �W T

1;� 1
S1;� 1 (�) according to (47)

H1;� 1 (Z1;� 1 ) = �W T
1;� 1

S1;� 1 (Z1;� 1 ) + �� 1;� 1 = �W T
1;� 1 � S1;� 1 � (Z1;� 1 ) + �� 1;� 1 � ; (60)
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where both �� 1;� 1 and �� 1;� 1 � remain su�ciently close to � 1;� 1 .
According to (32), the control input of the �rst subsystem u1 converges to

u1 = � c1;� 1 z1;� 1 � z1;� 1 � 1 � �W1;� 1 S1;� 1 (Z1;� 1 ) + "1;� 1 ; (61)

where "1;� 1 = [ �W1;� 1 � Ŵ1;� 1 ]T S1;� 1 (Z1;� 1 ) diminishes to a su�ciently small value due to convergence of Ŵ1;� 1 .
Hence, the control input u1 becomes recurrent.

Next, the input vector of the second subsystem isZ2;� 2 = [ X T ; u1; _� 2;� 2 ( f ) ]T , we can see thatZ2;� 2 (t) follows
recurrent orbits. Consequently, the regression vectorS2;� 2 (Z2;� 2 ) satis�es the PE condition. Under the PE condition
of S2;� 2 (Z2;� 2 ), the corresponding identi�cation error LTV system can be constructed in a manner similar to (59) and
its exponential stability can be established. Accordingly, the weights of the last-order NN of the second subsystem
converge to �W2;� 2 and

H2;� 2 (Z2;� 2 ) = �W T
2;� 2

S2;� 2 (Z2;� 2 ) + �� 2;� 2 = �W T
2;� 2 � S2;� 2 � (Z2;� 2 ) + �� 2;� 2 � ; (62)

where both �� 2;� 2 and �� 2;� 2 � remain su�ciently close to � 2;� 2 , respectively.
Similarly and recursively, it can be shown that the NN inputs Zk;� k = [ X T ; u1; : : : ; uk � 1; _� k;� k ( f ) ]T are recurrent

and thus satisfy the PE condition. Consequently the corresponding NN weights Ŵk;� k converge, and the converged
NN �Wk;� k accurately approximates the unknown dynamicsH k;� k (�) along the recurrent trajectories Zk;� k (t).

At this point, it has been established that the NNs of all subsystemsachieve learning, and all unknown intercon-
nected intrinsic dynamics are accurately identi�ed by the corresponding NNs.

Case 2. Unlike Case 1, learning in this case cannot be achieved through a straightforward recursive procedure
due to the presence of unknown interconnected terms with nonequal order. Therefore, a di�erent strategy is required
to establish the learning process of the NNs.

Step 1. In the �rst step, similar to Case 1, the recurrent property of the �rst state xk; 1 (k = 1 ; : : : ; m) of each
subsystem is established. Sincezk; 1 = xk; 1 � xdk converges, it follows that xk; 1 is recurrent.

Note that, unlike Case 1, the recurrent property of � k; 1 cannot be established directly, and therefore the next
state xk; 1 cannot be shown sequentially to be recurrent. This is because� k; 1 still contains subsystem states whose
recurrent properties remain unknown. Since%kc (c 2 f 1; : : : ; mg) is not necessarily zero, the term �xc;(1 � %kc ) appears
in � k; 1 if 1 � %kc > 1. To address this issue, the following selection strategy (63) is adopted to determine the next
system state to be analyzed

(q; iq) = arg max
(k;i k )2 Ue

(� k � i k ); (63)

where
Ue , f (k; i k )jxk;i k has not been proven recurrentg:

Naturally, the next step is to choose i q = 2 (i.e., state xq;2), where � q (q 2 f 1; : : : ; mg) is the largest order
of all subsystems according to (63). Hence, � q is either strictly greater than or equal to any other � k (k 2
f 1; : : : ; mg 6= q), or equal to � k , which implie %qk > 1 or = 0. If %qk > 1, the interconnection term �xk; (1 � %qk )

appear. If %qk = 0, �xk; (1 � %qk ) = xk; 1, which has already been established as recurrent. Moreover, theNN input

Zq;1 =
�
�x1;(1 � %q1 ) ; : : : ; �xm; (1 � %qm ) ; xd

� T
� [x1;1; : : : ; xm; 1; xd]T . Therefore, Zq;1(t) follows the recurrent trajectory.

Thus, the PE condition is satis�ed for the regression vectorSq;1(Zq;1).
Based on the localized property of the RBF NN, the corresponding closed-loop error system associated with

Sq;1(Zq;1) is given by
8
><

>:

_zq;1 = gq;1

�
� cq;1zq;1 + zq;2 + yq;2 � ~W T

q;1� Sq;1� (Zq;1) + � q;1�

�
;

_~Wq;1� = � q;1�

�
Sq;1� (Zq;1)zq;1 � � q;1Ŵq;1�

�
;

(64)

and
_~Wq;1 �� = � q;1 ��

�
Sq;1 �� (Zq;1)zq;1 � � q;1Ŵq;1 ��

�
;

where Sq;1� (Zq;1) consists of neurons localized near the loop trajectoryZq;1(t), � q;1� = � q;1 � ~W T
q;1 �� Sq;1 �� (Zq;1)

denotes the localized NN approximation error. Introducing the state transformation eq;1 = zq;1=�gq;1, the LTV
system corresponding to (64) is obtained as

"
_eq;1
_~Wq;1�

#

=

"
� cq;1gq;1 gq;1ST

q;1� (Zq;1)=�gq;1

� q;1Sq;1� �gq;1 0

# "
eq;1

~Wq;1�

#

+

"
� 0

q;1�

� � q;1� q;1� Ŵq;1�

#

; (65)
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where � 0
q;1� = gq;1(zq;2 + � q;1� + yq;2)=�gq;1. According to Theorem 1 and Assumption 1, � 0

q;1� converges to a

su�ciently small value. By selecting a su�ciently small � q;1, the perturbation term � � q;1� q;1� Ŵq;1� can also be
made su�ciently small. Thus, an appropriate control gain cq;1 can be selected such that 2cq;1 + _gq;1=g2

q;1 > 0 holds.
By combining Theorem 2.5 in [22] with perturbation theory in [ 41], the LTV system (65) is exponentially stable.
Consequently, ~Wq;1� converges exponentially to a small neighborhood of zero. Therefore, the unknown system
dynamics Hq;1(Zq;1) is accurately approximated by the converged NN �W T

q;1Sq;1(�) according to (47) as follows:

Hq;1(Zq;1) = �W T
q;1Sq;1(Zq;1) + �� q;1 = �W T

q;1� Sq;1� (Zq;1) + �� q;1� ; (66)

where �� q;1 and �� q;1� remain in close proximity to � q;1, respectively.
Therefore, the virtual control � q;1 converges to� q;1 = � cq;1(xq;1 � xdq) � �W T

q;1Sq;1(Zq;1) + "q;1. Owing to the
convergence of the NN weights,� q;1 becomes recurrent, where"q;1 is su�ciently small. Since zq;2 and yq;2 converge
to small neighborhoods of zero by Theorem 1,xq;2 = zq;2 + yq;2 + � q;1 is recurrent. Moreover, _� q;2( f ) is recurrent
based on convergence ofyq;2 and the �lter ( 14).

Next steps. In the remainder of the proof, the recurrent properties of the remaining system states and the
learning of the NNs cannot be established in a �xed order. This is because the interconnection structure may
introduce subsystem states whose recurrence has not yet beenestablished. Therefore, the selection function (47) is
repeatedly applied to determine the next state to be analyzed. Assume that the next state to be analyzed isxq;i q ,
which satis�es

(q; iq) = arg max
(k;i k )2 Ue

(� k � i k ); (67)

where
Ue , f (k; i k )jxk;i k has not been proven recurrentg:

According to (22), the corresponding virtual control variable satis�es

� q;( i q � 1) = � zq;( i q � 2) � cq;( i q � 1) zq;( i q � 1) � Ŵ T
q;( i q � 1) Sq;( i q � 1) (Zq;( i q � 1) ); (68)

where the NN input Zq;( i q � 1) is given as follows:

Zq;( i q � 1) =
�
�xT

1;( i q � 1� %q1 ) ; : : : ; �xT
m; ( i q � 1� %qm ) ; _� q;( i q � 1) f

� T
: (69)

First, the recurrent property of the NN input vector Zq;( i q � 1) is established. This requires showing that
�xk; ( i q � 1� %qk ) (k = 1 ; : : : ; m) and _� q;( i q � 1) f are recurrent.
Remark 2. The set Ue de�ned in the selection function (67) indicates that the state xq;i q selected at this step
maximizes the di�erence between the subsystem order� q and the current index i q (that is max( � q � i q) for 8xq;i q 2
Ue ) among all states that have not yet been proven recurrent. Conversely, a state exhibits an order di�erence greater
than ( � q � i q), at the current step, then it does not belong to Ue and has already been established as recurrent.

Consider the subscripts of the system states appearing in the NN input Zq;( i q � 1) . Since there arem interconnected
subsystem states, namely �x1;( i q � 1� %q1 ) , : : : , �xm; ( i q � 1� %qm ) , they can be represented compactly as �xk; ( i q � 1� %qk ) (k =
1; : : : ; m). The order di�erence of the last state of each subsystem is computed as Dk = � k � (i q � 1 � %qk ) =
� k � i q+1+( � q � � k ) = � q � i q+1. According to ( 67), ( � q � i q) is maximal at the current step. SinceDk is larger than
(� q � i q), none of these subsystem states belong toUe and therefore they have already been established as recurrent.
Furthermore, xk; ( i q � 1� %qk ) corresponds to the terminal state of each interconnected subsystem k 2 f 1; : : : ; mg. Any
other subsystem state has an order di�erence not smaller thanDk , and thus does not belong toUe. Consequently,
all such states are recurrent. Next, it remains to establish the recurrent property of _� q;( i q � 1) f in (69). According
to the above analysis, the system statexq;( i q � 1) of the q subsystem is recurrent because its order di�erence is
� q � i q + 1 > � q � i q. Based on Theorem 1, the tracking errorzq;( i q � 1) = xq;( i q � 1) � � q;( i q � 1) f converges close to
zero, it can be concluded that � q;( i q � 1) f is also recurrent. Thus, its derivative _� q;( i q � 1) f is recurrent. Based on
the above analysis, we prove that the NN input Zq;( i q � 1) (t) follows the recurrent orbits. According to Lemma 1,
Sq;( i q � 1) (Zq;( i q � 1) ) satis�es the PE condition.

Combining the local properties of the RBF NN with the state transformation eq;( i q � 1) = zq;( i q � 1) =�gq;( i q � 1) , the
following closed-loop LTV system along the trajectory ofZq;( i q � 1) (t) is obtained

"
_eq;( i q � 1)
_~Wq;( i q � 1) �

#

=

"
� cq;( i q � 1) gq;( i q � 1) gq;( i q � 1) ST

q;( i q � 1) � =�gq;( i q � 1)

� Sq;( i q � 1) � �gq;( i q � 1) 0

# "
eq;( i q � 1)

~Wq;( i q � 1) �

#

+

"
� 0

q;( i q � 1) �

� � q;( i q � 1) � q;( i q � 1) � Ŵq;( i q � 1) �

#

;

(70)
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where � 0
q;( i q � 1) � = gq;( i q � 1) (zq;i q � zk; ( i q � 2) + � q;( i q � 1) � + yq;( i q +1) )=�gq;( i q � 1) , and � q;( i q � 1) � = � q;( i q � 1) �

~W T
q;( i q � 1) �� Sq;( i q � 1) �� (Zq;( i q � 1) ) denotes the approximation error along the recurrent trajectory Zq;( i q � 1) . Similarly,

by selecting an appropriate control gain cq;( i q � 1) , ~Wq;( i q � 1) � is guaranteed to converge to a su�ciently small
neighborhood of zero. Consequently, the unknown functionHq;( i q � 1) (Zq;( i q � 1) ) is accurately approximated by
�W T

q;( i q � 1) Sq;( i q � 1) (Zq;( i q � 1) ) along trajectory Zq;( i q � 1) (t)

Hq;( i q � 1) (Zq;( i q � 1) ) = �W T
q;( i q � 1) Sq;( i q � 1) (Zq;( i q � 1) ) + �� q;( i q � 1)

= �W T
q;( i q � 1) � Sq;( i q � 1) � (Zq;( i q � 1) ) + �� q;( i q � 1) � ; (71)

where �� q;( i q � 1) and �� q;( i q � 1) � remain su�ciently close to � q;( i q � 1) , respectively, and �Wq;( i q � 1) is selected according to
(47). Therefore, the virtual control � q;( i q � 1) in (68) is recurrent. Furthermore, _� q;i q ( f ) and the subsequent system
state xq;i q are recurrent.
Remark 3. The above procedure is dynamic and iterative. After a system state is established as recurrent, the
selection function is applied to determine the next state to be analyzed. Each time a state is proven recurrent, it is
removed from the setUe. In fact, the above process of implementing the proof by selectingthe function may jump
back and forth between the states of each subsystem. Therefore, this process is like taking balls from a box (the
box here is equivalent to the setUe), continuously reducing the number of balls in the box. The balls that have
been taken out are equivalent to the colors of the known balls, and the probability of the balls that have not been
taken out is a�ected by the balls that have been taken out.

According to the selection function (67), the state that maximizes the order di�erence � q � i q, is chosen at
each step. Because the order of the last state of each subsystem is consistent with the system order, it has the
minimal order di�erence and is therefore selected last. Through this dynamic selection process, the maximal order
di�erence decreases monotonically to zero. Consequently, all system states X =

�
�xT

1;� 1
; : : : ; �xT

m;� m

� T
are eventually

established as recurrent. In addition, the learning process of all NNs except those corresponding to the �nal order
of each subsystem is established.

Last steps. The NN corresponding to the �nal order of each subsystem is embedded in the controller uk (k =
1; : : : ; m). Therefore, the remaining proof focuses on establishing the PE condition and learning properties of the
NNs within the controllers ( 32).

From (29), the NN input associated with controller uk is Zk;� k = [ X T ; u1; : : : ; uk � 1; _� k;� k ( f ) ]T . Accordingly,
convergence of the NNs is established sequentially fromu1 to um . First, the NN input of controller u1 is denoted as
Z1;� 1 =

�
X T ; _� 1;� 1 ( f )

� T
. As established previously, the entire state vectorX is recurrent, and _� 1;� 1 ( f ) is recurrent

due to recurrence ofx1;� 1 . Hence, the regression vectorS1;� 1 (Z1;� 1 ) satis�es the PE conditions.
Next, following the same procedure as in the previous steps, a closed-loop error LTV system is constructed via

state transformation and the localized property of the NN
"

_e1;� 1

_~W1;� 1 �

#

=

"
� c1;� 1 g1;� 1 g1;� 1 ST

1;� 1 � (Z1;� 1 )=�g1;� 1

� 1;� 1 S1;� 1 � �g1;� 1 0

# "
e1;� 1

~W1;� 1 �

#

+

"
� 0

1;� 1 �

� � 1;� 1 � 1;� 1 � Ŵ1;� 1 �

#

; (72)

where � 0
1;� 1 � = g1;� 1 (z1;� 1 � 1 + � 1;� 1 � )=�g1;� 1 . From Theorem 1 and Assumption 1, � 0

1;� 1 � is su�ciently small. By

selecting � 1;� 1 is su�ciently small, the perturbation term � � 1;� 1 � 1;� 1 � Ŵ1;� 1 � is also su�ciently small. Therefore,
the control gain c1;� 1 can be selected such that 2c1;� 1 + _g1;� 1 =g2

1;� 1
> 0 holds. By applying Theorem 2.5 in [22]

together with perturbation theory in [ 41], the LTV system (65) is exponentially stable. Consequently, ~W1;� 1 �

converges exponentially to a small neighborhood of zero. Hence, the unknown dynamicsH1;� 1 (Z1;� 1 ) is accurately
approximated by the converged NN �W T

1;� 1
S1;� 1 (�) upon on (47) according to

H1;� 1 (Z1;� 1 ) = �W T
1;� 1

S1;� 1 (Z1;� 1 ) + �� 1;� 1 = �W T
1;� 1 � S1;� 1 � (Z1;� 1 ) + �� 1;� 1 � ; (73)

where both �� 1;� 1 and �� 1;� 1 � remain su�ciently close to � 1;� 1 .
After the convergence ofŴ1;� 1 , the controller input u1 satis�es

u1 = � c1;� 1 z1;� 1 � z1;� 1 � 1 � �W1;� 1 S1;� 1 (Z1;� 1 ): (74)

SinceZ1;� 1 and X are recurrent, u1 is recurrent. Subsequently, from the observation of the input ofsecond NN

embedded in u2, we can deduce thatZ2;� 2 =
�
X T ; u1; _� 2;� 2 ( f )

� T
contains X , u1, and _� 2;� 2 ( f ) . Based on above
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analysis, the �rst input variable is recurrent, and therefore we can conclude that Z2;� 2 is recurrent. Consequently,
the regression vectorS2;� 2 (Z2;� 2 ) satis�es the PE condition.

Following the same procedure as in (72), the NN of the second subsystem achieves learning through satisfaction
of the PE condition for S2;� 2 (�) and the exponential stability of the corresponding LTV system. Consequently, the
NN weight Ŵ2;� 2 to a small neighborhood of its optimal value �W2;� 2 . Accordingly

H2;� 2 (Z2;� 2 ) = �W T
2;� 2

S2;� 2 (Z2;� 2 ) + �� 2;� 2 = �W T
2;� 2 � S2;� 2 � (Z2;� 2 ) + �� 2;� 2 � ; (75)

where both �� 2;� 2 and �� 2;� 2 � remain su�ciently close to � 2;� 2 .
Therefore, the second input signalu2 is recurrent, analogous to (74). Next, the NN input of controller Z3;� 3 =

[X T ; u1; u2; _� 3;� 3 ( f ) ]T in u3 of the third subsystem follows the recurrent signals and corresponding regression vector
S3;� 3 (Z3;� 3 ) satis�es the PE condition. Then we can construct the corresponding closed-loop error LTV system
of e3;� 3 and ~W3;� 3 � similar to ( 72). Subsequently, the NN Ŵ T

3;� 3
S3;� 3 (Z3;� 3 ) in the third subsystem can be proved

to achieve weight convergence, and the corresponding unknown dynamic function H3;� 3 (Z3;� 3 ) can be accurately
approximated by �W T

3;� 3
S3;� 3 (�).

By proceeding recursively in the order of the subsystems, it followsthat uk � 1 (k = 4 ; : : : ; m) is recurrent. This
recurrence implies that the NN input Zk;� k (t) follows a recurrent trajectory. According to Lemma 1, the regression
vector Sk;� k (Zk;� k ) satis�es the PE condition. Hence, the NN Ŵ T

k;� k
Sk;� k (�) achieves learning, and its weights

converge to �Wk;� k .
After establishing learning for the NNs at the �nal order of each subsystem, the learning proof for all NNs in the

interconnected MIMO system described in (1). The closed-loop dynamical knowledge obtained through this process
can be characterized as follows. Along the reference recurrent trajectory ' d

k;i k
(Z d

k;i k
(t)), there exists a neighborhood

band region 
 dk;i k
determined by constantsd and � �

k;i k
. When the actual system trajectory ' d

k;i k
(Z d

k;i k
(t)). When

the actual dynamical trajectories ' k;i k (Zk;i k (t)) enters 
 dk;i k
, the learned constant value NN �W T

k;i k
Sk;i k (�) accurately

approximates the unknown interconnected nonlinear dynamicsH k;i k (�). The formal description is given by

dist( ' k;i k (Zk;i k (t))( t > T k;i k ); ' d
k;i k

(Z d
k;i k

(t))) < d ) j �W T
k;i k

Sk;i k (�) � H k;i k (�)j < � �
k;i k

; (76)

where � �
k;i k

is su�ciently close to � k;i k . The above formula (76) indicates that once the NN input trajectory
Zk;i k (t) enters the neighborhood band region 
dk;i k

, the learned constant NN �W T
k;i k

Sk;i k (�) provides an accurate
approximation of the unknown interconnected nonlinear dynamicsH k;i k (�).

5 Learning control for MIMO systems based on knowledge

In the previous section, the learning processes for two cases of unknown interconnected MIMO systems were estab-
lished. All NNs in system (1) achieved weight convergence, and the learned closed-loop dynamical knowledge was
retained in the form of constant NNs �W T

k;i k
Sk;i k (�) (k = 1 ; : : : ; m j1 6 i k 6 � k ). This section applies the learned

closed-loop dynamical knowledge to a knowledge-based learning control framework, thereby further improving the
performance of the closed-loop MIMO system.

Based on the acquired knowledge, the following knowledge-based learning controller is constructed

uk = � ck;� k zk;� k � zk;� k � 1 � �Wk;� k Sk;� k (Zk;� k ); (77)

and the corresponding virtual controllers are de�ned as
(

� k; 1 = � ck; 1zk; 1 � �W T
k; 1Sk; 1(Zk; 1);

� k;i k = � ck;i k zk;i k � zk;i k � 1 � �W T
k;i k

Sk;i k (Zk;i k ); (k = 1 ; : : : ; m; i k = 1 ; : : : ; � k );
(78)

where the control gain ck;i k is de�ned as in the previous section. The proposed learning controlframework for the
unknown interconnected MIMO system is shown in Figure 2.
Theorem 3. Consider the closed-loop system composed of the interconnectedunknown MIMO system (1), the
reference model (2), the DSC �lter ( 23), the knowledge-based learning controllersuk (k = 1 ; : : : ; m). For identical
or similar reference orbits ' d

k;i k
(xd(0)) associated with bounded initial conditions xd(0), and for any given � > 0,

if the initial value satis�es V (0) < � , then all closed-loop signalsX and the adaptive weightsŴk;i k (k = 1 ; : : : ; m)
with 1 6 i k 6 � k remain UUB. Moreover, the tracking error zk; 1 converges to a small neighborhood of the origin in
�nite time.
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Figure 2 (Color online) Block diagram of the proposed learning and co ntrol framework.

Proof. By combining (1), (5), (24), (77) and (78), the following closed-loop error surface system for the knowledge-
based learning control scheme is obtained

8
><

>:

_zk; 1 = gk; 1
�

� ck; 1zk; 1 + zk; 2 + yk; 2 + H k; 1(Zk; 1) � �W T
k; 1Sk; 1(Zk; 1)

�
;

_zk;i k = gk;i k

�
zk;i k +1 � ck;i k zk;i k � zk;i k � 1 + yk; ( i k +1) + H k;i k (Zk;i k ) � �W T

k;i k
Sk;i k (Zk;i k )

�
; (1 < i k 6 � k � 1);

_zk;� k = gk;� k

�
� ck;� k zk;� k � zk;� k � 1 + H k;� k (Zk;� k ) � �W T

k;� k
Sk;� k (Zk;� k )

�
:

(79)
Consider the Lyapunov function candidate

V =
1
2

mX

k=1

� kX

i k =1

z2
k;i k

+
1
2

mX

k=1

� kX

i k =2

y2
k;i k

: (80)

Its time derivative is computed as

_V =
mX

k=1

� kX

i k =1

zk;i k _zk;i k +
mX

k=1

� kX

i k =2

yk;i k _yk;i k

=
mX

k=1

"

�
� kX

i k =1

ck;i k gk;i k z2
k;i k

+
� k � 1X

i k =1

gk;i k zk;i k zk;i k +1 �
� kX

i k =2

gk;i k zk;i k � 1zk;i k +
� k � 1X

i k =1

gk;i k zk;i k yk; ( i k +1)

+
� kX

i k =1

gk;i k zk;i k

�
H k;i k (Zk;i k ) � �W T

k;i k
Sk;i k (Zk;i k )

�
#

+
mX

k=1

� kX

i k =2

"

�
y2

k;i k

�
+ yk;i k 	 k;i k

#

: (81)

Similar to ( 37), the input of the continuous function 	 k;i k (�) (k = 1 ; : : : ; m; i k = 2 ; : : : ; � k ) in ( 81) is contained
in the compact set 
 0 � 
 d, except for Ŵk; 1; : : : ; Ŵk;i k � 1. Therefore, 	 k;i k satis�es j	 k;i k j < 	 �

k;i k
on compact set


 0 � 
 d.
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Applying Young's inequality yields
8
>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>:

gk;i k zk;i k zk;i k +1 6
z2

k;i k

2
+

z2
k;i k +1 �g2

k;i k

2
;

� gk;i k zk;i k � 1zk;i k 6
z2

k;i k � 1

2
+

z2
k;i k

�g2
k;i k

2
;

gk;i k zk;i k yk; ( i k +1) 6 z2
k;i k

+
y2

k; ( i k +1) �g2
k;i k

4
;

gk;i k zk;i k

�
H k;i k (Zk;i k ) � �W T

k;i k
Sk;i k (Zk;i k )

�
6 z2

k;i k
�g2

k;i k
+

� � 2
k;i k

4
;

yk;i k 	 k;i k 6
	 � 2

k;i k
y2

k;i k

4w
+ w:

(82)

Following the approach in Theorem 1, let ck; 1gk; 1 = � 0 + 2, ck;i k gk;i k = � 0 + 2 + 1
2 �g2

k;i k � 1 + 1
2 �g2

k;i k
ck;� k gk;� k =

� 0 + 1
2 �g2

k;� k � 1 + 1
2 �g2

k;� k
, and 1=� = � 0 +

�g2
k;i k � 1

4 +
	 � 2

k;i k
4w . The parameter � 0 is a positive design constant. Substituting

these expressions into (81) yields
_V 6 � 2� 0V + R; (83)

whereR =
P m

k=1

P � k
i k =2 w+

P m
k=1

P � k
i k =1 � � 2

k;i k
=4. Given that � 0 > R=2� , it can be concluded that _V 6 0 for V = � .

Furthermore, it follows from ( 83) that

V 6 �R + ( V (0) � �R) exp(� 2� 0t); (84)

where

�R =
R

2� 0
=

R =
P m

k=1

P � k
i k =2 w +

P m
k=1

P � k
i k =1 � � 2

k;i k
=4

2� 0
: (85)

Eq. (85) implies that �R can be made arbitrarily small by selecting appropriate� 0 and w. The remaining steps
follow those in Theorem 1. Consequently, all closed-loop signals are UUB, and the tracking error zk; 1 converges to
a small neighborhood of zero.

6 Simulation studies

Example 1. To verify the e�ectiveness and advancement of the proposed approach, we consider the following
unknown MIMO system composed of two mutually coupled and interconnected subsystems

8
>>>>>><

>>>>>>:

_x1;1 = 0 :5(x1;1 + x2;1) + (1 + 0 :1x2
1;1x2

2;1)x1;2;

_x1;2 = ( x1;1x1;2 + x2;1x2;2) + [2 + cos( x1;1x2;1)]u1;

_x2;1 = x1;1x2;1 + [2 + sin( x1;1x2;1)]x2;2;

_x2;2 = ( x1;1x1;2 + x2;1x2;2 + u1)2 + (exp x 1; 1 + exp � x 2; 1 )u2;

yk = xk; 1; k = 1 ; 2:

(86)

The recurrent reference model is given by the following second-order nonlinear system:
(

_xd1 = xd2;

_xd2 = � xd1 + 
 (1 � x2
d1)x2

d2;
(87)

where xd1; xd2 represent the reference output of the two subsystems in (86). The parameter 
 is set to 
 = 0 :2 and
initial values are [xd1(0); xd2(0)] = [0 :2; 0:1].

(1) Learning from ANC control for unknown MIMO systems. According to Section 3, the adaptive NN controller
of the �rst subsystem is designed asu1 = � c1;2z1;2 � z1;1 � Ŵ T

1;2S1;2(Z1;2), and the controller of the second
subsystem is designed asu2 = � c2;2z2;2 � z2;1 � Ŵ T

2;2S2;2(Z2;2). The corresponding virtual controllers are � 1;1 =
� c1;1z1;1 � Ŵ T

1;1S(Z1;1) and � 2;1 = � c2;1z2;1 � Ŵ T
2;1S(Z2;1). The �rst NN of the �rst subsystem Ŵ1;1S1;1(�)

uses 27 neuron nodes with centers evenly distributed on [� 0:25; 0:25] � [� 0:25; 0:25] � [� 0:25; 0:25] and width
� 1;1 = 0 :2. The second NN of the �rst subsystemŴ1;2S1;2(�) uses 324 neuron nodes with centers evenly distributed
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Figure 3 (Color online) Tracking performance of (a) the �rst subsyst em and (b) the second subsystem.

Figure 4 (Color online) The NN weights convergence of (a) the �rst sub system and (b) the second subsystem.

on [� 0:25; 0:25]� [� 0:25; 0:25]� [� 0:25; 0:25]� [� 0:15; 0:15]� [� 0:1; 0:1] and width � 1;2 = 0 :15. The �rst NN of second
subsystemŴ2;1S2;1(�) uses 27 neuron nodes whose centers are evenly distributed on [� 0:25; 0:25]� [� 0:25; 0:25]�
[� 0:25; 0:25] and width � 2;1 = 0 :2. The last NN of second subsystemŴ2;2S2;2(�) uses 27 neuron nodes with
centers evenly distributed on [� 0:25; 0:25] � [� 0:25; 0:25] � [� 0:25; 0:25] � [� 0:15; 0:15] � [� 0:1; 0:1] � [� 0:1; 0:1]
and width � 2;2 = 0 :15. The design parameters are set toc1;1 = c2;1 = 8, c1;2 = c2;2 = 10, � 1;1 = � � � = � 2;2 = 6,
� 1;1 = � � � = � 2;2 = 0 :001. The initial states are [x1;1(0); x1;2(0)] = [0 :2; 0], [x2;1(0); x2;2(0)] = [0 :1; 0] and the initial
NN weights are Ŵ1;1(0) = Ŵ1;2(0) = Ŵ2;1(0) = Ŵ2;2(0) = 0. The simulation results for part (1) are shown in
Figures 3{5. The tracking performance of the ANC scheme is shownin Figure 3. Figure 4 shows convergence of
the NN weights for the two subsystems.

(2) Learning control using experience for unknown MIMO systems. From Figure 4, the NN weights of each
subsystem converge to steady values, indicating that the NNs have learned the underlying unknown nonlinear
dynamics, as illustrated in Figure 5. According to (48) in Theorem 2, the learned knowledge is extracted by
computing the time average of the converged weights, de�ned as�Wk;i k = meant 2 [180;200]Ŵk;i k (t) (k = 1 ; 2; i k = 1 ; 2).
These averaged weights are stored as constant-weight NNs to represent the acquired dynamical knowledge obtained
through DL. By recalling the stored knowledge, the experience-based learning controllers are constructed according
to (77) in Section 5. The control performance comparison between the ANC and LC schemes is shown in Figure
6. The results demonstrate that the LC scheme achieves improvedtracking performance compared with the ANC
scheme for the considered MIMO system.

Example 2. In the second simulation case, a two-degree-of-freedom roboticarm system with two joints is consid-
ered, where each joint is driven by an independent motor. Owing to signi�cant dynamic coupling and interconnection
between the two joints, the system is modeled as an MIMO system consisting of two interconnected subsystems.

The system dynamics are described as

M (q)•q + V (q; _q) _q + G(q) = �; (88)
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Figure 5 (Color online) The NN approximation of (a) the �rst subsyste m and (b) the second subsystem.

Figure 6 (Color online) The tracking performance comparison betwee n ANC and LC schemes for (a) the �rst subsystem and (b) the seco nd
subsystem.

where

M (q) =

"
a + bcos(q2) c + b=2cos(q2)

c + b=2cos(q2) c

#

;

V (q; _q) _q =

"
� bsin(q2)( _q1 _q2 + 0 :5 _q2

2)

0:5bsin(q2) _q2
1

#

; G(q) =

"
dcos(q1) + ecos(q2)

ecos(q1 + q2)

#

:

The vector q = [ q1; q2]T denotes the joint positions of the robotic manipulator, and � = [ � 1; � 2]T represents
the control input vector. The system matrix parameters are de�ned as a = l2

2m2 + l2
1(m1 + m2), b = 2 l1l2m2,

c = l2
2m2, d = ( m1 + m2)l1g, and e = m2l2g. Here, l i denotes the length of the i -th link, mi denotes the

mass of the i -th link, and g is the gravitational constant. The parameter values are speci�edas m1 = 0 :8 kg,
m2 = 2 :3 kg, l1 = 1 m, l2 = 1 m, and g = 9 :8 m=s2. The tracking reference signals for the two joints are de�ned as
xd = [0 :8 sin(t); 0:6 cos(t)]T . The controller parameters are selected asc1;1 = c2;1 = 6, c1;2 = c2;2 = 12, � 1 = � 2 = 5
and � 1 = � 2 = 0 :001. The simulation results are illustrated in Figures 7{10, with tracking performance shown in
Figure 7. The convergence of the NN weights is presented in Figure 8. Figure 9 demonstrates that the unknown
joint dynamics are accurately approximated by the constructed RBF NNs. Furthermore, as shown in Figure 10,
the proposed LC scheme achieves superior control performancecompared with the ANC scheme in this example.
The sensitivity analysis, reported in (see Table 1) indicates that theproposed approach is robust to variations in
the learning rate, with negligible in
uence on tracking accuracy and convergence e�ciency. In contrast, the control
gains and the number of NN nodes have more pronounced e�ects. Larger control gains and increased NN nodes
improve tracking accuracy, reduce overshoot, and shorten thetransient response, but increase computational cost.
These �ndings highlight a clear trade-o� between control performance and computational e�ciency.
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Figure 7 (Color online) Tracking performance of the robotic arm. (a) Joint-1; (b) Joint-2.

Figure 8 (Color online) The NN weights convergence of (a) Joint-1 and (b) Joint-2.

Figure 9 (Color online) The NN approximation of (a) Joint-1 and (b) Jo int-2.

Remark 4. The proposed method exhibits clear advantages in computational complexity compared with con-
ventional ANC approaches. Traditional ANC algorithms require continuous online adaptation of NN weights, even
when addressing identical or highly similar control tasks. Consequently, they impose greater computational demands
and increased processing overhead. In contrast, the proposedmethod enables accurate learning of NNs within the
closed-loop framework and preserves the acquired knowledge as aconstant NN. As a result, the knowledge-driven
neural network controller operates without repeated online weight adaptation when encountering identical or similar
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Figure 10 (Color online) The control performance comparison between ANC and LC for (a) Joint-1 and (b) Joint-2.

Table 1 Sensitivity analysis of learning rate (LR), control gain (G ain), and NN nodes (Nodes).

LR MAE RT (s) OS T tr (s) Gain MAE RT (s) OS T tr (s) Nodes MAE RT (s) OS T tr (s)

12 0.055 5.6 0.29 39.5 12 0.059 5.7 0.24 41 2700 0.028 17.5 0.16 49

10 0.055 5.5 0.27 39.7 10 0.076 5.6 0.29 42 1620 0.042 11.7 0.19 47

8 0.056 5.6 0.25 42.5 8 0.12 5.3 0.36 45 972 0.059 5.7 0.24 41

6 0.059 5.7 0.24 41 6 0.16 4.5 0.44 53 432 0.082 3.4 0.34 39

Table 2 Quantitative comparison of control performance. MAE in Exa mple 1 indicates the mean absolute error during 50 s while in E xample
2 it means the mean absolute error during 40 s.

Simulation comparison
Example 1 Example 2

ANC LC ANC LC

Transient time (s) 100 4 41 3

Overshoot 9 :6 � 10� 3 2:0 � 10� 3 2:4 � 10� 1 6:9 � 10� 3

MAE 1 :9 � 10� 3 3:1 � 10� 4 5:9 � 10� 2 4:1 � 10� 3

Running time (s) 57.3 38.2 5.7 4.7

tasks, thereby substantially reducing computational load and resource consumption.
The quantitative evaluation is reported in Table 2. In two experimental environments, the proposed method

reduced running time by 33.4% and 16.1%, respectively, compared with the conventional ANC approach, demon-
strating improved computational e�ciency. Furthermore, due to the heavier computational burden associated with
continuous online adaptation, conventional ANC methods typically exhibit slower tracking error convergence and
longer transient responses. In contrast, the proposed methodsigni�cantly accelerates convergence, with improve-
ments of 96% and 92.7% in the two experiments. The overshoot of the tracking error is also reduced by 79.2%
and 97.1%, respectively. These improvements stem from the incorporation of learned dynamical knowledge into the
control algorithm, which enables accurate early-stage approximation and compensation of the unknown nonlinear
dynamics.
Remark 5 (Challenges and solutions in practical engineering). The proposed method may encounter challenges
in practical engineering applications, particularly with respect to computational e�ciency and robustness to distur-
bances. To mitigate these issues, future research will investigatestrategies such as system-level transformations and
parallel computation to further improve computational e�ciency. In addition, robustness can be strengthened by
incorporating adaptive sliding-mode control and disturbance-observer-based techniques, thereby ensuring stability
in the presence of unmodeled dynamics and external perturbations. These considerations emphasize the practical
relevance of the proposed method and its potential for further advancement.

7 Conclusion

This paper extends DL to complex MIMO nonlinear systems, advancing the transition of DL from SISO systems to
the more challenging MIMO domain. By addressing the intrinsic couplinge�ects and unknown interaction terms
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in MIMO systems, the proposed approach achieves a genuine neural learning mechanism, enabling the system to
adaptively extract knowledge from control experience and storeit for improved performance in subsequent tasks.
Simulation studies validate the e�ectiveness of the proposed framework, demonstrating its capability to manage
nonlinear coupling, achieve accurate knowledge acquisition, and ensure robust tracking performance. Future research
will further investigate the extension of this framework to more complex scenarios, particularly those involving
multiple or time-varying control tasks, where reliable knowledge reuse and robustness remain critical challenges.
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