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Abstract Multistep time-series prediction of a high-dimensional system presents a persistent challenge across scientific domains, par-
ticularly with short-term data. Drawing inspiration from Takens’ embedding theorem, the existing spatiotemporal information (STI)
transformation framework transforms the spatial/association information of multiple variables into the temporal dynamics of a target
variable, thereby achieving promising results on short-term high-dimensional sequence prediction. However, traditional STI transforma-
tion functions are constructed using regression, which does not consider the latent prior properties of complex nonstationary scenarios,
resulting in the accumulation of errors or underutilization of historical data, thereby degrading performance in several cases. In this study,
we propose a spatiotemporal diffusion (STD) framework using the Koopman operator to achieve an interpretable, accurate multistep
prediction of short-term time series. One key feature of the proposed STD framework is its embedding of dynamic system knowl-
edge and specific task knowledge in STI function approximation and target variable prediction. Validations across diverse short-term
high-dimensional datasets and refinement experiments highlight the STD model’s robustness and efficiency.
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1 Introduction

Accurate multistep prediction of future states from short-term sequences poses a considerable challenge spanning
various scientific and engineering domains, including ecology [1, 2], biology [3, 4], meteorology [5, 6] and traffic
[7]. This challenge is mainly attributed to short-term data or the inherent scarcity of high-quality data in these
disciplines. There are two main types of time series prediction approaches. One is to approximate the state
transfer function. For example, classical statistical models [8-10] and contemporary deep learning approaches [11-15]
explicitly assume or learn the dynamics that govern sequence generation within state spaces. The other is to
approximate the transfer function in a delay space. For example, empirical dynamic methods [16], such as S-
map [12,17], approximate delay coordinate mappings to make predictions. However, these approaches often require
access to future covariate information, which is frequently unavailable in real-world applications. In addition, these
approaches face challenges in providing effective predictions solely based on short-term sequences due to insufficient
learning information.

Addressing the challenging task of multistep prediction from short-term sequences entails confronting limitations
arising from limited time-series information and inherent nonlinear behaviors [18,19]. Incorporating additional
relevant historical variables, such as spatial data, becomes crucial to compensate for data deficiencies and ensure
reliable prediction [20].

Takens’ embedding theorem [21] and its generalization [22] have laid the foundation for transforming observed
high-dimensional spatial information into a target variable, i.e., its prediction. Notably, Ye and Sugihara [20]
introduced multiview embedding (MVE), demonstrating the effectiveness of multiple short-term time series in
prediction. However, as data dimensionality increases, model selection becomes challenging, limiting applicability.
Further, MVE’s iterative prediction approach requires spatial information from preceding steps, thereby limiting
adaptability. The spatiotemporal information (STI) transformation framework [23-28], rooted in Takens’ embedding
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Figure 1 (Color online) STD framework. The core of the STD framework is the diffusion decomposition of the STI function, and the STD
model can be seen as the discretization. The diffusion decomposition process can be divided into three steps: decomposition, projection, and
representation.

theorem, represents a new way to transform embedded correlation information from observed high-dimensional data
into future time series of a target variable, which not only leverages high-dimensional information but also avoids
the MVE’s dimensionality explosion. Particularly, the RDE method [24] within the STI framework formulates
transformation functions via the bagging algorithm [29], enabling one-step prediction from short-term sequences.
By incorporating reservoir computing [30] into the STI framework, the ARNN method [28] has improved prediction
performance in several scenarios [31].

Despite the advancements of the STI framework, several practical issues remain. On the one hand, previous
studies have empirically validated the existence of the transformation function, and practitioners often heuristically
predefine certain function classes to construct transformation functions. They have limited considerations on the
STT transformation function characteristics for short-term prediction tasks. Therefore, the STI framework suffers
from generalization degradation due to limited samples and substantial noise in real-world applications. On the
other hand, earlier methods use heuristic multi-stage algorithms to process known data in batches, resulting in
information loss. This problem restricts accurate predictions in practice.

In this study, we make the following major contributions. (i) We propose a spatiotemporal diffusion (STD)
model (as shown in Figure 1) for multistep predictions based on Koopman operator theory [32,33] to characterize
the intrinsic properties of STI. (ii) We present a semi-supervised regression optimization framework to solve the STD
model and introduce some specific constraints based on data features to improve prediction accuracy and robustness.
Particularly, the proposed model offers a unified understanding of previous STI-based heuristic algorithms, naturally
leading to superior accuracy compared to previous state-of-the-art models. (iii) A variable projection algorithm
is used to solve the STD model, ensuring the solution’s convergence and optimality. Comprehensive analyses of
three pertinent real datasets confirm the robustness and reliability of the STD model. (iv) Besides its prediction
capabilities, the STD model can function as a general post-processing tool to refine other time-series models to
effectively improve multistep prediction performance. The refinement experimental results of multiple models
demonstrate the rationality and potential usefulness of the proposed STD model.

2 Background
2.1 Notations

Throughout, matrices (such as X € R?*™) are written in uppercase, vectors (x € R%) are written in bold lowercase,
and scalars (z € R) are written in plain lowercase. X; . denotes the ith row of X and X. ; denotes the jth column of
X. x;.; denotes (z;, - - - ,xj)T € R/7~% where i < j. The Hadamard product is denoted by the symbol ®. The inner
product of two matrices X € R¥*™ Y € RF*™ is denoted by (X,Y) = tr(X "Y). For a matrix X, the maximum
eigenvalue is denoted by Amax(X), || X || r denotes the Frobenius norm of X, and || X || denotes the spectral norm of
X. The commonly used notations and symbols are listed in Table 1.

We adopt the root mean square error (RMSE), mean absolute error (MAE), and Pearson correlation coefficient
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Table 1 Commonly used notations and symbols.

Notation Definition Notation Definition Notation Definition
xt State at time t yt Target variable at time ¢ yt Delay vector of y' at time t
m Number of samples l Number of delay d Spatial dimension
F Hilbert space F State transfer function g Observation function
H Hankel operator HL Anti-Hankel operator P Projection operator
P STI function ©i i-th step prediction funtion a; Finite representation of ¢,
M State space K Koopman operator K The finite representaion of K
A Eigenvalue of K Amagz (A) Max eigenvalue of A P Eigenfunction of IC
o Regularization parameter v? Second-order difference operator Q Known index of H(y)

(PCC) as metrics to evaluate model predictive performance. These metrics can be calculated as follows:

-1
1
_ A2 - A
RMSE = 71 (i — vi)?, MAE 1_1;:1 |9 — vl

pec — i [0 — E@) (i — E(y))]
VEE G- BT (4 - Ey)°

where [ —1 is the prediction length, y;, y; € R denote the ground truth and prediction results at time ¢, respectively,

and E(y) = ﬁ Zi;i y; denotes the mean value of sequence y = {y; i;i The proportionate reduction of error

(PRE) is used for the refinement experiments, which is calculated as follows:

)

PRE — Ebase - E+STD , (2)
Ebasc

where Ey,se is the error of a base model, and F,grp is the error of the base model refined by the STD model.

2.2 STI transformation

In short-term high-dimensional prediction tasks, the construction of STT transformation model [24,28,31] is crucial
for capturing the relationship between spatial and temporal information. When observing a d-dimensional spatial
state xt = (2},28,---,24) 7 € R? at each time instance ¢, a delay vector y* = (yf,yt* .. ¢y H"HT € R of
an arbitrary target variable y* = g(x!) can be constructed. Here, g(-) denotes an observation function mapping
from the state space M to R, and the symbol T denotes vector transposition. According to Takens’ embedding
theorem [21,22], if [ is sufficiently large, then y* can be topologically equivalent to x*. Thus, x! has a one-to-one
correspondence with y*. Therefore, the STT transformation equation [24] is formalized as follows:

(x') =y, (3)

where @ : R? — R/ is a differentiable function.

2.3 Koopman operator method

Koopman theory offers a new way to analyze, predict, and control nonlinear systems in the past decade [34-40], in
which nonlinear dynamics can be represented by an infinite-dimensional linear operator acting on the space of all
possible system observation functions. Suppose that the collected sequential data are sampled from an unknown
discrete-time dynamical system in a state space M of the form

x!T = F(x"), (4)

where xt € M C R? is the system state at time ¢ and F : M — M is a vector field describing the system dynamics.
Let F be a Hilbert space of real-valued functions on M. For any scalar observable function, g € F : M +— R, the
Koopman operator K acts on it by composition with the following dynamics:

Kg=goPF. (5)
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The Koopman operator K is clearly a linear operator. According to the spectral theory of the linear operator [41],
if K has an eigenfunction ¢ (x) corresponding to an eigenvalue A satisfying

Y(x) = Ky (x') = Mp(x"), (6)

then for a given observation g € F, if there exists a set of Koopman eigenfunctions {1; }‘;’;1 that form a Koopman
invariant subspace span{;}32, of observation g, i.e.,

9= ah;=K'g=>_a;\;. (7)

j=1 j=1

The dynamics of the observable g can be completely linearly characterized in the invariant subspace span{; };";1
In practice, it is possible to approximate this expansion as a truncated sum of only a few dominant terms [40, 42].

3 Spatiotemporal diffusion model

Considering the dynamical system (4), for any bounded observable function g € F and i > 0, the future target of
step ¢ forward can be expressed as follows:

Yt =go Fi(x') = g(x"t), (8)

where F* denotes the composition of I i times. Usually, in practical prediction, the future spatial variable x*?
is typically unattainable in advance: the prediction can only be made based on current and historical information
{x!79 ] 0 < j <t —1}. Therefore, exploring historical observations for future prediction is more consistent with
realistic prediction scenarios than focusing on the complex nonlinear dynamics of high-dimensional state variables.
By combining (5) based on the Koopman operator property, the observation from the historical state space to the
future target can be represented as follows:

Yy = (Klg)(x"). 9)

For brevity, we define the observation function of the i-th step forward K’g as ¢; and ¢y = g. The observation
functions obey the following infinite-dimensional linear dynamical system:

i =K"pji=j20. (10)

Based on this understanding, the STT transformation function in (3) can be decomposed as a set of states in the
infinite-dimensional linear dynamical system:

P = (’CO,ICl,' . ,Icl—l)—rg

(11)
= (SOOa (25 P 7()0l—1)—r

We call the above decomposition the diffusion decomposition of the STI transformation function. It offers a method-
ology for constructing ® by diffusing the observation g along time t. Notably, the decomposition depends on two
factors: the observation function g and the linear diffusion operator K. On the one hand, g, although known,
may exhibit diverse properties based on the task at hand. Certain properties should be upheld during the short-
term diffusion process due to the system’s temporal consistency. On the other hand, according to the spectral
decomposition of the Koopman operator, if there exists a finite set of basis functions ¥ = (11,49, -+ ,4,) " that
approximate a Koopman invariant subspace of observations {(p; é;é [40], then each observation can be formed as
linear combinations of the finite basis functions as follows:

;i =a, Wiec{0,1,---,1—1}, (12)

where a; € R” is a n-dimensional representation of the observation function ¢;, which can be used for numerical
computation. According to the spectral decomposition theory of the Koopman operator, the dynamics of this
finite-dimensional representation, a;, obey the following linear dynamics:

a/,, =a K, (13)

%
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where K € R"*™. Therefore, the linear dynamics provide a comprehensive understanding of the dynamical behavior

of the observation functions {; é;é. In summary, the proposed STD model for multistep predictions can be

expressed as follows: _
{ y't=al v(x),

1=0,1,---
T _ T >
ai+1—aiK,

=1 (14)

Notably, the aforementioned model can make predictions by establishing relationships between historical obser-
vations and future predictions. Compared with the traditional iterative prediction model, the proposed model can
formulate relationships between different observations, effectively avoiding the accumulation of errors. In addition,
the proposed model provides a more robust theoretical foundation and stronger interpretability than the general
multistep prediction model. This is substantiated by the results of experiments conducted on different datasets, as
illustrated in the following section.

3.1 Semi-supervised regression objective

In practice, given a length-m d-dimensional trajectory X = {x!,x2,--- ,x™} € R*™ sampled from an unknown

dynamical system, a target variable y', e.g., zf, is observed. This study aims to predict the target variable
y™TEmH =L iy [ — 1 steps solely using the past information of X. To make multistep prediction, the STI framework
(3) needs an algorithm A : {x!,y'}7™, — ®. Notably, y' is partially known if ¢ > m —, so the data pair {x’, y*}/,
is partially known and the learning task A : {x',y'}/", — ® is a semi-supervised task [43]. When solving the
above problems, previous algorithms [24, 28] based on STT employ a two-stage approach that (1) uses part of the
known data {x!, yt};”:}l to solve a temporary solution ®y by supervised learning and (2) iteratively completes y*
by ®g(x!) = y',t > m — [ and converts the task into a supervised task to solve ®. In short, ® is solved after
obtaining the labels with errors based on partial information. These algorithms fail to exploit the data information
and exhibit information loss, resulting in error in the obtained solutions.

We are now in a position to demonstrate an important result about the solution to the STD model (14): given a
linear invariant system with complete data, the optimal solution that minimizes the RMSE is consistent with the
linear dynamic property expressed in (13). The following linear system experiment confirms this proposition.

Proposition 1. Suppose that for some state space M C R™, for t € [0, T], the system satisfies the linear dynamic
z!T1 = Kz' in the state space, z' € M\ {0}, where K € R"*" is non-singular and with n distinct eigenvalues, and

yt = b 'z is a linear observation from the system, where b € R™. For any i € {0,1,---, 7T —n}andn <7, < T —1,
let
Ti 9
. _ . Tt t+i
a; = argnzli{_nz (a; 2" —y'")". (15)
t=0
Suppose further that z° = Yo ¢iw;, where wi, wa, ..., W, are eigenvectors of K and ¢y, ¢z,..., ¢, #0. Then for

any i € {1,2---, T}, the solution satisfies a} = K "a} ;.
According to Proposition 1, it is possible to merge the linear dynamics constraint (13) into the error term, thereby
formulating the STD model (14) into a general optimization problem.

min [|AV(X) - H(@)|F +vR(A),
Ay (16)
s.t. ||yl:m - yl:m” <,

where || - || is the Frobenius norm and e denotes the level of noise present in the data which is often present
in real-world data, R(:) is other prior information for A which can be designed according to the data char-
acteristics, with several examples presented in Subsection 3.2. H is a Hankel operator, which is defined for
y={y' 9%y, ymt -y as follows:

yl . ymfl ym

Hy)=| e (17)
yl—l yl+m—3 yl+m—2
yl yl+m—2 yH-m—l

Notably, previous heuristic algorithms [24, 28] based on the STI transformation equation can be unified into the
above framework; the details are outlined in Appendix B. The unified optimization framework and explicit physical
implications of the proposed model could potentially address the shortcomings of previous algorithms and improve
performance.
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Figure 2 Ablation experiments for the smoothing term in two datasets: the Lorenz system and weather dataset.

3.2 Regularization term for A

In practice, the target variable y' is usually chosen as one of the state variables x‘, for example y' = 2}, k €

{1,2,---,d}. In such a task, the corresponding observation function g is
g(x") =y". (18)
Observe that g can deduce the sparsity of ag in (14) based on the following proposition.
Proposition 2 (Sparse linear observation). Let x = (21,29, ---,24)' € R? and g : R? + R, if there exists
k€ {1,2,---,d} such that g(x) = y, there is a unique sparse vector e; € R? such that
g(x) = (x,ep),Vx € R%. (19)

Thus, we could set an [; sparse regularization [44] for A to control the prediction model, thereby enhancing the
generalization and robustness for short-term high-dimensional prediction.

Typically, the target contains some high-frequency noise, and the true curve is usually locally smoother. Therefore,
making the prediction smoother often improves robustness (Figure 2). We can constrain the smoothness of the curve
by its second derivative [9]. Smoother curves tend to have smaller second-derivative sums, whereas steeper curves
tend to have larger second-derivative sums. In practice, we can use the second-order backward differences of a; to
constrain the smoothness of the target curve because V2y,1; = V2a;¥(x;) according to the STD model (14). V?
is a second-order backward difference operator defined by

0, 1 =1,
V?a; = ¢ a; —a;_1, =2, (20)
a; —2a;,_1+a;_a, 1>2.

In summary, the following model can be obtained by embedding the above two prior properties:

min || A¥(X) — HE)e + VAT + 2] Al

’ (21)
s.t. ”yl:m _ylzmH < €,

where 7; and 7, are hyperparameters that determine the strength of the prior.

As shown in Figure 2, the smoothness term is empirically effective. As the constraint strength is increased,
the model performance initially increases before decreasing, suggesting the presence of high-frequency noise in the
sequence. Certain smoothness constraints appear to mitigate its effect. However, there is also some useful high-
frequency information in the data, and too strong a smoothness constraint will weaken the model performance.

Nevertheless, alternative regularization terms may prove more effective in other circumstances. Fortunately, the
STD method often produces useful results with the above choices of regularization term.

3.3 Optimization

The variable projection method [45] can be used to solve the above problem (21). Refer to Appendix C for the
details. A brief overview of the solution process is presented here. For a fixed A, we define the solution that
minimizes [|A¥(X) = H@)I% + 3 [¥1m — yim|3 as ¥
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Table 2 Runtime comparison. The runtime of the STD model with warm-up represents the median value across all test configurations.

Method TRMF SSA MVE RDE ARNN STD w/o warm-up STD w/ warm-up

Run time (s) 3.305 0.060 0.021 0.003 0.442 0.419 0.061

Thus the minimization problem (21) can be rewritten in term of A alone, which can be reduced to
min || Po(A¥(X) = HE))[F + 1l V2AE + 2] Al (22)

where P is a projection operator and the index set of §1.,,-elements in H(y) is denoted by 2. We use the fast
iterative shrinkage thresholding algorithm [46] to solve the matrix optimization problem (22). This corresponds to
lines 2-6 of Algorithm 1. The following proposition gives the convergence rate of the algorithm.

Proposition 3. Let F(A) = ||[Po(A¥(X)—H(y)|I%+71|IVZA|F+72|All1, {Ak}, {Bxr} be generated by algorithm
1. Then for any k > 1,

2C|| Ao — A*|I%

F(Ay) = F(A%) < St e,

(23)

where €' = 2(Amax (P (X)T(X)T) + 11 Amax(V2 V2)) and Amax(A) denotes the maximum eigenvalue of matrix A.

As described in Proposition 3, the convergence rate of the algorithm depends mainly on the choice of initial value
Ap. The existence of time series correlation in the data itself is a key factor in determining the choice of initial
value. A natural initial value is selected as the result of the solution in the last step. Table 2 illustrates the mean
time over 50 runs required for the algorithm to converge in the Lorenz system under both warm start and cold start
conditions. The warm start technique can accelerate convergence.

Upon acquiring the representation of observations A*, the prediction for the problem (21) is § = H~1(A* V(X))
where H ! is an anti-Hankel operator. In practice, the prediction ¥ is determined by solving the subproblem:

g = argmin [H(y) — AW (X)}. (24)

This problem possesses a closed-form solution [47] achieved through anti-diagonal averaging of A*¥(X). We can
compute the sum of each anti-diagonal of A*W(X'), denoted by t,, as follows:

n=1---,1
th =< 1, n=I0l+1,---,m, (25)

m+Il—n, n=m+1--- m+1-—1.

)

Then the prediction g; is given by
1
gi=— S AYX) i€ {m A1 m4 11} (26)
! ptg=i+1

The computation complexity of the STD model is O(dlm), and the memory consumption is O(dl). A detailed
analysis is given in Appendix C.

Algorithm 1 STD model.
Require: Given dataset X € RY*™ #H(y) € R™*™, index set ;

1

: Initialize Ao, Bo, ap = 1 and step size 7 = - ;
2(Amax (T(X)Z(X) T)+7v1 Amax (V2 V2))

1

2: repeat

3: P =mV ' VA + Pa(AW(X) - H(y)¥(X)T;
4 Apy1 = Prox,y (Bt — 27Py1);

14/144a2
Qt4+1 = — 35 L
-1

Bij1 = Ay + — (A1 — A

apy1
until convergence

¥ =H (A1 ¥(X));

Ensure: y;
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Figure 3 Ablation results for polynomial basis and RFF in two datasets: the Lorenz system and weather dataset. The model performance first
increases and then decreases as the polynomial order or RFF dimension increases, indicating that too many dimensions may result in overfitting
and reduce test performance.

3.4 The choice of ¥

In real-world systems, the optimal choice of basis functions to represent dynamics may not be evident. Although
the optimal choice of ¥ is unknown, there are some choices in estimating the Koopman invariant subspace [42]: a
manual dictionary [42], kernel methods [48], or a neural network [49]. Training a neural network to consistently
and robustly estimate the Koopman invariant subspace is difficult and often requires a large amount of data.
However, the domain on which the underlying dynamical system is defined is not always known, or is often only
partially observed in practice. The Legendre polynomials and random Fourier feature (RFF) [50] are employed
to approximate the Koopman invariant subspace. The Legendre polynomials are simple to implement and are
conceptually related to the approximation of the Koopman eigenfunctions with a Taylor expansion. The RFF is an
effective method to approximate a stationary kernel; a d-dimensional RFF is defined as follows:

Uprr(z) = \/g[cos(wlx +b1), -+, cos(wax + ba)],wi ~N(0,1),b; ~U(0,27). (27)

Figure 3 shows the ablation results. The model performance first increases and then decreases as the polynomial
order or RFF dimension increases. This observation implies that too many dimensions may result in overfitting
and tend to impair test performance; thus third-order polynomials or RFF with 128 dimensions are used in our
implementation.

Other ¥ may be more effective in other circumstances. How to choose the best set of ¥ is an important, yet
open question; fortunately, the STD method often produces useful results even with the relatively naive choices of
U presented in this section.

The STD model validation includes robustness experiments on simulation data, prediction experiments on multi-
ple real-world datasets, and its application to enhance the multistep prediction of classical time series and previous
based on the STI-based models. The results confirm the STD model’s effectiveness in integrating multiple types of
information, as well as enhancing the robustness and accuracy of multistep prediction.

4 Demonstration on examples

All experiments are implemented in Pytorch [51]. All the baselines that we reproduced are implemented based on
the default or original paper configurations. The parameter settings for all experiments are presented in Appendix

G.
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Figure 4 (Color online) Comparison of prediction results of different methods on a linear system. (a) Different plots represent prediction
results of different methods on test samples. The z-axis denotes the time steps, while the y-axis represents the sequence values. The proposed
STD model outperforms the other models in all test data. (b) RMSE of the prediction results across different prediction steps in a linear system.
The prediction performance of other models deteriorates with an increase in the prediction step size, but the STD model shows its robustness
for linear systems.

We compare the well-acknowledged models in experiments, including statistical models: ARIMA [10, 52], ETS
[8,52], and Theta [9,52]; dynamical system models: ARNN [28], RDE [24], and MVE [20]; matrix estimate methods:
SSA [53], TRMF [54], and neural network method: iTransformer [13], SegRNN [14], and NBeats [15]. As the
experiments involved multistep predictions, the traditional methods are limited to making linear predictions, and,
in some cases, the PCC is not applicable. Consequently, the subsequent results exclude the PCC results of the
traditional methods.

4.1 Multistep prediction experiments

4.1.1 A linear system case

In the first experiment, a simple 8D linear system is used to demonstrate the STD model’s effectiveness. We varied
the number of prediction horizons, fixed the training data at 16, and evaluated the performance of different models.
A prediction of 10 steps was made with an input set containing 16 step data (Figure 4(a)). The proposed STD
model was validated to make more precise predictions about linear systems on different prediction horizons than
the traditional models and previous heuristic models (Figure 4(b)).

This experiment confirms that the semi-supervised regression objective and the prior property of the prediction
model improve multistep prediction compared with previous heuristic models.

4.1.2  Performance on the Lorenz system

Besides its efficacy in linear systems, the STD model demonstrates comparable performance in nonlinear systems,
the Lorenz system. STD consistently outperforms other models in two cases: forecasting the Lorenz system with
different noise levels and input lengths. Tables 3 and 4 summarize the prediction results of seven models in both
cases. The results demonstrate that STD is robust and adaptive to diverse challenging circumstances.

For each case, multiple experiments were conducted, with the initial points randomly sampled. The RMSE and
PCC of the averaged predictions were then recorded. In the first experiment, we varied the amount of training
data provided to the models and kept the noise variance fixed at 0.5. Each model was provided with 15, 18, 21, 24
and 27 samples of x;, and the performance of predicting the next 12 snapshots is evaluated. Notably, because the
prediction length must be less than half of the input length for ARNN;, it is excluded from this comparison. In the
next experiment, we probed the robustness of the respective models to noise by keeping the amount of training data
fixed (m = 27) and varying the variance of the Gaussian noise corrupting the signal. Figure 5 shows the results.

Notably, Figure 5 indicates that the STD method achieves relatively better robustness against data noise than
other models, effectively capturing the essential data structure. Its prediction results were substantially improved
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Table 3 Robustness of STD to observational noise. The table indicates that STD outperforms other models on the Lorenz system with noise.
The best candidates are in bold, and the second-best candidates are underlined.

0.0 0.2 0.5 0.7 1.0

Method
PCC MAE RMSE PCC MAE RMSE PCC MAE RMSE PCC MAE RMSE PCC MAE RMSE
Arima 0.433 0.061 0.080 - 0.127 0.149 - 0.095 0.106 — 0.088 0.096 - 0.089 0.095
ETS — 0.101 0.119 - 0.114 0.131 - 0.117 0.132 — 0.117 0.130 - 0.111 0.123
Theta — 0.120 0.136 — 0.119 0.134 — 0.125 0.137 — 0.125 0.136 - 0.123 0.133
SSA 0.038 0.110 0.129 0.192  0.087 0.096 0.193  0.080 0.089 0.193 0.075 0.082 0.192  0.066 0.073
TRMF 0.554  0.089 0.100 0.698  0.091 0.102 0.606  0.090 0.100 0.619 0.081 0.089 0.519  0.074 0.081
ARNN 0.937  0.026 0.031 0.935 0.034 0.039 0.808  0.061 0.074 0.806 0.043 0.051 0.669  0.049 0.059
MVE 0.904  0.020 0.026 0.883  0.022 0.028 0.770  0.029 0.036 0.701 0.034 0.041 0.635  0.039 0.047
RDE 0.995 0.016 0.018 0.993 0.017 0.018 0.984 0.019 0.021 0.970 0.022 0.024 0.924 0.024 0.027
STD 0.995 0.011 0.012 0.986 0.010 0.011 0.973 0.014 0.015 0.956 0.016 0.018 0.925 0.017 0.020

Table 4 Robustness to input length. The table indicates that STD outperforms other models on the Lorenz system with noise. The best
candidates are in bold, while the second-best candidates are underlined.

15 18 21 24 27
Method
PCC MAE RMSE PCC MAE RMSE PCC MAE RMSE PCC MAE RMSE PCC MAE RMSE
Arima — 0.117 0.128 — 0.109 0.119 — 0.105 0.115 — 0.107 0.119 — 0.095 0.106
ETS — 0.129 0.145 — 0.121 0.133 — 0.102 0.114 — 0.100 0.111 — 0.117 0.132
Theta — 0.136 0.155 — 0.148 0.165 — 0.136 0.151 — 0.135 0.149 — 0.125 0.138
SSA 0.013  0.129 0.139 0.127  0.114 0.121 0.159  0.099 0.110 0.099  0.087 0.098 0.193  0.080 0.089
TRMF 0.349 0.112 0.121 0.576  0.091 0.100 0.577  0.083 0.092 0.547  0.083 0.092 0.606  0.090 0.100
MVE 0.549  0.084 0.096 0.647  0.075 0.085 0.684  0.057 0.068 0.766  0.038 0.047 0.770  0.029 0.036
RDE 0.367 0.124 0.133 0.680  0.094 0.100 0.867  0.066 0.070 0.960  0.040 0.043 0.984 0.019 0.021
STD 0.591 0.069 0.080 0.930 0.039 0.043 0.957 0.026 0.029 0.975 0.018 0.021 0.973 0.014 0.015
MVE ARNN SSA TRMF RDE STD
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Figure 5 (Color online) Comparison of the prediction results on the Lorenz system. Each column corresponds to a model’s prediction on

different test samples. The z-axis denotes the time steps, while the y-axis represents the sequence values. The prediction results are shown in
the top left corner of each plot. The STD model outperforms other models and is more robust to noise.

over those of other models.

For testing the deep learning methods, we generated a test set with the initial condition %2 and generated a
train set from tg to t; and a validation set from ¢; to t. The last validation point was marked as x*2. We define
the distance to measure the discrepancy between the test and historical data as follows:

where || - |2 denotes the 2-norm.

A5, ) = [

—x"[I3/[%" 3,

(28)
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Figure 6 (Color online) Performance comparison between deep learning methods and STD as the difference between the training and test
data increases on the Lorenz system.

Figure 6 shows the performance of deep learning methods with increasing distance (28). These methods depend
on a large amount of historical data for training. In practice, the domain on which the underlying dynamical system
is defined is not always known, or is often only partially observed. A discrepancy between the test and historical
data can result in substantial performance degradation. As shown in Figure 6, the performance of several common
deep learning methods [13-15] degrades to some extent as the deviation between the training and the test data
increases. Meanwhile, STD is not constrained by large historical data and is capable of making inferences based on
current data in real time, as shown by the red dashed lines in Figure 6.

4.1.3  Performance on real-world datasets

The STD model can also be applied to general real-world datasets, demonstrating its versatility and robust pre-
dictive capabilities. We demonstrate its effectiveness across multiple domains: plankton community [55], operative
temperature!) and wind speed [56]. The proposed model’s prediction results, as well as the comparisons, are summa-
rized in Figure 5 and Table 5. Making predictions is difficult because these datasets exhibit complex interconnected
dynamics without significant periodicity or trend.

Climate data are recorded every 10 min for the second half of 2020, which contains 16 meteorological indicators,
including air temperature, and humidity. A 2-hour historical dataset (12 points) was used to predict the composite
index operative temperature value for the next one hour (6 points). The efficacy of STD in making credible and
accurate predictions is evident even when data exhibit pronounced irregular oscillations, as shown in the Figure
7(a).

The ecosystem is an important scenario for prediction based on short-term data in which datasets are often
cross-sectionally wide (e.g., census of several interacting species) but short in the time dimension [57]. We consider
the plankton community, including 12 species to predict 4 steps/points with a training set containing 10 points.
The overall data exhibit a relatively smooth pattern, and STD yields accurate predictions compared with baseline
methods as shown in Figures 7(b) and (c).

The wind speed dataset meticulously documented by the Japan Meteorological Agency, is collected at 10-minute
intervals from 154 regions in Japan. The system shows a high-dimensional nonlinear property, and the 2-hour
(12 points) predictions of Osaka and Fukushima are made by STD with an input set containing 24-hour (144
points) data. The nonlinear nature of wind speed data, characterized by numerous high-frequency fluctuations
as shown in Figure 7(e), inherently complicates prediction endeavors. However, STD can discern and capture
fundamental low-frequency trends, enabling multi-step predictions solely based on short-term data.

Figure 7 indicated that STD can make reliable multistep predictions without notable periods and trends and in
the presence of several random perturbations, even in short-term data scenarios. The model’s performance across
diverse real-world datasets demonstrated its effectiveness in robust prediction from short-term high-dimensional
data.

4.2 Refinement experiment

Previous STI-based heuristic algorithms can be unified into the STD framework, as detailed in Appendix G of the
SI. The explicit theoretical foundation of STD allows for a direct improvement of the effectiveness of previous STI-
based heuristic models. In addition, although classical time series models exhibit high efficiency and accuracy across

1) https://www.bgc-jena.mpg.de/wetter/.
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Figure 7 (Color online) Comparison of prediction results on real-world datasets. The z-axis denotes the time steps, while the y-axis represents
the sequence values.

Table 5 Main empirical results on real-world datasets. Metrics are averaged over multiple runs; the best results are in bold, and the second-best
results are underlined.

Plankton Wind
Weather

Method N4 N12 Osaka Fukushima
RMSE MAE RMSE MAE RMSE MAE RMSE MAE RMSE MAE
Arima 0.217 0.192 0.012 0.011 0.030 0.026 0.028 0.025 0.115 0.099
ETS 0.240 0.219 0.015 0.014 0.031 0.026 0.028 0.024 0.131 0.114
Theta 0.282 0.251 0.016 0.014 0.031 0.026 0.028 0.024 0.127 0.118
SSA 0.222 0.202 0.020 0.017 0.035 0.031 0.042 0.038 0.423 0.382
TRMF 0.247 0.228 0.032 0.030 0.028 0.024 0.033 0.029 0.205 0.191
RNN 0.110 0.095 0.012 0.011 0.029 0.024 0.025 0.021 0.119 0.104
Transformer 0.161 0.141 0.013 0.012 0.029 0.025 0.027 0.023 0.223 0.210
Nbeats 0.101 0.085 0.013 0.012 0.039 0.033 0.034 0.029 0.120 0.106
ARNN 0.203 0.175 0.012 0.011 0.036 0.030 0.036 0.031 0.231 0.200
MVE 0.143 0.133 0.010 0.009 0.032 0.027 0.029 0.024 0.121 0.107
RDE 0.217 0.200 0.014 0.013 0.026 0.021 0.027 0.023 0.255 0.236
STD 0.143 0.124 0.009 0.008 0.025 0.020 0.027 0.023 0.112 0.096

real-world scenarios with long-term data [58], their reliance on iterative prediction methods for multistep forecasts
and the lack of effective methods to combine multivariate information often result in error accumulation. The STD
model can also alleviate this problem of the classical models or enhance their performance as a post-processing tool.

Experiments conducted on synthetic and real datasets demonstrate the effectiveness of STD in improving the
performance of other models. Table 6 shows that STD consistently enhances prediction accuracy and reduces errors
up to 17% in various multistep prediction scenarios. The complete refinement figures are presented in Appendix G.

5 Discussion and conclusion

Constructing an STI transformation model is crucial to make accurate predictions in short-term high-dimensional
prediction scenarios. In this study, as a key contribution, we propose an interpretable STD model based on the
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Table 6 Refinement results. The table displays the PRE of the various models after STD refinement, using the metrics of RMSE and MAE,
respectively.

Plankton Wind

Method Metrics Lorenz Weather
N4 N12 Osaka Fukushima
X RMSE (%) 0.45 0.05 0.28 0.413 0.18 1.41
Arima+
MAE (%) 0.35 0.02 0.00 0.09 0.22 1.15
RMSE (%) 0.36 0.07 0.84 0.39 0.12 1.61
ETS+
MAE (%) 0.21 0.07 0.56 0.38 0.09 1.21
RMSE (%) 0.42 0.09 1.25 0.49 0.43 3.16
Theta-+
MAE (%) 0.31 0.09 1.00 0.051 0.59 2.16
SSA4 RMSE (%) 0.50 0.10 1.35 1.27 0.53 8.83
MAE (%) 0.34 0.04 0.63 0.53 0.34 5.26
RMSE (%) 0.31 0.01 0.14 0.16 0.35 0.13
TRMF+
MAE (%) 0.14 0.01 0.07 0.04 0.18 0.10
RMSE (%) - - 1.27 5.92 4.62 1.85
NBeats+
MAE (%) — — 0.84 4.79 3.93 1.98
RMSE (%) - 0.14 0.70 0.87 - 2.22
RNN+
MAE (%) - 0.02 0.92 0.79 - 1.62
RMSE (%) - 0.08 0.75 0.51 0.62 0.39
Transformer-+
MAE (%) — 0.00 0.35 0.58 0.07 0.21
RMSE (%) 17.54 1.37 0.85 1.68 2.31 2.57
MVE+
MAE (%) 14.96 9.55 1.00 1.23 2.38 0.24
RMSE (%) 16.43 0.24 2.03 6.59 6.21 8.12
ARNN+
MAE (%) 13.73 0.16 1.48 5.06 4.09 5.29
RMSE (%) 0.58 0.04 0.50 1.29 0.05 2.03
RDE+
MAE (%) 0.55 0.03 0.35 1.40 0.07 1.40

Koopman operator to approximate the STI transformation function by estimating linear dynamical system states,
providing a new formulation and tool for multi-step prediction of short-term time series. Further, we propose
a unified optimization framework to solve the proposed STD model, which provides a unified understanding of
previous models based on the STI framework. This novel model outperforms previous models in both simulated
and real-world datasets. The results of refinement experiments show the possibility of refining previous prediction
models with the proposed STD framework to improve their performance. The construction of Koopman invariant
subspaces remains an open question for Koopman operator theory. Addressing this would further improve the STD
performance.

Recently, deep learning methods and foundational models [59,60] have made substantial strides, mainly in time-
series prediction with long-term data. As a future study, we will consider combining the proposed STD frame-
work with deep learning to construct multistep prediction models. Moreover, it is promising to develop methods
by employing in-context operator learning [61], and simulating learning methodology based on the meta-learning
paradigm [62,63], to further enhance the STD model.
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