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Appendix A Notation

Throughout, matrices (such as X € ]Rdxm) are written in uppercase, vectors (x € Rd) are written in bold lowercase, and
scalars (z € R) are written in plain lowercase. X; denotes the ith row of X and X ; denotes the jth column of X. x;.;
denotes (z;, - ,a:j)T € RI~% where i < j. The Hadamard product is denoted by the symbol ®. The inner product of two
matrices X € RFX™ Y € RFX™ is denoted by (X,Y) = tr(XTY). For a matrix X, the maximum eigenvalue is denoted by
Amax(A), ||X||F denotes the Frobenius norm of X and || X || denotes the spectral norm of X.

Appendix B STD framework

The primary goal of the STI framework is to construct a transformation function that can accurately convert spatial
information into temporal information, to make time series predictions. Previous methods have utilized numerous heuristic
procedures to address the challenge of solving the transformation function casusing some information loss, due to the
underdetermined and semi-supervised nature of the STI problem. The main text states that the STI problem can be
formulated as a semi-supervised regression framework, known as the STD framework, from the perspective of the Koopman
operator:

min [A¥(X) = HEG) +R(A) - st[yrm = yiml <€ (B1)

where X € R4X™ § € R™H =1 1(y) € RE*™ is a hankelization operator as defined in the main text. For brevity, Y will
be used to denote H(y) in the following. We will see that such an optimization framework can unify the previous heuristics.

Appendix B.1 RDE

Algorithm B1 RDE algorithm

Require:Given dataset X € R¥*X™ Y ¢ R™
1: Randomly pick s tuples Qj from {1,2,---,d} with replacement, and each tuple contains L numbers.
2: Fitting Gaussian process regressor 1, by minimizing E?;_ll [lr(Xay,t) — Yo+l

3: Get one-step prediction set {yfnJrl = g (XQk‘m) |k=1,2,---,s}
4: Get one-step prediction §m1 by weighted sum ymy1 = D5 akyf;,,+1

Ensure:¢,, 41

RDE [1] is an algorithm for one-step prediction that integrates Gaussian processes into the STI framework, detail sees
algorithm B1. For multi-step prediction, the iterative prediction method is used with a linear model replacing the Gaussian
process to reduce computational complexity. As the problem only involves single-step prediction, it can be reduced to a
simple supervised problem, which can be mathematically expressed simply as:

min [|a1¥(X) = H@)2,l stly1m —yrmll <e, (B2)
which ¥ is the corresponding multiple Gaussian process regressors in the algorithm B1, and a; is a weight set manually.

When R is set to 0 in model [B1], the resulting model is the RDE model [B2], which is a special case of the proposed STD
framework.
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Algorithm B2 ARNN algorithm

Require:Given dataset X € R**™ Y € R™, random initial network ¥ : R% — RP and require 20 — 1 <
m

1: repeat
2: Sampling k variables Qj from {1,2,---,D}

3: Updating Byt1 by solving linear equation ¥(X)q, ,1:m—i1+1 = Ba,, Yi:m—i+1,
4: Y41 = argminy [|[¥(X) — Bi11Y|

50 Ayy1 = argming ||[AV(X) — Yiy1|| + [|ABis1 — I

6: Yit1 = argminy [|[A+1P(X) — Y|

7: until converge

8: ¥ =P (Yet1)

Ensure:y

Appendix B.2 ARNN

ARNN [2] is a two-stage algorithm that integrates reservoir computing into the STI framework for multi-step prediction,
as described in detail in algorithm B2. Firstly, to address the difficulty of semi-supervision, ARNN requires that the
predicted length not exceed half of the known length, i.e. 2l < m, reducing the problem to a fully supervised one. In
addition, to tackle the challenge posed by the underdetermination of AU(X) =Y, ARNN first solves the well-posed problem
W(X) 1:m—i+1 = BY ;141 and then adds the constraint AB = I to achieve the solution of A¥(X) =Y. Although ARNN
simplifies the two challenges of the STI problem and provides a solution, it lacks the convergence guarantee and results in a
loss of data information and a reduction in accuracy. Mathematically, ARNN can be summarized as the following problem:

min [AV(X) = H@) + [AB — 1]l stlyrm = yim| <e (B3)
which ¥ is a reservoir, B = \P(X),1:m71+1?-£(y)71:1m71+1. When R is set to ||AB — I|| in model [B1], the resulting model is

the ARNN model, which is also a special case of STD framework.

Algorithm B3 STD model

Require: Given dataset X € R¥X™ Y € R™X™ index set €.
1: Initialize Ag, Bo, ap = 1 and step size 7 =

1
2(Amax (¥ (X)¥(X) T)+71 Amax (V2| ©2)

2: repeat
3: Py =71V VA + Po(A¥(X) - Y)¥(X)T
4: At+1 = PrOXTwZ(Bt - 27'Pt+1)

1+/1+4a?
a1 = ——5——

Biy1 = Av + Zi;ll (Aty1 — Av)

until converge
¥ =H "(Ap1X)
Ensure: y

N >@

Appendix C STD model

Our STD model is
min A (X) = H@) 7 + 1l V2AlF + 2l Al
Y (Cl)
s.t. 1¥1:m — yl:ﬂlH% <e

For a fixed A, the problem [C1] is reduced to

. _ - 1.
min IVw© (H™HAP(X)) = 9)II5 + S I3m — yiml3,

wherew = (1,--- Il —1,0,--- 1,1 —=1,---,1) e R™H-1 (©2)
N——

m—Il+1

where H~! is an anti-hankelization operator, w is a weight and A\ denotes the intensity of data noise. The objective stated
above is differentiable. Obtain the solution when its derivation is 0

1 _ .
g = | TG S AT i< s
[~ (Aw(X)]; m<i<m4l-1,

* Corresponding author (email: junshu@mail.xjtu.edu.cn)
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With the above solution, we can rewrite problem [C1] in terms of A alone

min|P © (AW(X) = HE)IF + 1 [V Al + 2]l
1

where P; ; = 1+ Ay/Wirj—1

0 ga+7>m+1,

i4+j<m+1 (C4)

We assume the strength of the data noise is much smaller than the data signal strength so A &~ 0. Then the problem [C4]
can be reduced to

min [[Po(A¥(X) = HE)IIE + 7 V2 AlF + 2] 4], (C5)

the above problem is convex but nonsmooth. We use the algorithm B3 to solve it and the algorithm convergence rate is
stated in proposition F1. The convergence criterion is when the difference between the current predicted result and the
previous predicted result is less than e.

|Pe, (A w(x) - Atw0) | < (C6)

where Cq denotes the complement of Q. After obtaining A, use equation [C3] to recover the y and make a prediction. In
practice, we solve the problem to make an anti-hankelization process

§ = argmin [H(y) ~ AT ()

This problem possesses a closed-form solution achieved through anti-diagonal averaging of A¥(X). The prediction y; is
given by

g = [H71 (A¥(X))], = S Z [AV(X)], ., i€{m+1,-- m+1-1}. (C8)

B e
Appendix C.1 Computational complexity

The computational complexity of our method is is O(dlm), which d denote the data dimension, ! denote the prediction
steps and m denotes the known sequence length. Firstly, the computational burden is mainly concentrated in step 3 and 8
of Algorithm B3. Next we analyze the computational complexity of these two steps one by one.

1. In step 3, we need to compute
P _ 2T o2 T
t+1 =711V VZA: + Pq(At¥(X) — H(y))P(X)
which A; € Rix4, ¥(X) e REX™ First, V2A; is defined as follow

0, i=1,

2.t _ )t

Vea; = q aj
t t t ;

a; —2a;_,+a;_o, 1>2.

t P —
—a;_q, =2,

which af denote the i-th row of A;. Due to the special structure of V2, the computational complexity of V2A is
O(ld), so the computational complexity of v2 V24 is also O(ld). Second, the computational complexity of A;¥(X)
is O(mld) just like the normal matrix multiplication. Pq(A:+¥(X) — H(y)) = M o (A ¥(X) — H(y)) which M is a
mask, and o denote the hadamard product. So, the computational complexity of Pq(Y) is O(lm) for any matrix
Y € R*™. In summary, the computational complexity of P11 = 'y1V2TV2At + P (AU (X) — Hy)NT(X)T is
O(dlm)

2. In step 8, we need to compute § = H~1(A*¥(X)), which H~! is a anti-hankel operator. In practice, we achieve
it by anti-diagonal averaging of A*W¥(X) and the detail is described by equation (23-24) in the main text. the

computational complexity of it is (m — I + 1)I. Therefore, the computational complexity is not more than O(lm)

In summary, the computational complexity of STD algorithm is O(dlm).

Appendix D Proof of proposition 1

Definition 1 (Krylpv subspace). Given a non-singular K € R™*" and z € R™\{0}, the k-th order Krylov subspace
Kr(K,z) generated by A from z is

Ky := Ky (K,z) = Span {z, Kz, - - - ,Kr_lz}. (D1)



Sci China Inf Sci 4

Lemma D1 (Property of Krylov subspace). Let d,, be the dimension of the Krylov subspace K, (K,z). The sequence
{dm}mzl,gpn increases monotonically. Moreover, there exists k € N such that it is true that

m, m<Ek,
dm = (D2)
k, m2>=k,
for any m = 1,2,---. Supposing further that z = 25:1 ciw;, where w1, ws,...,w; are eigenvectors of K corresponding
to distinct eigenvalues and c1,cz,...,cg # 0, it is true that k = k.

Proposition D1. Suppose that for some state space M C R”, the system satisfies linear dynamic z!*! = Kz for
t € [0,T], where z2t € M\{0}, K € R™ ™ is non-singular and with n distinct eigenvalues, and y* = bzt is a linear

observation from system, where b € R™. For any 7 € {0,1,--- , T —n}and n < 7; < T — 1, let
al = arg mlnz (a;rzt - yt+l> , (D3)
e
Suppose that z0 = S, ciw;, where wi,w2,..., Wy are eigenvectors of K and ci,c2,...,¢n # 0, then for any i €
{1,2---,T}, the solution satisfies a} = KTaz‘il.
Proof.
For any i € {0,1,---,T}, the optimal solution a} can be expressed in closed form.

a = arg n;lnz la] z: — vt 1|2 = <Z ztth> (Z yt+iZt> . (D4)
Y t=0 t=0 t=0

Observing that
Yeri = b K'z. (D5)

Therefore we can deduce that ;
Ti Ti
af = <Z ztth> <Z ztz;r> K''b. (D6)
t=0 t=0

Let Z = (20,21, - ,2r;) € R™"*7i, then a} = (ZZT)T ZZT K b. We have rank (ZZT) = rank(Z) = dim (lC-ri (K,zo))

and according to Lemma D1, the dimension of K (K, zo) is n due to 7; > n. Therefore aj = Kb and

az = KTaZ;l: (D7)
which proved the proposition.
Appendix E Proof of proposition 2
Proposition E1 (sparse linear observation). Let x € R? and g : R? — R, if there exists k € {1,2, - ,d} such that

g(x) = xy, there is a unique sparse vector ej, € R¢ such that ¥x € R?
g(x) = (x,ex). (E1)
Proof. if 3k € {1,2,--- ,d} for any x € R? such that g(x) = x, then for any xt,xt/ € R%, we have

t t/ t t/
glax® + bx" ) = ax], + bz
( ) k O (E2)
= ag(x?) + bg(x?).

It implies that g is a linear operator. According to the Riesz representation theorem, there exists a unique vector a € R?
such that ¥Yx € R¢

9(x) = (x,a). (E3)

Observing that
<X7 ek) = Tk, (E4)

where e, € R® is a vector, in which the k-th element is 1, while all other positions are 0. We can deduce that a = ey,
combining with Eq.E3, so there exists a unique sparse vector e; such that

g(X) = <X7 ek>7vx € ]Rd7

which proved the proposition.
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Appendix F Proof of proposition 3
The first subproblem of STD is
min [Pa(A¥(X) = Y)IF +7lIV2AIE + 72l Al (F1)

Let f(A) = [P(A¥(X) = Y)||% +nlIV2A[|% and F(A) = f(A) + 72/l All1.
Definition 2. Let X, be Hilbert spaces endowed with norm || - ||x and || - ||y respectively. A function f: X +— Y is
called K—Lipschitz, if there exists a real constant K such that, for any x1,x2 € X

1f(x1) = f(x2)lly < Kllx1 — x2||lx- (F2)

And K is also referred to as a Lipschitz constant for the function f.
Lemma F1.  Vf is 2(Amax (¥(X) T¥(X)) + 71 Amax (V2 V2))—Lipschitz.
Proof. For any A, Ay € RI*4,

IVF(A1) = VF(A2)l| < 2(Pa((Ar — A2)W(X)W(X) )| + 7[> V2(A1 — A2)])
<2(](A1 — A2)U(X)U(X) T+ 7V V(A1 — Az)])
<201 X)) T+ 7192 V2] A1 — A
< 200max (T(X) T V(X)) + 1 Amax(V2 V2)[| A1 — A,

So Vf is 2(Amax (¥ (X) (X)) + 71 Amax (V2 V2)—Lipschitz.

Lemma F2 (Theorem 4.4 in [3]). Let X, = argmin F' # 0, L(f) be the Lipschitz constant of Vf and {Ay}, {Br} be
generated by . Then for any k£ > 1

2L(f)]| Ao — A

2
F(Ay) = F(A") < TEnE £ vA* e X.. (F3)

Invoking lemma F2 with f(A) = [|Po(A¥(X) — Y)||Z + 71[|VZA||% and F(A) = f(A) 4+ y2||All1, we obtain Proposition
2.

Proposition F1. Let X, = argmin F # 0, {Ar},{Bx} be generated by algorithm B3. Then for any k > 1

4(>\max(‘IJ(X)T\I/(X)) + ’Yl>\max(V2TV2))||AO T

F(Ay) — F(A*) < E vA* € X.. F4
(Ax) - F(A7) < e (F1)
Appendix G Experiments details
Appendix G.1 linear system experiments
To confirm our theoretical results, we constructed a linear system
=b'x
4 with b=(1,1,1,1,1,1,1,1)T e RS,
x =Kx
01 15 O 0 0 0 0 0.1
—-150.1 O 0 0 0 0 0.1
1 —0.1
0 0 0 8 0 0 0 0 (G1)
01 0 -8 —-01 O 0 0 0
and K = c R8%8,
0 0 0.1 0 —-0.01 21 0 0
0 0 0.1 0 —-21 —-0.01 0 O
0 O 0 0.1 0 0.1 11
0 O 0 0.1 0 -—-110.1

Starting with random initial values from the normal distribution, 30 sets of data were collected by sliding forward, each
containing 16 sample points x; with a sampling interval of At = 0.02 as training data. We vary the prediction horizon from
2 to 10 and evaluate the RMSE of the prediction results by different models. The average performance of each model for
different prediction horizons is shown in the main text.
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Appendix G.2 Lorenz system experiments

To evaluate the method for high-dimensional nonlinear systems, the coupled Lorenz system is used as a benchmark example.
The ith(i = 1,2, ...,d) coupled subsystem is given by

& = o(ys — @),
Ui = pTi — Yi — TiZi,

Zi = @iy — Bzi +y(@it1 — wio1) + 0(@ite — 2% + @i-2),

where the parameters are set to typical values, i.e., 0 = 10;p = 28; 8 = %. Here v(zit1 — zi—1) + §(zit2 — ®i—2) is the
coupling term that implies the i-th subsystem is coupled with the (i — 2)-th, (¢ — 1)-th, (¢ 4+ 1)-th and (i + 2)-th subsystems
via  component and coupling strength is set to v = 0.1;6 = 0.1. To make the system closed, we particularly set ¢ — 1,7 — 2
as d,d — 1 for i =1 and as 1,d for ¢ = 2 and set i + 1,7+ 2 as d,1 for i = d — 1 and as 1,2 for ¢ = d. In simulation
experiments, the 90 variables are involved in the system and the 20*" variable is chosen as the target variable.

Starting with random initial values in the interval [—5, 5], after transient dynamics, we sample 20 data-pair (X,Y") for
hyperparameters choice and then test on the 30 data-pairs (X,Y’) sample points. Each variable has a sampling interval of
At = 0.02. To test the model’s robustness, the noise was added to the training data by X = x + ¢, ~ N(0,01), where o
represents the noise intensity. In the experiment to test the model’s robustness to input length, the data noise intensity is
fixed at 0.5 to predict 12 steps. The input length is set to 27 and the prediction horizon is 12 in the experiment to test the
model’s robustness to noise. The results of robustness experiments are shown in the main text.

We test the deep learning methods and STD method on complex high-dimension chaotic system, 90-D coupled Lorenz
system. The test framework is shown in figure G1. For the 90-D coupled Lorenz system x = f(z) , we generate the test
set from to to t3 with the initial condition %*2. For training a deep learning model, we generate the train set from tq to 1
and the test set from t1 to t2. We mark the last validation point as x’2 and define the distance (Eq.G2) to measure the
discrepancy between the test data and historical data.

d(x'2,x"2) = ||x"2 — x"2||3/||%"2|[3. (G2)
Time ¢, ty ta
train set validation set

o o o
State to Xt b2

distance= [|%t2 — x*2 12 /||%t2 |2 f2 fs

2 2 test set
° o
Qtz 2(:3

Figure G1 Train-test framework for complex high-dimension chaotic system.

We visualise the Koopman eigenfunctions and the corresponding dynamics in Figure G2 with different levels of the
smoothness constraint. The upper subfigure shows the Koopman eigenfunctions and the corresponding dynamics learned
from a noisy Lorenz system without a smoothness constraint, and the bottom one with a smoothness constraint v; = 2.
As figure G2 shows, leading eigenfunctions show sparse structure in some certain, and with the increase of smoothness, the
dynamics of the leading eigenfunctions becomes smoother as we expect. The dynamic of leading eigenfunctions with no
smoothness term converges to 0 quickly, which means the mode is useless to predict the future and the dynamic of leading
eigenfunctions with a smoothness constraint term is slower, suggesting short-term trends that benefit prediction.

Appendix G.3 Refine experiments

The previous heuristic methods based on STI can be unified in the STD framework. The explicit physical implications of
the current framework allow for a direct improvement of the effectiveness of previous methods. Our refinement experiment
utilizes the results predicted by other methods to complete the lower triangular portion of the target Hankel matrix. We
then refine the previous predictions using our model, which results in a consistent decrease in the prediction error. The
hyperparameters are shown in table G2. As demonstrated in Figure 3- 7, our method can consistently improve the prediction
of other methods and reduce the prediction error by up to 24%. This confirms the robustness and generalization of the
STD model.
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(a) When ~; = 0, the leading eigenfunctions and corresponding dynamic is learned by STD.
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(b) When ~; = 2, the leading eigenfunctions and corresponding dynamic is learned by STD.
Figure G2 The Koopman eigenfunctions and their dynamics of observation learned from the noisy Lorenz system with different
smoothness levels.

Appendix G.4 Parameter specifications

The parameter settings for all experiments are shown in Table G1 and Table G2. The model’s hyperparameters are chosen
based on the validation set, and the experimental results reflect the average performance of the test set. The sizes of the
validation set and the test set are indicated as N,,; and Ntest, respectively.

Table G1 Parameters details for the Lorenz’s simulation experiments.

Data parameters Model parameters Experiments parameters
- m 1 " ~a k RFF Nyal Niest
0.0 27 12 1 0.002 3 128 50 50
0.2 27 12 1 0.005 3 128 50 50
Noisy experiments 0.5 27 12 1 0.01 3 128 50 50
0.7 27 12 0 0.01 3 128 50 50
1.0 27 12 0 0.01 3 128 50 50
0.5 15 12 1 0.002 3 128 50 50
0.5 18 12 1 0.002 3 128 50 50
Input size experiments | 0.5 21 12 1 0.002 3 128 50 50
0.5 24 12 1 0.002 3 128 50 50
0.5 27 12 1 0.01 3 128 50 50

Appendix G.4.1 Initialize A and B

In the absence of any pre-existing knowledge about A and B, zero initialization is employed for both. This approach has
been adopted in our refined experiment. Using the STD model for sliding prediction, it is recommended that the previous
task solution A is used as initialisation for the subsequent prediction task A and B. This can accelerate the algorithm’s
calculation and enhance the solution’s quality to a certain extent, provided that the overall data law does not undergo a
significant change in the short term.
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Table G2 Parameters details for real-world datasets’ experiments.

Data Model Experiments Refinement
Dataset
m l d 1 V2 k RFF Nyai Niest 71 V2

Osaka Wind 144 12 154 10 0.01 1 128 30 20 0.001 le™?
Fukushima Wind 144 12 154 0.005 0.005 1 128 30 20 0.001 le™?
Weather 14 [§ 16 3 0.005 3 128 50 30 10 0.001
N4 plankton 10 4 12 0.2 0.005 3 128 20 30 0.001 1e~ 9
N12 plankton 10 4 12 0.15 0.001 3 128 20 30 0.001 1e=6

Appendix G.5 Materials

Code for data generation, model, experiments, and results has been deposited in https://github.com/ForeverCurry/STD-
Model.
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Refined Results on N4 dataset
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Figure 3 Refinement results for different methods on N4 dataset
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Refined Results on N12 dataset
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Figure 4 Refinement results for different methods on N12 dataset
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Refined Results on Osaka dataset
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Figure 5 Refinement results for different methods on Osaka dataset
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Refined Results on Fukushima dataset
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Figure 6 Refinement results for different methods on Fukushima dataset



Sct China Inf Sci 13

Refined Results on weather dataset
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Figure 7 Refinement results for different methods on weather dataset
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