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Abstract Circuit quantum electrodynamics (circuit QED) offers a promising platform for quantum information processing and quan-
tum simulation. The quantum spatial searches for identifying a target vertex on a graph have broad applications across information
technologies. However, implementing quantum spatial searches on a graph through circuit QED remains unexplored. In this paper, we
propose a scheme to realize quantum spatial searches via continuous-time quantum walks in a circuit QED system. Here, each cavity
represents a graph vertex, while a single superconducting (SC) qubit mediates interactions among all cavities, enabling coherent manip-
ulation of the search process in complete graphs. Remarkably, we find that an increasing number of vertices leads to a shorter search
time, and the search is achieved deterministically. Our numerical simulations for the target search in an eight-vertex complete graph
agree well with theoretical predictions, even under realistic decoherence and experimental parameters. This protocol is universal and can
be generalized to accomplish the same task in a wide range of physical systems, where multiple microwave or optical cavities couple to a
single matter qubit of various types.
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1 Introduction

Quantum search techniques play an important role in quantum information processing, which offers a wide range of
applications [1-8], such as optimization problems [9], quantum factoring [10], and quantum machine learning [11].
The problem of identifying a target vertex on a graph (i.e., spatial search algorithm) can be effectively modeled
using continuous-time quantum walks [12-16]. Spatial searches via continuous-time quantum walks have been
explored on graphs with diverse structures [17,18] and implemented across various quantum systems, including
star graphs in linear optics [19] and 2D lattices in neutral atoms [20]. However, a review of the literature reveals
that the implementation of continuous-time quantum walk based search algorithms within the framework of circuit
quantum electrodynamics (QED) remains unexplored. In particular, the experimental realization of quantum spatial
search on complete graphs, where each vertex couples to all others, remains unachieved to date, as it requires high
connectivity and presents significant challenges for most quantum platforms.

Circuit QED, which integrates superconducting (SC) qubits with microwave resonators or cavities, has garnered
considerable attention due to its exceptional controllability, integrability, ease of fabrication, and potential for scal-
ability [21-30]. Experimental demonstrations have confirmed the strong coupling between SC qubits and microwave
cavities [31-33]. Notably, the level spacings of SC qubits can be rapidly tuned within 1-3 ns [34-37], and their coher-
ence time can reach from hundreds of microseconds to over 1 ms [38-44]. Moreover, high-quality microwave cavities,
including 1D and 3D configurations, have been experimentally demonstrated with quality factors (photon lifetimes)
reaching @ > 2.7 x 105 (70 us) and Q > 3.5 x 107 (2 s), respectively [45-49]. These advancements underscore the
potential of circuit QED as a leading platform for quantum computation and quantum simulation [23-27,50-54].

In this paper, we present (i) the construction of a weighted complete graph (Figure 1(a)) using a circuit QED
architecture (Figure 1(b)), and (ii) the implementation of quantum search via continuous-time quantum walks on
this platform. The circuit QED system mainly consists of n microwave cavities, which represent n graph vertices.
The n cavities simultaneously couple to an SC qubit, enabling interactions between any pair of the cavities. In the
search process, an additional SC qubit is utilized to mark the target cavity. We show that the target cavity can
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Figure 1 (Color online) (a) Schematic of a complete graph with n vertices, where each vertex is connected to all others. The vertices are
depicted as circles, with the target vertex labeled as 7. (b) Setup for constructing a complete graph in circuit QED. All 1D microwave cavities
have the same frequency and couple to the SC qubit 1 (denoted as Q1) via capacitors. The target cavity (7) is marked by its coupling to the SC
qubit 2 (denoted as Q2). Note that 1D cavities can be replaced by 3D microwave cavities. (c¢) Cavity j (j = 1,2,...,n) is dispersively coupled
to the |g) <+ |e) transition of qubit 1 with coupling constant g; and detuning Aj;. Cavity 7 is dispersively coupled to the |g) <+ |e) transition of
qubit 2 with coupling constant g’ and detuning A’.

be identified with a 100% probability after a short period of free evolution of the system. Numerical simulations,
incorporating decoherence, demonstrate that high-fidelity search for a target cavity in an eight-cavity system can
be achieved within current circuit QED technology.

This protocol has the following features and advantages. (i) It requires only two auxiliary SC qubits, minimizing
hardware resource demands; (ii) the parameters in the search Hamiltonian can be readily adjusted, providing
enhanced flexibility; (iii) the search time decreases as the number of graph vertices increases, offering scalability
and rapid execution; (iv) the search can be completed in a deterministic way without measurement during the
process, thereby ensuring search efficiency; and (v) this protocol is general and can be extended to microwave or
optical cavities and single qubits of various types, demonstrating high adaptability.

This paper is organized as follows. In Section 2, we introduce how to implement quantum spatial search in a
circuit QED system. In Section 3, we numerically analyze the experimental feasibility of identifying the target in
an eight-cavity system. A conclusion is presented in Section 4.

2 Quantum spatial search in circuit QED

We first present an efficient method to construct an n-vertex complete graph (Figure 1(a)) in a circuit QED platform,
which consists of n microwave cavities and a SC coupler qubit (i.e., qubit 1 with ground state |g) and excited state
le)), as shown in Figure 1(b). Note that qubit 1 does not represent a vertex. To enable interactions between any
two cavities, all cavities are coupled to qubit 1 via capacitors. The coupling strength can be adjusted using tunable
capacitors [55]. Alternatively, tunable couplers based on superconducting quantum interference devices (SQIDs)
can be employed to adjust the coupling strength between the SC qubit and cavities [56,57]. Moreover, we assume
that n microwave cavities have the same frequency w., which can be realized by adopting frequency-adjustable
cavities [58,59].

Then, we use an additional SC qubit (i.e., qubit 2) to couple the target cavity 7, as illustrated in Figure 1(b).
Since there does not exist a universal oracle circuit capable of marking the targets, the target elements are usually
assumed to be pre-known in the experimental demonstration of quantum search algorithms (e.g., [19,20,60-64]).
Following the previous studies, we here assume that the search target, i.e., the target cavity, is known.

In the interaction picture and under the rotating-wave approximation (RWA), the Hamiltonian of the system
shown in Figure 1(b) is given by (7 = 1)

H=g'arle)y (gle 7"+ gja;le), (gle 7 +H.C, (1)
=1

where a; is the annihilation operator for cavity j, g; is the coupling constant between cavity j and qubit 1, and
A = w.—wy is the detuning between the cavity frequency (w.) and the |g); « |e); transition frequency (w) of qubit
1 (Figure 1(c)). Similarly, ¢’ is the coupling constant between the target cavity 7 and qubit 2, and A’ = w.—ws is the
detuning between the cavity frequency (w.) and the |g), <> |e), transition frequency (ws) of qubit 2 (Figure 1(c)).
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Under the large detuning conditions |A| > g;, |A’] > ¢/, and

|A — A )
A1 L (AN—1 2
@)1+ @)1~ 9 @)
we derive the effective Hamiltonian [65]
Hel = HO + H] (3)
with
Hy = X (ala- |9), (9] — arat &), (el) + 3 As(ala; lo), (9] — ajal[e), (e, n
j=1
Hr = 3 Awlafai +aja})(1g), (o] = le)y (). (5)
J=1 k=j+1

where N = g2 /A’ \; = gjz/A7 and \jr = g;9x/A. Note that the interaction term between qubits 1 and 2, mediated
through cavity 7, is negligible due to the condition in (2).
Suppose the system is initially in the state [¥o) = [g); |g)5 |@0), with

LNt
|sﬂo>—\/ﬁ; ;100---0). (6)

Namely, the two qubits are in their ground states, and the n cavities are in a W state. For example, the W state for
three cavities is given by (al +al+a) [000) /v/3 = (]100) +]010) 4 [001))/v/3, where |0) and |1) denote the vacuum
state and the single-photon state of a cavity, respectively. The initial state of the cavities in (6) can be readily
prepared by exciting qubit 1 to the state |e) with a pulse and then allowing it to interact resonantly with the n
cavities [66]. The preparation duration t, is 7/2Q + 71/2y/ng,, where Q is the Rabi frequency of the pulse and g, is
the coupling strength between each cavity and qubit 1. For example, one has ¢, >~ 13.5 ns for Q = g, = 27t x 25 MHz
and n = 8. Note that the system initially contains one photon (i.e., one walker), and the photon number is conserved
under the Hamiltonian H,..

Under the Hamiltonian H.p, the two qubits remain in the ground state |g), |g), and are not excited. Thus, the
effective Hamiltonian H.; simplifies to

n n n
H, = Nala, + Z /\ja;aj + Z Z Ajk (a;ak + aja;fc), (7)
j=1 j=1 k=j+1

which is the effective Hamiltonian governing the dynamics of the cavity system. In a new interaction picture under
the Hamiltonian H{ = Z?Zl Aj a}aj, the effective Hamiltonian further reduces to

H.s = Nala, + Z Z Ajk [a;akei(’\f_’\")t + ajale_i(’\f_’\")t]. ()
5=1 k=j+1
Here, the values of the effective coupling strengths A" and A, can be adjusted by changing coupling strengths g,
and ¢’ or detunings A and A’. The detuning A (A’) can be changed by adjusting the energy-level spacings of SC
qubit 1 (2), and the coupling strengths g; and ¢’ can be adjusted by varying the capacitance between the SC qubits
and the cavities.
By adjusting g; = g, N = nA, and A\; = Ay = \ji = A, the Hamiltonian in (8) becomes

H.=n\ala, + ) Z Z [a}ak + aja};]. 9)
j=1 k=j+1

In the following, we prove that the marked cavity 7 can be found under the Hamiltonian H.. The initial state

o) of the cavities can be expressed as [po) = —= |7) + Vf;%l |s), where
1 n
|7y =al [00---0) and |s) = > aljoo---0). (10)

vn—1

J=1(#7)
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Applying H, on the states |7) and |s), we have
H|T) =nA|T) + MWn—1[s), Hcl|s)=An—1|1)+An—2)]|s). (11)
Here, we have used

nXala, |7) =nX\|7), X Z Z [a}ak + ajaL] [7) = AvVn —1]s),

J=1k=j+1

n\ ala, |s) =0, Z Z aak+ajak]|> Vn—=1]|1)+ (n—2)]s). (12)

Eq. (11) indicates that under H., the evolution of the cavity system, starting from the initial state |¢g), remains
confined to the two-dimensional subspace spanned by |7) and [s).

We now analyze the dynamics of the cavity system within this subspace. The effective Hamiltonian in (9) can
be expressed as

= (Im) ([ +1s) (s]) - He - (I7) (7] + |s) (s])
= Anlr) (7| +Vn=1I7) (s| + Vn = 1|s) (7] + (n = 2) |s) (s]] , (13)

where (7| H |s) = (s| He |7) = Av/n — 1 and (s| H |s) = A(n — 2) have been used. The eigenvalues of this Hamilto-
nian are £y = A(n &+ y/n — 1), with corresponding eigenvectors

ps) = Ciium + 7)), (14)

where C'y = /2(1 +1/y/n).
Since the Hamiltonian H, is time-independent and the initial state can be expressed as |@o) = (Cy [14) +
C_ |1_))/2 according to (14), the state of the cavity system at time t is given by

lo(t)) = e™" |o)

= ST i) + e )
= 2104 [g4) + BBy )] (15)

As |7) = (Cy |y) — O |1p-))/2 from (14), we find that |p(t)) = |7) when (Fy — E_)t = m, i.e., t = 71/(2:/nN).
This implies that the walker is located at the target vertex with 100% probability at time 7t/(24/n)). In this case,
the search time ¢ decreases as either the number of vertices n or the jumping rate A increases.

From the above description, one can see that the search algorithm based on continuous-time quantum walks
is deterministically implemented in the proposed circuit QED system. Notably, the effective coupling strengths
between different cavity pairs are adjustable [see Hes in (8)], which enables the construction of weighted graphs
and the implementation of other quantum tasks.

3 Experimental feasibility

To demonstrate the feasibility of implementing the search algorithm in circuit QED, we numerically simulate the
search process for an eight-vertex graph using eight microwave cavities and two SC transmon qubits. Without loss
of generality, we assume that the search target corresponds to cavity 1. Since we assumed that all cavities have
the same frequency during the simulation, the calculation results remain the same if the target cavity is set to be
any other cavity. In experiments, however, the frequency of each cavity may have a slight difference, and when the
target is another cavity, the specific computational results will have slight variations.

Suppose the whole system is initially in the state

[Wo) = l9)1 19)2 \/—ZGT 100 - : (16)
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Figure 2 (Color online) Fidelity versus %! for coupling strengths Figure 3 (Color online) Fidelity versus ger/gmax for decoherence
g/2m = 25,35, and 45 MHz. The numerical simulations are performed times T" = 100, 10,1 ps. Here, g., denotes the intercavity crosstalk
with a decoherence time T' = 20 ps. strength, and gmax represents the maximum coupling strength be-

tween g and g’. The ratio ger/gmax varies from 0 to 1%. Numerical
simulations are performed with x~! = 20 ps and g/2m = 45 MHz.

To account for dissipation and decoherence in the simulation of the search process, we employ the master equation

8 2

dp ) _
gf = THH R Ll D el [07,]
k=1 j=1
2
+ Z Yo,e (Uee,jpo'ee,j - O'ee,jp/2 - paee,j/2) P (17)
j=1

where £[A] = ApAT — ATAp/2 — pATA/2 (with A = a0, ) 0oy i = |9); (€l, and oee j = [e); (e|. In addition, &
is the cavity decay rate, 7.4 is the energy relaxation rate for the excited state |e) of the qubits, and vy is the
dephasing rate for the excited state |e) of the qubits. Here, H is the Hamiltonian given in (1).

The fidelity is defined as F' = /{(@id| p|pid), where |@ia) = |g); |g)5 |10000000) is the ideal output state, and p is
the final density matrix obtained by numerically solving the master equation. The parameters used in the numerical
simulations are as follows: (i) the detunings are set to A/2m = 1.0 and A’/27t = 0.125 GHz; (ii) the relaxation and
dephasing rates are %_gl =T and 7;13 =T [42,43]; (iil) ¢’ = g.

We first investigate the effects of the cavity decay time x~' and the coupling constant ¢ on the fidelity. The
results indicate that the influence of ! is slight, as shown in Figure 2. This is primarily because the search
time is significantly shorter than the values of x~' used in Figure 2, which are conservative estimates based on
current circuit QED experiments [42,43,45,46]. For instance, the search times are approximately 0.045, 0.075, and
0.147 us for g/2mt = 25, 35, and 45 MHz, respectively. For a fixed detuning A, a smaller coupling constant g better
satisfies the large detuning condition, which leads to higher fidelity, as demonstrated in Figure 2. The fidelities are
approximately 98.5%, 97.5%, and 95.9% for g/2m = 25, 35, and 45 MHz, respectively.

Next, we investigate the effects of the cavity crosstalk g.. and the decoherence time T' of the SC qubits. The
crosstalk between cavities can be described by the Hamiltonian

8 8
Hcr = YGer Z Z (a;ak + ajaz)u (18)

j=1 k=j+1

where g.. represents the intercavity crosstalk strength. The ratio of the crosstalk strength g to the maximum
coupling strength gma.x between g and ¢’ can be less than 0.01, as shown in [67,68]. In the following simulations,
we use the total Hamiltonian H + H,,, with g/27t = ¢’/27t = 35 MHz and x~! = 20 ps. The simulation results are
presented in Figure 3, where g,.x denotes the maximum coupling strength between g and ¢’. As expected, the fidelity
decreases as g, increases. For example, the fidelities are about 95.8%, 95.3%, and 92.2% for ger/gmax = 0,0.5%,
and 1.0%, with 7' = 10 us. Furthermore, the results indicate that the effect of the qubit decoherence (parameterized
by T') is negligible.
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4 Conclusion

We have demonstrated the construction of a complete graph using a circuit QED system. We have further demon-
strated the implementation of quantum spatial search on the constructed graph through continuous-time quantum
walks. Our proposal has several distinguishing features and advantages, as mentioned in the introduction. In
particular, an increasing number of vertices can lead to a shorter search time, and the search can be completed
deterministically. Our numerical simulations indicate that, in an eight-cavity system, the high-fidelity search can be
achieved within current circuit QED technology. To the best of our knowledge, this study is the first to demonstrate
the implementation of quantum spatial search on the complete graph constructed in a circuit QED system.

As only basic dispersive coupling between cavities and qubits is required, this proposal is generic and can be
applied to accomplish the same task in a wide range of physical systems, where the n cavities can be either microwave
or optical cavities and the two auxiliary qubits can be various matter qubits, such as atomic qubits, quantum dots,
nitrogen-vacancy centers, magnons, or superconducting qubits with different types. Furthermore, the proposed
construction and approach can be extended to implement quantum spatial searches on a variety of graphs, with
examples provided in Appendix A.
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Appendix A Examples of graphs constructed in circuit QED

The configuration in Figure 1(b) of the main text, where one qubit is coupled to multiple cavities, can be generalized to construct other
graphs, such as joined complete graphsl). An example of a joined complete graph and its construction in circuit QED are shown in
Figures Al(a) and (d), respectively. In our protocol, the size of the searchable database is limited by the number of cavities that can be
coupled to a single SC qubit. This limitation arises from the constraints of the chip structure. However, it can be addressed by adopting
a joined complete graph structure. For example, the complete graphs within this structure may be distributed across multiple chips.

Furthermore, by resonating the central qubit with cavities, the configuration in Figure 1(b) can be used to realize star graphs [19],
such as the 7-vertex graph shown in Figure A1(b) and its realization in Figure Al(e). Note that here the central qubit also represents
a vertex. Similarly, complete ternary tree graphs can be constructed, as illustrated in Figures Al(c) and (f). Since only one photon is
occupied in the cavities shown in Figure 1(b) (i.e., there is only a single excitation during the search process), the complete graph in
Figure 1(a) can also be constructed by replacing the system in Figure 1(b) with n SC qubits simultaneously coupled to a microwave
cavity (or a single SC qubit).

After the construction of a graph in circuit QED, the target cavity can be identified after free evolution of the system by marking
it via an oracle circuit or an auxiliary qubit. Thus, the configuration in Figure 1(b) is the core of constructing various graphs used for
quantum spatial searches. The success probability of finding the target depends on the graph structure. In theory, it reaches 100% in
complete graphs [12], approaches 100% in star graphs?), but remains considerably below 100% in joined complete graphs®.
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Figure A1 (Color online) Three graph examples constructed using the structure in Figure 1(b) are shown: (a) a joined complete graph formed
by three six-vertex complete graphs, (b) a seven-vertex star graph, and (c) a complete ternary tree graph. Vertices and edges are represented
by red circles and blue lines, respectively. The corresponding setups in circuit QED for realizing these graphs are illustrated in (d)—(f), with
red dashed circles denoting cavities, blue discs denoting SC qubits dispersively coupled to the cavities, while red discs representing SC qubits
resonant with the cavities.
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