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Abstract Policy iteration is one of the classical frameworks of adaptive dynamic programming, which requires a known initial stabilizing
control to start the iteration. To relax this requirement, two different stabilizing policy iteration algorithms based on variable damping
coefficients are designed for unknown discrete-time linear systems. First, we design a stabilizing artificial system and then iterate it
gradually to the original system by cumulating damping coefficients and thus obtaining a stabilizing control policy. Then, a data-driven
version of the stabilizing policy iteration framework is designed, and the corresponding model-free scheme is proposed for determining
the damping coefficients. To relax the same initial condition that exists in traditional policy iteration-based Q-learning, another novel
data-driven Q-learning algorithm based on stabilizing policy iteration is developed. The proposed Q-learning algorithm is equivalent to
the stabilizing policy iteration framework by theoretical analysis. Ultimately, the effectiveness of the two proposed algorithms is verified
by a numerical example.
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1 Introduction

Reinforcement learning (RL) makes optimal decisions by learning and interaction between the agent’s actions and
the external environment [1,2], which is often also known as adaptive dynamic programming (ADP). Unlike dynamic
programming, the “curse of dimensionality” and the physical model unknown can be overcome [3,4]. This allows
ADP widely used for optimal control or optimal decision making without accurate system model, including discrete-
time (DT) systems [2,5-11], continuous-time (CT) systems [12-15], and practical applications [4,16]. Most ADP
methods are designed by two basic iteration frameworks, i.e., policy iteration (PI) [2,5,7,12,17,18] and value
iteration (VI) [6,14,15,19-21]. Initially, Kleinman algorithms for CT linear systems [17] and DT linear systems [5]
are proposed, respectively, which are the basis for PI. In [12], the data-driven optimal control method based on
PI for CT linear systems is proposed, and a rank condition that guarantees that the iterative equations can be
solved uniquely is analyzed. It is extended in [13] to the model-free optimal output regulation (OOR) problem.
The model-free approach and its analysis in [12] can be extended to DT systems. For example, the DT version
of the model-free OOR is given in [7]. A model-free robust OOR algorithm is proposed in [2] based on PI and
input-output data for DT linear systems. Similarly, various VI-based RL algorithms have also been developed. A
model-free VI algorithm is proposed in [14] for CT linear systems, and this approach is extended in [21] to the H
OOR problem for multiagent systems. The methods, including but not limited to the above, are classical model-free
RL algorithms based on PI and VI. Moreover, the O-learning techniques are also developed based on VI and PI.
Q-learning is the classical technique in RL, which was developed to address optimal control problems [10,22-25].
Q-learning algorithms are usually designed via an action-valued function that is defined according to the Bellman
equation, often referred to as the Q-function. Pl-based and VI-based Q-learning algorithms for DT linear systems
were proposed in [10,22,26], respectively. In [23,24], Q-learning algorithms of CT linear systems have been developed.
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Subsequently, a VI-based output feedback Q-learning algorithm is proposed in [25] for DT linear systems. In [27],
two output-feedback OQ-learning methods are developed based on PI and VI for DT systems. Clearly, these Q-
learning methods retain the characteristics of PI or VI.

The VI method begins with an easily determined value function with an arbitrary bounded control policy.
However, since the iterative process of VI is non-monotonic, it converges more slowly than PI [19]. In each iteration,
the PI algorithm obtains the real-valued function of the target control policy based on the known stabilizing control
policy, which in turn updates the control policy [19,28]. Although the PI method converges faster, it must start
with a known stabilizing control policy [19,29]. In general, it is always a challenge to obtain a stabilizing control
policy for unknown systems. To address the problem, some relevant results are presented. A multi-step heuristic
dynamic programming is proposed in [28] to realize the trade-off between PI and VI. Subsequently, the PI and
VI are combined by varying the coefficients in [30]. With further research, a bias-PI algorithm that can relax
the initial stabilizing control condition by adding a bias parameter is developed in [31] for CT systems. \-PI
algorithm is developed in [32] for DT systems, which combines VI and PI by designing the Bellman operator A.
The method can be considered as PI if the Bellman operator tends to 1 and VI if the Bellman operator tends to
0. Recently, a class of hybrid iteration methods was proposed in [33-35], which obtains a stabilizing control policy
through VI, then converges quickly to the optimal solution via switching to PI. This method is extended to solve
the optimal control problem of unknown fast-sampling singularly perturbed systems [36]. The methods such as
bias-PI, \-PI and hybrid iteration effectively address the limitations of the initial stabilizing control policy, but all
contain some characteristics of VI, especially, their convergence rate is also affected by the slow convergence of VI.
In [29,37], the homotopy-based PI methods for linear and nonlinear CT systems are proposed, which combine the
homotopy method with PI to seek a stabilizing control for the unknown systems. These methods do not rely on
VI to find the initial stabilizing control and converge faster than the traditional VI. However, the method cannot
be directly generalized to the DT system. A method for solving the stabilizing control of a DT linear system is
given in [38] by using a discount factor, but its the updating rule and the iteration step-size need to be further
designed. In [39], a scaling PI algorithm is proposed for finding stabilizing control policies for DT systems, but
it is not further extended to Q-learning methods. Note that the initial policy condition also exists in traditional
PI-based Q-learning [8,10,22,27]. In [40], a deadbeat control gain matrix is designed to initialize the proposed
efficient off-policy Q-learning algorithm. This initialization design is more complex and does not pre-set any
desired upper bound on the spectral radius. Therefore, it is important to develop a novel framework such that the
following requirements are satisfied: (1) it can obtain a stabilizing policy and can replace the pole-placement method;
(2) it does not lose the fast convergence feature of PI; (3) it can be designed as various data-driven algorithms and
achieve optimal control.

Inspired by the above results, we propose two different varying damping coefficients-based data-driven PI algo-
rithms. The following are the main contributions.

(1) By designing dynamically adjusted damping coefficients, a novel stabilizing policy iteration (SPI) framework is
proposed and its stability analysis is given. Unlike the traditional PI [2,5,7-12,27,41,42], this SPI, based on varying
damping coeflicients, can adaptively calculate the stabilizing control policy, which relaxes the requirement for an
initial stabilizing policy in the existing PI. Moreover, the SPI framework is characterized by the fast convergence
of the PI and can be extended to solving various optimal control problems [2,5,7-11,27,41,42].

(2) A data-driven version of the SPI framework is designed, and the corresponding model-free schemes are
proposed for determining the initial damping coefficient and updating the explicit step-size. We only need to use
the same data condition as the data-driven VI [14,26] to obtain a stabilizing control policy and an optimal control
policy, respectively.

(3) Different from [32,38,39], we introduce cumulative sum damping coefficients to find the stabilizing control
policy and another data-driven Q-learning algorithm based on the SPI framework is further designed to address
the limitation of initial an stabilizing policy that also exists in traditional PI-based Q-learning [8,10,22,27]. The
stability of this Q-learning algorithm and its equivalence to data-driven SPI are verified by theoretical analysis and
simulation.

(4) More importantly, a simple extension of the proposed framework and the corresponding data-driven algorithm
can regulate any initial closed-loop spectral radius to within the range of the desired spectral radius. Thus, the
method can replace the classical model-based pole-placement method.

Section 2 describes the optimal control problem for DT linear systems and introduces the classical PI. Section 3
designs an SPI framework based on varying damping coefficients that provides a scheme for solving the stabilizing
control policy when the parameters of the concerned system model are given. In Section 4, an online SPI-based data-
driven algorithm is proposed and the model-free method for selecting damping coefficients is designed. In Section
5, the SPI-based Q-learning algorithm is presented and its convergence and equivalence with SPI are analyzed. In
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Section 6, simulations are provided to validate the two proposed algorithms, respectively. Section 7 concludes this

work.
W,y ”

Notations. For any matrix “x”, omax(*) and omin(x) indicate its maximal and minimal singular values, and p(x)
is its spectral radius. For matrix X = X € R™" vecs(X) = [X11,2X12,..-,2X11,X22,2X03,...,2X,_ 1.,
Xn_,n]T S R%"(”“), where X ; is the ith row and jth column element of matrix X. If matrix X € R™*™,

vee(X) = [X, X5 ,...,X,]]T € R"™ where X; € R" is ith column of matrix X for i = 1,...,m. For vector
n(nt1)

X € R™, vecv(X) = [XZ, X1X2; - - +» X1Xns X35 X2X35 - - - » Xn1Xn, X2] T € R™2 . ® is the Kronecker product. “T”
denotes the transpose.

2 Preliminaries

2.1 System and problem description

Consider a DT linear system
x(k +1) = Ax(k) + Bu(k), (1)

where x € R™ and u € R™ are the state and input, respectively. A € R"=*"= and B € R"=*" are unknown
constant matrices.

Assumption 1. The pair (A, B) is stabilizable.

Problem. Under Assumption 1, the optimal control is to design a controller u = —K*z(k) such that system
(1) is Schur stable, i.e., p(A — BK*) < 1, where K* € R™*"= ig optimal control gain obtained by minimizing the
performance function

V(x(k),u(k)) =3 (2" (i)Qu(i) + u' (i) Ru(i)), (2)

i=k

where Q = Q" >0and R=R" > 0.

2.2 Traditional discrete-time PI

According to [1], the optimal controller is given as
u=—K*z(k) = —(R+ B'P*B)"'B" P*Axz(k), (3)
where P* = P*T > 0 is the unique positive definite solution to the following algebraic Riccati equation (ARE):
ATPA—-P—-ATPB(R+B'"PB)"'BTPA=—Q. (4)

To avoid solving the ARE (4) directly, the classical model-based PI method is given in Lemma 1.

Lemma 1 ([5]). Given any initial stabilizing control gain K satisfying p(4A — BK®) < 1, for i = 0,1,2,...,
P = (P")T is solved by the Lyapunov equation

(A—BK""P(A—-BK")—P'+Q+ (K")"RK"=0. (5)

Update the policy by
K" =(R+B"P'B)"'B" P'A. (6)

Then, for i = 0,1,2,...,00, one has that (1) p(A — BK*t!) < 1; (2) P* < P < P4 (3) lim; o PP = P¥,
lim; oo K = K*.

In Lemma 1, the initial stabilizing gain K° and the pair (A, B) must be known. To realize data-driven optimal
control, it is critical to obtain an initial stabilizing control gain without using model information. If the initial

stabilizing control is obtained, then the approximate optimal solution to the ARE (4) can be obtained by the
traditional PI-based ADP algorithms such as [7,10].
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3 Varying damping coefficients-based SPI framework

First, to facilitate the establishment of a varying damping coefficients-based SPI framework to obtain stabilizing
control, A and B are assumed to be known. In Sections 4 and 5, we remove all dependencies of this framework on
model information to achieve data-driven control.

To distinguish the process from Lemma 1, define new matrices Pi and K7 for 7 =0,1,2,..., and a positive

constant p as
1

" (A= BEKY)’

(7)

where K is an arbitrary bounded control gain. There exists a small constant § satisfying g > 8 > 0 such that
pl(p — B)(A — BK®)] < 1. This ensures that the artificial system (5 — 3)(A — BK7) is stabilized, but it does not
ensure that the original system (1) is stable. Theorem 1 provides a way to obtain stabilizing gains, which is achieved
by iterating the stabilizing artificial system to the original closed-loop system.

Theorem 1. Under Assumption 1, given arbitrary bounded policy K°, and constants p>p > ay > 0, define
B :=p—p and

J
Al = (3 +> am> (A—BK?), Wi:=Q+ (K)"RK’. (8)
m=0
For j =0,1,2,..., P7 is solved by
(AN TPI(A)) = P) =W, (9)
Update K7*! and choose a1 by
j 2 j 2 -
K+l — <B+ > am> R+ <B +y am> BTPIB| BTPiA, (10)
m=0 m=0
J : J
> Umin(WjJrl) = _
Qit] =cC + Qo — . +1-1]:=c¢ + Q| @1, c€(0,1]. 11
J+1 <ﬁ rnZ:O ) (\/Umax(PJ _ WJ+1) ) <ﬁ WLZ:O ) J+1 ( ] ( )

Then, one has that (1) p(A — BKJ7) < 1/(8 + anzo am); (2) 41 exists and is bounded.

Proof. We use Induction to prove (1). Since p > 8 > ag > 0 and (7) for j = 0, there is pl(B + ao)(A — BK?)] <
pp(A) = 1. Conclusion (1) holds for j = 0. Viewing (8 + ag)A and (8 + ap)B as A and B in Lemma 1, there is
pl(B + ao)(A — BKY)] < 1. Thus, there is a unique positive definite solution P! to

(B + ao)(A — BENTPY(B + ap)(A — BK')] — Pt = —W™, (12)

For the pair ((3+ ao)A, (B4 ao)B), P! < PY can be obtained by Conclusion (2) of Lemma 1, thus W' < P! < PO,
For j =0, ay in (11) exists and is bounded, Conclusion (2) holds. From (12), we have

- 2
(AHYTPLA — P = (w> (P — W) — P!

54—040
Q 2 ~
= (1+~ ! ) —1| (P —wh —w!
B+ ao
(b1) 2 . (b2)
% (1+~a1 ) 1) (B =W =W L (WY, — W, (13)
B+ ag

where (by) is obtained by using P! < PY and (by) is obtained by using (11). Since W! < Pl < PO, (by) is
monotonically increasing on (0, 400) with respect to ;. Thus, all o chosen according to (11) satisfy (A')TPLA! —
P! < 0. We have that p[(8+ao+a1)(A— BK")] <1 and K" is a stabilizing control gain of system A'. Conclusion
(1) holds for j = 1. Repeating the above process easily yields that Conclusion (2) also holds for j = 1. Since
pl(B + ap + a1)(A — BKY)] < 1, P! is the unique positive-definite solution to (9) for j = 1.
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Assume that Conclusion (1) holds for j = a. Then, there are p[(8 + Y0 _oam)(A — BK%)] < 1 and P® =
(]5") > 0 that is solved by (A%)TP*(A%) — P* = —W* By using (10), we can obtain the gain matrix as
K = (B4 _gam)? R+ (B+ 30 _yam)*BTP*B] ' BT P A. Tf (B+ 3% _yam)A and (B + Y20 _, am)B are
taken as A and B in Lemma 1, one obtains

(B 0 za: am> (A— Bf(““)] <1 (14)
m=0

From (14) and Lemma 1, it follows that there is a unique P! = (P*t1)T > 0 satisfying

a T
<B +> am> (A- Bf(““)] pott
m=0

Moreover, viewing (B+ > o)A and (B+ S o @m)B as A and B in Lemma 1 with the stabilizing gain K1,
we have P*t1 < P* from Conclusmn (2) of Lemma 1. Thus, there is W1 < P41 < P, Then, there must exist
a positive constant ag41 satisfying

0< sy = c (5 +3 am> <\/O_m:(’i]§,(lvﬁ“;3+1) +1- 1) . (16)

m=0

(B + za: am> (A- Bf{““)] — Pt = — et (15)

Obviously, ag1 is bounded. Similar to (13), we have

2
(Aa—i—l)TzISa—i-lAa—i-l _ zﬁa-{-l _ 14+ — Qa+1 -1 (75114—1 _ Wll+1) _ Wll+1
ﬂ + Zm 0 @m

2

(ba) )

< (14 0—2a ) —q1)(Po—wetl) — et
ﬂ Zm Oam

(ba) 1 1
< opin(WeH I, — Wett (17)

x

where (b3) is obtained by using P*! < P and (by) is obtained by using (11). Similarly, the right-hand side of (b3)
is a monotonically increasing function on (0, +-00) with respect to a,11. Therefore, all 441 chosen according to (11)
satisfy (Aetl)Tpatlgatl _ patl < (. Then, we have p(A¢*1) < 1. By Induction, Conclusion (1) is established.
By the above process, it is easy to obtain that Eq. (16) always holds, hence7 Conclusion (2) also holds.

There always exist 0 < ca;(3 + Zj_ ) = o < a; g+ am) and caj > 0 for j =0,1,2,.... Let

X := min{cam,, m = 1,...,j}. Then, we have + 37 _ am, = a; + ([34—2 )2(1—1—)()(5—1—2;_:1004“1)2
(1+ ) (B + ap). Since exponential functions with base greater than 1 are monotonically increasing and infinite,
there exists a positive integer j such that 8 + Efn:o o > 1 for j > j. Making (14 x)? (8 + ag) = 1 solves the
bound for J, i.e., at most In(1/(8 + o))/ In(1 + x).
Remark 1. Figure 1 illustrates the significance of the proposed method and Theorem 1. As the process in Theorem
1 is iterated, the open-loop artificial system ([3 + Z o @m)A gradually approaches the open-loop original system
A, and the closed-loop spectral radius p(A— BKJ) decreases gradually From Conclusion (1) of Theorem 1, there
is p(A BK7) < 1/(B+ ) _y o) during the iterations. If §+ 327 a, > 1 is satisfied, then p(A — BK7) < 1,
i.e., K7 is a stabilizing control gain. If a larger aj11 is chosen to satlsfy (11), the iteration will be faster. Moreover,
it can be obtained that 1/(3 + S @) is a designed bound on the closed-loop spectral radius p(A — BK7) from
Theorem 1.

The damping coefficient in our design is inspired by the concept of viscous damping in mechanical systems (e.g.,
dampers). Specifically, it acts as a dynamic cumulative sum term (from small to large) with the following roles.
(1) By setting smaller initial coefficients, the original system A — BK Y is compressed into the stabilizing virtual
system (3+ag)(A—BK?). (2 ) After each iteration, the system (3+ 7 _ a)(A— BK7*1) converges by updating
the control policy K7t but 5+ Z]H vy, amplifies the system (3 + ZJ+1 am)(A — BKIt1). Tt is worth noting
that the process and the virtual closed-loop system always remain stable. (3) As K7 improves and the damping
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Matrix spectral radius of open-loop systems Matrix spectral radius of closed-loop systems

4 Without control h
1
Stable i Unstable — Stable 'l Unstable
- «—
— o0 O O0-0— ——F0e 0O e 60—
0 o o 1I 0 0 O /v 1I
Po pr N py p(4) P — Desired p; P2 P Po
! With control .
spectral B
radius . .
e j+l Jj+l

Figure .1 (Color online) Iteration process of Theorem 1, where p? = p[(B + ZZn:O am)A] denotes the spectral radius of the open-loop system
(B+>7,_gam)A, and p; = p(A — BK’) denotes the spectral radius of the closed-loop system A — BK”, respectively.

coefficients increase until 3+ Z{::lo am > 1, the stabilizing system (3 + an:() am)(A— BK7) is expanded into the
system A — BKJ1!, thereby yielding the stabilizing control policy K711, . .
In the above process, the damping coefficient seems to be the “damper” of the virtual system (3+>"7 _ o )(A—

l?f( 7), which gradually amplifies the virtual system and ensures the stability of the iteration while the control policy
K7 is updated.

4 Data-driven SPI algorithm without the initial stabilizing policy

In Theorem 1, calculating Pi and K7 and choosing the damping coeflicients 3 and oj+1 depend on the known A
and B. In this section, we remove the restriction.

4.1 Solve Pi by system data
By defining A7 = (3 + anzo am) (A — BK7), we can rewrite system (1) as

—1

w(k+1) = (B + ZJ: am> Al z(k) + B(KI (k) + u(k)). (18)
m=0

By (18), we have

" (k+1)Pla(k+1) —a' (k)Plx(k)

—2 -1

_ (3 iy am> TR AT B A a(k) — a7 (0 Pk + 2 (B s am> T AT BB 2(k) + u(k)
m=0 m=0

+ (K’ z(k) + u(k) " BT PP B(Kz(k) + u(k)). (19)
Substituting (9) into (19) and using the definition of A7 gives

" (k+1)Pla(k+1) —a' (k)Plx(k)

j —2
— <B +)° am> ' (k) (=W)z(k) + 22" (k)Y{ (K7 2(k) + u(k)) — " (k)K7 Y] K7a(k)
m=0
j —2

—|1- (B +> am> o (k) Pla(k) +u’ (k)Y u(k), (20)

m=0

where

v/ =ATPIB, Yj=B"PIB. (21)

Collecting the data yields the following matrices:

21 = [veev(z(ko + 1)) — veev(z(kg)), . . ., veev(z(ks + 1)) — veev(z(ks))] T,
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Eo = [x(ko) © w(ko), 2(k1) @ (K1), ..., 2(ks) @ x(ks)] T,
s = [u(ko) @ z(ko), ulky) ® x(kr), ..., ulks) ® x(ks)]T,
24 = [veev(u(ko)), veev(u(ky)), ..., veev(u(ks))] T,
25 = [vecv(z(ko)), veev(z(k1)), . . ., veev(z(ks))] T,
Z¢ = [veev(K z(ky)), . . ., veev(K z (k)] T, (22)
where kg < k1 < -+ < ks. Using (20)—(22), one has
Wi [vees(P) T, vec(Y7) T, vees(Yd) 1T = ¢/, (23)

where 7 = [21 — (B4 Y20, _gom) ™2 = 1)Z5, —255(In, @ KIT) — 255, —Z4 + Zg] and ¢/ = (B + Y0 _; am) 25
vecs(—W7).
Lemma 2. If data are collected to satisfy

1
rank([Z2, 23, 24]) = 5(7% + ny) (g + 1y + 1), (24)

then 7 is full column-rank.

Proof. The proof is omitted here, and a similar process can be found in [2,12,13].
For j =0,1,2,..., if Eq. (24) is satisfied, we have

[Vecs(lﬁj)—r,Vec(fflj)—r,Vecs,(f/;)—r]—r = (IT) "I Tl (25)
4.2 Choose ,é and aj4;1 and calculate Kit+1 by the model-free method

Recalling Section 3, the designed 8 and g should satisfy B+ay < p = 1/p(A — BKO). We should design
a model-free condition to replace it. If the solution P7 to the Lyapunov function (9) of the artificial system
(B+ 7 _yam)(A — BK7) is positive definite, it follows that the artificial system (3 + Y27 _ am)(A — BKY) is
Schur, i.e., p[(8 + Y27 _am)(A — BKY)] < 1. Therefore, when PP is positive from (25), it can be deduced that
pl(3 + o) (A~ BEO)] < 1.
Determine 3 by the model-free method. Set 3 + 3. and any sufficiently small g > 0, where 3. is a
decreasing constant and satisfies

0< ﬁz-{-l < ﬁza ZETOO Bz =0, (26)
for =10,1,2,..... For step z, if PO > 0 from (25), then 3. is used as /3 in (25), otherwise repeat (26) for z < z + 1

until PO > 0. Output B+ ﬂz

Remark 2. Through the above process, 3 and g can be determined satisfying 8+ oo < p = 1/p(A— BKDY). B is
a damping coefficient that is usually set as [3 € (0,1) for open-loop unstable systems. When the (3 is set to satisfy
Be0,p— - ap), then a larger 3 accelerates the convergence of p(A — BK7) (from Theorem 1). When the J is set
to satisfy B e (p — o, 1), then the above model-free process quickly adjusts B to the interval (0,p — ap).

Update gain K7*! by the model-free method. By (25), Y/ and Yj are obtained. Then, from (10), K7+!

is updated by
9 -1

. 2 .
w“—@+ima R+G+ima?§ 7T 27)
m=0 m=0
Select ;1 by the model-free scheme. After P/ and K7*! have been updated, a1 can be selected by (11).
4.3 The overall data-driven SPI algorithm design
Once the stabilizing gain K7*! is obtained, set K° = K/t and write system (1) as
z(k+1) = A'z(k) + B(K'z(k) + u(k)), (28)
where A® = (A — BK'®) and K is the initial control gain for i = 0,1,2,.... By using (28), we have

' (k+1)Pa(k+1) —z' (k)Pz(k) =z (k)(A'T P'A" — P)x(k) + 22T (k)AT PB(K'z(k) + u(k))
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+ (K'z(k) +u(k))" BT P'B(K'z(k) 4 u(k)). (29)
Substituting (5) and (28) into (29) gives
2" (k+1)Pa(k+1)—a' (k)P'z(k)
=2 (k)(-Q = (K") " REK (k) + 22" (k)Y{ (K"x(k) + u(k)) — (K'z(k)) " Y32 (k) +u' (k)Ysu(k),  (30)
where Yf = ATP'B and Yg = BTP‘B. Using the data matrices =1, Za, =3, Z4 and Z5 collected in (22) and
Z6 = [veev(K'z(ko)), - .., veev(K'z(ks))] ", the matrices Uf = 21, —255(1,,, ® K'T) — 285, 24 + Eg| and @' =
Esvees(—Q — (K%) T RK?) are obtained. Then, Eq. (30) is rewritten as
Uilvecs(P) T, vec(Y]) ", vees(Yy) T]T = @, (31)
Similar to Lemma 2, if Eq. (24) is satisfied, ¥% has full column-rank. Then Eq. (31) has a unique solution as
[vecs(P) T vec(Yy) T, vees(Y3) T = (0T 091t T o, (32)

According to (6), we have ‘ ‘ ‘
K = (R+Y3) 'Y (33)

Finally, the overall Algorithm 1 and its convergence analysis are given.

Algorithm 1 Lyapunov-based data-driven SPI algorithm.

Initialize: Set arbitrary bounded control gain K° and two sufficiently small positive constants €1 and «g. Collect data until (24) is satisfied.
Jj <+« 0, z<« 0.

1: repeat

2: Calculate P from (25) and update 8 < 3. by (26); z < z + 1;
3: until P > 0; (Phase 1 end)

4: repeat

5: Solve P7, f/lj and )721 by (25);

6 Calculate K7 by (27);

7 Choose a1 from (11); j < j + 1;

8: until 3 + Z:ano am > 1; (Phase 2 end)

9: Set K* + K771 i+ 0;

10: repeat
11: Solve P*, Yy and Y, from (32);
12: Calculate KT by (33); 4 i + 1;

13:until |[P* — P*7!'|| < &1; (Phase 3 end)
14:return K't! and P! as solutions to ARE (4).

Theorem 2. Under Assumption 1, Pi and Kt are updated by Algorithm 1 until B—I—Z‘Z::lo Q= 1, the obtained
K711 is a stabilizing control gain of system (1) and the closed-loop system satisfies p(A—BEKIt) < 1/(+37 o)
for j = 0,1,2,.... Setting K9 = KJ*! and updating P’ and K*t! by Algorithm 1 for i = 0,1,..., one has
lim;_ oo P? = P* and lim;_,oo K? = K*. Then, the optimal control problem is solved by u = —K*t'z.

Proof. If Eq. (24) is satisfied, Eq. (23) is equivalent to (20). The unique P7, L7 and L} can be solved from (23)
and the unique K7*! can be obtained according to (27). From (27), it follows that K7t! satisfies (10). Then, it
is equivalent to solving Pi and K7*t! from Theorem 1. Thus, the closed-loop system satisfies Conclusion (1) in
Theorem 1. If + 571, > 1, the obtained K/*! is a stabilizing control gain of system (1).

Set K0 = K7*1 as the initial stabilizing gain. This satisfies the initial condition of Lemma 1. If condition (24) is
satisfied, Eq. (31) is uniquely solved by (32). Since Eq. (31) is equivalent to (5), solving P* from (32) is equivalent
to solving P* from (5). It is follows that K in (33) satisfies (6). This is equivalent to finding P* and K* by Lemma
1. Therefore, there exist lim;_oo P = P* and lim;_oc K* = K*. Then, the optimal control problem is solved by
u=—Ktlg
Remark 3. Since the policy evaluation process of Algorithm 1 is based on the Lyapunov equation (9), it can be
referred to as a Lyapunov-based SPI algorithm in order to easily distinguish it from the O-learning SPI in the later
section. In Algorithm 1, the data need only be collected once until the rank condition (24) is satisfied. After Phases
1 and 2, the stabilizing gain Kit1 is obtained. The solutions P? and K“t! to ARE (4) are obtained by Phase 3.
Unlike methods [28,30-33,36] that combine PI and VI, the proposed data-driven PT Algorithm 1 does not contain
any properties of VI. Algorithm 1 only needs to use the same data conditions as methods [14, 26, 28,3033, 36] to
obtain the stabilizing control policy and optimal control policy, respectively.
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5 SPI-based Q-learning algorithm without the initial stabilizing policy

Pl-based Q-learning is another important algorithm in ADP that is also limited by the initial stabilizing control
policy. To address the problem, an SPI-based Q-learning is developed.

5.1 Choose ,é and o;41 and calculate stabilizing gain Kit+1 by ©Q-learning

We design the following artificial system as:

Z(k+1) ([3 + Z am> ) + Bu(k)). (34)
The Bellman equation for system (34) is obtained as
V(z(k)) =z " (k)Qz(k) +u' (k)Ru(k) + V(z(k + 1)), (35)
where V(z(k)) = z" (k)P ( ) and V(z(k +1)) = ' (k+ 1)PZ(k + 1) with P = PT > 0. Define Q-function as
O(z(k), u(k)) = V(x(k)). From (35), one has
O(x(k),u(k)) =z " (k)Qz(k) + u' (k)Ru(k) + V (z(k + 1)). (36)

For convenience, let v; = 3 + anzo Q. Substituting (34) and (35) into (36), one has

OQz(k),u(k)) =z (k)Qz(k) +u' (k)Ru(k) +~3(Az(k) + Bu(k))" P(Az(k) + Bu(k))

lml

=X"(k) lgm “] X (k), (37)

—_——

T

mx

where X (k) = [z7 (k),u” (k)]", Huw = v?A"PA+ Q, Hyy = v3B"PB + R, Hyy = v?A" PB and H,, = H],.
Using (37) and 9Q(z(k), u(k))/du(k) = 0, we have

w(k) = —(Hyw) Hypa(k) = —Kx(k), (38)

where K is the control gain. Using (36) and defining Q = diag{Q, R}, one obtains

-
- k+1 ~ k+1
XTWAXE) = XTRQX(E) 477 | 1FHD ] oty (39)
—Kz(k+1) —Ka(k+1)
Letting M = ~;[I,,,,—K]T[A B], it can be obtained that Eq. (39) is equivalent to
1=Q+M'HM. (40)

Lemma 3. Lyapunov equation (40) has a unique positive definite solution H if and only if v, (A — BK) is stable.
Proof. Since M = ~,[I,,,,—K "]T[A B, there exists an invertible matrix A such that

A—BK B

ATTMA =,
v 0 0

, (41)

where A = ;[ ™z " ]. From (41), M is stable if and only if v;(A4 — BK) is stable. Clearly, M is stable if and

0
only if (40) has a unique positive definite solution H.
First, we design the following PI-based Q-learning without the dynamic damping coefficients.
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Lemma 4 (Pl-based Q-learning). Given a stabilizing policy K° such that p(A — BK") < 1, for i = 0,1,.. ., solve
the matrix H? by

T
) - k+1 H: H! k+1
XT(R)H'X (k) = XT(k)QX (k) + x( 1) v I( T ; (42)
Kie(k+ ) | | H, H| | —Kie(k+1)
————
=:H?
where Hi = ATP'A+Q, H., = ATP'B, Hi,, = BTP'B+ R and H!, = H:!. Update the policy by
K™ = (H,,) " Hy, (43)

Then, one has that (1) p(4 — BK*!) < 1; (2) H* < H'™' < HY lim; oo H® = H* and lim; o, K' = K*;
(3) P* = [Ln,, (=K") T H' L., (- K*) "] .

Proof. The proofs of Conclusions (1) and (2) are similar to [40, Theorems 3 and 4]. Substituting the policy
u(k) = —K'z(k) into the Q-function Q(z(k),u(k)) = =" (k)Qz(k) + u' (k)Ru(k) + (Ax(k) + Bu(k)) " Pi(Ax(k) +
Bu(k)) associated with system (1) yields Q(z(k), —K'z(k)) = 2" (k)(Q+ KT RK)x(k)+2 " (k)(A— BK')T P{(A—
BEKYx(k) = [2T(k), (—K'x(k))"|H' [z (k),(—K'z(k))"]T. Since Q(z(k), —K'x(k)) = 2" (k)P'z(k), one has P’ =
I, (=K "JH' L, , (=K")T]T.

Then, based on (38) and (39), we design the following SPI-based Q-learning.

Lemma 5 (SPI-based Q-learning). Given the same B and g as in Theorem 1, for j =0,1,2,..., solve matrix Hi
by
k+1) | [ A, A k+1
XT (A X (k) = X T (R)QX (k) + 42 @k +1) _ze au k1) (44)
—Kz(k+1) H? HI, —Kz(k+1)
_\,:_/
— i
The control policy can be improved by o o o
K7 = (Hj,) " Hi,. (45)
Choose aj11 by (11), where P is given by
PI = I, ,~K'"HI[I,, ,~ KT, (46)

Then, there are (1) p(A — BK7t1) < 1/(5 + Zf::lo am); (2) a1 exists and is bounded; (3) this Q-learning is
equivalent to Theorem 1.

Proof.  Define M, z; = 7;[In,, —K7T|T[A BJ. Solving (44) is equivalent to solving H/ = Q + M;fﬁ. ﬁj./\/lj)f(j.
Conclusions (1) and (2) of Lemma 5 can be proved by Conclusions (1) and (2) of Lemma 4 with the stz;bility Lemma
3. The detailed proof is similar to Induction in Theorem 1.

By using (46) and [I,,,, — K7 HI[I,,,, —K'"|" = [I,,,, — K’ "] (Q+M &, HIM; ), , —K7T]T, we can directly
obtain Lyapunov equation (9). Since (44) is equivalent to (11), Lemma 5 is equivalent to Theorem 1. By the
equivalence, Conclusions (1) and (2) can also be proved.

By collecting data, we can obtain the following matrices as:

I'x = [veev(X (ko)), veev(X (k1)), . .., veev(X (k)] T, Ty = [vecv(z(ky 4+ 1)), ..., veev(z(ks +1))] T,

0/ =Tx — (B + ZJ: am> T, & =Txvees(Q), 2(k+1)=[z"(k+1),(Kz(k+1))"]T, (47)

m=0
where kg < k1 < -+ < ks. From (44), one has
Ovecs(HT) = ¢J. (48)
Similar to Lemma 2, it can be deduced from (47) and (48) that if the collected system data satisfy

rank(T'x) = =(ny + ny) (Ne + 1y + 1), (49)

N | =
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matrix ©7 has full column-rank. For j=0,1,2,..., the unique solution to (48) is derived as
vecs(H?) = (©7767)710iT¢l, (50)

Determine 3 by model-free method. From Lemma 3, if the derived H° is positive definite, then (B +
a0)(A— BK") is stable. We still update /3 based on (26). If H® from (50) is positive definite, then 3 is determined,
otherwise, update 5 by (26) until H° > 0.

Choose «;t1 by model-free method. After B is determined and K7%! is updated by (45), aj41 is chosen by
(46) and (11).

5.2 The overall SPI-based Q-learning algorithm design

If the stabilizing control gain K7*1 is obtained, we use Lemma 4 and the data matrices T'x and I', collected in
(47), where K7 is replaced by K¢ in I',. According to (42), there is

O'vecs(H') = ¢, (51)
where ¢ = I'xvecs(Q) and ©" = I'x — I',.. If condition (49) is satisfied, Eq. (51) can be uniquely solved as
vecs(H') = (070"t ¢l (52)

Further, update K**! by (43). Finally, we can design Algorithm 2.

Algorithm 2 SPI-based data-driven Q-learning algorithm.

Initialize: Set arbitrary bounded control gain K° and two sufficiently small positive constants ez and «g. Collect data until (49) is satisfied.
7+ 0,2z+<+0.

1: repeat

2 Solve H® by (50); select B =B, by (26); z < z 4+ 1;
3: until A° > 0; (Phase 1 end)

4: repeat

5: Solve H’ by (50);

6 Calculate P? from (46) and K’*! from (45);

7 Choose a1 from (11); j < j + 1;

8: until 3 + ZZn:O am > 1; (Phase 2 end)

9: Set K* « K911 i« 0;

10: repeat

11: Solve Pt Li and Lé from (32); i+ i+ 1;
12:until |H* — H*7!'|| < e2; (Phase 3 end)

13:return K*t! and H® as the optimal solutions.

Theorem 3. Under Assumption 1, Hi and K+ are updated by Algorithm 2 until 3 + ZJ “oQm = 1 for
j =0,1,.... Then, the obtained K7*! is a stabilizing control gain of system (1) and the closed-loop system satisfies
p(A — BKitY) < 1/(6 + ZJ+1 o) for j =0,1,2,.... By setting K° = KJ+1 and updating H? and K1 by
Algorithm 2 for ¢ =0,1,2,..., one has lim; ,,, H* = H *and lim;_,., K* = K*, where H* is solution to O-function
of system (1). Then, the optimal control problem is solved by © = —K*1z.

Proof. If condition (49) is satisfied, then solving (50) is equivalent to solving (44). According to Lemma 5, the
SPI-based Q-learning (Lemma 5) is equivalent to Theorem 1. According to Theorem 1, the obtained K7+ is a
stabilizing control gain of system (1) and the closed-loop spectral radius satisfies p(A— BK7+1) < 1/(ﬁ+zj+l Q)
for j=0,1,2,....

Set K° = KJt1. If condition (49) is satisfied, then solving (52) is equivalent to solving (42). From Lemma 4, if
updating H* and K**t! by (42) and (43), then one has that lim; ,,, H® = H* and lim; ,,, K* = K*. The optimal
control problem is solved by u = —K**1z.

Remark 4. By Lemmas 4 and 5, we show that the SPI-based Q-learning is equivalent to Theorem 1, and the
PI-based Q-learning is equivalent to Lemma 1. Different from [8,10,22,27], the proposed SPI-based Q-learning
Algorithm 2 is not limited by the initial stabilizing control policy and can adaptively obtain stabilizing and optimal
solutions.

Remark 5. Unlike [39], we propose the SPI framework based on [43,44] by introducing the dynamic cumulative
sum damping coefficients. It can be extended to Lyapunov-based SPI algorithm and Q-learning-based SPI algorithm,
thus giving model-free computation methods for stabilizing control policy under different PI frameworks. The two
proposed SPI algorithms require the same data conditions as the existing [8, 10,22, 27,41, 42] and VI [14, 26]
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algorithms, but can compute stabilizing control policy and implement functions similar to pole-placement, for
example, 8 + 25::10 am = 1 is set as the termination threshold for the Phase 2 of both algorithms, where [ > 1 is

a constant. In this case, there is p(A — BK7t1) < =1 (the function of pole-placement is achieved). According to
Lyapunov theory, it is known that the rate of convergence of the system must be greater than {~!.

6 Simulation

We consider a power system [45], which is detailed as follows [39,45]:

0.8825 0.0014 0.0470 0.0001
z(k+1) = | 0.0894 0.9049 0.0023 | (k) + | 0.1190 | u(k), (53)
0.0028 0.0571 0.9995 0.0036

where z(k) = [r1(k),2(k),z3(k)]T. The initial state vector is set as x(0) = [1,1,1]". Its open-loop poles are
0.8847 £ 0.0405i and 1.0176. Set Q = Is and R = 1. The optimal solutions are

6.4588 3.2440 6.3335
P* = |3.2440 7.6482 10.1251 | , K™ = | 0.4025 0.8350 1.2052} ; (54)
6.3335 10.1251 33.4770

and the solution of the O-function is

30.1049 6.7720 15.7633 0.8316

e 6.7720 26.0829 27.7090 2.5334 (55)
| 15.7633 27.7090 142.5754 3.1115 |

0.8316 2.5334 3.1115 1.3211
6.1 Validation of data-driven SPI Algorithm 1

We set B = 0.7, ap = 0.0001 and choose the initial control gain as KO = [0,0,0]. To satisfy condition (24), we use the
probing noise superimposed by high-frequency sine and cosine functions. When enough data have been collected,
the stabilizing control gain K7 is obtained by Phases 1 and 2 of the Algorithm 1, where a1 = 0.8 x . The iterative
update process is shown in Figure 2(b). The iteration stops at step 4, i.e., B—l—an:O . = 1isreached. At this time,
K7 is iterated as K* = [0.3428,0.7320,0.9670] and p(A — BK*) is iterated to 0.9652 at j = 4. As shown in Figure
2(b), the closed-loop spectral radius p(A— BK7) always satisfies the inequality p(A—BK7) < 1/(8+Y7 _, am). To
further test the effectiveness of the scheme (11) and its impact on the convergence speed, we set ¢ = 0.2;0.4;0.6; 0.8
in (11) and run Phases 1 and 2 of Algorithm 1, respectively, to obtain Figure 3(b). This indicates that scheme (11)
is effective and the larger the a1, the faster the convergence.

Let the control gain be K = K* and run Algorithm 1 until | P — P*~!|| < £, where e; = 10~°. After simulation,
the results are obtained as in Figures 2(a) and 3(a). Figure 2(a) shows the results of the system with the controller
updated and uncontrolled. This verifies that Algorithm 1 is effective for open-loop unstable systems. From Figure
3(a), it can be shown that P® and K* can be converged to P* and K* quickly by PI. The optimal error is obtained
as ||P? — P*|| = 2.1842 x 10~8. The final optimal solutions are obtained as

6.4588 3.2440 6.3335
P? = |3.2440 7.6482 10.1251 | , K* = | 0.4025 0.8350 1.2052 | . (56)
6.3335 10.1251 33.4770
Comparison of the above results with (54) shows that optimal control is achieved through Algorithm 1.

6.2 Validation of SPI-based Q-learning Algorithm 2

Set f = 0.7, ap = 0.0001 and K° = [0,0,0]. Choose «;; according to (11) with ¢ = 0.9. A probing noise identical
to Algorithm 1 is used to collect data to satisfy (49), and subsequently we iterate Phases 1 and 2 of Algorithm 2.
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Figure 2 (Color online) (a) Comparison of system states of using Algorithm 1 and without control; (b) the closed-loop spectral radius
p(A — BK7) with its upper bound 1/(8 + > _; am) obtained by Algorithm 1 (¢ = 0.8).
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Figure 3 (Color online) (a) Convergence of P* and K'; (b) p(A — BK?) obtained by Algorithm 1.
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Figure 4 (Color online) (a) Comparison of system states of using Algorithm 2 and without control; (b) the closed-loop spectral radius
p(A — BK7) with its upper bound 1/(8 + > _; am) obtained by Algorithm 2 (¢ = 0.8).

The iteration results are shown in Figure 4, and after 4 steps iterations, a stabilizing control gain is obtained as
K* =[0.3428,0.7320,0.9670] and p(A — BK7) is iterated to 0.9652 at j = 4.

As shown in Figure 4(b), p(A— BK7) always converges with an upper bound of 1/(3+ Efn:o ), 1.e., it satisfies
p(A—BKJ) < 1/(5—}—2%:0 a). To further test the effectiveness of the scheme (11) for Algorithm 2 and its impact
on the convergence speed, we set ¢ = 0.2, ¢ = 0.4, ¢ =0.6 and ¢ = 0.8 in (11) and run Phases 1 and 2 of Algorithm

2, respectively, to obtain Figure 5(b). This indicates that scheme (11) is effective and the larger the aj11, the faster
the convergence.
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Figure 5 (Color online) (a) Convergence of H' and K*; (b) p(A — BK?) obtained by Algorithm 2.

Table 1 Number of iterations for Phases 1 and 2 in Algorithms 1 and 2 in different parameter ¢ conditions.

c=0.1 c=0.2 c=0.4 c=0.6 c=0.8 c=0.9
Algorithm 1 41 20 4
Algorithm 2 41 20 9 6 4

Table 2 CPU time (s) of Algorithms 1 and 2 in different parameter ¢ conditions.

c=0.1 c=0.2 c=0.4 c=0.6 c=0.8 c=0.9
Algorithm 1 0.044139 0.040314 0.039820 0.037187 0.035762 0.034201
Algorithm 2 0.043026 0.038625 0.037745 0.036081 0.034763 0.033811

Let the control gain be K° = K* and run Algorithm 2 until | H? — H*~!|| < &5, where e = 1075, The simulation
results are shown in Figures 4(a) and 5(a). After the stabilizing control policy is obtained, the solution of the
O-function can be quickly converged by Algorithm 2. The optimal error of the algorithm is finally ||[H® — H*|| =
1.4512 x 10~°. Ultimately, the obtained near-optimal solution to the Q-function and near-optimal gain are

30.1049 6.7720 15.7633 0.8316

, | 6.7720 26.0829 27.7090 2.5334 .
H? = . K3=1[0.4025 0.8350 1.2052]. (57)
15.7633 27.7090 142.5754 3.1115

0.8316 2.5334 3.1115 1.3211

To further analyze the performance of the two algorithms, we simulated and counted the CPU time and the
number of iterations with different parameters c¢. From (11), it can be seen that a larger ¢ setting indicates a larger
damping coefficient chosen. The simulation was performed on a computer with CPU parameters “AMD Ryzen 7
5800H with Radeon Graphics (3.20 GHz)”.

From Table 1, it can be seen that choosing larger dynamic damping coefficients enhances the convergence speed
of Algorithms 1 and 2, allowing them to obtain stabilizing control policies more quickly. Furthermore, the data in
Table 1 correspond exactly to Figures 3(b) and 5(b), which both illustrate the equivalence between Algorithms 1
and 2. From Table 2, we can see that (1) choosing larger dynamic damping coefficients reduces the running time
of Algorithms 1 and 2, and (2) Algorithm 2 is more efficient than Algorithm 1. Note that the equivalence between

Algorithms 1 and 2 is the iteration results, and does not imply that both are equally efficient. This is verified by
the results in Tables 1 and 2.

Remark 6. Comparing the results of the above figures, it is easy to see that Algorithm 1 is fully equivalent
to Algorithm 2. Note that Algorithms 1 and 2 lead to identical stabilizing and optimal control policies, but the
respective solutions P? and H® are not identical. They have a relationship as described in (46). In contrast,
Q-learning updates the policy based on the O-function rather than solving for the Lyapunov function in each
model-free iteration step (e.g., the difference between (44) and (20)). Q-learning is more straightforward, as can
be seen from the policy updating, data collection and solution process of Algorithms 1 and 2. Compared with
Algorithm 2, Lyapunov-based SPI Algorithm 1 directly uses the Lyapunov equation as the policy evaluation, which
is easier to extend to complex optimization problems. This is due to the fact that the establishment of Lyapunov
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equations under complex problems is much simpler than the establishment of Q-functions.

7 Conclusion

Two model-free SPI algorithms based on varying damping coefficients are proposed for optimal control of DT
systems. A stable artificial system is constructed through the damping coefficients, and a stabilizing control policy
is obtained by varying the damping coefficients and gradually iterating this system to the original closed-loop
system. The model-free SPI algorithm and SPI-based O-learning algorithm are designed and their convergence is
analyzed. Through simulations, it is verified that the proposed algorithms can obtain a stabilizing control policy
and an optimal control policy. The desired control objective is realized by the proposed algorithms. In future, we
will try to extend the method to safe optimal fault-tolerant control [46] and zero-sum games [47].
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