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Abstract A distributed adaptive formation problem with state constraints for multi-agent systems is studied in this article. It can be
transformed into an aggregative game, where the local cost function for each agent relies on several aggregate items. Thus, auxiliary
variables are employed to estimate these system-wide aggregate items under a distributed communication topology, and a distributed
continuous-time Nash equilibrium (NE) seeking strategy is proposed for the multi-agent system to search for an NE point in the aggregative
game. Furthermore, the uniqueness of the NE point is analyzed, which depends on the common state constraint set. Considering an
extra property of the NE point, a concept of robust NE (RNE) point is first introduced in this paper. The multi-agent system located
at the RNE point has the ability to be maintained within the common state constraint set as much as possible under disturbances. For
general convex state constraints, an RNE searching algorithm is proposed with a distributed proximal continuous-time strategy. The
strategy deals with a max-min fair allocation problem with a mixture of discrete and continuous variables and relaxes the condition that
the cost function is monotone. Finally, we provide several simulations to demonstrate the theoretical results.
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1 Introduction

In the last few decades, formation controls have attracted considerable attention in many areas, such as autonomous
vehicles and multiple robots [1]. For more than 20 years of research and development, abundant references have
focused on time-invariant and time-varying formation configurations [2,3]. However, in the absence of prior knowl-
edge of the complex environment, the predefined formation configuration rules lack adaptiveness, such as obstacle
avoidance or entering into a security region that always imposes constraints on the states of agents. Several tech-
nologies, like the artificial potential field (APF) method [4] and geometric-based approach [5], have the ability to
display great obstacle avoidance performance or guarantee state constraint by distance-based penalty function and
geometric computation. However, these methods lack consideration for the change of the formation configuration,
which results in a significant change in the formation configuration, thereby affecting formation stability and oper-
ational efficiency. Thus, the investigation of the optimal formation configuration change in the formation control
with state constraints is meaningful.

Recently, cooperative games under distributed communication topologies have been extensively investigated.
They aim to minimize a sum of local cost functions subjected to different kinds of constraints, including general
equality [6], coupling equality [7], and inequality constraints [8]. With the expansion of applications, great attention
has been focused on searching for Nash equilibrium (NE) points in non-cooperative games [9,10], where the local
cost functions are dependent not only on individual states but also on others’. The aggregative game, as a typical
non-cooperative game, has also been extensively investigated because of its applications in network systems [11].
Because of the existence of aggregate items which depend on all agents’ states and are unavailable to each agent
directly, observers were employed for each agent, which estimate all agents’ states in [12] and the aggregate items
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directly in [13,14]. In [14], the aggregative game was proposed for the multi-agent system under a strongly connected
topology, and was extended to balance and unbalance graphs in [15]. Known by the authors’ best efforts, few studies
research the formation controls with state constraints as aggregative games to optimize the formation configurations
further. Furthermore, the above literature focuses on the convergence of the searching algorithm but lacks further
analysis on the property of the NE point, which is significant for formation controls.

Robustness is a significant property for multi-agent systems, which presents an ability to resist uncertainty. In
the tracking control with rigorous stability and performance, robust controls are well-established technologies to
deal with unknown parameters and time-varying disturbances [16], and internal uncertainty in the robust output
regulation problem [17]. In online optimization [18], the robust MPC scheme was utilized to search for an optimal
control protocol in the existence of disturbance and/or uncertainty. The distributed robust optimization aims for
the optimal solution in the presence of the uncertainty in objective functions [19] or in constraints [20]. However,
the above literature mainly focuses on the uncertainty applied to the system model, and researches “maximum
safety margin” to analyze the robust performance of the system under disturbance. To the knowledge of authors,
few studies involve the analysis of the robustness of the NE point in the aggregative game, which motivates the
promotion of this paper.

In this paper, a distributed adaptive formation problem subjected to a common state constraint for a multi-agent
system is studied, which can be transformed into a non-cooperative aggregative game to search for the NE point.
There are some main contributions.

(1) A distributed continuous-time NE seeking strategy with the Lagrangian multiplier method is proposed to deal
with a non-cooperative aggregative game. Compared with the existing studies [12-15], it prevents the introduction of
the projection operator, which influences the complexity and computational accuracy of the proposed optimization
strategy. This greatly decreases the complexity, especially in the case of general convex constraints.

(2) The uniqueness of the NE point in the non-cooperative aggregative game is analyzed, which depends on the
size of the security region established by the common state constraint set. For the sake of the robustness of the
multi-agent system further, a concept of robust NE (RNE) point is first introduced in the multi-NE case. In the
presence of uncertain disturbances, compared with other NE points, the system located at the RNE point has the
ability to stay within the common state constraint as much as possible.

(3) For the general convex state constraints, a distributed RNE searching algorithm is designed to deal with a
max-min optimization problem to search for the RNE point with a distributed proximal continuous-time strategy.
Compared with [21], this paper relaxes a strong hypothesis that the local cost function is strictly monotone.

The rest of this article is structured as follows. Section 2 introduces the preliminaries and problem statement.
The main result of the distributed continuous-time NE seeking strategy is proposed in Section 3. The concept
of RNE is presented and an RNE searching algorithm for the general convex constraint is presented in Section 4.
Finally, the simulations are presented in Section 5 and the conclusion is provided in Section 6.

Notations: In this paper, I,, denotes the m x m identity matrix, 0,, = [0,0,...,0]T € R™, and Ayax(-) represents
the maximum eigenvalue of the matrix. For an integer k& > 0, let [k] be the index set {1,...,k}. Define the
concatenated column vector col(z1,...,zm,) = (z],...,2%)T for any vector z; € R™. The symbol @ denotes the
Kronecker product, an operator (-)™ = max{-,0}, and || - || is the Euclidean norm.

2 Preliminaries and problem statement

In this section, some mathematical preliminaries are provided first, and then we describe the adaptive formation
problem with state constraints briefly.

2.1 Graph theory

Let a triplet G = (V, £, A) be an undirected graph, where ¥V = {1,2,...,m} is a node set, £ CV x V is an edge set
and A = [a;;] € R™*™ is an adjacency matrix. An edge (4, j) € € holds (j,) € £, and the ith agent and jth agent
are neighbors and can receive information from each other. Furthermore, the adjacency matrix A = [a;;] € R™*™
is defined as a;; = 1 if (¢,7) € £, or a;; = 0 otherwise. Since there does not exist self-loop, a;; = 0, Vi € [m]. For the
Laplacian matrix associated with G, £ = [l;;] € R™*™ is determined as l;; = >_7" a;; and l;; = —ay; for i # j.

2.2 Convex optimization

A function f(z) : R® — R is convex, if and only if, for any z1,22 € R® and 0 < 0 < 1, f(Ox1 4+ (1 —0)x2) < O0f(x1)+
(1 —0)f(z2). For a lower semi-continuous convex function f(x), a proximal operator proxs[p] = arg min,{f(x) +
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||z — p||?}. Let 0f(z) denote the sub-differential of f(z). When f(z) is convex and f(x) is monotone, it holds
(G, — Quo) T (21 — 22) = 0 for all z1, 72 € R, where ¢,, € 9f(z1) and q,, € df(22). Additionally, the proximal
operator proz -] is firmly non-expansive, and p — x € 0f(x), if © = proxs[p]. For the indicator function In(-) of a
closed convex set €2, such that Io(z) = 0 if € , or Io(x) = oo otherwise, it holds prox, [p] = Palp], where the
projection operator Pq[p] = argmingcq ||z — p||.

2.3 Problem formulation

In this paper, we consider a multi-agent system with m agents under an undirected graph G. The dynamic model
for the multi-agent system is formulated as

1.71' = Uj, 1€ [m], (1)

where x; € R® is the state of the ith agent and u; € R? is the input of the ith agent.

In the operation process, the multi-agent system commonly maintains a predefined formation configuration. Since
the complexity of the environment, the multi-agent system often needs to modify the formation configuration adap-
tively based on the environment, such as entering the designated area to ensure the safety of the system. However,
it is inappropriate to arbitrarily change the formation configuration, because a large change in the formation con-
figuration not only causes a loss of system energy, but also affects the operational efficiency. Thus, an adaptive
constrained formation problem for a multi-agent system is formulated as follows:

min f;(z) = ZH%—di—fﬂk‘f’dkHQa
=1

1
m
s.t. x; € Q, (2)

where z = col(z1, ..., Tm), d = col(dy, ..., d,,) represents a predefined formation, and d; is the relative position of
the ith agent in the predefined formation. The symbol ) represents the common state constraint set, such as
Q = {x € R°|gp(x) < 0,p € [n]}. It is a designated security region enclosed by inequalities g,(z) < 0,p € [n].
Thus, in the optimization problem (2), the predefined formation configuration is regarded as the benchmark for
evaluating the optimality of the formation configuration, and the formation configuration for the multi-agent system
is modified with minimal changes adaptively based on the common state constraint set €.

Assumption 1. The common state constraint {2 is compact and convex.
Assumption 2. The undirected communication topology graph G is connected.

Remark 1. In the complex environment, it is necessary for the multi-agent system to change its predefined
formation configuration adaptively relying on the size of the security region established by the common state
constraint set. To reduce the energy loss and the formation instability, each agent focuses on the change of the
formation configuration further. In this paper, the change of the formation configuration depends on the average
of deviations between the actual distances, i.e., x; — xx, and the predefined distances, i.e., d; — dj, for every two ith
and kth agents. Compared with fixed formation configuration rules in [2,3], this optimization-based approach can
modify the formation configuration adaptively for the multi-agent system based on the information of the common
state constraint set €.

Remark 2. Compared with the containment problem [22], the adaptive constrained formation problem in (2)
has several discrepancies. (1) The common state constraint set is established based on the real-time environment
information. (2) The multi-agent system is required to search for an optimal formation configuration within the
common state constraint set, rather than forming a fixed formation configuration which is dependent on the weight
of the communication.

Accordingly, the optimization problem (2) holds
filw) = lloi — &il]* + v(@) = 2(x; — di) " s(2), (3)

where s(z) = L 3" | sp(2x) and v(z) = L 3" v (xk) are two aggregate functions with sy (zy) = i — dj and
vg(zr) = ||ok — di||>. Thus, the function fi(x) is related to three variables, i.e., x;, s(x) and v(z), and can be
expressed as J;(z;, s(z),v(x)). Thus, the problem (2) is equivalent to an aggregative game formalized as follows:

H}Cm Ji(zi, s(z),v(x)),

s.t. x; € Q. (4)
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For the aggregative game (4), it satisfies several properties which are proposed as mild hypothesises in [15].
Property 1. The cost function J;(x;, s(x),v(z)) is convex with respect to ;.
Property 2. The cost function J;(x;, s(x),v(z)) is Lipschitz continuous.
Property 3. An NE point z* of the aggregative game (4) satisfies

i) o xy)) = Jilag, s(2"), (")), (5)

for all x; € Q, i € [m], where z_; = col(@1, T2, ..., Ti—1, Tit1, ooy Tm)-

Ji(xiv S(I’i; I*_

3 Distributed continuous-time NE seeking strategy

In this section, a distributed continuous-time NE seeking strategy is designed for the aggregative game (4) under
an undirected communication topology graph G as follows:

X=-X— (L L1)x — (L Ip1)n+ (),

=X,
T = %(—VzJ(I, ElXa EQX) - ng(I)T(C + g(x))Jr)’
4-:%( ¢+ (C+g(@)), ©
where x = col(x1, ..., Xm) With x; € R**!, n = col(ni, ..., nm) with 7 € R, y(z) = col(vi(21), s Y (2m))
s+1

with 7i(2;) = col(si(wi), vi (xl)) R
¢ =col(Cy, ..., () with ¢; € R, V.. J(x, Elx,ng) = col(V, J1(z1,e1x1, €2X1), ey Va,, S (Tms €1Xm, €2Xm)) With
Ve, Ji(zi, e1x4, e2xi) = Vle-(xZ, (), ()] s(z)=e1 xi,0(x)=esxs» tWO augmented vectors Ey =1, ®e and Ey =
I, ® eg with ey = [I5,0,] and eg = [0, 1], and V,g(x) = col(V, g(x1), .., Vi, 9(2:m)).

Remark 3. The optimization problem (4) can be regarded as a potential game. However, compared with [23]
about the distributed potential game, the aggregate functions s(x) and v(z) are unavailable to each agent directly.
Thus, the observer y is designed to obtain these system-wide variables and is utilized to generate the gradient.

(:v) = col(g(x1),...g9(xm)) with g(z;) = col(gi(z;),...,gn(x;)) € R",

Next, we present several lemmas and a theorem for the effectiveness of strategy (6).

Lemma 1. Suppose Assumption 2 holds. For any initial state of (x(0),7(0)), the trajectory (x(t), (L®I1)n(t))
)

2ai=1 Yi\Ti) 1'71 ZTq )
Proof.  Since the communication topology graph G for the multi-agent system is undirected, it is a special directed
balance graph, and the details of the proof can refer to [15].

generated by (6) converges to a stable equilibrium point (1,, ® M, v(z) =1, ®

Lemma 2. Suppose Assumption 1 holds. If and only if (x*,n*,2*,(*) is an equilibrium point of (6), then x* is
an NE point in (4) with ¢* being the dual optimal solution.

Proof.  For the aggregative game (4), define the Lagrangian function as

Li = Ji(wi, s(x),v(x)) + ¢ glxs). (7)

*

Since the strong duality property holds [24], 7} is the NE point in the aggregative game (4), if and only if there
exists (', such that (Z7,(}) satisfies the KKT conditions as follows:

Ve, Ji(@, 5(7°), (%)) + Va,9(T7) T = 05, (8)
g(If) < 0y, C_: = 0,,
Gy =0, Vie[m].

Assume (x*, n*, 2*, (*) is an equilibrium point in the strategy (6). Based on Lemma 1, it holds y* = 1m®w
and the two items F1x* = 1,,® 2isilg) Sl(z ) and E X =1, ® 2 viled) ( ) . Thus, we obtain
05 = =V J (2%, E1x", E2X") — Vzg(x*)T(C* + 9(17*))+a
¢ =(C gt (9)

Based on the first equation, it holds Oy, = —col(V, J(z7, s(x*), v(x*)) =V, g(@}) Vs ooy Vi, J (25, s(2%),0(z*)) —
Ve, g(x5)TCE). Moreover, since the second equation, i.e., (* = (¢* + g(z*)) ™, is equivalent to the complementary
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slackness conditions (9), the equilibrium point (x*,n*,z*,(*) satisfies the KKT optimality conditions (8) and (9).
Thus, if and only if (x*,n*,2*,(*) is an equilibrium point of the strategy (6), then z* is an NE point in the
aggregative game (4) with ¢* being the dual optimal solution.

Theorem 1. Suppose Assumptions 1 and 2 hold. The trajectory (x(t),n(t),z(t),((t)) associated with the dis-
tributed continuous-time NE searching strategy (6) is bounded for any ¢ € R™, and x(t) converges to the NE point
of the optimization problem (4).

Proof.  Let ¢(x,¢) = >0, Ji(wi, s(x),v(x)) + 1 |x(z, {)||* with s(z,{) = (( + g(z))", and define the Lyapunov
function as follows:

V=—(z—2)"(Vag" (@")r(z", (%) — (x —2*)T (szJ> )Rz, ¢)
=1
* * *\ T £C®IS 2
U 0) = 9@ 6+ (0= 0T (2 = 220 ()4 g - O, (10)
where
Ve JF =V + %(ﬁc @ I)(z* — d)
with

vﬂh Ji (‘Tslﬁv S(,T*),U(CL'*))
Ve J* = ,
Vi Im (T, s(27), v(x*))

and L. € R™*™ being the Laplacian matrix of a complete topology. Since ¥(z,() is convex, it holds ¥(x,() —
P(*,¢*) — (x— )T (Ve X0 Jr 4 Vgt (2%)k(z*, ¢Y) — (¢ — ¢*)Tr(z*, ¢*) < 0. Because Amax(L:) = m, it holds

Le® I
m

V3 = at)T (2 - E2E) -y 4 G- P 0 1)

and V =0, iff (x,n,2,¢) = (x*,n*,2*,(*). Thus, the Lyapunov function is positive definite. Furthermore, based
on (8) and (9), the derivative of Lyapunov function V' satisfies

V =5 (5(5,0) = w2, ¢) 4 € = O (= (2, 0) + (2 = 2%) (= = Vg (@2, )
+ i(va + Vag" (@)k(2, ) + 2(x — 2*) (= Vo + Vo J)
+ 1 (Vad + Vg™ (@)(2, ) (~Vad = Vag" (@)l ), (12)

where V,J is the abbreviation of V.J(z, E1x, E2X). Define the sum of the first two items in (12) as ;. Noting
that V,J* + V,g(z*)T¢* =0, it holds

61 =(x — ") (=Vo J+ V. J*) + 6s, (13)

where 6, = 3(k ( Q) — k(z*, ")+ ¢ = )N (=C+ k(2,0) + (2 — %)Y (= V,g(2)Tk(2, ¢) + Vig(z*)T¢*). Moreover,
since (* = k(a*, ("), it follows that
b =~ (z — ") (Vag(x) "K(2, () — Vag(a*)¢*) — %HC = sz, Q)|
+ (K@, 0) = )T (=C + (@, Q). (14)
Furthermore, since —¢ + k(z,¢) = g(x) + #(z, ¢), where &(z,() = (—¢ — g(x))™T, it gets
02 = — K=", ¢ (g(@) — g(a") = Vag" (a") (@ — 2")) — k(2. ¢*)  (g(a") + i(2,C))

(
+ r(z, ) (9(x) = g(a*) = Vag" (2) (@ — 27)) + w(z, ) (g(z") + &l )
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1
— 3¢ = e Q) (15)
Because of two nonnegativity items (z,¢) and s(x*,(*), and the convexity of g(x), the first and third items in
(15) are nonpositive. Since z* is an optimal solution in the aggregative game (4), it gets x(z,¢)Tg(z*) < 0 and

k(z*, ) g(z*) = 0. Furthermore, x(x,()Ta(x,¢) = 0 and —x(x*,(*)Ti(z,¢) < 0. Thus, the first two items in
(15) are also nonpositive. Thus, we obtain

1
< =5 lI¢ = sz, Ol (16)

Submitting (16) into (12) yields

V< {(Vad + Vag @)l ) + 200 — o) (- Vad + d) = 3¢ = (O
(2 — 2T (“ Vo + Vad*) %HVmJ—i— Vg (@)k(z, )2 (17)

Based on Lemma 1, the two items E;x and FEsx converge to 1,, ® W and 1, ® W, which implies
V.J — VJ. Thus, there exists a constant 7" such that V is bounded when ¢ < T, and Vv < Owhent > T. Moreover,
there exists a strongly positive invariant and bounded set My £ {(x, 0, x,¢) € REFDm xRHDm y Rsm y Rm2| Y L g}
with ¢ > 0. Therefore, for any initial point (x(0),7(0),z(0),{(0)), the trajectory (x(t),n(t), z(t),{(t)) based on the
strategy (6) is bounded for ¢ € RT. According to the LaSalle invariance principle [25], it holds that the trajectory
(x(£),n(t), z(t),C(t)) converges to the largest weakly invariant set My asymptotically, such that My C MyNEy with
Zo = {(x(t),n(t), z(t),¢(t))|V = 0}. For an arbitrary point (X, 7, C) in the set Mo, it holds that V (¥, 7, #,¢) = 0.
Based on (17), we get Vad|e—s + VagT(2)s(2,() = 0, { — k(2,6) = 0, and =V J|s—s + VeJo—z = 0. Thus,
(X, 7, #,¢) is an equilibrium point of (6). In light of Lemma 2, # is the optimal solution of (4). Because of the
arbitrariness of (X,7,#,(), the trajectory z(t) among (x(t),n(t), z(t),C(t)) based on (6) converges to the optimal
solution of (4).

Remark 4. Compared with the proposed strategy in [15] which utilizes the projection operator method to guar-
antee the satisfactory of the common state constraint set, the NE searching strategy (6) employs the Lagrangian
multiplier method. Though the introduction of the Lagrangian multipliers results in the high-dimensional state
variables, it prevents the model complexity and computational accuracy caused by projection. It is because the
projection operator has been used to search for the nearest point within a feasible set to a point, which needs to
solve a quadratic programming problem. This greatly increases the complexity, especially in the case of general
convex constraints.

Lemma 3. When the security region §2 established by the common state constraint set can accommodate the
predefined formation configuration, there exists an infinite number of NE points.

Proof. ~ When the security region €2 established by the common state constraint set can accommodate the pre-
described formation configuration, as long as the agents form the predefined formation configuration anywhere
within €, all the local costs J;(z;, s(z),v(x)) = 0, ¥i. It implies that the multi-agent system is located at an NE
point. Thus, there exists an infinite number of NE points in this case.

4 Robust Nash equilibrium point

In this section, we research an extra property of these NE points further and introduce a novel concept, the RNE
point. Furthermore, we propose an RNE searching algorithm in the case of a general convex state constraint.

4.1 The concept of RNE

When the multi-NE case appears, the NE point searched by the strategy (6) prefers the frontier of the feasible
region €. It is because when each agent enters into €2, the strategy (6) does not impose any force to push the
multi-agent system deeper, but emphasizes the formation configuration achievement. However, for a multi-UGV [1]
and multi-UAV [2] system, when it enters a security region for resting after a field operation, it prefers to stay in
the core of the security region rather than staying around the boundary, because the impact of external disturbance
on the multi-agent system located in the core area is minimal. Therefore, it promotes the further study of the
robustness property for the multi-agent system and the proposal of a new concept, the RNE point.
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Definition 1 (RNE point). When the multi-agent system is located at an NE point, if the agent closest to the
boundary is farthest from the boundary of the constraint, then the NE point is the RNE point.

Remark 5. The common state constraint set is established by the agent based on the captured real-time environ-
ment information. Since the agent has observation errors during the observation process, it results in the deviation
of the common state constraint set. In this case, when the multi-agent system is located at RNE, it can maintain
the common state constraint as much as possible.

4.2 An RNE searching algorithm with a general constraint

In this subsection, a general but convex feasible region 2 = {x|g,(x) < 0,p € [n]} is further considered. The general
RNE searching problem is described as

max min R, (x;, gp(2;)),
T ip

st. v —d; =xp —d, x; €Q, Vi,k € [m], (18)

where R, (z;, gp(x;)) is related to the distance between the ith agent and the pth constraint boundary.

Assumption 3. The cost function R,(z;, gp(x;)) is twice continuously differentiable and strongly concave with
respect to x; on the common state constraint set (2.

Furthermore, the problem (18) can be rewritten as

minmax —R, (2, gp(z;)) + Z In(z;),
Lok i=1

st. xi—d; = xp—di, Vi, k € [m]. (19)

Remark 6. For the indicator function I, it requires a prerequisite that the initial states of all agents must be
within €2. Fortunately, in this paper, since there exists an additional step first to search for an NE point which is
within , the introduction of the indicator is appropriate.

Despite the constraint and objective of the problem (19) being both convex, the mixture of the optimized variables
results in the traditional optimization technology being invalid. To remedy it, we employ an auxiliary variable r;
to measure the maximal metric for —R,(x;, gp(2;)), and the problem (19) is redescribed as

min r; + ZIQ((EZ'),

o i—1
s.t. v —d; = xp—dy, Vi, k € [m],
— Ry (zi, gp(z:)) < 1r1,Vi € [m], p € [n]. (20)

Inspired by [26], we employ logarithmic barrier functions to relax the problem (20) as

min 77y + D Ia(w) =Y Y log(r + Ry(wi, gp(:))),
’ i=1 i=1 p=1
s.t. w;—d; = vp—dg, Vi, k € [m], (21)

where 7 is an adaptive inverse log-barrier scaler.
Remark 7. The constraint —R,(z;, gp(x;)) < r1 is softened as an extra penalty and the adaptive scaler parameter
T weights the two items in the cost function (21). In [26], the update rule of 7 is linear growth. Sometimes, a large
constant 7 is enough to restrict the deviation between the optimal solutions in problems (20) and (21) within an
appropriate tolerance.

Similarly, by copying the global parameter r1 as r1; for the ith agent, the optimization problem (21) is rewritten
as

Iglgll % ;7‘11‘4-;19(%) —Z Z log(r1i+Rp(zis gp(2i))),

i=1 p=1
s.t. @ —di =xK —di, T =Tk, Vi, kE [m], (22)
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where 71 = col(r11, ..., "1m) € R™. The Lagrangian function is described as

L=nh(z,7)+aX (L) (x—d) + BV (L L)r (23)
with two positive constants o and 3, T = col(vy,...,vy) € R U = col(¢,...,¢0,) € R™ and h(z,7) =
Yot hi(wi, i), such as hy(z, ;) = hi(zi, 1) + b3 (z;), where hl(z;,71;) = Ly — 22:1 log(r1; +Rp (x4, gp(x4)))
and h?(z;) = Ig(z;). The KKT conditions hold

0 = Vi, h' (2", 77) + (L ® 1)V,

Osm € Vah' (2, 7}) + .07 (") + (L @ I,) T,

05, = (L& 1) (2" — d),

0, = (L& 1,7, (24)

where h'(z,71)=>"1" | hi(z;,r1;) and h?(z)="1" | hi(z;).
A distributed continuous-time RNE searching strategy for a general constraint is designed as follows:

T‘Ll = —V;Ihl(a@,f“l) - ﬁ(ﬁ (9 Il)\I/ — ﬁ(ﬁ ® 11)771,

& =proxpzlx — 0 — (L ® I)(z — d)] — x,

T =a(L®I)(x—d),

¥ = B(L® L),

F=c (25)

where ¢ = V,h'(z,71) + (L @ I)T.

Remark 8. In the general convex state constraint case, the optimization problem (22) contains the term
> Io(z;), which results in the existence of non-differentiable points. Thus, the gradient-based method is not
applicable, and the proposed distributed continuous-time RNE searching strategy (25) needs to utilize the proximal
operator proz|-].

Lemma 4. For a positive constant 7, if there is an equilibrium point (z*, 7}, T*, U*) of the strategy (25), then
(x*,77) is the optimal solution of the problem (22) and (Y¥, ¥¥) is the optimal solution of the dual problem.

Proof.  Let (a*,7f, T*, U*) denote an equilibrium point of the strategy (25). Thus, it holds

0, = =V b (z*,7}) — B(L @ [)V* — B(L @ I)F},

05, = proxpzlz” — 0 — a(L ® I;)(z" — d)] — =¥,

Osm = (L ® I)(z" — d),

0,, = B(L® I)ry. (26)

Furthermore, the second equation in (26) holds O, € d;h%(z*)+ £*. Based on the KKT conditions (24), we obtain
that (z*, 77) is still the optimal solution of the problem (22) and (Y}, ¥}) is the optimal solution of its dual problem.
Theorem 2. Suppose Assumption 2 holds. For a positive constant 7 and any feasible initial state (z(0), 71 (0), Y(0),
U(0)) € R x R™ x R*™ x R™ satisfying R, (2;(0), gp(x:(0)))? < 715, Vi € [m], p € [n], then the trajectory
(z(t),71(t), Y(t), ¥(t)) with respect to (25) is bounded for t > 0, if 0 < a < +~——= and 0 < B8 < +——=

>\max(£) max(l:) )
Furthermore, (z(t), 71 (t)) converges to the optimal solution of the optimization problem (22).
Proof.  Let (a*, 75, T*, U*) be an equilibrium point of (25). Define the Lyapunov function as follows:
Vo = w1 + w2 + ws, (27)
where
1 1
= |9 —9*|* + =||E - =*|]?
= 59— 02+ 5=~ =7,

wy =91 L, (E—E*) + %ﬂTﬁgﬁ,
ws = H' (V) — H'(9*) — (9 — 9*) TV H (9%)
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with £, = diag(a(L® 1), B(L&1L)), 9=col(z,T1), E=col(T, ¥), H'(¥) = h'(z,71) and VyH' (9)=col(V . h'(z,71),
Vi ht(z,71)). Additionally, since H'(9) is convex, and 0 < a < m and 0 < 8 < m, it results in the
positive-definite function V5.

Based on the strategy (25), since the proximal operator proxz,:(-) has no effect on the variable 71, we get

T+ x=proxylz—0— oL ) (z—d),

¥ =proxp2[z* — 0 — (L @ L) (2" — d)],

1+ 71 = prowy: [ — o — (L ® L),

7y = proxp:[Fy — v — B(L @ I)T], (28)

where ¢ = Vi ht(z,71) + B(L ® I;)V. Furthermore, h?(-) is convex and its subgradient dh?(-) is monotone. And it
follows from (28) that

LT (9 =0 4+ 9) >0, (29)

where e = Vo H' (9%) = Vo H () — Lo (E—E*) — Lo (9 —0*) — 9. With (29), the derivative of V5 along the strategy
(25) satisfies

=0 =)+ (E— )=+ (Vo H'(Y) — Vo H' (") + 9T L)) + 9L (2 — ) + 9L,
< =192 = 9L, — (Vo H' (0) — Vo H (9*))T (9 — 9*) <0, (30)

where L, = LI (I S+1)m —Ly).
Since 0 < a < 5 (L) and 0 < f < - (L), it notes that \;(L,) > 0, Vi € [(s + 1)m]. Hence,

Vo < =92 = (VoH'(9)— Vo H' (9*))T (9 — 9*) < 0. (31)

Therefore, the equilibrium point (z*, 7§, T*, U*) is Lyapunov stable and the boundedness of (x(t), 7 (t), Y(t), ¥(t))
is ensured for all t € R™.

Define a set © = {(x,7,T,¥) : Vo = 0}. Let © be the largest invariant set of ©. In light of the invariance
principle, it holds limy s (2(t), 71 (£), Y(t), ¥(t)) € O. Assume (i&(t),7 (t), T(t), ¥(t)) is a trajectory associated

with the strategy (25) such that (&(0),71(0), T(0),¥(0)) € ©. Then, (@(t), (1), T(t),¥(t)) € © for all t > 0.

Therefore, &(t) = Ogm, 71(£) = Op, T(t) = (L ® I,)(& — d) = Cy, and U (t) = B(L ® I)f = Cy. 1 Cy # 0 and
Cy # 0, T(t) and ¥(t) will become infinite, which violates the boundedness of (Z(t), 7 (t), T(t),¥(t)) € ©. Hence,
6 C {(2, 7,0, W) : & = Ogpp, 7 = 0,,, T = 04, ¥ = 0,,}. Because any point in the set O is Lyapunov stable, the
trajectory (z(t), 7(t), T(t), ¥(t)) converges to an equilibrium point of (25) [27]. According to Lemma 4, (z(t), 7(t))
converges to the optimal solution of the optimization problem (22).

An RNE searching algorithm is presented in Algorithm 1. The algorithm has two steps. In step 1, based on the
distributed continuous-time NE seeking strategy (6), the states x;, Vi € [m], are able to search for an NE point.
We select a maximal time 77, such that ||z;(T1) — z;(Th — 1)|| < o, Vi € [m], with a small enough tolerance error o.
Next, an extra process is employed to assess whether the common state constraint is loose enough. Actually, when
the common state constraint is loose enough, the optimal formation configuration searched by the strategy (6) is
the predefined one for the multi-agent system, such that x; — d; — xp + dx = 0, Vi, k € [m]. It results in the cost
function J; = 0, Vi € [m]. Thus, the following two representations are equivalent. (1) The common state constraint
is loose enough. (2) The optimal formation configuration searched by strategy (6) holds >, J; = 0. Thus, a

reasonable way to judge whether the common state constraint is loose enough is to assess whether > 1", J; = 0. If

I 2iny Ji(x"(Tl)’i;X"(Tl)’@Xi(Tl)) || > 01 with a small enough tolerance error o1, we believe that the state constraint is

tight, and output the uniqueness of the NE point, x;(T7), as the RNE point. However, since the global cost function
is unavailable for each agent in a distributed communication topology, an observer similar to (6) for each agent is
designed as

fi:—§i+zaij( - &) +Z% )+ Ji(T1),
j=1

fi = &, Vi€ [m], (32)

where J;(T7) is the abbreviation of J;(x;(T1), e1x:(T1), eax:(T1)). When the agents access the common state con-
straint is loose enough, the strategy (25) is proposed to iterate the states x; in step 2. Similarly, we select a maximal
time T5 such that ||z;(T2) — z;(T2 — 1)|| < o0 and output z;(T3) as the RNE.
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Figure 1 (Color online) Evolutions of the variables about NE point searching with a tight state constraint. (a) z;; (b) (i (¢) x4; (d) 7.
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Figure 2 (Color online) The trajectory to an NE point with a tight state constraint.

Algorithm 1 RNE searching algorithm with a general constraint.

: Step 1 NE point searching:

: Give the desired formation configuration d;, and the common constraint §2;

Initialize the variables z;(0), xi(0), n; (0) and {;(0) and iterate the strategy (6);

: Output the NE point z;(T1) as the RNE point if the common state constraint is not loose; otherwise, go to step 2;
: Step 2 RNE point searching:

: Initialize the variables r1;(0), v;(0), 1;(0), and 7(0) and iterate the strategy (25) with 2;(0) = z; (T1);

: Output z;(T2) as the RNE point.

MO U W

Remark 9. Compared with the algorithms in [12,14,15] which only focus on NE searching, the proposed algorithm
in this paper analyzes the uniqueness of the NE point further, meanwhile, searches for the RNE point, which has
the maximal robust ability.

5 Simulations

In this section, two simulation examples are provided to validate our proposed algorithms with a quadratic constraint
set and a general constraint set, respectively. In these two examples, a multi-agent system consists of 4 agents under
a distributed communication topology, whose Laplacian matrix satisfies

2 -1 0 —1
-1 2 -1 0

L= . (33)
0 -1 2 —1

-1 0 -1 2

The predefined formation is designed as d = [1,1,—1,—1,1,—1,—1,1]T and initial states of agents as x(0) =
[4,-2,3,-2,2,4, -2 —Z]T.

Example 1. First, we consider a tight state constraint Qugne = {@f|(xf — Zrignt) T (Tf — Tright) — rfiqht < 0}
with Zygne = [0;0] and 74gn = 1. Based on the strategy (6), the evolutions of variables x;, (;, x; and 7; are
shown in Figures 1(a)—(d), respectively. It is worth noting that the variable ¢; converges to a positive constant
in Figure 1(b), which represents the influence of the active constraint on each agent, and the variables y; and
7; are related to the estimator of the aggregate item, shown in Figures 1(c) and (d). Figure 2 illustrates the
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Figure 5 (Color online) Evolutions of the variables about NE point searching with a general constraint. (a) x;; (b) (i; (¢) x4; (d) 74

agents’ trajectories. Obviously, to accommodate within the tight constraint ;;41¢, the multi-agent system changes
its formation configuration adaptively with the minimal formation change. Furthermore, when we choose a loose
enough state constraint Qoose = {Tf|(Tf — Zioose) " (Tf — Tloose) — Thpee < 0} With Zipese = [050] and 700se = 3,
based on the strategy (6), the evolutions of the variables z;, (;, x; and n; are illustrated in Figure 3. Specially,
in Figure 3(b), the variable ¢; converges to zero, because the state constraint is loose enough to be inactive and
does not impose any force on the agent. Furthermore, the agents’ trajectories to search for an NE point are shown
in Figure 4. Obviously, the multi-agent system in the NE point forms the predefined formation configuration. As
previously analyzed, the NE point is near to the boundary of the state constraint.

—1.5 0.5 2 1.5 —0.5 72]’]:‘
1 11 -1 -1 -1

Example 2. A general convex set is defined as Qgeperar = {X|Ax + B < 0}, where A = |

and B = [-3 —3 —6 —4.5 —2.5 —4]T. Based on step 1 in Algorithm 1, the evolutions of the variables z;, (;,
xi and n; of the strategy (6) are shown in Figure 5. The trajectories of agents converging to an NE point are
presented in Figure 6. It is worth noting that all agents enter into the general convex set generq: and maintain
the pre-described formation configuration finally, because the general state constraint is loose enough. According
to step 2 of Algorithm 1 with 7 = 50 and « = 5 = 0.22, the simulation results about the variables x;, r1;, v; and ¥,
are shown in Figures 7(a)—(d), respectively. The trajectories of agents starting from the NE point are illustrated in
Figure 8(a). The multi-agent system converges to an RNE point finally, which is located on the core of the common
state constraint set Qgeperqr. Furthermore, to verify that the strategy (25) is not affected by different NE points, we
choose another NE point as the initial state and search for the RNE based on step 2 of Algorithm 1 with the same
parameters. The trajectories of agents are illustrated in Figure 8(b). It is obvious that starting from different NEs,
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Figure 9 (Color online) The iteration time for the distributed continuous-time NE seeking strategy (6) under different common state con-
straints. (a) 3 inequality constraints; (b) 6 inequality constraints; (c) 9 inequality constraints.

the states of the multi-agent system both converge to RNE finally. It implies that the convergence of the strategy
(25) is not affected by different NE points.

Additionally, to analyze the impact of high-dimensional variables in the distributed continuous-time NE seeking
strategy (6), we select 3 sets of different common state constraints, including 3, 6, and 9 inequality constraints,
respectively. We test 500 iterations for the strategy (6) under these different common state constraints, using
Intel(R) Core(TM) i7-7500U CPU @ 2.70 GHz, and calculate the average time. These simulation results are shown
in Figure 9. Obviously, as the number of inequality constraints increases, the dimension of Lagrangian multipliers
increases. It results in time complexity and average iteration time increasing. Furthermore, we test the average
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Figure 11 (Color online) The trajectories for the multi-agent system with model uncertainty. (a) NE searching with w; ~ N(0,1); (b) RNE
searching with w; ~ N(0,1); (¢) RNE searching with w; ~ N(0,10); (d) RNE searching with w; ~ N (0, 20).

time for the projection method [13] under these 3 sets of different common state constraints. The simulation results
are described in Figure 10. It is worth noting that time complexity and average iteration time also increase with
the increasing number of inequality constraints. Furthermore, the average iteration time of the projection method
is longer than that of the Lagrangian method, because the projection method requires an additional quadratic
optimization problem to find suitable projection points, but the convergence rate of the projection method is
faster than that of the Lagrange method, because it can quickly project the state of the agent inside the common
constraints.

Furthermore, to display the robust performance of the RNE, we add an uncertainty to the model, such that
&; = u; +w;, i € [4], where w; is normally distributed. In Figure 11(a), it displays the trajectory for the multi-
agent system based on the distributed continuous-time NE seeking strategy (6) in the loose enough state constraint
case described in Example 1, where the uncertainty w; ~ N(0,1), i € [4]. It is seen that the trajectory of the
multi-agent system fluctuates because of the uncertainty of the model. Since the NE point searched by the strategy
(6) is close to the boundary of the common state constraint, the final formation configuration for the multi-agent
system is affected by disturbances and deviates from the common state constraint, as shown in the enlarged view
in Figure 11(a). Furthermore, Figure 11(b) shows the trajectory for the multi-agent system based on the strategy
(25). Because RNE is far away from the boundary of the common state constraint, the multi-agent system can be
maintained within the common state constraint in the presence of uncertainty in the model, ensuring the security of
the system. Additionally, in the process of searching for RNE, we choose two sets of larger uncertainties imposed on
the model, and the trajectories for the multi-agent system are shown in Figures 11(c) and (d), where w; ~ N(0, 10)
and w; ~ N(0,20), ¢ € [4], respectively. Obviously, with the increase of model uncertainty, there is a significant
increase in trajectory jitter, but the state of the multi-agent system still remains within the common state constraint,
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because of a large distance from the boundary for the RNE.

6 Conclusion

In this article, an adaptive constrained formation problem has been regarded as an aggregative game to optimize the
formation configuration change further. Then, a distributed continuous-time NE seeking strategy has been proposed
to search for an NE point of the aggregative game. Interestingly, the number of the NE points depends on the size
of the security region established by the common state constraint set. Furthermore, we have considered an extra
property of NE points and first introduced the concept of RNE. An RNE searching algorithm has been provided
for the RNE point in a general but convex constraint. In the future, we will further analyze more properties of NE
points and design the RNE search algorithm under the full distributed structure.
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