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Abstract Distributed cooperative learning (DCL) provides an efficient modeling/identification approach for unknown dynamics of
multi-agent systems by exploiting the learning capacity of neural networks (NNs) in a collaborative fashion. However, all existing DCL
frameworks require the communication topology among agents to be undirected. This paper proposes a DCL algorithm featuring a
dynamic event-triggered mechanism over directed connected graphs for a group of uncertain nonlinear systems. The Laplacian matrices
of directed graphs do not possess the positive semi-definite property, which significantly complicates the extension of DCL from undirected
graphs to directed graphs. First, NN identifiers with cooperative NN weight updating laws are constructed within the context of dynamic
event-triggered communication. Second, after ensuring finite-time convergence of the state estimate error subsystems, a novel group-
convergence-proof strategy is presented for the identification error systems, and then it is rigorously proved that the NN weight estimates
of all agents converge to a small neighborhood of their common optimal values. Third, the unknown nonlinear dynamics are accurately
identified along the union of system trajectories of all agents. Compared with static event triggering, the proposed dynamic event-triggered
mechanism extends the triggering thresholds while maintaining learning performance, thereby further reducing the communication burden.
Finally, the advantages and effectiveness of the proposed DCL algorithm are demonstrated through a simulation example.
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1 Introduction

Identification of complex systems has attracted widespread attention due to its critical importance across nu-
merous scientific and engineering domains, including fault diagnosis [1, 2], image processing [3], and model-based
control [4-7]. Neural networks (NNs) have emerged as powerful and effective tools for the online intelligent identifi-
cation of nonlinear dynamic systems, primarily due to their universal approximation capabilities [8]. A substantial
body of research has demonstrated successful outcomes in NN-based identification and control [9-15]. Through
Lyapunov stability analysis, these approaches provide theoretical guarantees for small estimation errors in system
states. However, the convergence of NN weight estimates to their ideal or optimal values is rarely addressed, which
limits the full exploitation of the NN learning capabilities. Consequently, when faced with similar or identical
nonlinear systems, online retraining of NNs is still inevitable due to the absence of knowledge acquisition from prior
identification tasks.

Learning can be conceptualized as a process of acquiring and accumulating knowledge. The persistent excitation
(PE) condition plays a pivotal role in enabling effective learning for NNs. Nevertheless, verifying the satisfaction of
the PE condition a priori is highly challenging. To address this challenge, a dynamic learning (DL) framework was
introduced in [16] for second-order Brunovsky systems. In this framework, it was rigorously demonstrated that the
local basis function subvector of a radial basis function (RBF) NN, evaluated along a recurrent input trajectory,
satisfies a partial PE condition. This enabled a rigorous convergence analysis of NN weight estimates, leading
to an accurate approximation of unknown system dynamics. Building upon this foundation, the DL framework
was extended to high-order nonlinear systems in normal form using the state transformation technique [17,18].
Furthermore, by integrating backstepping design with dynamic surface control, the DL approach was generalized to
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high-order strict-feedback systems [19]. Under the DL framework, numerous studies on adaptive NN identification
and learning control have been reported, including [20-27].

It is important to note that the experiential knowledge acquired through the aforementioned DL approaches is
typically confined to the vicinity of a single recurrent trajectory. In contrast to single-agent learning, cooperative
learning in multi-agent systems offers distinct advantages, such as broader generalization domains, improved fault
tolerance, and enhanced robustness. Inspired by consensus theory [28], a distributed cooperative identification
method was proposed in [29] under undirected topologies, leveraging convergence results for a class of linear time-
varying systems with cooperative PE conditions. By integrating DL with a distributed cooperative strategy [29],
distributed cooperative DL algorithms were developed for multi-agent homogeneous systems in [30-32]. These
approaches introduced cooperative learning terms into NN weight update laws, enabling agents to share weight
estimates with neighbors via network communication. As a result, each agent can learn the experiential knowledge
along the union trajectory of all agents, thereby enhancing the learning generalization capability of NNs. Considering
practical constraints, cooperative DL with prescribed performance has been applied to multiple autonomous vehicles
[33-36]. To reduce the communication burden and save network bandwidth between adjacent agents, a static event-
triggered communication mechanism with a time-dependent exponentially decaying threshold was incorporated
into the cooperative DL framework [37,38]. However, these methods are restricted to undirected communication
topologies.

In many practical engineering applications, such as the World Wide Web and mobile broadcast networks [39],
certain agents may only possess signal transmitters or receivers, resulting in unidirectional information flow [40].
Compared to undirected topologies, directed topologies offer distinct advantages, including broader applicability,
improved robustness, enhanced fault tolerance, and reduced communication resource consumption [41]. Hence,
developing a cooperative DL algorithm under directed topologies is of considerable theoretical and practical signif-
icance. Moreover, distributed cooperative learning (DCL) involves the transmission of high-dimensional NN weight
estimates, which can consume substantial network resources. Particularly during the early learning phase, when
agents have not yet completed their individual learning tasks, inaccurate weight estimates may be transmitted,
potentially degrading the learning performance of neighboring agents. Event-triggered communication mitigates
this issue by initiating transmissions only when local updates exceed a predefined threshold, thereby significantly
reducing communication overhead. This mechanism optimizes bandwidth allocation, alleviates synchronization
constraints, and ensures convergence, making it particularly suitable for resource-constrained networked control
systems such as the Internet of Things (IoT), multi-agent collaborative systems, and embedded systems. How-
ever, existing event-triggering schemes in cooperative DL algorithms rely on static triggering conditions, where
the thresholds remain fixed and cannot be adaptively adjusted based on the current system states. Compared to
static event-triggering [42], dynamic event-triggering mechanisms offer a more efficient means of reducing triggering
frequency and conserving network resources [43-45]. Hence, establishing cooperative DL results under dynamic
event-triggered communication remains an important research challenge.

This paper addresses the DCL problem for a class of uncertain multi-agent systems over directed connected
graphs. The primary challenges can be summarized as follows. First, existing Lyapunov stability analyses for
the overall identification error system and convergence analyses of NN weight estimation errors across all agents
heavily rely on the positive semi-definiteness of Laplacian matrices. For example, the exponential stability theorem
for a class of linear time-varying (LTV) systems presented in [29] serves as the foundation for verifying uniform
convergence of NN weight estimates among all agents. This result assumes that the Laplacian matrices are positive
semi-definite, which is essential for achieving cooperative DL. However, from a mathematical perspective, the
Laplacian matrices of directed connected graphs generally lack symmetry and, consequently, do not possess the
positive semi-definite property. This poses a significant challenge for the stability analysis of the identification error
system and the convergence verification of NN weight estimates. Second, the dynamic event-triggered threshold
varies with the current NN weight estimates of each agent, introducing additional complexity in ensuring both
learning accuracy and system stability. Therefore, designing a dynamic event-triggering mechanism that guarantees
learning performance is another significant concern.

Considering the specific characteristics of Laplacian matrices associated with directed graphs, this paper pro-
poses a novel group-convergence-proof strategy for analyzing the stability of state estimate error subsystems and
the convergence of NN weight estimate error subsystems. First, a parametric Lyapunov function independent of
Laplacian matrices is employed. Second, by estimate applying M-matrix theory [46], all adaptive identification
system signals are proven to remain bounded, and the state estimate error subsystems are shown to converge to a
small neighborhood of the origin within finite time. Third, it is observed that a directed connected graph can be
regarded as the union of directed trees in which each node serves as the root node. This insight leads to a novel
perspective: each agent learns the unknown system dynamics based on its own experienced trajectory and then
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shares the learned knowledge with the connected agents via the directed tree in which it serves as the root node. In
this manner, all agents achieve cooperative learning through knowledge exchange among connected agents. Inspired
by this idea, a group-convergence-proof strategy is introduced for the NN weight estimate error systems, where the
NN weight estimates of each agent are grouped into N sets based on N experienced trajectories from N agents. A
novel Lyapunov function is constructed by combining the converse Lyapunov lemma with the directed trees lemma,
and then the NN weight estimates in each group are shown to converge to a small neighborhood of their ideal values.
Thus, the convergence analysis of weight estimates is completed without relying on the positive semi-definiteness of
Laplacian matrices. Finally, internal dynamic variables are introduced to design the dynamic triggering thresholds.
All internal dynamic variables are proven to remain positive and converge to a small neighborhood around the
origin, the size of which can be specified by design. Theoretical analysis demonstrates that these internal dynamic
variables effectively enlarge the event-triggered thresholds, thereby further reducing the number of triggering events
compared to static event triggering. Moreover, the convergence of internal dynamic variables ensures learning ac-
curacy with less data being transferred. Additionally, the Zeno phenomenon is successfully avoided. For clarity, the
innovations and contributions are summarized as follows.

(1) Unlike the cooperative DL approaches presented in [29-32,34-38], which are established over undirected
communication topology, the proposed DCL algorithm is developed over directed connected graphs. Accurate
NN identification of unknown system dynamics is successfully achieved along the union of the system trajectories
of all agents. Notably, the cooperative system identification method remains effective even when bidirectional
information exchange is not feasible due to communication constraints. Since undirected graphs are a special
case of directed graphs, the proposed cooperative DL algorithm demonstrates enhanced robustness and broader
applicability compared to undirected graph-based approaches.

(2) Compared with the existing cooperative DL results [30-32,34-38], which depend heavily on the positive
semi-definiteness of Laplacian matrices corresponding to communication graphs, this paper proposes an M-matrix-
based parameterized Lyapunov function to perform stability analysis. The cooperative learning terms in the NN
weight updating laws are treated as interactive perturbations. Furthermore, a graph decomposition approach is
introduced to reformulate the multi-agent distributed cooperative learning problem into two components: a virtual
leader’s independent learning subtask and a virtual follower’s consensus tracking problem. A group-convergence-
proof strategy, in which each agent acts as a virtual leader, is developed to rigorously establish the consensus
convergence of NN weight estimates to their common ideal values.

(3) In contrast to static event-triggered communication [37,38], this paper introduces internal dynamic variables
to design a dynamic event-triggered condition. The event-triggered thresholds vary dynamically based on the weight
information of each agent, effectively reducing the number of event triggers compared to static event-triggered
communication while ensuring approximation performance. The self-adaptive regulation mechanism inherent in the
dynamic event-triggered communication significantly improves communication bandwidth and energy efficiency in
networked distributed systems performing cooperative DL, particularly in scenarios involving high-dimensional NN
weight interactions.

Notation. R, RZ?, R™ and R™*" denote, respectively, the set of real numbers, non-negative real numbers,
m-~dimensional real vectors, and real matrices with m rows and n columns. N is the set of natural numbers. I,
is the n-dimensional identity matrix, and I is an identity matrix with the appropriate dimension. Apax(A) and
Amin (A) represent the maximum and minimum eigenvalues of matrix A, respectively. (-)" signifies the transpose of
a matrix or vector.

2 Problem formulation and preliminaries

2.1 Problem formulation

Consider a multi-agent system consisting of N agents (vertices), under a directed topology G = {V, £}, where
V = {v1,v9,...,vn} denotes the vertex set, and £ C V x V is the directed edge set which shows the communication
connection between different agents. The system dynamics of the i-th agent with i € N = {1,2,..., N} is given by

&y = H (w5,ui(t)) , (1)

where u;(t) € R™ and z; = [2i1,Zi2,...,%in] € R” denote the system input and state vector, respectively;

H (z;,u;(t)) = [ (ZCZ, wi(t)), ha (zi,ui(t)) ... by (25,u;())] T is the unknown smooth nonlinear functions. Let
&) =[z:()T,u; () T]T € R*™™. Thus, the identified system (1) can be rewritten as

= H (&(1)). (2)
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The following assumption is commonly made in the dynamic learning literature, e.g., [1, 30,31, 34-38|.

Assumption 1. The identified system (1) is supposed to be stable, which means that the trajectory ¢(&;(t)),
i € N, generated by (1), remains in a bounded compact set Qg¢;, i.e., ¢ (&(t)) € Qe C R™™™ Vit > tg, with ¢y > 0
being the initial moment. Moreover, each system trajectory ¢(&;(t)), i € N is in a recurrent motion.

The identification objective is to propose an NN-based DCL algorithm for a multi-agent system (1) over a directed
connected graph to achieve the locally accurate NN identification of unknown system dynamics H ().

2.2 Algebraic graph theory

The information interaction between N agents is modeled as a directed graph G = (V, ). For two distinct nodes
v1,v2 € V, only when node vs can receive the messages coming from node vy, we have (v1,v9) € €. Assume
A = [a;j]nxn signifies the weighted adjacency matrix corresponding to G, where a;; > 0 only when (v;,v;) € &,
and otherwise a;; = 0. All nodes are supposed to possess no self edges, i.e., a; = 0, i € N. If there exists a sequence
of edges {(v1, 1), (w1, @2),. .., (@Wk—1, k), (Wk, v2)} C &, then node vy possesses a path towards node vq. If there
exists at least a path, for any two different nodes of G, then G is a strongly connected graph. Assume node v;, i € N
owns paths towards all other nodes v;, j € N, j # 4, and then G is called to cover a directed spanning tree with v;
being the root node. Further, if G covers only one directed spanning tree and there are no edges towards the root

node, then G is referred to as a directed tree. L = [l;;]nxn means the Laplacian matrix of graph G, where l;; = —a;;
when i # j, and l;; = Zjvzl ai;. In the field of leader-following consensus, after defining an additional leader node

vp, graph G can be expanded to the augmented graph G = (V, ), with V = {vg,v1,...,ux} and € =V x V. The
leader vy can only transmit information to its neighborhoods, but not receive any information from followers v;,
i € N. Define the adjacency matrix between the leader and the followers as B = diag{b1, ba, ..., bx}, where b; > 0,
i € N only when node v; can receive information from node vy. Moreover, denote the leader-following matrix of G
as H =B+ L.

Assumption 2. The information interaction topology G between N agents is a strongly connected directed graph.

Remark 1. The requirement for a strongly connected communication topology, as stated in Assumption 2, stems
from the fundamental structure of the cooperative DL framework. Within this framework, each agent is responsible
for accurately identifying the unknown nonlinear function within a local region around its own stable operating
trajectory, while concurrently sharing its acquired knowledge with all other agents through the network. In the
absence of strong connectivity (e.g., if the topology contains only a directed spanning tree), at least one agent would
be unable to propagate its learned knowledge to all other agents. This disruption in the information flow inevitably
results in the failure of distributed cooperative DL, as achieving consistent global knowledge alignment becomes
unattainable.

The directed trees lemma is given as follows, which will be used in the convergence verification of NN weight
estimates.

Lemma 1 (Directed trees lemma [47]). Assume the augmented graph G contains a directed spanning tree, and
then the leader-following matrix H is nonsingular. Moreover, there exist positive definite matrices P; and @y
satisfying

/

¢ =1d;,....ay] =H 1y, P =diag(l/q}), Qi =PH+H P (3)

2.3 RBF NNs and PE condition

2.3.1 Uniaversal approximation of RBF NNs

Any unknown continuous function h(€) : R? — R can be effectively approximated over a compact set £2¢ by RBF
NNs [8] with enough NN nodes, that is,

h(€) = W TR(€) +(6), VE € Qe (4)

where W* € R! denotes the ideal/optimal NN weight vector with [ > 1 being the number of NN nodes, ®(¢) =
[61(€), p2(E), ..., 01 (€)]T € R signifies the basis function vector, and (¢) represents the approximation error satis-
fying ||e(§)|| < &* with * being an adequately small positive constant. Gaussian functions are selected as the basis
functions in this paper, that is, ¢;(&) = exp[— (¢ — m) T (€ — m) /3] (i = 1,2,...,1), where m; = [m;1, T, . - -, Tig) |
and k; denote the NN center and width, respectively.
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2.3.2  Localized approximation of RBF NNs

For localized NNs (e.g., Gaussian RBF NNs), the output values of neural nodes distant from a fixed NN input
become negligible. Consequently, the output of the NN corresponding to any recurrent input trajectory can be
accurately approximated by a partial subset of nodes in close proximity to the trajectory. Any unknown continuous
function can be approximated excellently over a compact region along a recurrent input £(t) € Q¢ by partial RBF
NN nodes [16] near the input trajectory £(t), that is,

h(€) = WET@e(€) +ec(€), ()

where W € Rl with Ie < I, ®¢(&) = [Ba, (€), Pas (f),...,¢alC (O]T € Rl and e¢(€) denotes the ideal weight
vector, basis function vector, and corresponding approximation error of the localized NNs, respectively, and
llec(OI = [le(€)l] is adequately small.

2.3.3  Persistent excitation (PE) condition

Definition 1 (PE condition [16]). A time-varying matrix ®(¢) : RZ% — R%*? is called to be persistently exciting,
if and only if ®(¢) is bounded and there exist positive constants ag, a1, and T satisfying

to+T
aol < / O(t)d " (t)dt < ayl, Wity € R7O. (6)

to

Lemma 2 (PE condition satisfaction [16]). For any recurrent continuous trajectory £(¢) : [0, 00) — §2¢ where € is
a compact set, if the RBF NN W T ®(¢) with its centers localized in a regular lattice which is large enough to cover
Q¢, then the RBF NN subvector ®¢(£(t)), consisting of those NN nodes which are located in a small neighborhood
of the recurrent trajectory £(t), is persistently exciting.

2.4 Useful lemmas

Here, we give some useful lemmas that will be used in the subsequent sections.

Lemma 3 ([46]). There exists a positive definite diagonal matrix D € R*%, such that DP, + P, D = Q2 with
Q2 being positive definite, if and only if P> = [p;jlaxae is an M-matrix. If the matrix P> possesses non-positive
off-diagonal elements and the leading principal minors of P, are positive, that is,

P11 P12 - Pik

P21 P22 - P2k
det | S| >0, k=1,2,...,a, (7)

Pk1 Pk2 - DPkk

then the matrix Py is called an M-matrix.

Lemma 4 ([46]). Assume M € R**“ is a matrix with positive diagonal elements and non-positive off-diagonal
elements. If M is diagonally dominant, then M is an M-matrix.

Lemma 5 (Converse Lyapunov lemma [48]). Suppose the LTV system & = A(t)z is a globally exponentially stable,
where A(t) : RZ? — R%*® is a bounded and continuous time-varying matrix. Let Qo(t) € R**% be a positive definite
time-varying matrix which satisfies 0 < msl < Qo(t) < mg4l, V¢t > 0 with mg and m4 being positive constants.
Then there exist positive constants mq, me such that 0 < miI < Py(t) < mel, ¥Vt > 0, in which Py(t) € R**¢
denotes the unique solution of the following equation:

Po(t) + A(t) " Po(t) + Po(t)A(t) = —Qo(t), (8)
Py (0) =1I.

Moreover, Vy(t,2) = o Py(t)z can be regarded as a Lyapunov function of the system & = A(t)x.
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3 Cooperative adaptive neural identification

This section is intended to construct NN identifiers with dynamic event-triggered cooperative learning laws for all
agents under a directed connected communication topology graph. The stability of the entire identification error
system is guaranteed and the Zeno phenomenon is excluded successfully.

For the i-th (i € ) agent, using the universal approximation ability of RBF NNs, the unknown system dynamics
h;j(&), j € n=1{1,2,...,n} can be approximated as follows:

hi(&) =W, T ;&) +€5(&), 9)

where W € RY is the ideal/optimal weight vector, I; means the number of NN nodes, and [¢/(&;)| < €} denotes
the corresponding fitting error with € > 0 being an adequate small constant. From (1) and (9), we have

B =D (&(0) W +e(&), (10)

where
W= WL W] () = ). (). enlE]) )
@ (6(1) = ding {21(6:(1)). €2(&(1). . a(&(1))

Note that the ideal/optimal weight vector W7 is unknown. For agent i, let Wi,j be employed to estimate W.
Subsequently, the following NN identifier is constructed for agent i

T = —K; (& — z;) + (&)W, (12)
where #; € R™ is the state estimate vector, K; = diag {ki1, ki2,...,kin} is a designed gain matrix with k;; > 0,
J €n, and
R R . AT
W, = [Wz—lrv Wi—gv ceey W;] . (13)
Then, the NN weight updating laws are taken as
. N . .
Wi = =i (9(6)5: +0iW;) =7l Y aiy (Wilth,) = Wit (14)
j=1
where &; = &; — x; = [T, T2, - - -, :Em]T is the state estimate error vector, I'; > 0 is a positive definite diagonal

matrix, a;; is the (7,7) element of the adjacency matrix A corresponding to graph G, o; > 0 is a small constant,
7; > 0 is a design parameter, and Wl(t}%), 1 € N is the latest transmitted NN weights via dynamic event-triggered
communication. It is worth pointing out that the transmitted NN weights W; (t}%) remain unchanged in the event-
triggering interval [t} , ¢} ;) with k; € N. —7;T; Zjvzl aij (Wl(t}%) - Wj(tij )) denotes the cooperative learning term
between different agents.

Next, a dynamic event-triggered mechanism is introduced to the communication between adjacent agents. For
the i-th agent, we define the following NN weight triggering errors:

Suwi(t) = Wilth,) = Wi(t), t € [th, . th 1), (15)

which means the difference between the latest transmitted NN weights Wl(t}c) and the current real values W;(t).
Define the triggering function for the i-th agent as follows:

Fy(t,m5(1), wi(t)) = mi(t) + 0(co + cre™" = [ui(D)]1*), (16)

where 0 > 0, ¢ > 0, ¢; > 0, p > 0 are the design parameters, and n;(¢) is the internal dynamic variable with the
following updating law:

%, 0:(0) =m0, (17)
where a(-) is a locally Lipschitz continuous K function, and 7o is a positive constant. Thus, 7; can be regarded
as a filter variable with input co + cre™?" — |6, (t)]

{té =0 (18)

th,r =inf {t e Rt >t} AF;(t,ni(t),0ui(t7)) <0},

1ji = —a(mi) + co + cre” " — [[0wi(t) |

. Subsequently, consider the following event-triggered rule:
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where 0 =t} <t} <-.- < t?c < t};iH < --- denotes the triggering time sequence of the i-th agent. In the triggering
time ¢; , we have Owi = 0.

Next, we present the following lemma to demonstrate that the internal dynamic variables n;(t), ¢ € N, are

nonnegative and ultimately bounded. This is of great significance for the reduction of trigger times, stability
analysis, and convergence verification for the NN weight estimates.
Lemma 6. Let d,,(t) and n; be given by (15) and (17). Assume «(-) is a locally Lipschitz continuous Ko, function
and 7;0 > 0. Consider the event-triggered rule (18), and then we have n;(t) + 0(co + c1e™?" — ||8,:()||*) = 0 and
n;(t) > 0 for all ¢ > 0. Further, 7; is bounded. Moreover, for any constant s; > a~1(cg), there exist finite times 7,
and Ty, > Ty, such that a=1(co + cre™?T=) < s;, Vt > T, and |n;(t)| < s, Vt = T,

Proof.  Consider ||6,;(£)|| < ||0ws(t7)]| and the event-triggered rule (18), we have 1;(£) +60(co+cre Pt — |6 (8)]|*) =
0. If # = 0, then we have n;(t) > 0. If § > 0, then we have 7j; > —a(n;) — $7; by the updating law (17). Noting
that 7,0 is a positive constant, we have n;(t) > 0, Vt > 0. Consider the updating law (17), we obtain

1 < —a(ni) + co + cre T VES T, (19)
Since «a(-) is a locally Lipschitz continuous Ko function, it is clear that

i ()] < max{[mi(0)], o™ (co + 1)}, V>0,

(20)
ni(t)| <si, Yt =Ty,

by the comparison lemma [46, Lemma 3.4].

Remark 2. According to the event-triggered rule (18), each agent transmits its weight estimates to its neighbors
only when the weight triggering error norm [|8,;(t)||> exceeds the time-varying threshold 7;(t) /6 + co +cre~?t, which
dynamically evolves based on the value of 7;(t). Lemma 6 shows that n;(t) remains nonnegative, implying that
the term 7);(t)/6 effectively increases the event-triggered threshold compared to the threshold c¢o + cie™?* [37,38].
Notably, when § — oo, the dynamic event-triggered rule (18) degenerates into the static event-triggered rule
proposed in [37,38]. Furthermore, Lemma 6 indicates that the parameter s; can be made small by selecting a small
co and a large T},,. It is worth noting that the dynamic event-triggering behavior exhibits distinct behaviors during
the transient and steady-state phases of cooperative learning. During the transient phase, agents have not yet fully
learned their local dynamics, making the exchange of weight estimates relatively inefficient. Since the dynamic
variable 7;(t) is initialized with a positive constant, it is guaranteed that 7;(¢) does not remain zero during this
phase. From (17), it can be observed that n;(¢) decreases rapidly when [|d,,;(t)|| becomes large, reflecting an adaptive
adjustment mechanism. Conversely, at each triggering instant, ||0.,;(¢)| is reset to zero, which subsequently leads
to an increase in 7);(t). In the steady-state phase, the NN weight estimates converge, and the triggering error §,,;(t)
diminishes. Consequently, the growth of 7;(t) plateaus and remains below a relatively small value.

The following theorem indicates that the stability of the identification error system (21) is guaranteed and the
Zeno phenomenon is avoided successfully.

Theorem 1. Under Assumptions 1 and 2, consider the adaptive identification systems consisting of the N-agent
system (1), NN identifiers (12), cooperative NN weight updating laws (14) with the event-triggered rule (18), and
the internal variable updating law (17). For the initial conditions satisfying W; = 0 and n;(0) > 0, i € N, then we
can conclude that

(1) All signals of the adaptive identification systems remain bounded, and the state estimate errors &;, i € A’
can converge to a small neighborhood of the origin within a finite time 77

(2) There exists a positive lower bound on the event-triggered intervals t};i b1 t}'ﬁ_ of each agent, which implies
that the Zeno phenomenon can be excluded.

Proof. (i) From (10), (12), (14), and (15), we have the identification error systems consisting of the state estimate
error subsystems and weight estimate error subsystems:

B =— K& + ®(&) Wi — e(&),
- . N L (21)
Wi =—=Ty(®(§)7i — oiWi) — Ly Zaij(Wi = Wj + 0wi — Ouwj)

=1

with W; = W; — W*. Then, a parametric Lyapunov function candidate is considered as follows:

N N
1.+ 1. - e
i=1 =1
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where d; > 0, i € N/, are weighting parameters to be specified later. The time derivative of (22) along system (21)
is given by

V:ZN:dl:Q (~Kds + @ (&) Wi—e) - ZdW (2(€)7s +oaWW3)
i=1
— zN:ndiVViT iaij (Wl - WJ + 511” 571,3)
i=1 7j=1

= — Z d;z; TK;7 Ty — Z (dif;-r&'i + diUiVNViTWi)

i=1

—Zd W, nzaw (W ) WTrD(L ® I,)d,

(23)
where e; := (&), 1 = Y7 1j, 7 = diag{n[;, 72 1;,...,7n 11}, D = diag{di I}, do Iy, ..., dn I}, W = [W,[, W5,
WylT, and 6y = [0,)1,000,---,0, ] 7. According to the Young’s inequality, we have

k 1 A 1-v~ 1
Blei < GE Tt e~ WIWi < Wi Wat o W7
2 2k 2
h (24)
—~WTrD(L ® I,)., gw W+ %ﬂwxﬁ@ ® 1) (L ® )by,
1
where k = min{k11, k12,...,kNn—1,knn}, & > 0 is an adequately small constant satisfying leill®> < &, p > 0is
a design constant, Tax = max{7,72,...,7n}, and dmax = max{dy,ds,...,dy}. From (23) and (24), it can be
obtained that
k< 1 & d;o; I
; i ~T - i T
V<—§;dixi:vi+@;ﬂz+§ wI> + £ WW
N dioj ~ — = N = < < 72 d?
=0 | Wik dir YW (W= W) | 4 TS (L 1) (L@ D)o
i=1 j=1 (25)
ko 1
__ =k ~T - 5T T
=- Egdlxz i = W (DP+PTD = plni) W
+%6T(L®1) (L® )5 st—l—zdalHW 12,
2'LL w l l 2]{3 11
where P € RVXNU denotes a block matrix, and the (i, j)-th block matrix P;;, 7,7 € N, is given by
— —I—Tl aij | I, 1 =7,
P, = Z )=y (26)

— el i # j.

It is clear from (26) that P is a diagonally dominant matrix, whose all diagonal elements and off-diagonal elements
are positive and non-positive, respectively. Based on Lemma 4, we have P is an M-matrix. Furthermore, based on
Lemma 3, we can choose d;, i € N such that DP + PTD = @ with Q > 0 being a positive definite matrix. In this
way, from (25), it follows

N
~T ~ 1= T Tr%axd?nax)\
Z i3] & — §WT (Q—pIny) W + TL [60]1* + 0

(27)
dmi]ﬂ~ ~ i - T T d2
< — Hmin 275 Awinl) TR TR T Tinax Tmax AL 15wl + o,
i
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where dmin = min{dy,da,...,dn}, T = [ ,35,... x]TV]T, 0 = % El L di&i + EN d‘“ WH|?, and A\ =
Amax ((L® 1)) (L ® I)). Based on (17), (18), and Lemma 6 it can be concluded that the inequality [|&,|>
5 4 co+ cre” T holds for all t > T),. Define T}, = max {T},,,T,,, ..., Ty} and s = max {s1, s2,..., sy}, and then

we have ||6,° < s+ Neo + Zi:l e PTni Wt > T,. Recalling (27), we have

kdmin ~T ~ min - 4 4
- ﬁ@-i—g?—ﬂwfw+y,W>Ig (28)

V-
with o' = &2 + Neg + ¢ Zf\il e PTn: 4+ p. Furthermore, we can design p such that p < Amin(Q). In this way, there

exists a finite time 7" > T, such that

20}
)\min(Q) — M

20/
Edmin ’

2] < Wl < , Vt>T (29)

with @] > ¢/, which indicates that identification errors ||Z|| and ||W|| are ultimately bounded. Furthermore, we can

choose a large 0, small co, large T}, , small 0;, and large k, such that % d is small enough, that is, the state estimate
errors Z; can converge to a small neighborhood of the origin in ¢ > T'. Note that a(-) belongs to K functions, and
then it is clear that 7;, ¢ € N remain bounded in ¢ > 0 by (17). Let n; < 7;, ¢ € N with constant 7; > 0. According
to the event-triggered rule (18), it is easy to obtain that ||6,;||” < % 4 co + c1, Vt > 0 holds. Subsequently, it is
clear from (27) that ||Z|| and ||W|| are bounded in ¢ > 0. Since z;, i € N, and W, j € o are bounded, then we

have the system state and NN weight estimates z;, Wij, i € N, j € n are also bounded.
(ii) To exclude the Zeno phenomenon, it is necessary to demonstrate the existence of a positive lower bound for
the inter—event intervals. From (18), we have d,;(tj, ) = 0. In the triggering interval [t} ,t} ), it follows that

Owi = W Xi, where y; = —T;(®(&)%; + UiWi) — 7 Ej:l aij (Wi(tki) — Wj(tij)). Thus, we have

t
16wl < / il de, t € [t th ). (30)
g

K

Next, we verify the boundedness of [|x;||. Note that [Z;|| and |[W;|| are bounded, and thus there exist positive
constants ry > 0, Ky > 0 such that ||Z;]| < ky and [|[W;]| < ky. Therefore, it is easy to obtain

Ixill < T4l [z + 0ikiw + 27 Nikw] =: Xi, (31)

where N; denotes the number of neighbors of the i-th agent. Consider (30) and (31), and it is clear that ||e,;|| <
Xi(t — t}c) Therefore, there exists a lower bound é—cjo for all event-triggered intervals, because the next event will
not be triggered before ||0.|| > /co.

Remark 3. In [30,34-38], the Lyapunov function is chosen as V' = ZZ 3T E A+ Zl 1 ;WTF 'W;, which can
be viewed as a special case of the proposed parametric Lyapunov function (22) by setting d; = 1 for all i € A/. In

this case, the term —%WT (DP+P"D— uINl)VNV reduces to —%WT (P+PT— uINl)VT/, which can be interpreted as
an interactive perturbation introduced by the cooperative learning term —r;T; Zjvzl aij(VAVi(t};i) - W; (tfc])) in the
NN weight updating law (14), thereby complicating the stability analysis. For undirected graphs, it follows directly
from (26) that P is positive definite, implying that P 4+ P is also positive definite. However, for directed graphs,
P is neither symmetric nor positive definite, which introduces significant challenges in analyzing the closed-loop
stability. By recognizing P as a nonsingular M-matrix, a parameterized Lyapunov function is constructed, and
the properties of M-matrices are utilized to ensure that DP + PT D remains positive definite. As shown in (26),
the matrix P, [ € n, is diagonally dominant, which guarantees that P, qualifies as an M-matrix. This property
is crucial for the validity of the proposed M-matrix-based parameterized Lyapunov function. From a system-
theoretic perspective, the cooperative learning term embedded in the NN weight update law introduces an external
perturbation to each agent’s individual tracking task. The matrix P, encodes the inter-agent coupling dynamics: its
diagonal elements reflect the “degree of stability” of each isolated agent, while the off-diagonal elements quantify
the “strength of interconnection” among agents. The M-matrix property of P, ensures that the “degree of stability”
dominates the “strength of interconnection”, thereby guaranteeing both the overall multi-agent closed-loop stability
and individual identification performance. The stability analysis of Theorem 1 can be completed by selecting the
weighting parameters d;, ¢ € N suitably based on Lemma 3. It is worth noting that the weighting parameters
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d;, i € N in the proposed parameterized Lyapunov function are used solely for stability analysis and do not appear
in the cooperative adaptive neural identifier design, as detailed in (12), (14), (17), and (18). Consequently, there is
no need to select or tune weighting parameters d;, i € N in practical implementation. Meanwhile, from the explicit
expression of P;; given in (26), the values of d;, i € N depend on o;, 7;, and the inter-agent communication topology
G. d;, i € N are directly determined by P, and their specific values can be referred to [49,50]. Moreover, the state
estimate error Z; can converge to a small neighborhood of the origin within a finite time 7', which is essential for
the successful implementation of DCL in the subsequent section.

4 Knowledge acquisition and storage

This section presents the knowledge acquisition and storage regarding the unknown system dynamics H(-). RBF
NNs will be verified to achieve accurate approximation for the unknown dynamics h;(-), j € f along the union of
system trajectories of all agents. To this end, it is necessary to construct the dynamic equations related to the
NN weight estimate errors of all agents and further prove that it can converge to a small neighborhood of the
origin. Since the exponential convergence results for specific linear time-varying (LTV) systems [29] are subject
to undirected topology graphs, the existing exponential convergence results are no longer applicable. Hence, we
propose a group-convergence-proof strategy, integrating the converse Lyapunov lemma and the directed trees lemma,
to achieve the convergence results of NN weight estimates.

For simplicity, the related notations are provided in advance:

(1) (& (t)), i € N denotes the system trajectory of the i-th agent;

(2) (&(t)) signifies the union trajectory of N agents, i.e., ¢(£(t)) = Uf\il w(&(t));

(3) (*)¢; and (-)¢, mean the part of (-) corresponding to the region close to and far away from the trajectory of
the i-th agent ¢(&;(t)), respectively;

(4) (-)¢ and (-)¢ mean the part of () corresponding to the region close to and far away from the union trajectory
©(&(t)), respectively.

The following theorem shows the convergence of NN weight estimates, and the unknown system dynamics can be
accurately identified by the two RBF NNs W; ;®;(¢) and W; ;®;(€), where constant weights W; ; are given in (32).

Theorem 2. Under Assumptions 1 and 2, consider the adaptive identification systems consisting of N agents (1),
neural identifiers (12), cooperative neural weights updating laws (14) with event-triggered rules (18), and internal
dynamic variable updating laws (17). Let the initial conditions satisfy W; = 0 and 7;(0) > 0 for all i € A". Then,
we have

(1) The NN weight estimates Wi,( of all agents converge uniformly exponentially to a small neighborhood of

their common ideal weights W by appropriately choosing design parameters;

~(2) The unknown system functions h;(¢), j € n can be accurately identified by the two RBF NNs Wi j®;(€) and
W; ;®,(€) along the union trajectory ¢(£(t)), where

_ . 1 to
W, = Wi (t) = Wi i(s)d 32
= mean, () e (8)ds (32)

with [ta,ts], T < to < tp being a time interval after the transient-state process.
Proof.  System (21) can be rewritten as

T =— Ki# + ®¢ (fi(t))T Wic — €ic,

Wic = — T (‘1’4 (&) & + UiWic) -7l ZN: aij (Wic — Wic + uwic — 5ch)

Jj=1

with i € N and e;¢c = (&) — WE@E(Q) Then, we can rewrite (33) in the following compact form:

HE L

where o = E?Zl ljc with ljc being the number of NN nodes close to the union trajectory ¢(£(t)) with respect to

K Te(t)"
—TeWe(t) =7l (L@ T, )

T , (34)
—TeAWe = 7L (L@ T, ) b



Dai S-L, et al. Sci China Inf Sci May 2026, Vol. 69, Iss. 5, 152206:11

O,(),
i () ) ) o A ) L
WC:{WlTC,...,W;C} , WCZ[WJC,...,WM ,
T _ T
dwe = [5;51@51—52@---,51—5N<] y €¢ = [Eirgvfgg---aaﬁg] ) (35)
I‘c Zdiag{l—‘lc,...,l—‘]\/c}, AgZdiag{alllg,...,oNI[C},
K:diag{—Kl,...,—KN}, TC:diag{TIIlga"'uTNIlC}u

V¢ (t) = diag {P¢ (§1(1)) , ¢ (a2(2)) - - P (En (1))} -

Next, we will show exponential convergence of the normal part of system (34). A novel group-convergence-proof
strategy is given as follows. Note that Wzg = ngl U W@ U Wng, 1 € N, and thus the convergence verification
of (34) can be converted into the convergence verification of N groups {:CZ,WKZ, WQQ, . WNQ} i € N. The
convergence of {Z1, ngl,Wgcl, ..., Wne, } is firstly verified. From system (33), we can 1mmed1ately obtain (36),
where e1¢, = e(&1) — W &% (&1) remains small.

i r T - . -
n —IK D¢, (&1(1)) 0 e 0 i
. ¢ By
Wig, T @, (G(t) —mlie >ojm a1, mligane e nligain Wig,
~ N ~
Wae, | = 0 Tol'2¢, a2y —7ola¢, D25 azj -+ Tol'o¢, aon Wae,
P N ~
Wy | L 0 ™~I'neant ™Ingane - =TnDve D2 ans | L Whe |

.
g (&1) ngl €1¢,

—o1T1e, Wi, — miligy Yoimy a1 (B, — dwjc,)

0 —T'a¢, @¢, (&) B2 — 02Tac, Wag, — Talac, S5y @25 (Suwze, — Swjcy) : (36)

- P N
L—I'ne®e (En) 2N —onTne Wine, — TvDve 20521 anj (Gwne, — Swjcy) |
Let
5 T T e TTOTiT o]0
O =[], e =& Wl |, ex=[WL Wl W | (37)
Let Gi be a graph with the node set Vi = {va,v3,...,un} and the edge set € — {(v1,v;) | v; € Vi} U {(vj,v1) |
v; € V1}. By removing the edges directed towards agent vq and designating agent vq as the leader, we define Hy

as the leader-following matrix with respect to the graph Gi. It is clear that G, is a directed tree with v; being the
leader. Subsequently, the normal part of system (36) can be rewritten as

. [e A1) 0 0, B.lcai ] [e, (58)
(2 ‘_lel (Hl ® Ilgl) (2 D] 0 (2
where
Iy =diag {2 li¢c,, 73 lic,, - - -, TN Ly}, Y1 = diag{l'a¢,, Us¢ys oo, Ive
[ K o " K 0
Ay (t) _ 1 1 (51( )) . B = v ,
| T @ (&) 0 0 —7iTe, 3250, a1y
- (39)
- 0 0 0 TQFQClagl
Cr = ., Di=|: : :
| il aie - il aiw
10 TvI've,ant

and l¢, = E?Zl lj¢c,, where lj¢, denotes the number of NN nodes in proximity to the trajectory of the first agent
(&1 (t)) with respect to ®;(-). According to Assumption 1 and Lemma 2, it is clear that ®c, (&1 (t)) is persistently
exciting. By Theorem 1 given in [48], we have the LTV system ©; = A,(t)0, is globally exponentially stable.
Then, we choose the following Lyapunov function candidate:

wP1 (t)

Vv,=0T
: (P& L, )1yt

0 =wO,P(t)0,+0, (P,® L), I 110, (40)
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with the design parameter w > 0, where P;(t) and P, denote a time-varying positive definite matrix and positive
definite diagonal matrix, respectively, such that

Pr(t) + Ar(t) T Pu(t) 4+ Pu(t)As(t) = —Qu (1),
PyHy + H{ Py = Qa,

0 < piml < Pi(t) <piml,

0 < paml < P < paul,

0<qml <Qi(t) < quml,

0 <gaml <

hold by Lemma 1 and Lemma 5. The time derivative of V; along system (38) is given by

Vi =w (A1 (£)O1 + B1©1 + C105) " Py (t)01 +wO] Py ()0,
+wO; Pi(t) (A1(1)O1 + B1©1 + C102)
-0, (PHy+HP)®1, )0:+20] D] (P, @, )1 ' Y10, (42)
= —wO[Q1(t)01 — O3 (Q2® L1, ) O+ 2wO| Py(t)B16;
+20] (D] (P L, ) I YT + wPy(£)C) O

Consider (41) and the Young’s equality, and then we have
2w®IP1(t)B1@1 g 2wp1MT1’}/1MNC_L®1r®1,

e l,a )
201 D] (P2 ® I, I 17102 < LN — 1)07 04 + clyapans (N — 1)05 O, (43)

ler
QwGIPl( )01@2 —(N — 1)p1MW2T12712M91r@1 + Clcld(N - 1)]91]\4@;—@2,

C

@ I

where a is the least upper bound of all elements of the adjacency matrix A, ¢ > 0 denotes a design parameter, and
V1M = Amax(L'1). By combining (42) and (43), we have

. lera
Vi < — (Wqim — 2wpiumivimNa) O] O — (%(N — 1) (pamr +p1MW27’12"Yl2M)> CHCH (44)
— (gam — clcr@(N — 1) (p2ar + piar)) O3 Oa.

If the design parameters ¢ > 0, w > 0, and 7y > 0 are chosen such that

qdo2m — 52
lena(N — 1) (pamr + pim)’

_ Bt Ba+ S5 (N — paw (45)

3

dim

l¢
2wpimTiimNa + —l(N - 1)p1MW27'127%M < s,

where 0 < B < g2, and 5y, B3 > 0, then, we have
—£101 O1 — 207 O, (46)

which indicates the normal part of system (36) is globally exponentially stable. Based on Theorem 1, it is clear
that #; (i = 2,3,..., N) remains small and W; (i=1,2,...,N) is bounded in ¢ > T. With a small ¢y and a large
Ty, Owi is also small for ¢ > T. Note ®¢, (51)T 17[/161 remains small because the corresponding NN nodes are far
away from the trajectory ¢(&1(t)). Consequently, system (36) for ¢ > T' can be regarded as a globally exponentially

stable LTV system with a small disturbance term. Therefore, {Z1, Wi¢,, Wac,, ..., Wie¢, } can converge to a close
vicinity of the origin for ¢ > Ty with T3 > T' > 0. By renumbering all agents and designating the i-th agent v; as
v1, and following a similar procedure, it can be shown that {Z;, Wi¢,, Wac,, ..., Wne, } (1 = 2,3,..., N) converges

to a small neighborhood of the origin for ¢ > 7; with 7; > T > 0. Hence, it can be concluded that the error
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Figure 1 (Color online) Example of graph decomposition involving four agents.

system (34) converges to a small neighborhood of the origin for ¢ > T, where T' = max {T}, T, ..., Tn}. Given that
We = WC — 1y ®W¢, it is clear that Wi¢ converges to a small neighborhood of W fori e N. Moreover along the
union trajectory ¢(£(t)), we have

hi(€) = W5 @;c(€) + €5c(§) = W, ®,(€) + (&) = W, 2;(¢) + 7€), (47)

where €7.(£), €/(§) = €7.(§) — W, ;c®,:(6), and €7/(¢) = (&) + (Wi; — Wi;)®;(£) remain small, due to the

J
convergence of Wl ; and the localized approximation of RBF NNs.

Remark 4. In [30,34-38], the convergence analysis of system (34) is based on the convergence theory of LTV
systems under the cooperative PE condition, as stated in Theorem 1 of [29]. However, Theorem 1 in [29] requires
that the term 7I¢(L ® I;.) appearing in system (34) be positive semi-definite. Since the Laplacian matrix L
associated with directed graphs does not possess this property, the convergence analysis of system (34) cannot be
directly established using the existing theoretical framework. It has been observed that a directed connected graph
can be conceptualized as a combination of directed trees, with each node acting as the root. Consequently, an
intuitive strategy is for each agent to independently acquire knowledge along its own trajectory and propagate this
knowledge through a directed tree in which it serves as the root node. By employing this graph decomposition
approach, the convergence analysis of system (34) can be decomposed into N groups {Z;, ngi, V~V2<i, cee WNQ},
i € N. Within each group, the root node of the directed tree acts as a virtual leader, thereby transforming the
consensus convergence problem of NN weight estimates among agents into two subproblems: an individual learning
problem for the virtual leader and a consensus convergence problem for the virtual followers. Following a similar
proof procedure as outlined in [16], it can be shown that 6, =4, (t)©1 is globally exponentially stable due to the PE
property of @, (£1(t)). This demonstrates that each agent is capable of effectively learning the knowledge associated
with its own trajectory. Consequently, the Lyapunov function (40) consists of two components: the first term
wO] Py (t)O; represents the self-learning capability of each agent, while the second term O, (P, ® Ilcl)Hflel(”)Q
captures the knowledge-sharing mechanism among interconnected agents. As illustrated in Figure 1, an example of
graph decomposition for DCL involving four agents is presented. The original directed communication topology is
decomposed into four directed trees, each containing a virtual leader (i.e., the root node) that performs individual
self-learning and disseminates the acquired knowledge to the other agents via the tree structure.

Remark 5. To ensure optimal learning performance under event-triggered communication, the triggering error
dwic must remain small for ¢ > T, thereby minimizing the disturbance term in (36). According to Lemma 6, the
triggered threshold satisfies 1;(t) /04 co +cre ™ < 8;/0+co+cre T forallt > T and i € N. Based on Theorem 1,
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selecting small values for ¢g > 0 and ¢; > 0, and large values for § > 0 and T' > 0 can ensure that ||d,,;(t)| remains
small.

Remark 6. The design of the event-triggered parameters 6 > 0, ¢g > 0, ¢; > 0, and p > 0 inherently involves a
trade-off between communication load, quantified by the number of triggering events, and identification accuracy,
measured by the mean approximation error during the steady-state phase. The parameters ¢y, ¢1, and p define a
static event-triggered threshold [37,38], characterized by an exponentially decaying boundary of the form co+cje™"t.
This threshold is predetermined and remains fixed throughout data exchange, without adaptive adjustment. During
the transient phase of DCL, all agents have not yet sufficiently learned their unknown dynamics, rendering inter-
agent communication both inefficient and unreliable. The funnel-shaped static threshold thus serves to suppress
unnecessary triggering events in this transient regime. Notably, increasing cg or c¢1, or decreasing p, generally reduces
triggering frequency but may amplify the NN weight triggering error [|d,;(t)||, thereby compromising cooperative
identification accuracy. In contrast, the proposed dynamic event-triggered boundary is expressed as n;(t)/0 + co +
c1e?!, where the internal dynamic variable 7;(t) adapts online according to the NN weight triggering error ||§,:(¢)]|-
The parameter 6 scales the contribution of 7;(t) to the overall triggering threshold. In the limiting case 6 — 400,
the dynamic boundary reduces to the static one, recovering the conventional design. While a moderate reduction
in 0 can further decrease triggering frequency and alleviate communication burden, an excessively small § may lead
to an increase in the state estimate error ||Z| (see (29)) and consequently degrade the identification accuracy, as
implied by the perturbation term in (36).

Remark 7. Although communication load among agents is reduced for the proposed dynamic event-triggered laws
(16)—(18), an internal computational burden is introduced locally owing to the introduction of internal variables
n;, © € N. This reflects a classical “computation for communication” trade-off, where communication resources are
typically more constrained than computational resources in multi-agent systems. The mechanism introduces a one-
dimensional internal variable per agent, enhancing adaptability by maintaining communication during transients and
reducing transmissions in steady states. The added computational cost is minimal, whereas communication savings
are substantial, particularly when NN weight dimensions are large. Hence, for long-term distributed cooperative
identification under limited communication resources, the dynamic event-triggered strategy achieves an effective
balance, significantly lowering communication demands with only modest computational overhead.

5 Simulation results

In this section, the effectiveness and advantages of the proposed distributed DCL algorithm are demonstrated
through a simulation experiment. Consider the following unknown nonlinear multi-agent system [38]:

Ei1 =z exp (—a7 — x3) — (T — wi(t)),
_Ti + Zi2
a3y + a3

(48)

:1.71'2 - (I'LQ - ul(t)) ) 1= 15 273547

where the system inputs u;(t) are, respectively, generated by the following four Mackey-Glass time-delay chaotic

systems:
1 = 10 (u1 (t — 8) +0.9) o
T T (- 8) +0.9) /0.8)° 2(u1+0.9),
o = 10 (u2(t — 8.2) +0.4) o
“T I ((uz(t — 8.2) +0.4) /0.7)"° 2(uz +0.4),

s = 10 (u3(t — 8.5) + 1) ot o)
3 14 ((us(t—8.5)+1) /0.6)10 3 ,
. 10 (us(t — 10) — 2) i
e 1+ ((ug(t — 10) — 2) /0.5)"° 2 (ug —2)
with initial conditions [u1(t), u2(t), us(t), ua(t)] = [-0.1,1,1.4,1.8] (¢t < 0), and [u1(0), u2(0), u3(0), us(0)] = [-0.1,

—1.4,1.4,1.8]. The Mackey-Glass chaotic system is adopted to generate the input signals for the multi-agent network.
This choice is motivated by the system’s well-known nonlinear and chaotic properties, as well as its standard use
as a benchmark for evaluating identification and prediction algorithms [38]. Tts complex dynamics effectively test
the cooperative learning capability, nonlinear approximation, and communication efficiency of the proposed DCL
framework. For the multi-agent system (48), our objective is to identify the following unknown nonlinear system
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Figure 2 Communication topology.
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Figure 3 (Color online) State estimate errors. Figure 4 (Color online) The norms of NN weight estimates.
functions
2 2
T L1732 €XP (_331'1 - 1131-2) — (i1 — ;)
H (i, u;) = [h1 (i, u3)  ho (23,w;)] = Ti1 + Tio (50)
o (T2 )
Ti + T

The Gaussian RBF NNs W]T@j (&) (j = 1,2) are constructed using 9621 neural nodes, which are uniformly
distributed in a lattice [—3, 3] x [—3, 3] x [—3, 3] with a width of 0.5. The design parameters are selected as follows:
ki1 = ki = 0.5, T; = 1, o, = 0.00001, 7; = 0.1, ¢g = 0.001, ¢; =5, 8§ = 0.1, and p = 0.1. The initial conditions
are set as x1(0) = [1, —1]T, 22(0) = [-0.5,0.5] T, 23(0) = [1.5, —1.5] T, 24(0) = [-2,2]T, &; = [0,0] T, and 7;(0) = 1,
1 =1,2,3,4. The information interaction topology among the four agents is illustrated in Figure 2. It is evident that
the communication topology depicted in Figure 2 is a directed connected graph, which differs from those presented
in previous studies [29-31, 34-38].

After conducting the simulation based on the proposed DCL algorithm, we obtain the simulation results shown
in Figures 3-7. The entire simulation duration and sampling time are set to 600 and 0.1 s, respectively. Figure
3 illustrates the state estimate errors of the established identifiers for all agents. From Figure 3, it is clear that
all state estimate errors remain bounded and converge to a small neighborhood around zero. It can be seen from
Figure 4 that the NN weight estimates norms of four agents converge uniformly to a unique value. Figure 5 depicts
the time variations of internal dynamic variables, and it is clear from Figure 5 that the internal dynamic variables
ni(t) (i = 1,2,3,4) generated by (17) remain nonnegative and ultimately converge to the origin, consistent with
Lemma 6. Durlng the steady-state process, we can obtain the constant weights W;; = meant€[580 600] WJ( )
(1t = 1,2,3,4; j = 1,2). According to Figure 7, the NN approximators with constant weights le (&) (@ =
1,2,3,4; j = 1,2) achieve excellent fitting performance for the nonlinear functions h;(§;). Moreover, when the
constant weights V_VLj (j = 1,2) are replaced by Wi,j (j =1,2) with ¢ = 2, 3,4, the approximation performance for
the nonlinear functions h;(¢;) remains excellent. This indicates that the NN weight estimates from one agent are
applicable in a close region around the union trajectory, rather than just a single trajectory of a specific agent.
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Figure 6 (Color online) Approximation performance under the in-
put us = 0.8sin(t).

Figure 5 (Color online) Evolutions of internal dynamic variables
ni(t), 1 =1,2,3,4.
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Figure 7 (Color online) Function approximation performance of four agents.

To demonstrate the advantages of the proposed dynamic event-triggered mechanism, comparisons with the fol-
lowing three distinct communication models are presented as follows.

(1) Time-triggered communication (TTC). In this scenario, each agent transmits its weights to its neighbors at
the sampling time.

(2) Event-triggered communication with an exponentially decaying threshold (ETCWEDT) [37,38]. The event-
triggered threshold is set as ¢y + cre™*.

(3) Event-triggered communication with a dynamically varying threshold (ETCWDVT). The event-triggered
threshold is set as ¢y + cre™?* +n;(t) /0, as applied in this work.

Figure 8 demonstrates the time variation of the weight triggering error norms using our proposed ETCWEDT
mechanism. From Figure 8, it can be seen that at certain times, the weight triggering error norms exceed the
threshold cg + cie™?* but remain below c¢o 4+ cie ?t + 7;(t)/0. This indicates that the introduction of internal
dynamic variables n;(t) can effectively increase the triggering thresholds. Table 1 displays the mean triggered
times and mean approximation errors when applying RBF NNs for the four agents under different communication
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(Color online) Two norms of weight triggering errors and different thresholds.

Table 1 Triggering numbers under three communication models. MAE550,600) denotes the mean approximation error of four agents over

. 4 (600
[550,600], i.e., 1/4 3751 [, 2550

hj (& (1)) — Wy ; @5 (& (1))]de.

Communication models

Mean triggered times

Triggered rate (%)

MAE[550’300] for hj (] = 1,2)

TTC 6000 100 0.020/0.031
ETCWEDT 1285 21.42 0.021/0.034
ETCWDVT 693 11.55 0.019/0.036

models. Compared to TTC and ETCWEDT, our proposed ETCWDVT mechanism significantly reduces the number
of event-triggered times while maintaining good approximation performance.

Furthermore, we conducted another simulation with a new input us = 0.8sin(¢), which is significantly different
from the previous inputs. The approximation performance for the nonlinear function h;(§5) (j = 1,2) using the
learned constant weights lel and leg is shown in Figure 6. As shown in Figure 6, the approximation performance
of the NNs remains excellent, indicating that the fitting domain of the learned NNs is well generalized.

6 Conclusion

This paper presented a distributed cooperative learning identification algorithm incorporating a dynamic event-
triggered mechanism over directed connected graphs for uncertain multi-agent systems. RBF NNs were utilized
to approximate the unknown system dynamics, and all agents exchanged their weight estimates via the dynamic
event-triggered communication. To address the challenges arising from the non-symmetric nature of Laplacian
matrices associated with directed connected graphs, a parametric Lyapunov function was employed to perform
stability analysis of the entire identification error system. Furthermore, a novel group-convergence-proof strategy
was proposed to ensure that the NN weight estimates converge to a small neighborhood of their common optimal
values by employing Lyapunov functions, the converse Lyapunov lemma, and the directed trees lemma. Addition-
ally, internal dynamic variables were introduced to adaptively adjust the triggering thresholds, thereby effectively
extending the thresholds and reducing the number of triggering events. The learning accuracy was guaranteed
while using less communication data. The learned knowledge with weight sharing among agents was applicable
in the domain around the union trajectory of all agents. Future research directions in cooperative DL may focus
on three key aspects: cooperative learning under more lenient excitation conditions [51,52], the development of
disturbance-observer-enhanced learning algorithms, and experimental validation in practical implementations.
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