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Abstract The structure of finite games with symmetric potential functions is investigated in this paper. First, by constructing a
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potential games, as well as a basis. Finally, as an application of the obtained results, the optimization of quasi-symmetric spatial games
is considered. A sufficient condition for the utility design is given to turn the spatial game into a weighted potential game with the
preassigned objective function as the potential function.
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1 Introduction

A key feature of system optimization is the existence of a system objective function defined in the strategy profile
space, which the system designer seeks to optimize, such as the sensor coverage problem [1] and graph coloring [2].
A wealth of optimization algorithms with the help of various theories has been proposed, such as the joint design
framework of fronthaul and access links in cloud radio access networks [3], distributed optimization [4,5], distributed
control [6,7], and game theory control [8,9]. Due to the existence and convergence of Nash equilibria, the potential
game theory shows great advantages in solving the system optimization since a system equilibrium behavior is
generally substituted by a Nash equilibrium [10-13]. Ref. [14] put forward a solution framework for the system
optimization with the finite potential game as an interface of two separate steps: (1) designing a utility function
for each individual such that the system becomes a potential game; (2) designing a learning rule such that when
individuals optimize their own utility functions, the system objective function reaches its optimal value. In this
paper, we only focus on the utility design. Please refer to [15-18] for the learning rules.

At present, the main idea of utility design is to construct utility functions using local information of the system
objective function [19]. However, only the existence of a system equilibrium behavior can be guaranteed, not its
optimality. Considering that an optimal value point of the potential function is also a Nash equilibrium which is
called the optimal Nash equilibrium, it is essential to design the utility functions that can make the system objective
function be the potential function to guarantee the correspondence between the optimal Nash equilibrium and the
optimal system equilibrium behavior.

In the analysis of dynamics of spatial games, the underlying base game of pairwise interaction is always assumed
to be a symmetric two-player game with two strategies to get stronger results because such a game has a symmetric
potential function, and then, the associated spatial game is a finite potential game [20,21]. Then, the models of
the base game are extended to symmetric two-player base games with more than two strategies [22,23]. Later on,
Baron et al. went beyond the confines of symmetry and allowed for weighted graphs with asymmetric weights and
asymmetric base games with symmetric potential functions [24]. Further analysis shows that if the base game is a
finite game with symmetric potential functions, the spatial game is a weighted potential game and converges to the
strategy profiles that maximize the potential function. Therefore, considering finite games with symmetric potential
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functions enlarges the application area of characteristics of symmetric potential games (being both a symmetric
game and a potential game). However, there is no relevant research on the structure of finite games with symmetric
potential functions.

The algebraic and geometric structures of finite potential games are useful for optimizing strategy design and
designing for other control problems of games [25,26]. Studying the game structure provides a new idea for the
utility design, which can help us avoid the strong dependence of utility functions on the system objective function in
constructive methods. Embedding the game space into a high-dimensional vector space is a common and effective
method to study the game structure [27,28]. Further, with the help of the semi-tensor product of matrices, the
analysis of the game structure can be put into the framework of linear algebra [29-31]. Now, there have been many
theoretical results regarding the game structure, especially, finite potential games and the relevant applications in
system optimization [32,33]. For example, Ref. [34] modeled a network system as a finite potential game and gave a
local information-based utility design by studying the structure of finite potential games. Ref. [35] firstly proposed
and studied the structure of budget-balanced potential games and gave a utility design for a special network system.
Ref. [36] provided a relatively comprehensive introduction to the potential game theory and presented its application
in the utility design for radio resource allocation. However, none of the existing results can reveal the game structure
of finite games with symmetric potential functions since the symmetry of the potential function makes the structure
of utility functions more special, and none of the existing utility design methods can be adopted since the linear
structure between the potential function and utility functions in spatial games is different from that in the existing
potential game models.

In this paper, we explore the structure of finite games with symmetric potential functions, and apply the obtained
results to the optimization of spatial games according to the solution framework presented in [14]. Main contributions
of this paper include: (1) an algebraic verification condition of finite games with symmetric potential functions and a
basis of the corresponding subspace; (2) a sufficient condition about the utility design in the optimization of spatial
games. The algebraic verification condition is fundamental to using techniques of symmetric potential functions
to real games because it answers when techniques are applicable. Moreover, it is more convenient and applicable
in practice, which is reflected in two aspects: (1) the game verification problem is equivalently transformed to
the existence problem of solutions of a linear system, and the linear system has a clear and concise mathematical
structure; (2) a concise formula to calculate the symmetric potential function is given for the first time. The basis
simplifies the utility design, which is reflected in two ways: (1) the designability of utility functions is transformed
to the existence of solutions of a linear system; (2) a concise mathematical formula for calculating utility functions
is given. This utility design method can guarantee the correspondence between the optimal system equilibrium
behavior and the optimal Nash equilibrium, and can overcome the difficulty that the existing utility design methods
can only ensure the existence of the system equilibrium behavior, but cannot guarantee its optimality. The results
obtained in this paper are the further exploration of the application of game theory in system optimization, and
broaden the application scope of finite potential games in optimization theory.

So far, we have talked about four kinds of finite games, namely, potential games, symmetric games, symmetric
potential games and finite games with symmetric potential functions. The relationship between them is shown in
Figure 1. A symmetric potential game has a symmetric potential, but a game with symmetric potential functions
might not be a symmetric game. Consider the following case. Let p be a symmetric function defined in the space
of strategy profiles. Set the utility function of player 1 to be p + 1, and the other n — 1 players’ to be p. Then,
the resulting game is a potential game with p as its symmetric potential function, but it is not a symmetric game.
Hence, the set of finite games with symmetric potential functions is larger than the set of symmetric potential
games.

The outline of this paper is as follows. In Section 2, we introduce the vector space structure of finite games.
Section 3 gives the algebraic verification condition of finite games with symmetric potential functions as well as a
basis of the corresponding subspace. Section 4 discusses the symmetric potential games. Section 5 considers the
optimization of quasi-symmetric spatial games. Section 6 concludes the paper.

2 Preliminaries

For statement ease, we first give some notations. (i) The set of m x n real matrices is denoted by M, . (ii) The
set of columns (rows) of M is denoted by Col(M) (Row(M)), and its i-th column (row) is denoted by Col,;(M)
(Row;(M)). (iii) 1, is a column vector with all entries equal to 1, and Opy4 is & p X ¢ matrix with zero entries.
(iv) S, is the n-th order symmetric group.

The symmetry of finite games and the symmetry of functions are both described by means of S,,, and the main
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Figure 1 Inclusion relationship.

Table 1 Utility single matrix of G.

111 112 121 122 211 212 221 222
ul 4 13 18 20 7 12 17 23
U2 5 15 8 14 17 21 16 24
us 7 10 16 15 19 18 19 22
P 3 6 6 5 6 5 5 8

mathematical tool used is the semi-tensor product of matrices. Please see Appendixes A and B for more details.

A (normal form non-cooperative) finite game is a triple G = (N, S,U), where

(i) N ={1,2,--- ,n} is the set of players;

(i) S; := {1,2,--- ,k;} is the finite set of strategies of player i, i = 1,2,--- ;n. A strategy combination s =
(81,82, -+ ,8,) is called a strategy profile, where s, € S; is the strategy that player i takes in the strategy profile s.
Let S :=[];_, Si denote the set of strategy profiles, where “[]” is the Cartesian product;

(iii) U = {u1, ..., un } is the set of utility functions, where u; : S — R is the utility function of player i.

Now, we give the vector space structure of finite games. Throughout this paper, we only consider finite games
G = (N,S8,U) with [N| =n, |S;| =k, i=1,---,n, and let Gp,,;) denote the set of such kind of finite games. Set
Si:={1,2,....,k}, i =1,2,...,n. Then, for j € S;, i.e.,, the j-th strategy of player i, we express this strategy by its

vector form 47. According to Proposition A1, u; can be expressed into its vector form as u;(s1,- -« , sp) = V;* X185,
it=1,---,n, where V* € R*" is called the structure vector of u;.
Plugging them together, we define Vi := [V, V3%, -+, V*] € R™" which is called the structure vector of G.

Observing that a finite game G € Gy, 1 is uniquely determined by Vg € R™": then Gin;k) has the same topology
and vector space structure as R™" if considering a finite game as a point in R™*". Hence, the analysis of finite
games can be put into the framework of linear algebra.

Definition 1 ([37]). Let G = (N,S,U) € G be a finite game. If there exists a function P : S — R, such that
for every i € N, every s_; € S_;, and any s;, s, € S;, we have

ui(siy i) — ui(si,s—i) = P(si,54) — P(s},s4), (1)

where s_; € S_; = H#i Sj, then G is called a potential game, and P is called a potential function. Let Q[Z_k]
denote the set of finite potential games.
Further, if there also exists a set of positive numbers {w; | i = 1,2,--- ,n} such that

wi(si,5-i) — ui(s}, 5-i) = wi[P(si,5-i) — P(s},5-4)],

then G is called a weighted potential game, and P is called a w—potential function.
According to Proposition A1, the potential function P : S — R can be expressed as

P(s1,-,8n) = 72 X 8

Example 1. Consider a finite game G' = (N, S,U) € Gj3 9. The utility information is given in Table 1 which is
called a utility single matrix.

Here, we first explain the above representation of utility functions: the first row represents the strategy profiles
which are arranged in alphabetic order; the second row gives player 1’s utility in each profile; similarly, the third
and fourth rows give player 2’s and player 3’s utilities, respectively. Using this representation, the structure vector
of each utility function can be immediately obtained by putting all utilities of the corresponding row in the utility
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single matrix together. For example, the structure vector of uy is Vi* := [4,13,18,20,7,12,17,23]. According to
Definition 1, it can be verified that G is a potential game with a potential function shown in the fifth line of Table
1. Then, we have the structure vector of the potential function as V¥ := [3,6,6,5,6,5,5,8].

3 Finite games with symmetric potential functions

A basis of symmetric functions is constructed. Based on the basis, the algebraic verification condition of finite
games with symmetric potential functions is given as well as a basis of the corresponding subspace. The algebraic
verification equation turns the verification problem into checking whether the solution of a linear system exists,
which is more convenient and applicable in practice.

3.1 Symmetric potential functions

In this subsection, we construct a basis of symmetric functions.

Definition 2. Let G = (N, S,U) € Q[Z;k] be a finite potential game with a potential function P : S — R. If for any
o € Sy, we have P(s1, -+ ,5,) = P(85-1(1),85-1(2) " ** » S6-1(n)), then P is called a symmetric potential function.
Let Q[Z‘?k] denote the set of finite games with symmetric potential functions.

One main feature of a potential function caused by its symmetry is that the function values are the same for any
two strategy profiles s = (s1,---,$,) and o(s) = (8-1(1)s """ »85-1(n)), regardless of which permutation is applied
to the strategy profile s. In the following, we construct a basis of symmetric functions to describe their structural
characteristics. First, we introduce the concept of the strategy multiplicity vector.

Definition 3 ([38]). Let G = (N, S,U) € G, be a finite game. For any strategy profile s = (s1,---,S,) € S, the
strategy multiplicity vector of s is defined as #(s) = (#(s, 1), #(s,2),- -, #(s, k)) , where #(s,1) := |{s; | s; =i}|,
1=1,--- k.

Using above notations and definitions, the following result can be obtained.

Proposition 1. Let P :S — R be the potential function of a finite potential game G = (N, S,U) € Q[Z;k]. Pis
symmetric, if and only if, for any s, s’ € S, if #(s) = #(s'), then P(s) = P(s').

Proof. From the introduction of the symmetric group in Appendix B it can be seen that when a permutation acts
on a finite set, it only changes the positions of the elements in the set, but does not change their mathematical
meanings. Then, the following fact holds:

#(s) =#(o(s)), VseS oge8,. (2)

The sufficiency follows from (2) and Definition 2 immediately.

As for the necessity, we adopt the proof by contradiction. Suppose there exist two strategy profiles s1, so € S
satisfying #(s1) = #(s2) such that

P(s1) # P(s2). (3)
For s, it can be obtained from (2) that {s | #(s) = #(s1)} = {s | s = o(s1),Vo € S, }, showing that for any
s € {s | #(s) = #(s1)} there exists a o € S,, such that s = o(s1). Then, for so there exists a o € S,, such that
s = o(s1). According to Definition 2 we have P(s1) = P(s2), which contradicts (3).

According to Proposition 1, we can divide all strategy profiles into some different classes according to whether
their strategy multiplicity vectors are the same. The corresponding strategy profiles in the same class have the
same function value. In this way, the basis of symmetric functions can be constructed. To be specific, define
Q = {#(s) | s € S}. It can be seen that |Q| =: « := (n+§71) = % Define the elements in Q as Q =
{#1,#2, -, #a}. Define a set of basic functions as

17 #(i17i27' t 7277,) = #57

0, otherwise,

rsta i) - |
where s =1,--- ,a.
Let V; be the structure vector of Fy. Set
H[n,k] = [V1T7 2T7 o 7V¢;F]T- (4)

Then, the following result can be verified.
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Proposition 2. (1) {V3,Vs,---,V,} is an orthogonal basis of symmetric functions f(s1,- -, S, ), with s; € Dj.
Particularly, if P is a symmetric potential function, then there is a row vector v € R, such that V¥ = VH, 1)

(2) H[n,k]H[Tuk] = diag (1,02, ,{y), where {5 = (<#'i>1) (kfﬁﬁ)l) .. (k7<#s>@)';<l#s>k72), and (#,); is the i-th

component of the vector #;.

We give a simple example to depict this.
Example 2. Recall Example 1. Tt can be seen that n = 3 and k = 2. Then, we have Q = {(3,0),(2,1), (1, 2), (0,3)
It can be calculated that F; = V35 =[1,0,0,0,0,0,0,0]s, F» = Vos =[0,1,1,0,1,0,0,0]s, F5 = V35 = [0,0,0, 1,0,
1,0]s, Fy = Vis = [0,0,0,0,0,0,0,1]s, where s € Ag. Then, H = [V;¥, V,F, VoI, V,I|T and HHT = diag(1,3,3,1
Set v = [3,6,5,8]. Then, it can be checked that V¥ = vH.

)

3.2 A linear system for finite games with symmetric potential functions

In this subsection, a set of linear equations is given to verify whether a finite game has symmetric potential functions.
Consider a finite game G = (N, S,U) € G,i)- Define functions as d; : S¢t = R, i =1,2,---,n, where
So :=1{1,2,--- ,k}. To make the following statement clearer, we express d; as d;(x1,--- ,Z;, - , &), where a caret
denotes missing terms, i.e., d; is independent of x;.
For the verification of finite potential games, the following result has been obtained.

Lemma 1 ([39]). Let G = (N,S,U) € Gn. be a finite game. Then, it is a potential game, if and only if, for
every i € N, there exists a function d; : 5’6’_1 — R, such that

ui(slv"' 7Sn):P(Sla"' 7Sn)+di(517"' 7§ia"' asn)v

where P is the potential function.

According to Definition 2 and Lemma 1, we can get the following result immediately.
Lemma 2. Let G = (N,S5,U) € G, be a finite game. Then, it is with symmetric potential functions, if and
only if, for every ¢ € N, there exists a function d; : Sg_l — R, such that for any o € S,,, we have

ui(sla"' ,Sn) = P(Sofl(l)v"' asofl(n))—i_di(sla"' a/s\iv"' 7577«)5 (5)

where P is the potential function.

Now, it is ready to present a linear system for the verification of finite games with symmetric potential functions.
According to Proposition 2 and Proposition Al, Eq. (5) can be expressed in its vector form as below:

Vit iy 85 = vHjp ) Xy 85+ Vil Wi 55, (6)

where i = 1,2,--- ,n, V* € R¥" and V¢ € RK" ™" are row vectors.

It can be seen that G is a potential game with symmetric potential functions, if and only if, the solution of (6)
exists for unknowns v and V4.

To prove the existence of solutions, we firstly define two operators as below:

e front deleting operator D[fp’q] = l;f ® 1y € Lyxpgs
e rear deleting operator pird .= I, ®1] € Lyxpg:
They have the following properties.
Lemma 3 ([29]). Let X € A, and Y € A,. Then, D¥XY =V, DPIXY = X.

DY wn s, i=1;

Using Lemma 3, we have x7;s; = { DK A Then, Eq. (6) can be rewritten as
T

M?:l Sj, 2<i<n
‘/iu:VH[n,k]—"V;dMiu 221727 )y 1, (7)
pEE- .
where M; = '[fki—f k] 7
Dy 7 2<i<n.

From Proposition 2, we know that H, ) H [17; ] is invertible. Solving v from (7) yields

v=(V" = VIM)Hp, 3 (Hpg Hpp )~
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Plugging it into the rest of (7), we have
‘/iu - Vluﬁ = ‘/ldMl - VldMlﬁ; 1= 27 35 A (8)
where H := H[Tz,k] (H[n,k]H[E’k])ilH[n,k]-
Taking transpose on both sides of (8), we have (V;* — V*H)" = (VAM;)" — ET(VldMl)T. Since My € Ly g2 and
Ve e R*" ™", Definition A1l leads to the following result:
(ViM)T = M (V)T = (M{ @ Ijn-2) (Vi)™
Define ®1 := M{" ® I};n—2 = 1}, ® I}n—1. Similarly, define ®g := My @ [jn—> = [ @ 14, @ [n-—2, -+, &, := M} =
Ijn—1 ®1g. Then, ®;, i =1,--- ,n can be expressed uniformly as ®; := [i-1 @ 1 ® [n—i € Mynypn—1. Define some
vectors as & := (V)T e R¥ ™ b := (Vi — VEH)T € R¥, i =2,3,- - ,n.
Using above notations, Eq. (8) can be rewritten as a linear system:
¢ =10, 9)

“H'®, 3, 0 - 0
~H"®; 0 ®; - 0
where & = . 7<:[§1T552Ta 5€E]T7b:[bg’ ’bE]T'

7ﬁ.T<I>1 0 0 - @,
The above argument leads to the following result.

Theorem 1. Let G = (N, S,U) € Gy be a finite game. Then, it is with symmetric potential functions, if and
only if, Eq. (9) has a solution. In addition, the symmetric potential function can be calculated by the following
formula:

" ke, k]\ 7
VP = — €D H. (10)
3.3 A basis for finite games with symmetric potential functions

Theorem 1 shows that G is a finite game with symmetric potential functions, if and only if,

(Vo' —vi*H)™
(V' =V )

€ Span(®P). (11)
(V= V)T
Adding (Vi*)T in (11), Eq. (11) can be rewritten as
9"
(V2u_V1uE)T
(V' =VH)" | & Span(®P), (12)
(V= Vi E)T
HT & 0 0 - 0
0 —H'® & 0 - 0
where P = | 0 —H @1 0 & - 0
o —H'® 0 0 - @,
Iyn 0 0-- O (v
“H Ijn 0 0 (VT
Equivalently, Eq. (12) can rewritten as ) i € Span(®?). That is,

—“H" 0 0 Iyn (V)T

(Ve)* € Span(®°), (13)
where
Itn 0 0. 0 “lrHL, @ 0 -0 H@k] @, 00 0
Be —I.{ Iygn 0 -~ O 0 _ﬁ;rq)l (1).2 0 _ H[i“k] 0 d, 0 0 ' (14)
“H" 0 0 Iy (:) —ﬁ:an [:) <I>:n H[T:z;k] 0 00- @,

Then, the following result can be obtained.
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Theorem 2. (i) The dimension of subspace of Q[?fk] is
. n+k—1 .
dlm(g[l)fk]) = < " > +nk™t — 1. (15)

(ii) The subspace of g[ﬁf}d is

GFS,) = Span(e°), (16)

[n

which has Col(®§) as its basis, and ®§ is obtained by deleting any one column of ®°.
Proof. (i) Let

—Py Dy 0 -~ O HT ®, 0 -~ 0

—®d; 0 P3 -+ 0O . HT 0 &y - 0
T=| . H=| . |.,I'=

P, 0 0 - D, HT 0 0 - &,

As discussed in [29], deleting any one column of YT the remaining columns form a basis of Span(Y), and dim(T) =
nk"=t —1.
On the one hand, using the second equality of (14), it can be verified that
HT & 00 0
. 0 —® 20 0 T n—1
Rank(®¢) = Rank ) > Rank(H ") 4+ Rank(Y) = a+nk" " — 1. (17)

0 -3, 00 &,

On the other hand, let a;(b;) denote the #(j)-th column of HI), i=1,2,--,a (j=1,2,--- ,nk"1). It can be

nk"71

calculated that Y a; = 1,kn, > bj = lugn. Then, we have
i=1 j=1
o nkn !
Zai— Z bJZO (18)
i=1 j=1
From the second equality of (14) and (18), we get
Rank(®®) < oo+ nk" ' — 1. (19)

Eq. (15) follows from (17) and (19).
(ii) Eq. (16) comes from (13). Combining (15) with (18) yields a basis of ®¢ as expected.

4 Symmetric potential games

A finite game is a symmetric potential game if it is both a finite potential game and a symmetric game. Let gfffk]
denote the set of symmetric potential games. The algebraic expression of symmetric potential games is obtained,
showing that Q[‘ffk] C g[l’lf,d. A necessary and sufficient condition for the verification of symmetric potential games
is given as well as a basis of the corresponding subspace.

4.1 A linear system for symmetric potential games

In this subsection, a set of linear equations is given to verify whether a finite game is a symmetric potential game.
Definition 4. Let G = (N, S,U) € Gy, 5] be a finite game. If for any o € S,,, we have

ui(sla T Sn) = Uqg (i) (80*1(1)7 T 750'*1(77.))5 (20)

where i =1,2,--- n, then G is called a symmetric game.

According to Lemma 1, we can see that each utility function is decomposed into the sum of two functions for
a finite potential game. The following result shows that for a symmetric potential game, the symmetry attribute
makes the structure of these two functions more special.
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Proposition 3. Let G = (N,S,U) € Gy, 5 be a finite game. Then, it is a symmetric potential game, if and only
if, there exist symmetric functions P : S — R and d : 5’6171 — R, such that for every i € N, and any o € S,,, we
have

ui(Sh T 7571) = P(Sa'*l(l)u e 750'*1(77,)) + d(scr*l(l)a T 7/S\i7 e 780*1(77,))' (21)
Proof. (Necessity) First, we prove the existence of the common function d. Consider a profile s = (s1,---,8;,- -+,

S | < 1
oIS Then, as G

Sn—l) € 56171' Set a PrOﬁle yl = (y17 Y Y1, 7yn)7 where Yi = Yi+1, and Y = { s j >
=1, .

is a symmetric potential game, by using (20) and (21) it can be obtained that

ui(y') = P(y") +di(yr, - Ui, Yir1,7 »Yn);
wip1(y') = Py") +diva(yr, - ¥ Yirrs 2 Yn),
ui(y') = uir1(y'),
which implies that d;(s) = di+1(s).
Let ¢ run from 1 to n — 1. Then, we have d;(s) = d;(s), V i, = 1,2,--- ,n. Since s € 5’6171 is arbitrary, the

existence of the common function d can be proven.
Next, we prove the symmetry of d. Let ¢ = (i,i + 1), i = 1,2,---,n — 1. Consider two profiles as s! =

1

(517 Ty Siy Siply e 7577.71) € Sg ) §? = (50*1(1)7 Ty Se=1(4)s So (i) T asdfl(nfl)) = (Sla oy Sik1y Sis
—1 ;

sn—1) € S5 Set a profile y* = (y1,-++ ,Yi, Yit1, Yit2, +  Yn), Where yi = yii, and

Sjs J<i+1;
v=4 s =it
Sj—1, J>1+2.

Then, as G is a symmetric potential game, by using (20) and (21) we have

Uz(yz) = P(yl) + di(ylu e 7§i7yi+17 e 7yn)7
w2 (y") = P(y") + dig1 (Y1, -+ 2 Yis Vit 1, Git2s > Yn),
wi(y') = uipa(y").

It can be checked that d(s') = d(s?).

Note that S,, = ((4,i+ 1) | 1 <i<n—1), and s' € S§~" is arbitrary. The symmetry of the function d can be
verified.

Using (21), the symmetry of the potential function P can be concluded from the symmetry of the game G and
the function d.

(Sufficiency) Eq. (20) follows immediately from the symmetry of these two functions.

Let G = (N,S,U) € Q[‘ffk] be a symmetric potential game with the common symmetric function d : Sg_l — R,

and V? be the structure vector of d. Then, according to Proposition 2, we know that there exists a row vector
n € R?, such that

V4 =nHpy, 1 g, (22)

Substitute (22) into (7). Define & := ™ € RF, b; := (V* — VAH)T € RE", i = 2,3,--- ,n. Then, similar to the

derivation of Theorem 2, we obtain the following liner system:

UE =1, (23)

where ¥ = [(®g — ﬁTfl)l)T7 e (D — HT@l)T]THT

[’ﬂ—l,ﬁ] !
The above argument leads to the following result.

b= [bg’bg’ T 7bE]T'

Theorem 3. Let G = (N,S5,U) € Gy be a finite game. Then, it is a symmetric potential game, if and only if,
Eq. (23) has a solution. Moreover, the symmetric potential function can be calculated by the following formula:

VP = (V¢ — €Ty DY (24)
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Remark 1. Theorems 1 and 3 are more convenient and applicable in practice. On the one hand, the verification
process is simplified since it is easy to check whether a linear system has a solution, and the linear system has a
clear and concise mathematical structure. The coefficient matrix is only related to n and k. Then, we can use n
and k to classify the type of games, and each type has a uniform coefficient matrix. On the other hand, a concise
mathematical formula for calculating the symmetric potential function is given for the first time.

4.2 A basis for symmetric potential games

According to Theorem 3, it can be shown that G is a symmetric potential game, if and only if,

(V3 =V )"
(V5" =V H)"

€ Span(70). (25)
(Ve =V H)T
Adding (V)T into (25) yields
(V)T
(V' =V"H)*
(Vg =V )" | ¢ Span(¥?), (26)
(Vi =V )T
where WP := [HT cblH[Efl’kJ} .
0 \I/
Iyn 0 0 0 (V)T
iy L)
~H Lin 0 0 v
Equivalently, Eq. (26) can be rewritten as ) . € Span(¥P). That is,
“H" 0 0 I (V)T
(V)" € Span(¥°), (27)
where
Iin 0 0 071 H" ®HE
. “H im0 0 HT  ®H[ 4
“HT 0 0 Iin H ©.H]_
Then, the following result can be proven.
Theorem 4. (1) The dimension of subspace of g[fj’k] is
+ k-1 n+k—2
dim(gSh,) = (" ~ 1 29
(@i = ("R )+ ("0 (29)
(2) The subspace of g[fj’k] is
g[ffk] = Span(¥°), (30)
which has Col(¥§) as its basis, and ¥§ is obtained by deleting any one column of We.
Proof. (1) Let H := [Hyj s, Hinsg)"s 2= [Hpo1. @7, Hpp 1 @3-+ Hjpo1.®2]". On the one hand, we
proof that
Rank(¥°) < o+ — 1. (31)
Since ®; has full column rank, we have Rank(®; H [rfl 1 k]) = Rank(H [17; 1 k]) = (3, which implies that

Rank(Z) = 3. (32)

Let a; (b;) be the ¢ (j)-th column of H (2), where i =1,2,--- ,a (j = 1,2,---, ). Then, it can be calculated that
« Ent

>oa; =1pgn, Y, bj = 1,kn. Hence, we have

i=1 j=1

B

iai—ZbJ—:O. (33)

J=1
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Eq. (31) follows from (32) and (33).
On the other hand, we verify that

Rank(¥¢) > a+ 8 — 1. (34)
Let
i @ Hf sy 0 _ [0
A= € Mknx(aJrnﬁ), I:= : S M(a+n5)x(a+ﬁ).
ng,n'] 0 ‘I’nH[FELfl,k] 0 Ig

Then, it can be calculated that ¥¢ = AJ. Hence, we have Rank(¥¢) = Rank(AI) > Rank(A) 4+ Rank(I) — (a4 nj).

As Rank(]) = o + 3, it can be seen that Eq. (34) holds, if the following inequality holds:
Rank(A) > a+np — 1. (35)

In the following, we only consider (35). First, we have

Rank(A) = Rank(A), (36)
where
HE g ®0HE 0 0
A 0 7<1>1H[Tn711k] <1>2H[T%M] 0
6 —<I>1HE£L,1,,C] 0 @an‘z—l,k]
Then, we have
Rank(A) > Rank(Hy, ;) + Rank(II), (37)
—®iH], gy PoHE, g ]
where II =
*éngL—l,k] 0 <I>"H[Tz—1,k]
Let -
Hypgy 0 - 0 —3y Dy 0
R 0 Hg‘l,k] 0 . —®, 0 - O
H = . S Mnkn—l xnBs O = : S c M(nfl)knxnknfl-
6 o - HEI;LJC] - 0 £ 28
Then, it can be calculated that II = dH.
Hence,
Rank(II) > Rank(H) + Rank(®) — nk™ " =nj — 1. (38)

Eq. (35) follows from (37) and (38). Consequently, Eq. (34) holds.
(2) Eq. (30) follows from (27). Applying (29) with (33) yields a basis of ¥°.

5 Application to optimization of spatial games

In this section, we consider the optimization of quasi-symmetric spatial games. A sufficient condition about the
designability of utility functions is presented as well as a concise formula to calculate utility functions.

e Spatial game: The spatial game is a tuple G = (N, (N, &), g,5,U), where (N, &) is a given graph with each
player as a vertex, g is a finite two-player game which is called the base game, and £ is the set of edges with each
edge consisting of two vertices (players). If an edge consists of players ¢ and j, then it is denoted by (4, j) or (j,1)
for an undirected graph, and (v1,vs) with v; € {4,j} as the initial vertex and vy € {4, j} as the terminal vertex for
a directed graph. Define the set of neighbours of player i as N; = {j € N : (i,j) € € or (j,7) € £}. Assume each
player is paired with each of his or her neighbours to play the base game, and he sticks to a strategy during the
whole period.

Define the incidence matrix of a graph as A = {a;;} € M,,x,, with nonnegative real numbers, where (i,j) € £ <
a;; # 0 and aj; # 0. For each interaction pair (4, j), a;; indicates the extent to which player j affects player i. If
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ai; > a;;, for j, k € N, then we say ¢ is affected more by neighbour j than by neighbour k. Similarly, aj; describes
how much influence player ¢ has on player j. Let a; : Sp X Sy — R be the utility function of g, i = 1,2. Then, the
one-period utility of player ¢ in a strategy profile s is defined as below:

wi(sis5-i) = Y @ijQagy (i, 55), (39)
jEN

where 4d(i) is the identity of player ¢ in the base game when he (she) plays the base game with player j. To be
specific, if the graph is undirected, then the player’s utility depends only on his (her) strategy, not on his (her)
identity, meaning that the base game is a symmetric game. Otherwise, a;q(;) = a1 if @ is the initial vertex of the
edge (7,7), and a;q(;) = a if 7 is the terminal vertex.

A spatial game is called a quasi-symmetric spatial game, if A is quasi-symmetric, that is, there exist A1 >
0,---, Ay, > 0 such that A\;a;; = Ajay; for all ¢,5 € N.

e Evolution: Consider a quasi-symmetric spatial game with the base game being a finite game with symmetric
potential functions. It has been proven in [24] that such games are weighted potential games. We adopt the
asynchronous updating described as below: at each time ¢, only one player is selected with probability ¢; to update
his (her) strategy, and he (she) chooses the strategy ¢; € S; in a strategy profile s with the probability p!(s), where
phi(s) = %. Here, € > 0 and P is the potential function of the quasi-symmetric spatial game. Then,
the above asynchronous updating determines a Markov process, and the set of stochastically stable states (long-run
equilibria) is exactly the set of strategy profiles that maximize P.

e Utility design: Let W : S — R be a pre-assigned global objective function of the quasi-symmetric spatial
game, which needs to be optimized. The problem is how to design the utility functions oy and as such that the
spatial game can, in the evolution process, converge to strategy profiles that maximize W when each rational player
only tries to optimize his (her) utility.

The technique developed in this paper is designing proper utility functions of the base game such that the spatial
game becomes a w-potential game with the given global objective criterion W as its w-potential function. Taking
W as the potential function can guarantee the correspondence between the maximum or minimum points of the
potential function and those of the global objective function.

The following result has been obtained about the constitution of the w-potential function.

Proposition 4 ([24]). Let G = (N, (V,€),g,S,U) be a quasi-symmetric spatial game and \;, i € N, be positive
numbers that make the quasi-symmetric conditions A;a;; = Aja;; hold. Furthermore, let p : Sy x Sy be a symmetric
function. Suppose the base game is a potential game admitting the potential function p. Then, G is a w-potential
game with w; = 2#)\1 for all : € N, and
P(S) == ZZ)\iaijp(Si,Sj). (40)
i

Proposition 4 gives the linear relationship between the potential function of the quasi-symmetric spatial game
and that of the base game. Therefore, the next important work is to find the algebraic relationship between the
potential function p of the base game and its utility functions a; and as. In fact, Definition 1 outlines a linear
system where the existence of a potential function is equivalent to that of a solution. In the following, we give the
matrix form of (1) when n = 2.

Let ¢« = 1. Then, using vector forms of strategies, Eq. (1) can be expressed into its vector form as

V¥ (s1 — 8))s2 = VP(s1 — s)s0. (41)
Fix so = 0}, 51 = 0}, 8| = 0} Let sy run from ) to 6F. Then, using (41) we have
V(0 = 0k = VA (3} = )i (42)

According to Definition A1, Eq. (42) can be expressed as V*[(6}, — 61) @ I,] = VP[(5} — 61) @ I
Let I := (6} — 07) ® I. Let j run from 2 to k. Then, we have

Vla[rfv"' 7P]f] :VP[P%V" 7P]f]' (43)
Similarly, for ¢ = 2, it can be obtained that

V;‘[F%, T 7F§] = VP[F%’ T 7F]2€]’ (44)
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where 1"% = I ® (6} —(5%),]':2,--- k.
Let Ty = [T, TTY, Ty = diag('y,T3), where I'; = [[2,--- [ T¥]T, i = 1,2. Then, combining (43) and (44) yields
a linear system:
T (VAT =Ta(Vy)" (45)

In the following, we give the matrix form of (40). Since p is symmetric, it can be verified that
p(siys5) = p(sj,8i), V si,s5 € Sp.

Hence, Eq. (40) can be expressed into its vector form as V' x5y = V[ 3 (Niaij + Ajaji)Smin{ij} X Smax{i,j}]-
(i,9)€€
Using deleting operators, we can further obtain

VI s =VP[ Y (Nag + Ajaji) Efmingi,j)amax(igy}) X 5t (46)
()€€
Jcnfmax{i,j}]D[kykmax{'L,j}fmin{i,j}71]D[kmin{i,j}flyk]

_ pl¥*
where E{min{i,j},max{ivj}} =Dy !

Let
E = Z (Ni@ij + Njaji) Etmingi,j},max{i.j}}- (47)
(i,9)€€
Then, Eq. (46) can be expressed as
vP =vrE. (48)

The type of the network graph is closely related to the type of the base game. To be specific, an undirected graph
corresponds to a symmetric base game while a directed graph corresponds to an asymmetric base game. Hence, we
consider the following two cases, respectively.

e When the graph of a quasi-symmetric game is directed, the base game is an asymmetric game. Applying
Proposition 2 and Theorem 2 to (45) and (48), respectively, we obtain a linear system with unknowns 2 and v:

VP =vHE,
(49)
Tl (VH)T = TQ(I)S,T.
Equivalently, it can be rewritten as
ETHT 0 T VP T
o | (50)
TlHT —TQ(I)S x 0

Further, to assure the base game is asymmetric, we propose the following condition: for any given solution of (50)
denoted by xg, we have
Rank(¥g) # Rank([¥g, Pgzol). (51)

e When the graph of a quasi-symmetric game is undirected, the base game is a symmetric game. In this case,
replacing ®f with U§ in (50), we obtain
vt B
x

Let V' be the structure vector of the global objective function W : S — R, and substitute V¥ with V. Then,
the above arguments lead to the following theorems. Though each result is only a sufficient condition, it is enough
in application.

ETHT 0
T HT —ToWs

(vor

0 (52)

Theorem 5. For a quasi-symmetric spatial game with a directed graph, if Eq. (50) has a solution and Eq. (51)
holds, then there exist utility functions a; and as to convert a quasi-symmetric spatial game with utility functions
defined in (39) into a w-potential game with W as its potential function. Moreover, the utility functions can be
calculated by the following formula: V, = ®§x.

Theorem 6. For a quasi-symmetric spatial game with an undirected graph, if Eq. (52) has solutions, then there
exist utility functions «; and as to convert a quasi-symmetric spatial game with utility functions defined in (39)
into a w-potential game with W as its potential function. Moreover, the utility functions can be calculated by the
following formula: V, = W§x.
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Table 2 Global objective function W.

111 112 113 121 122 123 131 132 133
w 96 88 36 44 12 84 28 100 76
211 212 213 221 222 223 231 232 233
w 76 36 68 40 48 16 56 0 72
311 312 313 321 322 323 331 332 333
w 92 52 84 24 32 0 92 36 108

Table 3 Utility matrix of g.

11 12 13 21 22 23 31 32 33
ay 5 3 7 0 4 0 4 0
as 9 4 8 —1
p 8 3 7 4 0 7 0

Example 3. Consider a quasi-symmetric spatial game G with N = {1,2,3}, S; = Sp = {1,2,3}, i = 1,2,3.
Assume the incidence matrix A = [g § %] .Set \;y =1, Ao = 2, A3 = 2. Then, it can be verified that A is quasi-

symmetric, and G is a quasi-symmetric game. Assume the pre-assigned global objective function W is given in
Table 2.

(1) Assume the graph is directed as shown in Figure 2. Then, using (4), (43) and (47), it can be calculated that

500000000890800000 01T
000000000
100000000 000000000 00009060000060%000 9
010100000 9009098899 00000101010000101 0
How— |001000100] 7, — $e — [00000000100000000 1
(23] = 000010000 1= [ 0000000001 ,%=1100100100000000000 | >
000001010 990900800 01001001000000000 0
000000000 00000000000011100 0
00000000000000011 1
12440000008000 0000080000000 0
08044400008000000008000000 0
00080000049280000000680000 0
E = (Maiz + Xaz1)E1o + (Aoaoss +A3a32)FE23 = | 000080000000412400000008000 0
(Araz 2021) E12 + (Aza2s sas2) o 0000080000000 0844400000800 0 |’
00400080000000080044400080 0
00000008000000008000044408 0
0000000080000 000080000004412
~100-10 0 0 0 000 000 000 01
0100 -10 0 0 000 000 000 0
0010 0-10 0000 000 000 0
1000 0 0 -10 000 000 000 O
0100 0 0 01000 000 000 0
Y, — 0010 0 0 0 0-100 000000 0
2= 10000 0 0 0 0 01-1000 000 0
0000 0 0 0 0 00O 01-1000 0
0000 0 0O 0 0 000 000 01-10
0000 0 0 0 0 010 -100 000 0
0000 0 0O 0 0 000 010100 0
Looo 0 0 0 00000 000 010 —1d

(a) In [24], the utility functions of the base game g is designed as in Table 3.

According to Theorem 1, it can be checked that g is a finite game with the symmetric potential function p which
is shown in Table 3.

(b) Inserting the above matrices into (50), it can be verified that Eq. (50) has solutions. For instance, vy =
[8,3,7,4,0,9], zo = [7,2,6,3,—1,8,-2,1,1,2,2]". It can be calculated that the utility functions and the potential
function are the same with that shown in Table 3, implying that the results in [24] can also be obtained by using
the proposed method in this paper.

In the following, we show that more design methods can be obtained by using our approach. To simplify
the idea, we fix ¥ = vy in the first equality of (49). Then, we obtain all solutions that satisfy the second
equality of (49) and (51), and can be expressed as x1 = xg + m 51 + -+ + 1686, where 1, € R are arbitrary,
t=1,2,---,6, B, = [1,1,1,1,1,1,0,0,0,0,0]T, B2 = [0,0,0,0,0,0,1,0,0,0,0]T, B3 = [0,0,0,0,0,0,0,1,0,0,0]T,
B4 = 10,0,0,0,0,0,0,0,1,0,0]*, 85 = [0,0,0,0,0,0,0,0,0,1,0], Bs = [0,0,0,0,0,0,0,0,0,0,1]T, and Rank(V§) #
Rank([W¥§, (o + Bn)]). Here, B = [B1, B2, -+ ,B6], n = [m,- -+ ,m6]*. For example, let n; = 1,0 = 3,13 = 3,14 =
4,m5 = 5,m6 = 6. Then, we have x; = [8,3,7,4,0,9,0,4,5,7,8]. Now, the utility functions of the base game is
Vy =05 =[8,7,12,3,8,5,7,4,14,15,10, 14,11,12,8,7,0,9].
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Figure 2 Directed graph. Figure 3 Undirected graph.
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Figure 4 (Color online) Evolution process. By designing suitable utility functions of the base game, the global objective function W becomes
the potential function. Then, by adopting the asynchronous updating rule, the spatial game evolves to the stable state (3,3,3) which is exactly
the strategy profile that maximizes W.

(2) Assume the graph is undirected as shown in Figure 3. Then, using (4) and (28), it can be calculated that

H

100000000100000000
010100000010100000
001000100001000100 100
Pe — |000010000000010000 H — 1010
0~ |000001010000001010 L3 = g0l
000000001000000001
100100100111000000
010010010000111000

For the given W, fix v = 1. Then, inserting above matrices into the second part of (52), it can be checked that
Eq. (52) has solutions. For instance, x5 = [7,2,6,3,—1,8,9,10]T. Now, the utility functions of the base game is
Vy = ¥6x = [16,12,6,11,13,—-1,15,9,8,16,11,15,12,13,9,6, —1, 8].

Finally, set ¢; = %, 1 =1,2,3, and e = 0.1. A simulation result is given in Figure 4 which shows that the spatial
game evolves to the unique optimal Nash equilibrium (3, 3, 3) (= 637). Here, the horizontal axis represents the time

and the vertical axis represents the strategy profiles.

6 Conclusion

Finite games with symmetric potential functions are studied in this paper. First, by constructing a basis of
symmetric functions, a linear system is proposed, which turns the verification of finite games with symmetric
potential functions into checking the existence of their solutions. A basis of the corresponding subspace is obtained.
Then, symmetric potential games are discussed, including the linear system to verify whether a finite game is a
symmetric potential one, and a basis of the corresponding subspace. Finally, the theoretical results are applied to
the optimization of quasi-symmetric spatial games over directed and undirected graphs, respectively. A sufficient
condition for the w-potential game modeling is given as well as the formula to calculate utility functions.

We leave some problems for further study. For instance, (i) a basis for the quotient space generated by finite
games with symmetric potential functions and symmetric potential games; (ii) the optimization of quasi-symmetric
spatial games over hypergraphs; (iii) the research on practical applications to urban planning, ecosystems, and
traffic flow, etc.
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Appendix A Semi-tensor product of matrices
Definition A1 (see the footnotel)). Let M € Mupxn, N € Mpxq. Then, the semi-tensor product of M and N is defined as

Mx N = (M®It/n) (N® It/p) € Mont/nxqt/p> (A1)

where t = lem(n, p) is the least common multiple of n and p, and ® is the Kronecker product.

Throughout this paper, the default matrix product is the semi-tensor product, that is AB := A x B.

Next, we consider the matrix expression of logical relations. Let Dy := {1,2,---,k} be a finite set with k elements, in which
the concrete number j has no quantitative meaning, but is only used to represent the j-th element in the set. In this paper, Dy
represents a finite set of k logical variables. For example, in classical logic relation, logic variables can only take values on a finite set
A = {T(True), F(False)}. Usually, T is set to be 1 and F to be 0. Here, for the sake of uniformity, F' corresponds to 2. There is no
essential difference. Then, we have A = {1,2}.

1) Cheng D, Qi H, Zhao Y. An Introduction to Semi-tensor Product of Matrices and its Applications. Singapore: World Scientific, 2012.
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For a logical variable j € Dy, the vector form expression of j, denoted by 3, is defined as 3 = 5£ € Ayg. Corresponding j € Dy to
5% € Ay, that is, identifying j ~ Ji, 7 =1,2,---  k, it can be verified that Dy ~ Ay. Here, Ay := {5}c |i=1,2,--- ,k} is the set of all
columns of identity matrix [, and the symbol ~ stands for an equivalence relation between two finite sets. For instance, in classical
logic relation, we have 1 ~ 1 := §2 = [1,0]T, 2 ~ 7= 6% =1[0,1]T.

Proposition A1l (see the footnotel)). For a function f : D}’ — R, there exists a unique row vector vie ]Rkn, such that (in vector
form) f(x1,---,xn) = VI X7, @i, where x; € Dy, @ =1,2,--- ,n; X & =21 X T2 X - X Tn. V{ is called the structure vector of f.

Appendix B Symmetric group
Let Q = {1,2,--- ,n}. Then, a permutation on € is a one-to-one mapping, say, o : Q@ — Q. If o(j) =i, j = 1,--- ,n, then o can be

12 -n

expressed by o = ( o ) > . Let S5, denote the set of permutations on €2. Define a product of any two permutations p and o as
i1 2 v ip

their composition, that is (o o p)(a) = o(p(a)), a € Q. Then, S, becomes a group, called an n-th order symmetric group.

The following result gives some standard sets of generators of S,.
Proposition B1 (see the footnote?)). (1) S,, is generated by transpositions. That is, S, = ((i,7) | 1 <i < j < n). (2) Sy, is generated
by transpositions with 1. That is, S, = ((1,j) |1 < j < n).

2) Jacobson N. Basic Algebra I. 2nd ed. San Francisco: Freeman, 1985.
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