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Abstract This paper is concerned with event-triggered stabilization of a class of nonlinear networked systems. First, a novel event-
triggered sampling scheme is proposed based on a monotonically increasing function in the form of the integral of the error norm between
the current state and the latest triggered state. It is proven that this scheme ensures the minimum inter-event time to be strictly greater
than zero in an explicit expression. Second, a novel Lyapunov functional tailored for the proposed event-triggered scheme is constructed.
By applying the looped functional method, a sampling-interval-dependent stabilization criterion is derived. This criterion provides an
algorithm to co-design both control gains and event-triggered parameters for a given threshold. Finally, a practical system comprising
two identical pendulums is given to demonstrate the effectiveness of the proposed method.
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1 Introduction

Over the past two decades, event-triggered control (ETC) has attracted considerable attention in the field of
networked control systems. Unlike conventional periodic sampling, ETC samples system signals only when specific
events occur or certain predefined conditions are violated, rather than at fixed time intervals. This feature enables
ETC to optimize the use of network resources, reduce data transmission and storage requirements, and maintain
real-time responsiveness to dynamic system changes. Numerous notable contributions on this topic can be found
in [1-12] and the references therein.

Beyond its theoretical advancements, ETC holds significant promise for practical engineering applications, par-
ticularly in networked and resource-constrained environments [13-20]. By updating control actions or transmitting
data only when necessary, ETC can substantially lower communication and computation demands, making it well
suited for wireless sensor networks, industrial automation, and various cyber-physical systems. For example, ETC
can help prolong the operational lifetime of battery-powered distributed sensors, mitigate network congestion in
smart grids, and enhance the efficiency of remote or embedded controllers. This synergy between theoretical de-
velopment and practical feasibility underscores ETC as a promising approach for next-generation intelligent and
sustainable control architectures.

Recalling the existing results on event-triggered control, an emulation-based approach is often employed [1].
The basic idea is to design a suitable event-triggered scheme for a given controller, ensuring that some certain
performance (e.g., stability) of the sampled-data system can be preserved [21-25]. For convenience of presentation,
it is assumed that the control input is given as u(t) = Fxz(s), where F' is a known control gain, x the system state,
and sy the latest event instant with & = {1,2,...,}. The key challenge is to devise an event-triggering condition to
calculate the next event instant sgy1. Let £ = spp1 — si. A fundamental concern is to ensure that the minimum
lower bound /,,, of ¢, is strictly greater than zero to exclude the occurrence of Zeno behavior [26].

To address this issue, several notable event-triggering conditions have been reported in [1,22,24,25,27-29]. Ini-
tially, static event-triggering conditions are introduced, where an event is triggered when the norm of the system
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state or error exceeds a predefined fixed threshold. While this approach significantly reduces communication and
control updates compared to periodic sampling, it often results in conservative designs due to the difficulty of select-
ing an optimal threshold. To improve flexibility, adaptive and dynamic event-triggering conditions are developed,
offering a larger minimum lower bound /,, compared to static event-triggering conditions. Further advancements
lead to integral-based event-triggering conditions, where control updates are determined by accumulated deviations
over time rather than instantaneous violations, enhancing robustness.

When designing event-triggering conditions to sample system states, it is crucial to ensure a positive lower bound
L, to prevent Zeno behavior. However, according to the Nyquist-Shannon theorem, it is equally important to
ensure the existence of an upper bound £, of £; to maintain adequate sampling rates and avoid information loss.
Despite this, most of the existing event-triggering conditions focus solely on ensuring ¢,, while ignoring ;.

To illustrate this, we consider three representative classes of event-triggering conditions reported in the literature:

et (1) 2e(t) — ooz () 2x(ty) > 0,

/teT(r)Qe(r)dr - /t oox™ (1) 2z (r)dr > 0,

Sk Sk

/ eT(r)er/ e(r)dr — aox™ (s1) 22 (sk) > 0,

where e(t) = x(t) — z(s), £ > 0 is a weighted matrix and o9 > 0 is a threshold. Under these conditions, it is
proven that a positive ¢, can be guaranteed for systems without disturbances. However, ensuring a finite upper
bound /), remains challenging. As a result, most stability analyses based on these conditions are independent of £,
leading to conservative designs. Therefore, in event-triggered sampling, it is essential to design an event-triggering
condition that considers both ¢,, and ¢, which is the key motivation for this study.

This paper investigates the problem of event-triggered stabilization of a class of nonlinear networked systems. A
novel event-triggering condition is introduced as

T(t) = / et(r)e(r)dr — ooz (s) 2x(s1) > 0,

Sk

leading to a novel event-triggered sampling scheme (ESS). A key feature of .77 (t) is its monotonic increase with
respect to time ¢. It is proven that this scheme not only prevents Zeno behavior but also provides an explicit
expression for the minimum inter-event time. Comparative analysis demonstrates that this scheme is more suitable
than some existing ones, particularly when the signal varies slowly. Moreover, the monotonicity of .7 (t) ensures that
the sampling intervals are upper bounded under the proposed ESS, in line with the principle of Nyquist-Shannon
theorem. Next, a looped functional tailored for the ESS is constructed. By employing the looped functional
method [30], a sampling-interval-dependent criterion is derived to ensure that the closed-loop system under the
ESS is asymptotically stable. Moreover, the obtained criterion facilitates the co-design of both a suitable control
gain and a weighted matrix in the ESS. Finally, a practical system is given to demonstrate the effectiveness of the
proposed method.

Notations. Throughout this paper, col{---} means a column-block vector and diag{---} a diagonal matrix.
He{A} = A+ AT. R is a set of real number and Z>o (Zso) a set of non-negative (positive) integers. Amin(Q)
(Amax(Q)) stands for the minimum (maximum) eigenvalue of Q. The symbol ‘*’ denotes a symmetric term in a
symmetric matrix.

2 Problem statement

Consider a networked system with a nonlinear physical plant described by

.’L'(So) = ¢07 (1)

{ @(t) = Ax(t) + Bu(t) + Cy(t, z(t)),
where x € R™ and u € R™ are the system state and system input, respectively; and ¢¢ is the system initial state.
The system matrices A,C € R"*™ and B € R™*™ are constant matrices. ¢g is the system initial state at ¢t = sq.
The nonlinear function g(¢, ) may be piecewise-continuous, mapping from R"*! to R”, in both arguments ¢ and
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2. This nonlinear function can be regarded as system disturbances or uncertainties. All one knows about it is that
it belongs to the following set S,,:

S, ={gt,z) :R"™ 5 R™ | g7 (t,2)g(t,2) < p*z"ATAz},

where p > 0 is a scalar and A is a known compatible real matrix. Clearly, ¢g(¢,0) = 0if g € S,. If g(t,x) is a
sector-nonlinear function, then the system (1) is called a Lur’e system. Thus, the system described by (1) includes
the Lur’e system as its special case.

The system (1) is fully investigated in [31]. Its aim is to design a suitable controller u(t) = Fx(t) as well as
maximize the parameter p such that the resulting closed-loop system is asymptotically stable for Yg(¢,z) € S,.
Under network environments, this problem is addressed in [32,33] to investigate how the network-induced delays
and packet loss affect the allowable upper bound of p. In this paper, we focus on the stabilization problem of the
system (1) under an event-triggered sampling scheme.

Suppose that the system state is available for state feedback control. The control signals are computed on the
basis of sampled state. Let the sampling instants be {s1, $2,..., 8k ...} with limg_,~, sx = co. Then the control
signal is given by

u(t) = Fa(sk), sk <t < Sgt1, (2)

where F'is the control gain. Under the controller (2), the resulting closed-loop system associated with (1) reads as,
for k € Z>0

#(t) = Ax(t) + BFx(sk) + Cg(t,z(t)), s <t < Spy1- (3)
In what follows, we introduce a novel ESS to calculate the sampling instants {s1, s2, ..., Sk, - . .}, which is given
by
= k=0
ESS1: { FTO ’ (4)
Sk4+1 = inf{t > Sk |ﬂ(t) > O}, k> 1,
where
t
T(t) = / eT(0)2e(0)d0 — ooz (51) 22 (s1), (5)
Sk

e(t) = a(t) — x(sk) (6)

with 2 > 0 being a weighted matrix and oy > 0 a threshold.
The ESS1 involves an integral term f:k eT(0)2e(0)dd, which can be rewritten as f:k |22 ¢()||2df. Thus, the

integral term is the integral of the square of the weighted error norm || 2z e(6)|, which is monotonically increasing
with respect to time. The main idea behind the ESS1 is that it triggers an event once the accumulation of | 22 e(6)]|2
reaches or gets across over a fixed value of ooz™(s;)2x(sk). It is a more reasonable way to trigger an event [34].
However, several questions arise:

(i) Under the ESSI, is the Zeno behavior excluded?

(ii) What are the advantages of the ESS1 compared to some existing ones?

(iii) How is the event-triggered condition 7 (t) > 0 integrated in the stability analysis of the closed-loop system
(3)?

This paper provides some solutions to the questions above. The problems to be addressed in this paper can be
stated as follows.

e Insightful analysis of the ESS1. Prove theoretically that the Zeno behavior does not occur when ESS1 works,
and provide evidence to show the advantages of the ESS1.

e Stability analysis. With the ESS1, for a given control gain F', seek a stability criterion for (3) to ensure the
parameter p as large as possible.

e Control design. For a given threshold oy, co-design a proper control gain F' and a proper weighted matrix 2
such that the closed-loop system (3) is asymptotically stable for Vg € S, with p being as large as possible.

To end this section, we introduce Lemma 1.
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Lemma 1 ([35]). Let Ry and Ry be two symmetric positive definite real matrices. For the state vector x(t) and
the sampling instants s; and sx41, the following inequalities hold:

- /t T (v)Ryd(v)do < —

Sk

1
p— X1 ()05 RaToxa(t),
o

Sk+4+1
- / 7 (0) ot (v)dv < — W OTE R Toxa (1),
t

Sk+1 — t

where R; = diag{R;,3R;,5R;} (i =1,2)

I -1 0 O
To=|1 T =21 0 |,
I -1 —61 121

w0 =cot{at.aton). [ Ha0, [ L2050,
x2(t) = col {x(8k+1),x(t), /:Hl ﬂdv, /jkﬂ wdv}.

Sk+1 — t (Sk41 —1)?
Lemma 2 ([36]). Let ¢(t) € W[a, b] satisfy ¢(a) = 0. Then for n x n real matrix R > 0 the following inequality
holds:

b . 2 b
/a GRS > g5 / 67 (5)Ro(s)ds. (7)

3 Insightful analysis of the ESS1

In this section, we make some insightful analyses to show the advantages of the ESS1.
3.1 Exclusion of Zeno behavior

For an event-triggered sampling scheme, the Zeno behavior means an infinite number of events over a finite time
period. Thus, to avoid the Zeno behavior, the inter-event time between two consecutive events should be strictly
greater than zero. For the ESS1, we have the following conclusion.

Theorem 1. Let s, be the latest sampling instant for the system (3). The next sampling time sg41 is calculated
by the ESS1. Then the time interval s;41 — sx between two sampling instants si and sg1 satisfies

s [oom2xT (s) 2x(sk)
Sk+1 — Sk > \/ /2(81@) , (8)
where
N (s1) = 2(| 28 Al + p|| 25 C|||A]) Xs, + 2[|2% BF|||(s1) |, (9a)
X, = max |z(t)]. (9b)
te[sk,Sk+1)

Proof.  Suppose xz(s;) # 0 for k = 1,2,... (otherwise, finite-time stabilization is achieved). From the ESS1 (4),
one has 7 (sg4+1) > 0. That is

Sk41
/ e () 2e(t)dt > ooz (s1)2x(sp). (10)
Sk
Note that e(t) = z(t) — x(s). Clearly, e(t)|t=s, = 0 and é(t) = &(¢). Employing the Wirtinger inequality (Lemma
2), one has

7.[2

/ T W20 (at > 3 / e ) 2e(t)t. (11)

sk A(spr1 —sx)? Js,



Zhang X-M, et al. Sci China Inf Sci May 2026, Vol. 69, Iss. 5, 152201:5

Following from (10) and (11) yields

- ooz (sg) 2z (sk)
4 [T i () Qi (t)dt

(Sk-i-l - Sk)2

Note that from (3), #(t) = Ax(t) + BFx(sx) + Cg(t,(t)). Then

<127 Ax(t)|| + || 22 BFa(sy,)|| + || 22 Cy(t, 2(1))]|

< |22 Ax(t)|| + |22 BFz(s)|| + p]| 22 C| || Ax(t)]]

< (|22 A] + pl| 22 C||A]) X, + 22 BF||||z(s)]- (13)

|22 i(t)]|

Then it follows from (12) and (13) that

ooz (sy) 2z (sk)
(s = 1) > N 2(sk) ’

where A (s) is given in (9a), which leads to (8).
Next, we prove by contradiction that Zeno behavior is excluded. Suppose that Zeno behavior occurs. Then for
arbitrarily small positive number € > 0, there exists a sufficiently large integer k* such that

Sp+1 — Sk < €, Vk > k™. (15)

In this situation, from (9b), one has X, = max,c[s, ., ,) |7(t) || < maxie(s, .40 [|2(1)]] = |(sk)]| due to arbitrarily
small e. Thus, from (14)

007T2Am1n( )z (sk) |12
A(| 22 A|| + p| 22 C|l|IAll + |22 BF|)? [l (sk)|1?
A oQTt )\min(o@)
A(| 22 Al + pll2=C|l|A] + |22 BF|))>

(sk41—s6)® >

(16)

:60

which is in contradiction with (15) if choosing € = ¢/€y > 0. This completes the proof.

Remark 1. Theorem 1 provides an explicit expression for the lower bound of the sampling interval sg1 — sg,
which depends on the system state at si, system matrices A, B, F' and the event-triggering parameters oq, 2.
Moreover, with this expression, it is proven that Zeno behavior is excluded under the ESSI.

3.2 Comparison with some existing event-triggered schemes

In this section, we make comparisons with some existing event-triggered schemes. Event-triggered schemes usually
involve the following event-triggering conditions [1,22,25]:

A(t) = e (1) 2e(t) — oo™ (1) La(ty) > 0, (17)

T(t) = / et (r)Qe(r)dr — /t oox" (1) Qz(r)dr > 0, (18)
T5(t) = / et (r er/ rYdr — ooz (s) 2 (s)) >0, (19)

and the so-called dynamic event-triggering condition [29]
Ta(t)=n(t) + Oloox™ (1) 2x(t) — € (t) 2e(t)] < 0, (20a)
0(t)==B((t) + ooa™ () 2x(t) — e () Le(?), (20b)
where ((+) is a locally continuous Ks-class function and 6 is a positive real number.
We now compare 7 (t) (i =1,2,3,4) with 7 (t) in (4) from the following aspects.
First, an explicit expression for the lower bound of the inter-event time can be derived based on 7 (t). However,

when considering 7 (t) and 5(t), the lower bound of the inter-event time is typically implied by a certain scalar
differential equation, see, e.g., [1,22]. In [25], it seems that the event-triggered scheme with Z5(t) > 0 also provides



Zhang X-M, et al. Sci China Inf Sci May 2026, Vol. 69, Iss. 5, 152201:6

an explicit expression for the inter-event time, but this expression depends heavily on the estimation of Taylor
expansion.
Second, 7 (t) is a monotonically increasing function while 7 (¢) (i = 1,2,3,4) may not. To show that, one has

F1(t) = 2T (1) 26(t),
D(t) = €T (t) 2e(t) — ooz (t)Dx(t),

T3(t) =27 (1) 2 / te(@)d@,

Ta(t) = =B(n(t)) + ooz (1) 2a(t) — €T (t) 2e(t)
+ 0 [2002T (t)Zi(t) — 2T (t) 2E(t)] -

From above, it is clear that determining the sign of .Z;(t) (i = 1,2,3,4) at any time t € [sy, Sx11) is not straight-
forward. Specifically, for <74(t), it seems that one could select a sufficiently large Koo-class function §(-) to ensure
Ta(t) < 0 for Vt € [s, sp+1). However, this choice of 5(-) may not be permissible due to that 7(t) can be interpreted
as a filtered value of ooz (t)2x(t) — et (t)2e(t) [29]. .

Now, we turn to 7 (¢) in ESS1 (4). Taking its derivative yields 7 (t) = e™(t)Ze(t) = 0 due to Z > 0, which
means that .7 (t) is monotonically increasing for ¢ € [sg, Sp41)-

Compared with the Z(t)-based ESSs (i = 1,2,3,4), the monotone increment property of 7 (t) provides several
inherent advantages for the ESS1 (4).

e Since Z;(t) (i = 1,2, 3,4) are non-monotonic functions, .7 (t)-based ESSs may remain inactive when the signal
variations (or errors, i.e., e(t)) are not large enough to trigger the next event. Nevertheless, ESS1 performs effectively
in this scenario. As long as the error e(t) is nonzero, the accumulation of e (t)Ze(t) contributes to the value of
o0z (sk)Zx(s1), definitely leading to a new event trigger.

e The monotone increment property of 7 (t) prevents the ESS1 from exhibiting Zeno behavior. Zeno behavior
implies that time ¢ becomes stuck at a certain point. However, provided e(t) # 0, the monotonic increase of .7 (t)
ensures that time ¢ progresses forward such that .7 (t) > 0, effectively eliminating the possibility of Zeno behavior.

e The monotone increment property of .7 (t) ensures that the sampling intervals siy; — s; under ESS1 are
upper-bounded if e(t) # 0, aligning with the principle of the Nyquist-Shannon theorem. In fact, Z(t) < 0 for
Vt € [sk, Sk+1). By the integral mean-value theorem, there exists an s} € (sg, sk41) such that

(sk41 — sk)et (s5)Pe(sy) = /S’c+1 et (1) Ze(r)dr < ooz (s) Da(sk),

Sk

leading to
o ooz (sy)Dx(s1)
FEE S T (s) Ze(s)

However, Z;(t)-based ESSs do not guarantee an upper bound on the sampling intervals sg41 — sx. This explains
why most of the results in event-triggered control do not take into account the upper bound of sampling intervals.
Third, specifically, we compare ESS1 with the .7 (¢)-based ESS. At first glance, ESS1 may seem to be a special
case of the 74 (t)-based ESS when choosing n(t) = f:k eT(r)Ze(r)dr and setting 8(-) = 0. However, it is not true.
e On one hand, as noted in [29], setting B(-) = 0 is not allowed since S(+) is a K-class function.
e On the other hand, even if we hypothetically set 3(-) = 0, taking the derivative of n(t) gives 1(t) = eT (t)Ze(t).
In this case, the corresponding event-triggered condition reads as

(21)

Tu(t) = /t et () Ze(r)dr + 0eT () Ze(t) < 0. (22)

t

It is clear that the inequality (22) holds only if e(t) = 0 for V¢ > ¢, due to 2 > 0. As a result, no event will be
triggered under condition (22), making the ESS ineffective.

4 Stability analysis

In this section, we utilize the looped functional method to analyze the stability of the closed-loop system (3). We
introduce a novel approach for integrating the event-triggered scheme ESS1 into the analysis of system stability.
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To proceed, we introduce some vectors as

91(t):/t ) 4o, 92(t):/:k+1 _2v) g4,

Sk t— Sk Sk+1 — t
0(t) = (t — 5)01(1), 0a(t) = (sr1 — D)0a(8),

)
20 =/S:“L)f”>(;’)dv, 96@):/:’““(8“1—_1%@)@
)

(skt1 —1)?

07(t) = (t — sk)05(t), Os(t) = (sk+1 — t)bs(1),

gl(t) = CO]{CL‘(t),.’L‘(Sk),,T(Sk 1) ( )7 ( )797( )798(t)}7

s2(t) = col{e(t),05(), 07(1)}, e(t) = x(t) — x(s),

s3(t) = col{e@(t), 04(t), 0 (1)}, w(t) = x(spr1) — x(t),

§(t) = col{i(t), 1(2), 01(£), 02(t), 05(t), 6 (1) } (23)

V() = 2" (t)Pa(t) + Vi(t) + Va(t) + Va(t) + Va(t), (24)

where

T
o | Skt — t)s2(t) T
Vi(t) =2 [ (t— s)5(0) ] S161(t) + 265 () Sas3(1),

Va(t) = (t — sx)(skp1 — 1) [ w(sk) ] 5, [ :(C(sk) ] |

T(Skt1) T(5k+1)

Vo(t) = (sps1 — 1) / T (0) Rud(v)dv — (¢ — ) / T T () Ry (v)do,

Sk t

t
Va(t) = —(sk41 — t)/ et (v)Qe(v)dv. (25)
Sk

Remark 2. It is not difficult to verify that V;(sx) = V(sk41) = 0 (j = 1,...,4). Thus, V;(t)’s are looped
functionals. It should be pointed out that Vy4(t) is inspired from the event-triggering function 7 (¢) in (5) in the
ESS1. Therefore, we call V(¢) an ESS-dependent Lyapunov functional.

For convenience, we set {, = sp+1 — si, indicating the time interval between two consecutive sampling instants.
From the insightful analysis of the ESS1 in the previous section, it is reasonable to suppose that there exist two
positive numbers ¢, and £y such that ¢, < £ < Uy for k € Zxy.

Now we establish and state the following result.

Proposition 1. For given scalars p, £,,, {pr with p > 0 and £ > £, > 0, a threshold g > 0 and a certain control
gain F, the system (3) is asymptotically stable for Yg(t,z) € S, if there exist real matrices P > 0, Ry > 0, Ry >
0,2 > 0, real matrices Sy, S, S3, M1, My, L1, L2, X, and a scalar variable A > 0 such that, for ¢y € {l,,, {n}

[Q0 + 0.1 XC ApeTAT 0, MT ]

-\ 0 0
Y= * <0, (26)
* * - 0
* * * —lk Rz |

[Q0 + 06 XC ApelAT 0, M ]

* -\ 0 0
Tg = < 07 (27)
* * -\l 0
L * * * —kR |
where ¢; (i = 1,2,...,12) are row-block vectors with the ith entry being an identity matrix and the others zero

matrices, and

Qo = He{es Pey + g3 Saps + 94 S205 + (93 Ly — 93 11 )S1p1
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+ 300 My + pa Ty My + X (Aes + BFe3 — e1)

+ Licol{es, er} + Lacol{eg, eg}} + aoegTQeg, (28)
Q= He{pgflTSl P2+ pEI;FSlpl — Lycol{eqy, 612}}
+ ed e])S3[ex el ]t — (ea — e3)T2(e2 — e3) + €] Rye, (29)
Qy = He{ng2 S92 + pa I} S1p1 — Licol{eg, 611}}
—[e3 ei]Ssles ef]” + el Roey (30)

with Z; = [I 0], Z, = [0 I]T and

01 = C01{62,63,€4,65,66,67,68},

Q2 = 601{61, O, 0, €2, —€2,€9 —€11,€12 — 62},

p3 = col{ea — e, e5,e7}, o4 = col{er,ea,e9 —e11},

5 = C01{64 — €2, €g, 68}, 06 = col{—el, —€2,€12 — 62},

p7 - C01{82, €3, €9, 611}5 @8 — C01{€4; €2, €10, 612}-
Proof. First, note that
016(1), <1(t) = p2£(1), 2(t) = p3€(t),
) ), <

)=
$2(t) = pa(t), <3(t) = ps&(t
x1(t) = pr€(t), xa2(t) = ps&(t).

Then taking the derivative of V;(t) (i = 1,2, 3,4) yields

Vi(t) = 2§T(t)[ 3 S206 + 91 S205 — 93 L1 S101 + 93 Ly S11
+ (skt1 — ) (3 I S102 + 94 L) S1901)
(= ) (93 TF 192 + U TE S11) | €00, (31)

Vo(t) = €7 ()] (ser = 0)led eXISsled eI = (¢t = su)led efISsled ed]" he(v), (32)

Vs(t) = (spe1 — )& T () Rya(t) — / iT (v) Ry (v)dv

Sk

Sk41
+ (t — sp)@ " (t) Ror(t) — / T (v) Ry (v)dw,
t
t
Va(t) = / eT(v)Qe(v)dv — (spy1 — t)eT () 2Le(t).
Sk
For the integral terms in Vs (t), employ Lemma 1 to get

_ /t T (v)Ry&(v)dv — /S’c+1 T (v)Roz(v)dw

Sk t

I'TRLT I'TR,T
< €100 [P R pr 1 2R
— Sk Sky1 — 1
<O [(srp1 — )M Ry My + (t — s3) MT Ry My)JE(t)

+EN (1) (207 Tg My + 205 g Ma)&(1).
The last symbol ‘<’ is obtained using the affine version of Lemma 1. Then
Vs(t) <€) |(sn11 — el Rier + MIR; ' My)
+ (t — si)(ef Roer + MR M)
+ 207 T My + 205 Tg M |€(1). (33)
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From the ESS (4), for t € [sk, Sk+1), one has

/t eT(v)Qe(v)dv < ooz (s) 2x(sk). (34)

Sk

Thus,
Va(t) < ooz (s)2x(sk) — (sp1 — t)eT () e(t)
= " (t)[ooes Les — (sky1 — t)(e2 — e3)" 2(e2 — e3)]E(1). (35)

On the other hand, it is clear that

which leads to, for L; € R27X2" (j =1,2)
267 (t) Ly [col{es, ez} — (t — sp)col{eq, e11}]£(t) =0, (36)
26T (t) Ly [col{eg, es} — (shy1 — t)col{eio, e12}] £(t) = 0. (37)
From the system (3), for X € R'2"X" the following holds:
26T () X [(—e1 + Aeg + BFe3)é(t) + Cyg(z,t)] = 0. (38)
Due to g(t,z) € S,, for a nonnegative real number A > 0, one has
0 < AT (D)eg AT Aest (1) — Ag™ (t,2)g(t, ). (39)

To sum up from (31)-(33) and (35)—(39), together with (24), the estimation on the derivative of V'(¢) can be
given by
V(1) <ET() [To + (sk1 — )T + (¢ — s)T2] €(1)

+267 (1) X Cgla,t) — Ag™ (¢, 2)g(t, z)
T

_Skt1 — t| &) Jo+ 4,01 XC &(t)
C g(t,x) CTXT  —\I |g(t,)
T
t— t o+ 32 XC t
+ Sk 5( ) 0 i kT 2 5( ) , (40)
Ce |g(t,z) C "X+ =X |g(t,x)
where Jo = Qo + A\p?es AT Aey and
:1291+M;R51M2, JQZQQ—I—MFRIlMl.
By the Schur complement, if the matrix inequalities (26) and (27) are satisfied, then
jo-l—gkjl XC :o—l—éka XC
: <0, (41)
CTXT ) CTXT -\

which lead to V(t) < 0 for £, € [, £s]. Therefore, applying [30, Theorem 1], we can conclude that the system (3)
is asymptotically stable for Vg(t, z) € S,.

Remark 3. Proposition 1 presents a robust stability criterion for the system (3) with g(¢,z) € S, under the event-
triggered sampling scheme ESS1. One of novelties of Proposition 1 is the introduction of the looped functional V,(¢),
which establishes a seamless connection between the event-triggered sampling scheme ESS1 and the system stability
analysis. Moreover, Proposition 1 depends closely on the parameters oq, £,,, £3; and p. Given a control gain F', the
maximum allowable bound £,; can be determined for fixed values of o¢, ¢, and p. Similarly, the maximum bound
for p can be obtained for fixed values of g, ¢,, and £j;.
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5 Control design

In this section, we devise an algorithm to design both the control gain F' and the weighted matrix 2 involved in
the ESS1, based on Proposition 1. Note that from Proposition 1 the control gain F' is only coupled with the matrix
X. Thus, we employ a parameter tuning approach for this purpose.

In Proposition 1, we introduce two tuning parameters €1,c2 € R such that

X = (61 + €169 + 6263)TXT, (42)

where X € R™*". Then we can prove that the matrix X is nonsingular if the matrix inequalities Y1 < 0 in (26)
and Ty < 0 in (27) are satisfied. In fact, note that e;(Qo + £xQ1)el = =X — XT + 4, Ry. If T; < 0 holds, then

Qo + 09, <0, leading to —X — X T + ¢, R, < 0. Hence, the matrix X is invertible. This observation immediately
yields the following result.

Proposition 2. For given scalars p,{,,, y with p > 0 and £y > £, > 0, a threshold og > 0 and £1, 2, the
system (1) is asymptotically stabilizable for Vg(t, x) € S, under the event-triggered controller (2) with F =Y X!

if there exist real matrices P > 0, Ry > 0, Ry > 0, 9> 0, real matrices Sl, Sg, 5’3, Ml, Mg, Ll, Lg, X Y, and a scalar
variable A > 0 such that, for ¢y € {£,,, KM}

[0 + 0,01 AT C peT XTAT 0, M|
- * =Y 0 0
' * .Y 0

* * * —é;ﬂig

[Q0 + 0.5 A\pTC peT XTAT 0, M|

N Y 0 0

Yo | 7 . <0, (44)
* * -\ 0
* * * —é;ﬂil_

where pg = e1 + 165 + e32e3, R, = diag{Ri, 3R;, 5]:21} and

Qo = He{eg Per + 93 Saps + 93 Saps + (p3 I3 — 9321 ) S191
+ o T M, 4 i TT M, + pf (AXeq + BY ez — Xey)
+ zlcol{e5, er} + igcol{eg, eg}} + ooeggeg,
Q= He{pglnglpg + p}Iirglpl — f)gcol{elo, 612}}
+[e3 ef]Ssles ef]" = (e2 — e3) " D(e2 — e3) + ef Ruen,
Qs = He{p5 12 Slpg + pglgglpl — f)lcol{eg, 611}}
—[e3 €1193]e3 ef]™ + el Ren,

and the other notations are the same as that in Proposition 1.

Proof. For the specific matrix X given in (42), we define a congruent transformation matrix 7 = diag{T1, I, I, 72}
with

Ti=2 el X es, To=diag{X ", X1, X'}
Let
Ty diag{ P, 2} T3 =diag{ P, 2}, Ts=diag{X ", X'},
(diag{Tz, T2 }) " S1diag{Ts, T3, T3} = S1, To SoTs = Sa,
TLS5Ts = Ss, To'diag{R1, Ry} T3 =diag{R1, Ry},
TEM;T5 = M;, TELTs = Li, (i=1,2),
X '=X\x'=)Y=FX.
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Then it is not difficult to verify that
T T <0 <= T;<0(i=1,2),

where T; and Ty are defined in (43) and (44), respectively. The proof is thus completed.

Remark 4. Proposition 2 provides an algorithm to design a suitable event-triggered control gain F' = YX-1
together with the weighted matrix 2 = X-T2X~!. This algorithm is linearly dependent on the upper bound ¢,
of sampling intervals ¢;’s and the upper bound p related to the set S,. For a given £, the local optimal value pax
can be derived from Proposition 2 by tuning two parameters £; and 2. A numerical optimization algorithm, such
as fminsearch in the optimization toolbox, can be used to find an optimal combination of these tuning parameters
g1 and es.

With Proposition 2, an implementation of the ESS1 is given in Algorithm 1. From this algorithm, one can see
clearly that the ESS1 works well even if the system under study is approaching its steady state.

Algorithm 1 Implementation of the ESS1.

Input: System matrices A, B, C and A and a threshold og and the lower bound 4,,.
Step 1. Find the local optimal values of £5; and p by solving the following optimization problems OP1 for fixed p and OP2 for fixed £;:

OP1: max_ {n subject to (43), (44), (45)
£1,60€R

OP2: max p subject to (43), (44). (46)
€1,e2€R

Step 2. Co-design the weighted matrix 2 in the ESS1 and the control gain F' using Proposition 2 with the local optimal values of p and £as
from Step 1.
Step 3. Trigger the next event at t = sgpy1

Sk41 :min{sk +€M,inf{t>sk|‘9(t) >O}}. (47)

6 Numerical examples

In this section, we verify the advantages of the proposed results over some existing ones through two practical
systems.

Example 1. Consider the batch reactor model [37] with its state space description given as (1) with C' = 0 and

138 —0.2 6.71 —5.67 0 0
|-058 -429 0 067 567 0
| 1.06 427 —6.65 589 | |1.13 —3.14

0.04 427 134 —2.1 113 0

From [38], the controller u(t) = Fz(t) can stabilize the system, where

P 0.1006 —0.2469 —0.0952 —0.2447
1.4099 —0.1966 0.0139 0.0823 |

The initial state is set as zg = col{6sin(0.5), 6 cos(0.5),1,9}.

We present this example to demonstrate the effectiveness of the proposed event-triggered sampling scheme ESS]1.
To this end, we compare it with event-triggered schemes using the conditions .7 (t) > 0 defined in (17)—(19).

Let 2 =1 and o9 = 0.1. The system responses and sampling intervals are plotted in Figures 1-4, respectively,
under the event-triggered sampling schemes with 73 (t), %(t), Z3(t), and ESS1. The corresponding number of
triggered events is 108, 74, 61, and 40, respectively.

From these figures, it can be observed that under ESS1, the system reaches its steady state almost simultaneously
with the event-triggered schemes using 7] (t) > 0 and Z,(¢t) > 0, while the number of events triggered is significantly
lower compared to event-triggered schemes using .71 (t) > 0 and Z5(t) > 0. Although the event-triggered scheme
with Z3(t) triggers fewer events during the time period [0, 30] s, the system requires much more time to reach its
steady state.
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Figure 1 (Color online) State responses and time-intervals from the Figure 2 (Color online) State responses and time-intervals from the
event-triggered scheme with 71 (t) in (17) for Example 1. event-triggered scheme with Z5(t) in (18) for Example 1.
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Figure 3 (Color online) State responses and time-intervals from the Figure 4 (Color online) State responses and time-intervals from the
event-triggered scheme with Z3(t) in (19) for Example 1. event-triggered scheme ESS1 for Example 1.

Example 2. Counsider a practical system comprising two identical pendulums that are coupled by a spring, as
depicted in Figure 5 [31]. Its equations of motion are given as

mi6, = mglh; — ka*(6, — 02) + uq,
mi?y = mglly — ka® (02 — 01) + us.

Set x = 001{91,91,92,92} and u = col{uj,uz}. Suppose that the spring can move up and down the rods of
the pendulums in sudden jumps of unpredictable size and direction, between the support and a height p. This
implies that the time-varying parameter a(t,x) is a piecewise continuous function in both time and state such that
0 <a(t,r) < p. Let g(t,z) = a(t,x)r and set g/l = 1, 1/(mi?) =1, and k/(mi?) = 1. Then the dynamic equations
of the system can be described as (1), where

0100 00 0000

1 1 -10 1
A OOO,B: 0702 0 0

0001 00 0000

0010 01 1 0-10
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Figure 5 Inverted pendulums. Figure 6 (Color online) State responses for Example 2 under ESS1.
Table 1 The obtained pmax of p for different £as (£, = 107°).
Oy = 0.15 Ly = 0.2 £y = 0.25 ly = 0.3 £y = 0.35
Pmax 2.59 2.02 1.63 1.33 1.11

This system is studied in [31]. The aim is to design a suitable state feedback controller such that the resultant
closed-loop system is asymptotically stable with p being as big as possible. By introducing a decentralized state
feedback controller, it is found that the system is stabilizable for Vp < pmax = 1.

Now we turn to the event-triggered control scheme ESS1 to consider the problem above. For £,, = 1072, ¢3; = 0.25
and op = 0.2, applying Proposition 2 with £ = 1.5 and g5 = 2, a local optimal value pyax of p can be obtained as
Pmax = 1.63, which is much larger than the one from [31]. Moreover, the corresponding weighted matrix 2 and the
control gain F' can be co-designed as

[0.1097 0.0904 0.1092 0.0904
9_ 0.0904 0.1142 0.0904 0.1141
~10.1092 0.0904 0.1097 0.0904 | ’

10.0904 0.1141 0.0904 0.1142

[—5.0840 —4.7767 —0.0169 0.3480

F= .
|—0.0169 0.3480 —5.0840 —4.7767

Under the controller obtained above, according to Algorithm 1, the state responses are plotted in Figure 6, where
sampling intervals are also given. It is clear that the closed-loop system is asymptotically stable for Vp < 1.63.
Moreover, Table 1 lists the maximum pp,ax for different values of £); obtained by Proposition 2 with 09 = 0.2,e; = 1.5
and e = 2. From this table, one can see clearly that, as the sampling intervals /5, grows, the allowable upper
bound of p decreases.

7 Conclusion

This paper has addressed the problem of event-triggered stabilization for a class of nonlinear networked systems.
Based on the integral of the error vector’s norm, a novel event-triggered sampling scheme has been proposed. It
has been proven that this scheme not only eliminates Zeno behavior but also performs more effectively, especially
when the system signal exhibits little fluctuation. Then, a novel looped functional tailored to the proposed event-
triggered scheme has been constructed to formulate a sampling-interval-dependent robust stability criterion for the
closed-loop system. Utilizing this criterion, an algorithm has been presented for the co-design of control gains and
event-triggered parameters. Finally, two examples have been given to demonstrate the effectiveness of the proposed
method. In our future research, we will focus on the extension of the proposed ETS to multi-agent systems [39-41]
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and direct-drive-wheel systems [42].
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