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Abstract Time series data analysis plays an important role in numerous application domains, including medical diagnosis, solar energy

forecasting, and autonomous vehicle systems. A key characteristic of such data is the scarcity of labeled samples compared to the

abundance of available unlabeled data, which has driven increasing attention toward semi-supervised learning approaches for time series

analysis from both research and industrial communities. The widely-used virtual adversarial training (VAT) encourages model predictions

that are invariant to small input perturbations for a smooth distribution with better generalization. Although VAT performs well in

vision and language tasks, directly applying it to time series classification may corrupt key trend information, reducing its effectiveness

for semi-supervised learning with unlabeled data. To address the above challenges, we propose trend virtual adversarial training (tVAT),

which combines trend information extracted by Gaussian blurring and Lasso-inspired adversarial perturbations to effectively leverage

unlabeled data for better generalization. We further theoretically demonstrate that the perturbed input can flexibly explore sample space

without introducing spike-like anomalous patterns. Empirical evaluations show tVAT’s consistent superior performance over competing

baseline approaches in semi-supervised time series classification, achieving performance gains of up to 10.73%.
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1 Introduction

In recent years, time series analysis has garnered widespread interest in many critical areas, such as electrocardio-
gram data in medical diagnosis [1], accident driving scenarios in autonomous driving applications [2], reinforcement
learning [3], and power calibration in solar energy [4]. These applications typically involve scarce labeled data and
massive unlabeled data, making semi-supervised time series classification a promising research direction. Although
some methods have been proposed [5–10], existing methods struggle to effectively leverage massive unlabeled data
with scarce labeled data, resulting in overfitting where deep models fit the labeled data so well that they fail to
generalize to unlabeled data.

To alleviate the overfitting issue, a commonly used strategy is called consistency regularization, which enforces
that model predictions that should be invariant to small input perturbations to promote smoothness of the predictive
distribution. In particular, virtual adversarial training (VAT) [11] has shown promising performance in some specific
areas such as natural language processing [12]. VAT defines local distributional smoothness (LDS) within the
predictive distribution to generate gradient-based adversarial perturbations. However, a straightforward extension
of the VAT to semi-supervised time series classification has proven to be less effective [13]. This is because the
implementation of original adversarial perturbations may introduce spike-like anomalous patterns to disrupt key
trend patterns. Also, due to the fact that such adversarial perturbations are often task-specific, perturbations that
work for images or text may not be appropriate for time-series data, leading to degraded performance over unlabeled
data.
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Figure 1 (Color online) The proposed tVAT effectively smooths spike-like anomalous patterns, while capturing key trend information in the

heartbeat signal, thus helping medical experts in more accurate diagnoses.

To address the aforementioned challenges, we propose trend virtual adversarial training (tVAT) for semi-supervised
time series classification. Specifically, we extract the trend information by Gaussian smoothing and introduce Lasso-
inspired regularized adversarial perturbations to filter out spike-like anomalous patterns. We further theoretically
demonstrate that the perturbed input flexibly explores the input space. These efforts enable deep models trained
by tVAT to effectively use massive unlabeled data to yield a smooth predictive distribution with better general-
ization. We conduct extensive experiments across various semi-supervised time series classification tasks, including
three univariate and three multivariate tasks. The empirical results verify that tVAT achieves superior performance
compared to recent strong baselines. Furthermore, we provide qualitative and quantitative results to analyze the
behaviors of deep models in semi-supervised settings. Figure 1 shows that the proposed tVAT attenuates rapid
declines and abnormal peaks in heartbeat signals while preserving key periodic trend information, thus facilitating
domain experts in analyzing behaviors of deep models. Furthermore, we conduct detailed ablation studies to verify
the effectiveness of each component, such as an in-depth comparison of representative trend extraction methods.

In summary, our main contributions are as follows.

• We propose tVAT, which combines trend information extracted by Gaussian blurring with Lasso-inspired
regularized adversarial perturbations to leverage unlabeled time series data for better generalization.

• We theoretically demonstrate that the Lasso-inspired regularized perturbed input flexibly explores the input
space without introducing spike-like anomalous patterns.

• We conduct extensive experiments from qualitative and quantitative perspectives to verify the superiority of
tVAT over recent baselines across various datasets.

The paper consists of the following sections. Section 2 reviews related work. Section 3 introduces the preliminaries
of problem setups and VAT. Section 4 introduces the details of our proposed tVAT. Section 5 presents experimental
results to verify the effectiveness of tVAT. Finally, Section 6 discusses limitations and future work.

2 Related work

In this section, we review related work in several key areas, including semi-supervised time series classification,
trend analysis, and consistency regularization.
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2.1 Semi-supervised time series classification

Semi-supervised time series classification appears in various applications such as diagnosis of medical diseases [14],
electrocardiogram detection [1, 15], and reinforcement learning [3], which have received widespread interest from
industry and academia in recent years. Traditional statistical methods use the nearest-neighbor algorithm with
Euclidean distance for semi-supervised classification [16–18], yet are limited by their shallow architectures. In
recent years, deep learning-based methods have been increasingly applied in these areas. Some classical deep semi-
supervised learning methods from the image domain are transferred to the time series domain, but are limited by
the significant domain gap [13]. MTL [6] adapts multi-task learning for semi-supervised settings, taking time series
forecasting as an auxiliary task. Ref. [7] designs a novel architecture called TapNet, which integrates traditional
and deep learning-based methods to improve feature representation. Recently, SemiTime [8] has proposed a self-
supervised learning method, which matches past-future pairs to leverage unlabeled data. Class-aware temporal
and contextual contrasting (CA-TCC) [10] applies weak/strong augmentations for unlabeled time series data and
performs contrastive learning at the time/context level. Although these efforts reduce the dependence on labeled
data, further exploration is needed to leverage large-scale unlabeled data for better generalization.

2.2 Trend analysis

Trend analysis in time series data has attracted extensive attention from both industry and academia [19–22]. The
basic assumption is that each time series data can be decomposed into a trend component, a seasonal component,
and noise [23]. In this regard, traditional methods, such as exponential moving average (EMA) [24], fast Fourier
transform (FFT) [25], Savgol-filtering [26], and Gaussian smoothing [27], extract trend patterns from time series
data. Similarly, deep models including recurrent neural networks [28] and convolutional neural networks [29] use
trend information to improve performance in time series data. Recently, Semi-Time [8] incorporates trend in-
formation from unlabeled data to design additional self-supervised learning tasks, whose naive augmentation may
introduce spike-like anomalous patterns to degenerate performance. Thus, further research in effectively using trend
information to improve the performance of semi-supervised learning methods remains a critical and open challenge.

2.3 Consistency regularization

Both VAT and our proposed method fall into the category of consistency regularization [11], whose model predictions
should be invariant to input perturbations, thus encouraging smoother predictive distributions with better general-
ization [11,12]. In this regard, adversarial training-based methods have recently been applied in supervised learning
settings for specific time series datasets such as domestic financial markets [30,31]. While these efforts identify and
exploit critical trend information for better robustness, we focus on semi-supervised time series classification by
leveraging extensive unlabeled data for better generalization.

However, as shown in the Sections 3 and 4. Directly applying VAT to semi-supervised time series classification
fails to effectively capture key trend information of time series data. These observations inspire us to develop an
efficient method that prevents deep models from overfitting to limited labeled data while effectively utilizing trend
information for better generalization.

3 Preliminaries

In this section, we introduce the necessary preliminaries for our proposed methods. Subsection 3.1 introduces the
problem setup of semi-supervised time series classification. Subsection 3.2 introduces the direct extension of VAT.

3.1 Problem setup

Formally, we use {X1, X2, . . . , XN} ∈ X to denote the time series dataset, where X is the input space andXi ∈ R
T×C

is the ith sample with length T and dimension C. The dataset is univariate if C = 1 and multivariate if C > 1.
Xi,t denotes the feature vector at the tth step of the ith feature vector, and each Xi has a categorical label
yi ∈ Y = {1, 2, . . . ,K}. In semi-supervised time series classification, the partially labeled dataset D = Dl ∪ Du

consists of a labeled subset Dl = {(X l
i , yi)}

nl

i=1 and an unlabeled subset Du = {Xu
i }

nu

i=1, where nl ≪ nu and
nl + nu = n. The goal is to learn a mapping function fθ : X → Y from D, with the conditional probability
p(yi | Xi; θ) parameterized by the learnable θ. The key trend information in time series data (i.e., the temporal
dependencies of variables changing over time) often creates the complex input space and unsmooth predictive
distribution of deep models, especially for non-stationary time series with inherent noise. Consequently, deep
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models that are highly sensitive to small perturbations tend to overfit the labeled data and struggle to generalize to
unlabeled or new data. Thus, there is an urgent need to improve the generalization of deep models by incorporating
key trend information into adversarial perturbations.

3.2 VAT

In this subsection, we briefly review the original VAT [11], which improves the smoothness of predictive distribu-
tions by introducing perturbed input in local worst-case regions. Unlike traditional adversarial training limited
to supervised settings, VAT effectively uses unlabeled data to generate adversarial perturbations. Specifically, the
local distributional smoothness (LDS) is defined by the virtual adversarial loss:

LDS(Xi, ri; θ) = DKL(p(ŷi | Xi; θ) || p(ŷi | Xi + ri; θ)), (1)

where p(ŷi | Xi, θ) denotes the predictive distribution parameterized by learnable θ, and DKL is the Kullback-Leibler
(KL) divergence measuring the difference between two distributions [32]. The adversarial perturbation ri has the
same shape as the input Xi. We can approximate it by gradient descent iterations, since the closed form of ri
cannot be obtained directly,

ri = argmax‖ri‖26ǫ LDS(Xi, ri; θ), (2)

where ǫ is the hyperparameter controlling the perturbation norm determined by the validation set, and the average
LDS loss over the entire dataset D is defined as

Lvadv(D; θ) =
1

|D|

∑

Xi∈D

LDS(Xi, ri; θ). (3)

On the other hand, the cross entropy loss function LCE on the labeled dataset Dl is defined as

L0(D
l; θ) =

1

|D|

∑

(Xi,yi)∈Dl

LCE(Xi, yi; θ)

= −
1

|D|

∑

(Xi,yi)∈Dl

K
∑

j=1

yij log p(ŷij | Xi; θ).

(4)

The overall objective function consists of the supervised loss L0 on the labeled dataset Dl and the loss Lvadv on the
entire dataset D as

L = L0

(

Dl; θ
)

+ Lvadv (D; θ) , (5)

where the unique temporal dependencies of time series data limit the effectiveness of directly applying the original
VAT. As ri may introduce spike-like anomalous patterns that do not represent the worst-case perturbations, deep
models trained with the original VAT may struggle to generalize on unlabeled data.

4 Our method

In this section, we introduce the proposed tVAT, including the detailed implementation in Subsection 4.1 and the
fused Lasso regularizer with its theoretical properties in Subsection 4.2.

4.1 Trend VAT

To incorporate crucial trend information into the original VAT, we propose the tVAT, as shown in Figure 2. To
facilitate further analysis, Lvadv (D; θ) in (5) can be reformulated as

Lvadv(D; θ) =
1

|D|

∑

Xi∈D

LDS
(

Xi, X
tVAT
i ; θ

)

, (6)

where XtVAT
i represents the perturbed input incorporating trend information for the ith sample Xi. We replace

the KL divergence with the mean squared error, as a more effective logit learning strategy for LDS. Additional
theoretical analysis in other applications, such as knowledge distillation [33] verifies that the mean squared error
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Figure 2 (Color online) The overall training procedure of tVAT combines trend information extracted by Gaussian smoothing with the

Lasso-inspired regularized adversarial perturbation. Best viewed in color.

achieves better matching of logits or class probabilities than the KL divergence. The distance between Xi and
XtVAT

i is defined as
LDS(Xi, X

tVAT
i ; θ) = ‖p(ŷi | Xi; θ)− p(ŷi | X

tVAT
i ; θ)‖22. (7)

To explicitly incorporate trend information into adversarial perturbation, the perturbed input XtVAT
i combines the

trend component X̃i with the regularized adversarial perturbation rtVAT
i as

XtVAT
i = X̃i + rtVAT

i , (8)

where we extract the trend component X̃i by applying a Gaussian smoothing kernel Gσ2(·) [27] to the ith sample
Xi [34]:

X̃i = Gσ2 (Xi), (9)

where Gσ2(·) is the Gaussian smoothing kernel with isotropic noise variance σ2 as a hyperparameter. The Gaussian
smoothing kernel [27] filters out high-frequency anomalous patterns with only slight waveform distortion. Gσ2 (·)
balances trend information with detailed local information by setting a fixed optimal σ2. The corresponding ablation
in Subsection 5.4.2 also verifies the superiority of Gaussian smoothing over various representative trend extraction
methods, including EMA [24], FFT [25], and Savgol filtering [26].

For the adversarial perturbation rtVAT
i , we use the gradient approximation gi to tackle the high-order optimiza-

tion [35] as

rtVAT
i = η

gi

‖gi‖2
,

gi = ∇ri

[

LDS
(

Xi, X
tVAT
i ; θ

)

+Rs

(

Xi, X
tVAT
i

)]

,

(10)

where η is the step size. The additional regularization term Rs(Xi, X
tVAT
i ) adaptively smooths the perturbed input

XtVAT
i to avoid spike-like anomalous patterns and capture the underlying trend information:

Rs(Xi, X
tVAT
i ) =

1

2

T
∑

t=1

(

XtVAT
i,t −Xi,t

)2

+ λ

T−1
∑

t=2

(

(XtVAT
i,t−1 −XtVAT

i,t ) + (XtVAT
i,t+1 −XtVAT

i,t )
)2
,

(11)

where T is the total number of time steps, and hyperparameter λ balances the two terms of Rs(Xi, X
tVAT
i ). The

first term measures the squared error distance between the ith input Xi and the perturbed input XtVAT
i , while

the second-order difference term evaluates the local smoothness of XtVAT
i . The theoretical analysis in Subsection

4.2 ensures that the perturbed input XtVAT effectively explores the sample space without introducing spike-like
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Table 1 The definition of symbols in trend VAT.

Notation Definition

Xi The ith sample X
T×C
i

with length T and feature dimension C

yi The class label for the ith sample

X̃i The trend information extracted by Gaussian smoothing Gσ2 (Xi)

XtVAT

i The perturbation integrating the trend information X̃i with rtVAT

i

rtVAT

i The perturbation generated by (10)

Rs(·) The Lasso-inspired regularization term

fθ(·) The deep model fθ(·) parameterized by learnable θ

λ The hyperparameter to balance terms in the R(Xi, X
tVAT

i )

η The step size of stochastic gradient descent

anomalous patterns. The corresponding pseudo-code is provided in Algorithm 1. We also add a Nomenclature
Table 1 to clarify key symbols of tVAT.

Furthermore, interpretability is another crucial aspect of semi-supervised settings, particularly for domain ex-
perts to analyze unlabeled time series data in some high-stakes areas like medical diagnosis [1] and self-driving
applications [2]. The deep model trained by tVAT is expected to capture key features of time series data [36],
aligning with previous work that deep models with better generalization learn meaningful feature representations
closely aligned with human perception [37]. To further analyze the behaviors of deep models in semi-supervised
time series classification, we raise some questions, such as “Can adversarial training more effectively extract key
trend information?” or “Can adversarial training learn patterns across different label ratios?”. The empirical results
from both qualitative and quantitative perspectives in Subsection 5.3 show that tVAT effectively captures key trend
information within time series data to further enhance generalization on the unlabeled dataset.

Algorithm 1 Trend VAT for semi-supervised time series classification.

Input: Dataset D = Dl ∪ Du, hyperparameter λ, update steps N , number of epochs S, deep model fθ parameterized by learnable θ.

Output: The optimized model parameters θ.

Initialize: Initialize model parameters θ.

while not converged do

Sample {Xl
i , yi} from the labeled dataset Dl, and calculate the cross-entropy loss in (4) over Dl;

Sample Xi from entire dataset D;

Calculate the regularizer Rs(Xi, X
tVAT

i ) in (11);

Calculate the LDS(Xi, X
tVAT

i ; θ) in (7);

Calculate the ith perturbation rtVAT

i based on the LDS(Xi, X
tVAT

i ) and Rs(Xi, X
tVAT

i ) in (10);

Calculate the trend pattern X̃i and perturbation XtVAT

i for the ith sample Xi in (8) and (9);

Calculate the unlabeled loss Lvadv in (6) over the dataset D;

Calculate the total loss in (5) and update θ by stochastic gradient descent;

end while

4.2 Theoretical analysis

In this subsection, we analyze the Lasso-inspired regularization term R(Xi, X
tVAT
i ) to provide a theoretical guar-

antee for the flexibility of virtual perturbations XtVAT, suggesting that perturbation XtVAT can effectively explore
unexplored input spaces. To facilitate further analysis, the regularization term R(Xi, X

tVAT
i ) for the ith sample Xi

in (11) can be reformulated as

1

2

T
∑

t=1

(Xi,t −XtVAT
i,t )2 + λ

T−1
∑

t=2

(XtVAT
i,t−1 − 2XtVAT

i,t +XtVAT
i,t+1 )

2, (12)

where hyperparameter λ > 0 is crucial for balancing two terms in Rs(·). The first term measures the discrepancy
between Xi and XtVAT

i , and the second-order difference term evaluates the local smoothness of the perturbed input.
The objective function J (XtVAT

i ) for the ith perturbation XtVAT
i is reformulated as a matrix form in (13). For

simplicity, we denote X = Xi and XtVAT = XtVAT
i by omitting the subscript i for clarity.

J (XtVAT) = min
XtVAT

1

2
‖X −XtVAT‖22 + λ‖MXtVAT‖22, (13)
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where ‖u‖2 = (
∑

t µ
2
t )

1

2 represents the l2-norm, and M ∈ R
(T−2)×T is the second-order difference operator as

M =



















1 −2 1

1 −2 1

. . .
. . .

. . .

1 −2 1

1 −2 1



















. (14)

We set ∇J (XtVAT) = 0 with respect to XtVAT as

XtVAT + 2λM⊤MXtVAT = X. (15)

Thus, the optimal condition for the perturbation XtVAT is

XtVAT,∗ = (I + 2λM⊤M)−1X. (16)

Theorem 1. As λ → 0, XtVAT converges to the sample X with preserving diversity and satisfies the upper bound

‖X −XtVAT‖2
‖X‖2

6
32λ

1 + 32λ
. (17)

The proof details can be found in Appendix A.1.

Theorem 2. As λ → ∞, XtVAT converges to a straight line that best fits X as

XtVAT
t = α+ βt, (18)

where the intercept α and slope β are in the least squared form,














α =
S2SX − S1StX

TS2 − S2
1

,

β =
TStX − S1SX

TS2 − S2
1

,

(19)































































S1 =
T
∑

t=1

t,

S2 =

T
∑

t=1

t2,

SX =

T
∑

t=1

Xt,

StX =

T
∑

t=1

tXt.

(20)

The proof details can be found in Appendix A.2.
For small λ, the perturbation XtVAT converges to the original data while preserving diversity under the theo-

retical upper bound. As λ increases, the perturbation XtVAT becomes smoother, ultimately converging to a linear
regression that best fits the samples in the least squares sense. The Lasso-inspired regularization term Rs(·) pro-
vides a theoretical guarantee for the flexibility of virtual perturbations, verifying that XtVAT incorporates key trend
information without introducing anomalous spike-like patterns to efficiently explore sample spaces.

We further theoretically verify that the Lasso-inspired regularizer Rs(·) helps gradient-based adversarial pertur-
bations preserve low-frequency trend structure, thus stabilizing the training process in semi-supervised settings. To
facilitate further analysis, the regularizer Rs(·) in (11) can be reformulated as

Rs

(

Xi, X
tVAT
i

)

=
1

2
(di + rtVAT

i )⊤A (di + rtVAT
i ), A = I + 2λM ≻ I, (21)

where A is a positive-definite matrix. di = X̃i−Xi denotes the difference between the ith sample Xi and the trend
information X̃i.
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Table 2 The statistics of univariate and multivariate datasets in the UEA & UCR archive, including three univariate datasets and three

multivariate datasets.

Dataset Samples Length Dim Class

CricketX 780 300 1 12

UWaveGestureLibraryAll 4478 948 1 8

InsectWingbeatSound 2200 256 1 11

Heartbeat 409 405 61 5

NATOPS 360 51 24 6

SelfRegulationSCP2 380 1152 7 2

Theorem 3. Let gi = ∇ri

[

LDS(Xi, X
tVAT
i ; θ) + Rs(Xi, X

tVAT
i )

]

be the gradient in (10). Then the regularizer
part can be expanded in the spectral domain as

∇riRs = A (di + rtVAT
i ) =

F−1
∑

k=0

(1 + 2λµk) vk, (22)

where {vk}
F−1
k=0 are the orthogonal basis satisfying (

∑

k vk = di + rtVAT
i ), and µk = 4 sin4

(

πk
T

)

is the eigenvalue
associated with the kth frequency band. The proof details can be found in Appendix A.3.

Because µk increases monotonically with respect to k, the factor (1+2λµk) is larger in the high-frequency bands.
Consequently, these components of the gradient gi decay faster in the training process. Therefore, adversarial
perturbations r of tVAT retain low-frequency trend structures, leading to a more stable training process with better
generalization in semi-supervised settings.

5 Experimental results and discussion

In this section, we conduct comprehensive experiments to verify the effectiveness of our proposed tVAT. Subsection
5.1 describes the experimental setups, which include several real-world datasets. Subsection 5.2 compares tVAT
with other competitive baselines in multiple real-world datasets in semi-supervised and fully supervised settings.
Subsection 5.3 analyzes feature importance to interpret the behaviors of deep models from both quantitative and
qualitative perspectives. Subsection 5.4 shows the ablation studies, including hyperparameter analysis and evalua-
tion on various deep architectures to investigate the influence of each component in tVAT.

5.1 Experimental setup

5.1.1 Datasets

Following [8], we use six public univariate and multivariate time series datasets from the UCR & UEA time series
archive [38] to evaluate the effectiveness of our proposed tVAT. These representative datasets, which range from
simple to complex with dimensions from 1 to 61, are widely used in semi-supervised time series classification [8,13].
Each dataset is divided into training (60%), validation (20%), and test (20%) sets, and the raw datasets are scaled
into the range [0,1] for stability. We report experimental results on univariate datasets (CricketX, UWaveGesture-
LibraryAll, InsectWingbeatSound) and more challenging multivariate datasets (Heartbeat, NATOPS, SelfRegula-
tionSCP2). The statistics of these datasets are summarized in Table 2.

• CricketX [39]. The dataset contains gesture data corresponding to the position of the X axis collected from
accelerometers in 3D space. CricketX can be categorized into 12 classes, including gestures such as “Cancel Call”,
“Dead Ball”, “Four”, “Last Hour Leg Bye”, “No Ball”, “One Short”, “Out”, “Penalty Runs”, “Six”, “TV Replay”.
Both training and test sets contain 390 samples.

• UWaveGestureLibraryAll [40]. The gesture data library contains 4478 samples collected by the Nokia
search engine from users interacting with mobile phones through a gesture identification system. The training and
test sets contain 896 and 3582 samples, respectively.

• InsectWingbeatSound [41]. The Computational Entomology group at the University of California Riverside
releases InsectWingbeatSound for insect classification, including male and female mosquitoes, two types of flies, and
other insects. The training set contains 220 samples, and the test set contains 1980 samples. The overlap for each
second is 70%, which refers to the portion of data window shared or reused across consecutive windows when
segmenting time series data [23].
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• Heartbeat [42]. The Heartbeat dataset [42] released by the PhysioNet Challenge 2016 primarily includes
heart sound signals from volunteers in clinical or non-clinical environments. The signals are categorized into two
classes: “normal” (113 samples) and “abnormal” (296 samples). These sensors are placed in the aortic, pulmonic,
tricuspid, and mitral areas of adults and children.

• NATOPS [43]. The AALTD competition uses the NATOPS dataset [43]. These sensors collect data from
the hands, elbows, wrists, and thumbs. The dataset consists of position coordinates. The six categories represent
different actions: “I have to command”, “all clear”, “not clear”, “spread wings”, “fold wings”, and “lock wings”.
Both training and test sets contain 180 samples.

• SelfRegulationSCP2 [44]. The University of Tuebingen releases SelfRegulationSCP2 [44], which contains
EEG data with seven columns and 1152 rows. These sensors record signals of slow cortical potentials from auditory
and visual feedback. The training set contains 200 samples, and the test set contains 180 samples.

5.1.2 Metrics

Performance metric: accuracy. Following [8], we use accuracy as the primary metric to evaluate the per-
formance of deep models in the semi-supervised setting. The metric in (23) measures the proportion of correct
predictions relative to the total number of predictions, and is widely used in semi-supervised classification re-
search [5–7],

Accuracy =
Number of correct predictions

Number of all predictions
× 100%. (23)

Interpretability metric: AUSSL. To evaluate the interpretability of various semi-supervised learning methods,
we propose a novel metric called the area under semi-supervised learning (AUSSL) to analyze the behaviors of deep
models. Specifically, we generate feature importance maps F (X) [45] for deep models and rank each feature
according to its importance weight, where Fe(Xi,t) is the eth element in {Fe(Xi,t)}

T×C
e=1 . The top M% features

that satisfy
∑

s
e=1

Fe(Xi,t)∑
C
i=1

∑
T
t=1

Fe(Xi,t)
≈ M% are perturbed by Gaussian noise N (µ, σ2), where µ = 0 and σ2 = 0.1. Then

we adjust the percentage [1%, 2%, . . . , 10%] to generate the performance degradation curve and calculate its area
under the curve as AUSSL. A sharp decline in performance indicates that the perturbed features are critical for
correct predictions, while minimal changes in performance indicate that the perturbed features have little impact
on performance. Therefore, a lower AUSSL (i.e., the smaller area under the curve) indicates that the corresponding
semi-supervised learning methods can effectively capture key features like trend information for predictions.

5.1.3 Hyperparameters

We use stochastic gradient descent with a learning rate of 10−2. The batch size is set to 32 with a maximum
of 300 epochs. We use Gaussian smoothing with isotropic variance σ2 = 0.1 to extract trend information. Due
to the model-agnostic properties of tVAT, we empirically compare various deep architectures in Subsection 5.4.3,
and select an eight-layer temporal convolutional network (TCN) [46] as the primary backbone for evaluation. We
run our experiments on eight NVIDIA A10 GPUs (each with 24 GB memory). We further perform a grid search
to select tVAT-specific hyperparameters. We set σ2 = 0.1 for Gaussian blurring from the hyperparameter list
[0.01, 0.1, 1, 5, 10] and set λ = 1 in (10) from the hyperparameter list [0.001, 0.01, 0.1, 1, 10]. More details can be
found in the supplementary materials for reference.

5.2 Experimental results

5.2.1 Semi-supervised performance

Baseline. We compare tVAT with various strong baselines, including CA-TCC [10], SemiTime [8] and TapNet [7].
SupL only trains deep models on the labeled dataset. Pseudo-label [47] enlarges the labeled set with high-confidence
pseudo labels. Π model [48] enforces prediction consistency across random augmentations (i.e., flip [34]) via self-
ensembling. MTL [6] jointly optimizes a supervised classification task on the labeled dataset and an auxiliary
self-supervised forecasting task on the unlabeled dataset. SemiTime [8] introduces a self-supervised task to predict
temporal correlations and captures trend information to learn more discriminatory features. TapNet [7] refines the
class prototypes of an attention-based network by leveraging embeddings from an unlabeled dataset to improve
generalization. Class-Aware Temporal and Contextual Contrasting (CA-TCC) [10] applies weak and strong aug-
mentations especially for time series data, and performs contrastive learning at time/context levels. The extra
computational complexity of tVAT is O(N) with a small constant factor, consisting of extracting trend information
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Table 3 The accuracy (%) of various methods on the univariate and multivariate datasets across label ratio α ∈ {0.1, 0.2, 0.4}. We report the

mean and standard deviation over five runs. The best performance is shown in boldface.

Dataset Ratio SupL Pseudo-label [47] Π model [48] MTL [6] SemiTime [8] TapNet [7] CA-TCC [10] tVAT

CricketX 0.1 33.62±0.95 38.87±2.26 38.61±2.29 40.94±1.97 44.88±3.13 42.38±0.82 41.77±0.79 47.94±3.57

0.2 38.79±2.08 44.44±2.91 48.18±2.07 50.12±1.22 51.61±0.66 51.79±0.51 52.62±0.97 58.85±3.31

0.4 52.64±2.53 53.39±2.18 54.73±1.04 55.10±1.12 58.71±2.78 58.51±0.29 58.99±0.55 69.72±0.65

UWaveGesture 0.1 75.81±0.84 75.72±1.85 77.26±0.31 76.35±0.56 81.46±0.60 83.42±0.84 78.21±1.85 92.85±0.49

0.2 81.53±0.54 81.66±0.74 82.87±0.64 81.77±0.94 84.57±0.49 86.92±0.76 83.07±0.39 95.49±0.46

0.4 85.81±0.66 86.45±1.20 86.17±0.91 86.01±0.68 86.91±0.47 89.15±0.65 84.42±0.54 97.17±0.17

InsectWing 0.1 50.96±1.58 43.16±3.20 51.47±0.36 50.45±1.01 54.96±1.61 55.09±0.48 51.44±1.07 61.44±1.75

0.2 55.95±0.76 48.35±1.81 56.14±1.32 56.43±0.88 59.01±1.56 60.38±0.86 58.01±0.93 64.84±2.01

0.4 61.41±0.96 55.32±2.04 62.20±0.53 60.90±0.87 62.38±0.76 62.18±0.19 64.48±0.67 66.51±1.71

Heartbeat 0.1 65.99±0.68 70.27±0.70 64.07±0.50 71.79±0.61 70.31±2.64 68.19±1.52 73.69±1.19 76.59±1.82

0.2 68.68±0.46 71.73±0.50 71.93±0.70 72.61±0.52 71.15±0.64 72.49±0.35 75.03±0.04 75.79±0.68

0.4 72.31±0.53 73.28±0.70 73.73±0.16 74.95±0.24 72.04±0.59 74.57±0.50 76.42±0.47 78.59±1.37

NATOPS 0.1 63.40±0.90 70.90±3.40 73.90±0.40 73.85±0.74 75.48±3.43 73.60±1.38 72.22±1.30 84.64±2.75

0.2 80.64±1.31 78.94±0.19 78.94±0.19 80.56±0.22 84.64±1.30 76.16±1.16 86.00±2.68 91.41±0.78

0.4 82.75±1.36 90.67±1.51 87.17±1.99 81.29±0.31 92.99±0.76 81.96±1.80 88.86±2.15 96.61±1.19

SelfRegulation 0.1 43.40±1.29 44.93±0.19 45.29±0.55 50.25±0.56 50.81±1.16 50.67±0.55 54.76±1.29 55.01±1.51

0.2 46.03±0.35 47.87±0.50 47.80±0.44 52.61±0.68 52.24±0.59 51.57±0.25 53.38±1.28 56.53±1.05

0.4 49.33±0.65 52.37±0.26 52.31±0.32 55.41±0.29 53.63±0.97 53.28±0.65 57.09±1.66 59.02±1.93

via Gaussian smoothing in (9) and generating Lasso-inspired regularized adversarial perturbations in (10), so the
extra computational costs remain the same order as the most recent baseline CA-TCC [10].

Following [8, 30], we randomly select samples with different proportions α ∈ {0.1, 0.2, 0.4} from the training set
as labeled data. We report the mean and standard error of tVAT over 5 runs with different random seeds in Table
3. The best-performing models are selected by cross-validation in the validation set. As shown in Table 3, tVAT
significantly outperforms other competitive baselines and SupL across all univariate and multivariate time series
datasets. This is because adversarially perturbed input incorporating trend information facilitates deep models to
leverage the unlabeled dataset for better performance. In contrast, the naive augmentation (e.g., local cropping
or random shifts [34]) in other competitive self-supervised-based methods like the CA-TCC [10], SemiTime [8], Π
model [48] can introduce spike-like anomalous patterns to degenerate performance. Moreover, as the label ratio
α increases from 10% to 40% in univariate time series datasets, the deep model trained by tVAT achieves better
performance (e.g., up to 10.73% improvement on CricketX and 8.02% on UWaveGestureLibraryAll with label
ratio α = 0.4), while in multivariate time series datasets, lower label ratios lead to more significant performance
improvements (e.g., up to 9.16% on NATOPS with α = 0.1). These observations indicate that tVAT uses additional
labeled data to capture critical trend information in relatively simple univariate time series datasets, while for
multivariate time series datasets, tVAT enables deep models to capture trend information even with limited labeled
data.

Real-world applications. To empirically verify the scalability of tVAT in real-world scenarios, we conduct
experiments on large-scale China securities index (CSI) datasets (i.e., CSI 50 and 500 futures) for predicting the
direction (upward or downward) of futures prices [49,50]. The dataset collects over 4.2× 104 records spanning from
2020 to 2022, and each time step includes bid/ask prices and corresponding trading volumes. Table 4 presents
the performance of various semi-supervised learning methods across different label ratios and shows that tVAT
consistently outperforms other competitive baselines in all settings, especially on more volatile CSI 500 futures.
This is because adversarial perturbations incorporate trend information for scaling up to more challenging real-
world applications.

5.2.2 Fully-supervised performance

The proposed tVAT can be easily extended to fully supervised settings. We compare tVAT with several competitive
supervised learning methods. ED [51] serves as the classical one-nearest-neighbor classifier based on the Euclidean
distance. TapNet [7] and ShapeNet [5] are two deep learning-based methods using manually designed features
like shapelets. Additionally, we include two non-neural network classification methods called ROCKET [52] and
HiveCOTE [53]. The results of the baselines in Table 5 are taken from previous papers [5, 7, 51].
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Table 4 The accuracy (%) of various semi-supervised learning methods on two large-scale China Securities Index (CSI) futures datasets with

different label ratios. The best performance is shown in boldface.

Futures Ratio SupL Pseudo-label [47] Π model [48] MTL [6] SemiTime [8] TapNet [7] CA-TCC [10] tVAT

50

10% 40.55±0.88 51.48±1.65 52.84±3.10 53.94±0.13 54.11±1.45 54.53±0.45 55.38±1.50 58.88±0.77

20% 43.69±2.84 53.87±0.74 55.99±1.20 54.97±0.61 56.69±1.01 55.79±0.13 57.82±1.02 60.68±0.16

40% 54.77±0.55 54.96±0.30 57.34±2.50 57.19±0.57 57.34±0.20 58.55±0.11 58.69±0.22 62.32±1.15

500

10% 32.21±1.79 40.59±3.36 35.44±0.99 38.77±0.59 37.52±0.70 40.15±1.21 39.31±0.38 43.03±1.02

20% 35.38±1.06 41.05±4.04 38.74±0.73 42.50±0.92 45.57±0.59 44.42±1.55 47.42±1.11 50.96±1.43

40% 43.19±0.17 46.09±2.61 43.13±0.34 46.04±0.12 49.36±2.34 50.70±0.57 52.76±0.35 57.65±0.55

Table 5 The performance comparison between tVAT and other competitive baselines in fully-supervised settings. We report the mean and

standard deviation over five runs. The best performance is shown in boldface.

Dataset HIVE-COTE [53] ROCKET [52] ED [51] TapNet [7] ShapeNet [5] tVAT

CricketX 74.73±0.51 76.79±0.16 62.85±0.12 65.32±0.37 68.93±0.43 76.91±0.28

UWaveGestureLibraryAll 92.48±0.24 93.24±0.35 87.62±0.31 88.74±0.58 91.73±0.29 98.23±0.81

InsectWingbeatSound 61.68±0.16 64.19±0.34 61.76±0.39 67.42±0.18 66.34±0.18 70.43±0.16

Heartbeat 72.73±0.12 71.16±0.13 63.41±0.14 71.94±0.96 75.83±0.49 76.34±0.47

NATOPS 82.06±0.23 88.18±0.51 86.71±0.28 93.98±0.35 88.12±0.18 98.47±0.77

SelfRegulationSCP2 51.68±0.32 51.18±0.14 48.42±0.23 55.68±0.46 58.15±0.31 61.55±0.12

As shown in Table 5, tVAT consistently outperforms other methods in all settings, especially for multivariate
datasets (i.e., up to 4.49% improvement on NATOPS and 4.99% on UWaveGestureLibraryAll). Overall, tVAT
consistently outperforms other competitive baselines in both semi-supervised and fully-supervised time series clas-
sification. These observations indicate that adversarial perturbations that incorporate trend information in tVAT
help enhance the smoothness of predictive distributions for better generalization.

5.3 Experimental results on interpretability

In this subsection, we conduct experiments to analyze the behaviors of deep models trained with various semi-
supervised learning methods from both qualitative and quantitative perspectives. Specifically, we use the saliency
map [54] to identify key features contributing to predictions.

5.3.1 Qualitative analysis

We analyze the more challenging medical dataset Heartbeat, which has received significant attention from medical
researchers. Figure 3 shows that the deep model initially focuses on basic periodic features such as feature 49 with
a low label ratio α = 0.1. As the label ratio increases to α = 0.4, the deep model progressively captures aperiodic
feature patterns like feature 10 besides periodic features. We further transform the data from the time domain to
the frequency domain using the fast Fourier transform [55], in order to verify the periodicity of different temporal
features. These observations suggest that deep models trained by tVAT begin with simple periodic features and
gradually perform complex or ambiguous tasks as more labeled data becomes available, which provides valuable
insights into analyzing semi-supervised time series classification. Moreover, our method increases confidence in
the applications of artificial intelligence for medical diagnosis. tVAT enables non-expert researchers to conduct
preliminary evaluations of heart rate anomalies, while domain experts confirm diagnoses of heart arrhythmia through
in-depth analysis.

5.3.2 Quantitative comparison

In this subsection, we conduct a quantitative analysis to evaluate the interpretability of various semi-supervised
learning methods under different label ratios.

Quantitative analysis of various methods. Figure 4(a) shows the AUSSL performance curve with the
label ratio α = 0.4. When key features are sequentially removed based on the saliency map, all methods show a
steep drop in performance, with tVAT showing the smallest area under the performance curve. Similarly, Table
6 shows the AUSSL for various semi-supervised methods across multiple datasets (i.e., Heartbeat, NATOPS, and
InsectWingbeatSound) with the same label ratio α = 0.4, where tVAT outperforms other competitive baselines due
to its ability to effectively extract key trend information from unlabeled data.
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Figure 3 (Color online) The interpretable results on the Heartbeat dataset with label ratios α = 0.1 and α = 0.4. The deep model trained by

tVAT initially learns the simpler cyclical feature 49, and progressively learns aperiodic feature 10 with α = 0.4. These observations show that

deep models begin with simple tasks and proceed into complex tasks as more labeled data becomes available. The results are best visualized in

color.

Table 6 The AUSSL values of various baselines on InsectWingbeatSound, NATOPS, and Heartbeat datasets with a label ratio α = 0.4. The

best performance is shown in boldface.

Dataset InsectWingbeatSound NATOPS Heartbeat

Pseudo-label [47] 0.0909 0.0316 0.0711

Π model [48] 0.0538 0.0326 0.0492

MTL [6] 0.0637 0.0338 0.0441

TapNet [7] 0.0796 0.0302 0.0424

Ours 0.0312 0.0294 0.0325

Figure 4 (Color online) (a) The accuracy curves of various semi-supervised learning methods with label ratio α = 0.4 on the NATOPS dataset;

(b) the accuracy curves of the deep model in tVAT with different label ratios α = [0.1, 0.2, 0.3, 0.4, 0.5, 0.6] on the NATOPS dataset.

Quantitative analysis of label ratios. Figure 4(b) shows the performance curves of tVAT under different
label ratios. For low label ratios like α = 0.1, the performance curve decreases sharply, whereas high label ratios like
α = 0.6 stabilize the performance of deep models. These observations align with the qualitative analysis in Figure
3, where as the labeled ratio increases to provide stronger supervision signals, the deep model gradually focuses on
capturing key features for predictions.

5.4 Ablation study

In this subsection, we conduct ablation studies to evaluate the effectiveness of each component in tVAT, including
the hyperparameter analysis of λ in (11) and an investigation into the architectural choices of our method.
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Figure 5 (Color online) (a) The performance curve by varying λ on NATOPS with the label ratio α = 0.4; (b) the performance compar-

ison of variants at different label ratios on the CricketX dataset; (c) the performance comparison of variants at different label ratios on the

UWaveGestureLibraryAll dataset.

5.4.1 Hyperparameter analysis

For the design choices in (11), we conduct a parameter analysis of λ on the NATOPS with a label ratio α = 0.4. We
evaluate the performance of deep models trained by tVAT using different values of λ in the set {0.001, 0.01, 0.1, 10}.
Figure 5(a) shows that tVAT achieves the best performance with λ = 1, indicating that both terms in Rs(·) are
equally important.

We construct additional ablation experiments to analyze contributions of trend extraction and regularization
term Rs. Specifically, we compare the performance of various variants in the ablation study. VAT presents the
original VAT for semi-supervised time series classification. w/o Rs(·) presents the deep model trained by tVAT
without the regularization term Rs(·) in (11). w/o T indicates that adversarial perturbations are applied directly
to the samples instead of the corresponding trend information in (9), and tVAT denotes the complete version
of our proposed method. As shown in Figures 5(b) and (c), we evaluate the performance of variants on several
datasets (i.e., CricketX and UWaveGestureLibraryAll) across different label ratios. The empirical results show that
both the regularization term Rs(·) and the trend extraction module contribute to better performance, and removing
each of them results in a drastic drop in performance.

5.4.2 Trend extraction component

We compare the performance across various trend extraction methods, including EMA [24], FFT [25], Savgol-
filtering [26], and Gaussian smoothing [27]. Figure 6(a) shows that Gaussian smoothing consistently outperforms
other trend extraction methods on CricketX across various label ratios, as it filters out high-frequency anoma-
lous patterns with only slight waveform distortion and preserves the overall trend information for a more stable
training process. Figure 6(b) presents the performance curve of Gaussian smoothing with different variance (i.e.,
σ2 ∈ {0.01, 0.1, 1, 5, 10}). These observations show that the predictive performance peaks at σ2 = 0.1 of Gaussian
smoothing, because under-smoothing (σ2 < 0.1) or over-smoothing (σ2 > 0.1) both degenerate predictive perfor-
mance. Based on this, we choose Gaussian smoothing with a specific empirical value σ2 = 0.1 to extract trend
information in the rest of experiments.

5.4.3 Various architectures

We compare different architectures trained by tVAT, including temporal convolutional network (TCN) [46], gated
recurrent unit [56] and self-attention encoder (SA) [57]. These state-of-the-art architectures have shown their
effectiveness in various sequence-modeling tasks.

• Temporal Convolutional Network (TCN). is a widely used architecture for sequence modeling, where
its causal convolutional operations effectively capture both short-term fluctuations and long-term trend infor-
mation [46]. By combining auto-regressive modules with long-term memory units, TCN outperforms recurrent
architectures in many sequence modeling tasks.

• Gated Recurrent Unit (GRU). integrates the output and memory gates to address short-term memory
challenges in sequence modeling [56]. GRU is often combined with attention mechanisms to effectively capture
trend information.
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Figure 6 (Color online) (a) The performance comparison across various trend extraction methods; (b) the performance comparison across

different σ2 on CricketX.

Table 7 The accuracy (%) of tVAT based on various deep architectures with different label ratios. We report the mean and standard deviation

over five runs. The best performance is shown in boldface.

Dataset Ratio GRU SA TCN

10% 46.83±0.14 47.31±0.69 48.32±0.46

CricketX 20% 52.28±0.39 53.12±0.56 54.17±0.30

40% 61.38±0.64 63.94±0.18 63.69±0.52

10% 86.33±0.24 88.06±0.96 89.88±0.85

UWaveGestureLibraryAll 20% 88.68±0.13 90.19±0.98 91.98±0.79

40% 90.84±0.73 92.14±0.13 93.68±0.86

10% 54.12±0.14 58.24±0.35 57.91±0.97

InsectWingbeatSound 20% 60.72±0.25 61.12±0.45 62.31±0.11

40% 62.57±0.28 66.25±0.78 65.97±0.52

10% 69.91±0.22 71.22±0.97 72.01±0.39

Heartbeat 20% 71.62±0.71 73.35±0.68 74.63±0.11

40% 74.23±0.66 76.24±0.41 77.46±0.82

10% 80.65±0.36 82.24±0.06 83.93±0.77

NATOPS 20% 81.28±0.23 84.12±0.56 85.61±0.91

40% 86.32±0.39 87.15±0.13 89.58±0.78

10% 53.01±0.55 51.13±0.33 54.75±0.27

SelfRegulationSCP2 20% 54.43±0.12 53.44±0.87 55.38±0.23

40% 53.12±0.22 55.12±0.62 57.12±0.03

• Self-Attention encoder (SA) [57]. SA has recently been widely used in sequence modeling, such as natural
language processing [58] and time series analysis [59]. The self-attention encoder, composed of four self-attention
layers and positional encoding layers, effectively extracts long-term trend information from time series data.

Table 7 shows that TCN outperforms other deep architectures in most settings, except for the InsectWing-
beatSound and CricketX datasets. The observations suggest that the causal convolutions effectively capture trend
information, consistent with previous conclusions that effectively perceiving trend information enhances the smooth-
ness of predictive distributions and improves generalization of deep models on unlabeled datasets. Additionally,
Figure 7 shows the performance of TCN architectures with different numbers of layers (i.e., 8 or 10 layers) across
multiple datasets at α = 0.4, where the format of legend is “dataset (number of layers)”. The empirical results
show that the 8-layer TCN model provides sufficient capacity to capture key trend information.

6 Conclusion

In this paper, we introduce the tVAT for semi-supervised time series classification. tVAT incorporates trend in-
formation extracted by Gaussian smoothing into adversarial perturbations and introduces a specific Lasso-inspired
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Figure 7 (Color online) The performance comparison of TCN architectures across multiple datasets with different layers.

regularization term to avoid anomalous patterns. We theoretically verify that the perturbed input can flexibly
explore the input space without introducing spike-like anomalous patterns. The comprehensive empirical results
show that our proposed tVAT performs remarkably better than other competitive baselines from both quantitative
and qualitative perspectives. We conduct extensive ablation studies to verify the effectiveness of each component
with our proposed tVAT. There are still some limitations in this study. We follow the implementations of represen-
tative semi-supervised time series classification settings, which primarily train all backbone models from scratch.
Unfortunately, the limited computational resources prevent us from evaluating tVAT based on the most recent deep
architectures like Mamba or TimeMixer. We consider examining the effectiveness of pre-trained or more powerful
deep architectures as potential future work with sufficient computational resources.

Moreover, we observe a growing interest in the field of deep learning from the community of semi-supervised time
series classification. Through an in-depth discussion of the potential challenges of VAT, we believe that this work
can facilitate further exploration in this field and its intersection with consistency regularization-based methods.
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Appendix A Proof

Appendix A.1 Proof of Theorem 1

Under the theoretical optimal condition for the perturbation in (16), we have

X −XtVAT = 2λM⊤M(I + 2λM⊤M)−1X

= A(I + A)−1X,
(A1)

where A = 2λM⊤M . Then, our goal is to bound ‖X −XtVAT‖2 = ‖A(I + A)−1X‖2 using the sub-multiplicative property of norms1)

in

‖X −XtVAT‖2 6 ‖A(I +A)−1‖2‖X‖2. (A2)

Then we need to calculate the eigenvalues of ‖A(I +A)−1‖2. Since M⊤M is symmetric and positive semi-definite, its eigenvalues {λi}

are non-negative and all satisfy {0 6 λi 6 λmax}, so the eigenvalues of A and (I +A) are µi = 2λλi and νi = 1+ 2λλi. The eigenvalue

of A(I + A)−1 is

ηi =
µi

νi
=

2λλi

1 + 2λλi

, (A3)

1) Strang G. Introduction to Linear Algebra. Philadelphia: SIAM, 2022.
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where the operator norm of a symmetric matrix is equal to the absolute value of its largest eigenvalue1) ,

‖A(I +A)−1‖2 = max
i

ηi =
2λλmax

1 + 2λλmax
. (A4)

Then we analyze the eigenvalues of M⊤M for λmax. For the second-order difference operator M , its spectral norm ‖M‖2 is the square

root of the largest eigenvalue of M⊤M ,

λmax = ‖M‖22. (A5)

For any sample X ∈ R
T , we can use the sub-multiplicative property1) to calculate the norm of ‖MX‖2,

‖MX‖2 = ‖X1:T−2 − 2X2:T−1 +X3:T ‖2

6 ‖X1:T−2‖2 + 2‖X2:T−1‖2 + ‖X3:T ‖2

6 4‖X‖2,

(A6)

where the spectral norm ‖M‖2 6 4, so the largest eigenvalues of M⊤M and the operator norm of ‖A(I +A)−1‖2 is

λmax = ‖M‖22 6 16,

‖A(I + A)−1‖2 6
2λ× 16

1 + 2λ× 16
=

32λ

1 + 32λ
.

(A7)

By substituting into (A2), the upper bound is

‖X −XtVAT‖2

‖X‖2
6

32λ

1 + 32λ
. (A8)

Appendix A.2 Proof of Theorem 2

As λ → ∞, the regularizer λ‖MXtVAT‖22 dominates the objective function in (13), and we only need to minimize ‖MXtVAT‖22. The

term ‖MXtVAT‖22 is zero if and only if each {MXtVAT
t } = 0 for all t, which corresponds to homogeneous second-order difference

equations as

XtVAT
t−1 − 2XtVAT

t +XtVAT
t+1 = 0, t = {2, . . . , T − 1}, (A9)

and the general solution to (A9) is

XtVAT
t = α+ βt. (A10)

By substituting XtVAT
t = α+ βt, (A9) satisfies the optimal condition, i.e., (α+ β(t− 1))− 2(α+ βt) + (α+ β(t+1)) = 0. α and β can

be derived by minimizing the ordinary least squares problem2),

min
α,β

Q(α, β) =
1

2

T
∑

t=1

(Xt − (α + βt))2, (A11)

where the partial derivatives with respect to α and β is



























∂Q

∂α
= −

T
∑

t=1

(Xt − α− βt) = 0,

∂Q

∂β
= −

T
∑

t=1

t(Xt − α− βt) = 0,

(A12)

and the optimal conditions are formalized as a linear system in























Tα+ β

T
∑

t=1

t =
T
∑

t=1

Xt,

α

T
∑

t=1

t+ β

T
∑

t=1

t2 =
T
∑

t=1

tXt,

(A13)

[

T S1

S1 S2

][

α

β

]

=

[

SX

StX

]

. (A14)

Then we use Cramer’s rule1) (i.e., determinant ∆ 6= 0) to solve α and β.

∆ = TS2 − (S1)
2 =

T 2(T + 1)(T − 1)

12
, (A15)

2) Casella G, Berger R. Statistical Inference. Boca Raton: CRC Press, 2024.



Pan Q Y, et al. Sci China Inf Sci May 2026, Vol. 69, Iss. 5, 152101:18

then α and β are derived by solving the linear equations in (A14),















α =
S2SX − S1StX

TS2 − S2
1

,

β =
TStX − S1SX

TS2 − S2
1

.

(A16)

As λ → ∞, the perturbation XtVAT converges to the best fit of the sample X in the least squares sense. The corresponding intercept

α and slope β are derived by solving the linear system, facilitated by the strict convexity of the least squares objective function.

Appendix A.3 Proof of Theorem 3

For the ith time series of length T Xi = (Xi,1, . . . ,Xi,T ) and its tVAT counterpart XtVAT
i = (XtVAT

i,1 , . . . ,XtVAT
i,T

), the trend regulariser

is

Rs

(

Xi,X
tVAT
i

)

=
1

2

T
∑

t=1

(

XtVAT
i,t −Xi,t

)2
+ λ

T−1
∑

t=2

(

XtVAT
i,t−1 − 2XtVAT

i,t +XtVAT
i,t+1

)2
, (A17)

where the second term penalizes curvature (the discrete second derivative) and λ > 0 controls its strength. Then we reformulate the

(T−2)× T second-difference matrix M as

M =

















1 −2 1

1 −2 1

. . .
. . .

. . .

1 −2 1

















, (A18)

so that ‖MXtVAT
i ‖22 =

∑T−1
t=2 (X

tVAT
i,t−1 − 2XtVAT

i,t +XtVAT
i,t+1 )

2. Then we introduce

rtVAT
i := XtVAT

i −Xi, di := X̃i −Xi, zi := di + rtVAT
i ,

and denote B := M⊤M, A := I + 2λB. Because B � 0 and λ > 0, matrix A is symmetric positive-definite. Substituting into (A17)

yields the compact form

Rs =
1

2
z⊤i zi + λz⊤i Bzi =

1

2
z⊤i Azi, (A19)

which is strictly convex in zi and rtVAT
i . Differentiating (A19) with respect to the perturbation rtVAT

i gives

∇rtVAT
i

Rs

(

Xi,X
tVAT
i

)

= Azi = A
(

di + rtVAT
i

)

. (A20)

Thus, the complete gradient for tVAT is

gi = ∇ri LDS
(

Xi,X
tVAT
i ; θ

)

+ A
(

di + rtVAT
i

)

. (A21)

For the symmetric Toeplitz matrix, we can take its eigenvectors as discrete cosine transform bases {vk}
T−1
k=0 [55] with eigenvalues

µk = 4 sin4
(

πk

T

)

, k = 0, . . . , T − 1. (A22)

Expanding zi =
∑

k ẑi,kvk and applying (A20) we obtain

∇rtVAT
i

Rs =

T−1
∑

k=0

(1 + 2λµk) ẑi,k vk.

Hence, high-frequency components (k large) receive a larger multiplier (1+ 2λµk), which suppresses rapid fluctuations while preserving

low-frequency trend structure, leading to stable training and better generalization in semi-supervised learning settings.
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