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Abstract Recently, continuous representation methods have emerged as novel paradigms that characterize the intrinsic structures
of real-world data through function representations that map positional coordinates to their corresponding values in the continuous
space. As compared with the traditional discrete framework, the continuous framework demonstrates inherent superiority for data
representation and reconstruction (e.g., image restoration, novel view synthesis, and waveform inversion) by offering inherent advantages
including resolution flexibility, cross-modal adaptability, inherent smoothness, and parameter efficiency. In this review, we systematically
examine recent advancements in continuous representation frameworks, focusing on three aspects: (i) continuous representation method
designs, such as basis function representation, statistical modeling, tensor function decomposition, and implicit neural representation;
(ii) theoretical foundations of continuous representations, such as approximation error analysis, convergence property, and implicit
regularization; (iii) real-world applications of continuous representations derived from computer vision, graphics, bioinformatics, and
remote sensing. Furthermore, we outline future directions and perspectives to inspire exploration and deepen insights to facilitate
continuous representation methods, theories, and applications.
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gence and generalization
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1 Introduction

In the era of big data, reconstructing high-quality data information from incomplete measurements, noisy obser-
vations, or physical rules and attributes remains a fundamental challenge across diverse domains [1-4], such as
medical imaging reconstruction [5], satellite remote sensing [6], scene reconstruction in graphics [7], and numerical
scientific computing [8]. Traditional data reconstruction methods often rely on discrete grid-based representations
(e.g., vectors, matrices, or higher-order tensors [9]) and handcrafted priors (e.g., sparsity or low-rankness [10]),
which may be inadequate for capturing intrinsic geometric or topological structures of complex real-world data.
In particular, these limitations are encountered when handling irregularly sampled, heterogeneous modalities, or
cross-resolution tasks, such as arbitrary-resolution imaging [11], 3D medical image registration [12], graphics [7],
radar imaging geometry [13], and irregular spatial transcriptomics (ST) [14].

To address these challenges, continuous representation methods (see [2,11,15-18] for classical examples) have
emerged as transformative paradigms for general data reconstruction problems. The continuous representation
refers to the type of methods that leverage a continuous function representation for discrete data, which maps
positional information (e.g., spatial coordinates, temporal index, or view directions) to the corresponding responses
(e.g., image pixels, physical fields, or volume intensities) through certain parametric models, such as basis functions
or deep neural networks (DNNs). To enhance the effectiveness of continuous representation, regularization terms
can be further developed by imposing implicit or explicit structural constraints for the continuous representation
function, such as differential operators in loss functions [19] and functional decomposition [2]. By embedding
discrete data into such smooth, resolution-independent continuous spaces, these methods enable many advantages,
such as global feature modeling, adaptability to irregular multi-dimensional data, resolution independence, and
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interpretable learning theories. For instance, the implicit neural representations (INRs) [11,16,20] parameterize
signals as continuous functions using neural networks, enabling seamless interpolation and super-resolution. Tensor
functional decomposition frameworks [2,21] exploit the multilinear structure of high-dimensional data through low-
rank factorizations of multivariate functions. Statistical continuous representation methods [21-23] encode temporal
correlations in continuous time-indexed domains that are important for streaming or time series data analysis.
Such continuous approaches inherently avoid discretization errors and achieve parameter efficiency—the discrete
data can be implicitly represented by a parametric model that holds much fewer parameters®) [24]. The parameter
efficiency is critical for tasks with large-scale datasets, e.g., 5D seismic data interpolation [25] or video space-
time super-resolution [26]. The continuous representation also holds advantages for further integrating domain-
specific knowledge, such as the physics-informed constraints for full-waveform inversion (FWT) [27], or quasi-static
motion priors for magnetic resonance imaging (MRI) [28], bridging the gap between generic parametric models and
application-driven requirements. Overall, continuous representation methods have emerged as increasingly effective
paradigms for diverse data reconstruction tasks.

Despite rapid progress, the field remains generally fragmented. Existing studies often focus on isolated aspects,
such as general continuous representation designs (e.g., Chebyshev expansions for functions [29], Fourier features
INR [20], and wavelet INRs [30]), theoretical-oriented analyses (e.g., convergence analyses for DNNs, e.g., from
the neural tangent kernel (NTK) theory [20,31,32] or implicit regularization perspective [2,33]), or domain-specific
applications (e.g., continuous hyperspectral imaging (HSI) [34], deformable registration [12], and functional decom-
posing partial differential equations (PDEs) [35]), without synthesizing their interplay. These interplay parts are
important for gaining deeper insights into these methods and developing further improvements. For example, the
widely-studied INR-based arbitrary-scale image super-resolution [11] actually holds similar training paradigms to
the neural operator (NO) [36,37], a way to approximate numerical PDE using neural networks, since both of them
take some low-dimensional inputs (coordinates and latent vectors) and synthesize high-resolution responses. For
another example, the tensorial radiance fields [38] used for 3D scene reconstruction actually hold intrinsic similarity
with a bunch of tensor decomposing functional representations [2,29,39,40] analyzed in scientific computing. The
classical Fourier basis functional representation [8] holds similar ideas with more recent INR methods in Fourier
basis-enhanced neural representations [20], to name but a few. More specifically, the “interplay” refers to the inter-
play among various types of methodologies, theoretical frameworks, and insights across different scientific domains
that utilize continuous data representations. This interplay primarily includes two dimensions. (i) (Methodological
interplay) A model architecture or algorithm developed for a specific problem in a sub-area (e.g., NO learning [37]
in scientific computing) demonstrates potential to be effectively applied or adapted to solve challenges in another
area (e.g., continuous image representation in computer vision [41] using operator learning). This creates a way
for transferring efficient and robust algorithmic designs among sub-areas. (ii) (Theoretical interplay) Theoretical
tools established in one domain (e.g., NTK theory for analyzing multilayer perceptrons [31]) can be leveraged to
interpret, explain, or inspire the development of models in a different area (e.g., understanding the spectral bias
of INRs [42] or the training dynamics of physics-informed neural networks [19]), boosting a deeper understanding
of diverse methods and frameworks. In Subsection 2.7, we explicitly highlight representative examples of such
interplay in the continuous representation field.

1.1 Contributions

The main aim of this work is to provide a comprehensive review of continuous representation methods including
continuous representation parametric models and structural modeling designs, theoretical frameworks and current
results that formally analyze the mathematical properties of continuous methods, and diverse domain-specific data
reconstruction applications of continuous representation methods. The expectation is to bridge the information
gap between different subareas within the continuous representation research field, thus enabling new exciting and
transformative research directions unexplored before. An overview of the advancements in continuous representation
methods, theories, and applications introduced in this work is summarized in Figure 1, and the fundamental concepts
and advantages of continuous representation approaches are illustratively presented in Figure 2. We outline the
main contributions of this review as follows.

e We provide a systematic review of continuous representation methods for data representation and recon-
struction, structured around three parts—review of continuous methodology designs, theoretical insights of these

1) This advantage can be shown using tensor representation. Consider a tensor A € R™1*"™2%"3 and a parametric model f(z,y, 2) : R® 5 R
that maps the index of A to its value. According to the universal approximation theorem [24], a two-layer DNN can approximate this continuous
function with small error, which holds much fewer parameters than the tensor A itself (i.e., less than ninaong parameters).
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Figure 1 (Color online) This work is structured to provide a comprehensive overview of continuous representation methods through three
perspectives. First, we systematically review continuous representation methods including parametric model architectures and data structural
modeling strategies (Section 2). Second, we review representative theoretical frameworks for formally analyzing the properties and capabilities
of continuous representation methods (Section 3). Third, we review real-world applications of continuous representation methods derived from
diverse fields (Section 4). Finally, we discuss future research directions and perspectives aimed at further enhancing the effectiveness, theoretical
insights, and applicability of continuous representation frameworks (Section 5).
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Figure 2 (Color online) A comparative analysis between discrete grid modeling and emerging continuous representation modeling approaches.
In contrast to conventional grid representations, the novel continuous representation paradigm employs a parametric mapping function f(-) that
maps continuous-domain coordinates to their corresponding values, deriving intrinsic advantages such as resolution flexibility, irregular data
modeling ability, global characterization of data structures, and interpretable learning theories (such as functional decomposition analysis [2])
that extends beyond discrete grids.

continuous methods, and corresponding applications across diverse fields, deciphering the rapid evolution of related
fields.

e We highlight promising future directions and chart a prospect for addressing open challenges for continuous
method designs, theoretical developments for continuous frameworks, and utilizing them to facilitate real-world
applications. We aim to inspire interdisciplinary collaborations to advance the data reconstruction methods inspired
by continuous representation frameworks.

Several reviews of continuous representation methods in different areas exist in the literature. Xie et al. [43] pro-
vided a comprehensive review of neural fields (referred to as INRs in this work) and their applications in different
domains of computer vision and graphics, such as neural radiance field, signed distance function (SDF) representa-
tion, and robotics. Recently, Gao et al. [44] provided a comprehensive review of neural radiance fields (NeRF) in
3D vision, covering both neural fields and 3D Gaussian splatting (3DGS)-based methods [45]. Essakine et al. [46]
proposed a comprehensive survey of INR methods, including their structure designs and network optimization
strategies. Recently, Irshad et al. [47] presented a comprehensive survey on neural fields in the field of robotics. Sun
et al. [48] proposed a comprehensive survey of medical image registration via neural fields. As compared with these
reviews, the proposed work summarizes from a more general and broader perspective, i.e., the continuous represen-
tation perspective. Specifically, existing reviews have centered on sub-fields of continuous representations, such as
NeRF [44] and medical imaging analysis based on neural fields [48]. In this work, we identify field fragmentation
and integrate fragmented knowledge under a unified continuous representation framework, thereby establishing a
more comprehensive methodological perspective on continuous representations. As a result, our paper presents a
more comprehensive and systematic review of continuous representation methods, whereas earlier surveys such as
NeRF and medical image analysis constitute sub-fields within our broader investigation. Therefore, the proposed
review is believed to be novel and presents a higher-level overview for researchers entering this rapidly evolving
area.
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1.2 Recent trends and challenges

In this subsection, we review recent trends and open challenges in the field of continuous representations, aiming to
provide an overview of current research directions and identify potential areas for future exploration. Recent trends
in continuous representations mainly include three aspects.

e The first dominant trend is that researchers gradually move away from isolated parametric model designs,
and develop towards hybrid frameworks that combine the strengths of different continuous representation methods.
Representative examples include (i) combining INRs with interpretable basis function representations, such as
positional encoding (PE) INR [20] based on Fourier features, wavelet INR [30] based on wavelets, and Kolmogorov-
Arnold network (KAN)-based methods [49] based on splines, (ii) incorporating computational mathematical tools
with continuous representations to enhance interpretability and robustness, such as neural ordinary differential
equation-based continuous representation [22], (iii) integrating low-rank matrix/tensor decomposition methods with
continuous representations to enhance efficiency, such as low-rank tensor function representation (LRTFR) [2],
functional tensor decomposition-based INRs [35,50], and tensor NeRF [38], and (iv) incorporating grid encoding with
INRs to enhance convergence efficiency and high-frequency components characterization, such as InstantNGP [51],
DVGO [52], and RHINO [53].

e Theoretically, there is a growing effort to build a rigorous theoretical foundation for continuous methods,
bridging machine learning and applied mathematics. The NTK framework [31] is widely used to explain the spectral
bias of INRs and the convergence properties of various architectures [54-56]. Studies are revealing the implicit
regularization of over-parameterized models (e.g., over-parameterized INRs) towards low-complexity solutions (e.g.,
low-rankness), explaining their generalization capabilities [33,57]. Studies are also characterizing the function classes
that specific INR architectures can represent, formulating them as structured dictionaries [58] or through harmonic
analysis [59], enhancing theoretical understanding.

e Moreover, continuous representations are increasingly being used as backbones to resolve challenges in diverse
scientific applications. For instance, the physics-informed neural networks and neural operators solve PDEs by
using continuous representations to represent solution fields [36,60]. In computer vision and graphics, continuous
representations are widely used in shape representation [61], novel view synthesis [15,62], and continuous image
representation [11]. In medical imaging and bioinformatics, applications of continuous representations include MRI
reconstruction [63], deformable image registration [12], and modeling ST data [64]. Remote sensing and geoscience
tasks such as hyperspectral image super-resolution [65], seismic data interpolation [25,66], and spectral unmixing [67]
also benefit from the continuous framework’s efficiency and flexibility.

Despite the rapid progress of continuous representations, we identify several key challenges that remain open and
present important potential for future research.

e (Scalability and efficiency) Training INRs for very high-dimensional data (e.g., 4D light fields, 5D seismic
data) can be computationally intensive. Developing more efficient optimization schemes and model architectures
are critical needs. Developing methods that can enhance the computational efficiency of modern continuous models
(e.g., matrix/tensor function representations) for complex non-grid data (e.g., point clouds and ST) is an open
challenge.

e (Spectral bias) The inherent bias of standard INRs towards learning low-frequency components remains a
fundamental limitation. Although methods like PE and SIREN [16] mitigate this, robustly capturing complex and
high-frequency signal details, especially in the presence of noise, is still an important challenge.

e (Theoretical gap) While theoretical progress has been made for linear models (e.g., matrix factorization) and
linear optimization regimes (e.g., NTK), a comprehensive theory for the implicit regularization, generalization,
and approximation capabilities of nonlinear continuous models (like INR architectures) and nonlinear optimization
regimes is still underdeveloped. Using theoretical understanding of spectral bias or implicit regularization to actively
design better optimization strategies, activation functions, and network architectures, rather than just using theory
as a post hoc explanation, is an important future direction.

e (Generalization and robustness) It is challenging to ensure the generalization of continuous representations to
unseen data coordinates, out-of-domain distributions, and different resolutions. These challenges include overfitting
to the training coordinates and sensitivity to initialization. Techniques to improve robustness and generalization
for continuous representations are important.

Future research will likely be driven by a deeper integration of continuous parametric model design, mathematical
theories, and domain-specific applications, leading to more efficient and reliable tools for continuous data represen-
tation across fields. The remainder of this paper is structured as follows. In Section 2, we review the developments
of various continuous representation models and structural modeling methods. In Section 3, we delve into the the-
oretical foundations of continuous representation methods such as approximation error analysis and NTK theories.
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Table 1 Key terminologies used in this paper.

Terminology

Description

Continuous representation

Implicit regularization

INR (implicit neural representation)

PE

SIREN (sinusoidal representation network)

SDF

NeRF

InstantNGP (instant neural graphics primitives)

3DGS

NMF (nonnegative matrix factorization)

MoE (mixture-of-experts)

NeurTV (neural total variation)

LIIF (local implicit image function)

CP (canonical polyadic), Tucker, TT (tensor-train)

PINN (physics-informed neural network)

A function that maps positional coordinates to their corresponding values in the
continuous space.

The implicit bias of an optimization algorithm towards certain solutions, without
explicit regularization.

An implicit neural network that parameterizes a continuous function, mapping
coordinates to values.

A technique to map input coordinates to a higher-dimensional space using
Fourier features or other mappings.

An INR that uses sinusoidal activation functions for continuous

representation [16].

A function mapping coordinate to its distance to a surface, with sign indicating
whether the point is inside or outside the surface.

A method for scene representation that uses an INR to map 3D coordinates and
viewing directions to color and density.

A method for efficient training of INRs using a multi-resolution hash table
encoding [51].

A method for parameterizing neural fields with a collection of Gaussian functions
with learnable parameters [45].

A matrix factorization technique that factorizes a nonnegative matrix into

two low-rank nonnegative matrices.

A neural architecture that consists of multiple expert networks and a gating
network that assigns inputs to suitable experts.

A regularization method by penalizing the directional derivatives of INR outputs
with respect to input coordinates.

A method for arbitrary-scale image super-resolution that uses an INR to map
coordinates and latent features to RGB values.

Tensor decomposition methods for factorizing tensors into

simpler components.

A neural network trained to solve PDEs by incorporating physical laws into

the loss function.

A kernel that describes the behavior of neural networks during training in the

NTK
infinite-width limit.
§T A type of bioinformatics data that measures gene expressions with spatial
locations within tissues.
FWI A geophysical imaging method that predicts subsurface properties from observed
seismic data.
Table 2 Key notations used in this paper.
Notation Description Notation Description
f(v) Function mapping coordinate v to value. (S} Parameters of a neural network.
> Summation. I Scalar product.
AN Tensor face-wise product. wo Frequency parameter in activation function.
L Loss function. y(v) Positional encoding function.
z,x, X, X Scalar, vector, matrix, tensor. W,,b; Weight matrix and bias vector in DNN.
Xn Mode-n tensor-matrix product. ol NTK of a DNN with depth L.
b2 Frobenius norm. ® Outer product.
v Gradient operator. 17} Partial derivative.
N Differential operator in a PDE. u Solution of a PDE.

In Section 4, we review various applications of continuous
sensing, and bioinformatics. In Section 5, we introduce promising future directions and perspectives to inspire
further explorations of continuous representation methods. Key terminologies and notations used in this paper are
summarized in Tables 1 and 2.

representation methods such as medical imaging, remote
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Table 3 Review of some representative continuous representation parametric models.

Category Method Description Year Ref.
(NMF) Smooth nonnegative Utilize Gaussian basis functions to parameterize nonnegative 2015 (68]
matrix factorization matrix factorization for multi-way data analysis.
(STD) Smooth tensor Introduce smoothed Tucker decomposition represented by 2017 (69]
decomposition Fourier basis functions to incorporate smoothness.
Basis function (Chebfun) Chebfun in three Trivariate function representation based on low-rank tensor 2017 [29]
representation dimensions decomposition through finite Chebyshev expansions.
. . Functional T'T decomposition parameterized by
(TT) Functional tensor-train 2018 [70]
Gaussian kernels for regression problems.
(CPD) CP decomposition of Generalize the CPD from tensors to multivariate 2021 (8]
multivariate functions functions by finite multi-dimensional Fourier series.
(PE) Fourier features Propose Fourier feature mapping for PE 2020 [20]
positional-encoding INR that enables INR to learn high-frequency details.
(SIREN) INR with periodic Leverage periodic activation functions for INR and verify 2020 (16]
activation functions the effectiveness of SIREN for continuous representation.
Meta-learning for INR Apply meta-learning to learn initial weights for INRs based on 2021 [71]
Implicit neural initialization signal classes for faster convergence and better generalization.
representation Use the complex Gabor wavelet function as the activation
(WIRE) Wavelet INR 2023 [30]
function of INR to improve robustness.
(FINER) Flexible spectral- Introduce variable-periodic activation functions and initialize 2024 (72]
bias tuning for INR INR bias differently for flexible spectral-bias tuning.
(FR-INR) Fourier repara- Learn the coefficient matrix of fixed Fourier bases for 2024 [42]
meterization for INR weights linear weights of INR to alleviate spectral bias.
(InstantNGP) Multi-resolution Use a smaller INR augmented by a multi-resolution 2022 (51]
hash grid encoding hash table of trainable feature vectors on grids.
(DVGO) Direct voxel grid A density voxel grid for scene geometry and a feature 2022 [52]
optimization voxel grid for view-dependent appearance.
Grid parametric (Plenoxels) Sparse 3D grid Efficient scene representation as a sparse 3D grid 2022 73]
encoding encoding with spherical harmonics.
(DINER) Disorder-invariant Disorder-invariant INR by projecting coordinates into a 2024 (74]
hash-based INR learnable hash table, alleviating spectral bias.
(RHINO) Regularized grid Regularizing hash-based grid encoding using coordinate 2025 (53]

encoding

INR concatenated with parametric grid input.

2 Continuous representation: parametric model and structural modeling

In this section, we systematically review the advancements of continuous representation methods, focusing on two
groups: parametric model design and data structural modeling methods. The parametric models, including basis
function representation models, INRs, and grid encoding-based models, aim to construct effective parameteriza-
tion schemes for the continuous functions, hence enhancing data representation and reconstruction accuracy. The
structural modeling approaches, such as matrix/tensor function decomposition, statistical and Bayesian frame-
works, and continuous regularization methods based on continuous representations, encode prior knowledge of
data and structural constraints to further enhance robustness and generalization abilities of continuous representa-
tions. An overview of continuous parametric model designs and structural modeling methods is shown in Tables
3 [8,16,20,29,30,42,51-53,68-74] and 4 [2,17,18,21-23,50, 75-81].

2.1 Basis function representation

The concept of basis function continuous representation lies in the core idea of decomposing a multivariate function
into a series of low-dimensional functions (in most cases, univariate functions), which are parameterized by some
predefined basis functions such as Gaussian kernels or Fourier series. These basis function representations enjoy
good interpretability and solid theoretical properties, e.g., existence and identifiability [8], allowing for a wide range
of data science problems.
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Table 4 Review of some representative structural modeling methods based on continuous representation.

Category Method Description Year Ref.
(CoordX) Matrix Introduce CoordX based on matrix decomposition 2022 (75]
decomposition to accelerate conventional INRs.
(LRTFR) Tensor Tucker Low-rank tensor function representation based on 2024 2]
decomposition Tucker decomposition for multi-dimensional data.
Matrix or tensor Learnable functional transform-based low-rank tensor
(F-LRTF) Tensor SVD 2024 [76]
decomposition factorization for continuous interpolation.
(DRO-TFF) Rank-one Parameter-efficient deep rank-one tensor functional 2025 (77]
decomposition factorization for multi-dimensional data.
(F-INR) Functional Functional Tucker, CP, and TT decomposition- 2025 [50]
tensor decomposition based INR for efficient continuous representation.
(SFTL) Factor Streaming factor trajectory learning for tensor decomposition 2023 (78]
trajectory learning by using Gaussian processes to model factor trajectory.
(FunBaT) Functional Functional Bayesian Tucker decomposition with Gaussian 2024 [21]
Statistical Bayesian decomposition processes for continuous-indexed tensor data.
framework (BayOTIDE) Online Functional Tucker decomposition with Gaussian processes 2024 (23]
functional decomposition for online inference of time-series data imputation.
(GRET) Temporal tensor Tensor decomposition with continuous spatial indexes and 2025 [22]
decomposition temporal trajectories via neural ODEs.
(IDIR) Jacobian Introduce Jacobian regularizer and hyperelastic regularizer 2022 [17]
regularization based on INR for deformable registration.
(INRR) Regularize INR Learning the Dirichlet energy parameterized by another tiny 2023 [(79]
by itself INR to improve the generalization of the backbone INR.
Continuous (CRNL) Nonlocal Continuous representation-based nonlocal method 2024 (80]
regularization self-similarity with coupled tensor factorization for data reconstruction.
(NeurTV) Neural total Higher-order and directional total variation regularization 2025 (18]
variation based on continuous neural representation.
Isometric regularization Isometric regularization to preserve geometric quantities 2025 (1]

for functional data

between latent space of INR and functional data manifold.

Yokota et al. [68] proposed the smooth nonnegative matrix and tensor factorizations for robust multi-way data
analysis. This model is based on the matrix or tensor factorization parameterized by Gaussian basis functions in
the form of

, (i — nAt)?
d(i,n) =e —_——,
(i,n) = exp [ 52
where 7,n are indexes, and then solves an optimization model based on the NMF to recover information from an
observed data Y:

1
min = |[Y — dWX|%, s.t. PW >0, X > 0.
W, X 2

This NMF model encodes smoothness constraints on nonnegative factors using smooth basis functions, hence fa-
cilitating better physical interpretation and robustness with respect to noise. Debals et al. [82] proposed the NMF
using nonnegative polynomial approximations, in which the factors of NMF are modeled by a parametric represen-
tation of finite-interval nonnegative polynomials to obtain an optimization problem without external nonnegativity
constraints, which can be solved using quasi-Newton or nonlinear least-squares methods. The polynomial model
also guarantees smooth solutions for noise reduction through smooth basis function representations.

Similarly, ITmaizumi et al. [69] proposed the smooth tensor decomposition using the Tucker functional tensor
decomposition parameterized by basis functions, which leverages smoothness using the sum of a few Fourier basis
functions. They theoretically showed that, under the smoothness assumption of the tensor, the smooth tensor
decomposition achieves a better reconstruction error bound for tensor recovery and interpolation.

Gorodetsky and Jakeman [70] proposed functional TT decomposition-based continuous representation model for
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regression problems, in the form of

TO Tl Td . . . . . .
Flaraa,xa) = D0 > 3 O @) 5 (a) - £ (),

io=1i1=1  ig=1

where the univariate factor functions f,ij (x1) are parameterized by Gaussian kernels @y (z) = exp(—(w;#) with
learnable Gaussian coefficients 6 optimized by stochastic gradient descent or quasi-Newton methods. The functional
TT model excels in the task of low-multilinear-rank regression.

Kargas and Sidiropoulos [83] proposed the nonlinear system identification via tensor completion, which identifies
a general nonlinear function y = f(x1,...,2x) from input-output pairs via a tensor completion problem. Their
later work [8] proposed the functional formulation of the CP tensor decomposition using Fourier basis functions in
the form of

Bo(z) = 1, p(x) = V2cos(kmz),

where only the cosine extension is used for efficiency. Then the CPD of a multivariate function f parameterized by
such basis functions has the form

K-1 R N
foo =3 - > 11 anlkal @, (x[n)),

k1=0
where the Fourier coefficients a], are optimized towards fitting the training data. The authors provided an existence
and uniqueness guarantee for the CP functional decomposition model from the finite multidimensional Fourier
series perspective, and showed that the model can be empirically effective for real-world data regression problems.
Similarly, Sort et al. [39] proposed to represent a high-dimensional functional tensor as a low-dimensional set of
functions and feature matrices in the form of CPD with Fourier basis functions, along with a probabilistic latent
model in the decomposition to enable sparse and irregular sampling, with applications to longitudinal data modeling.

Earlier theoretical studies showed that some specific types of multivariate functions can be exactly factorized

into explicit forms of low-dimensional functions. For instance, Kunkel and Mehrmann [84] studied the numerical
factorization of matrix-valued functions, and applied it in the numerical solution of differential algebraic Riccati
equations. Oseledets [85] proposed constructive approximation (explicit representation) of some specific multivariate
functions (e.g., the polynomial and sine functions) in the TT decomposition format:

T

flxy,...,zq) = Z up(x1, @)ug(x2, @) - ug(xg, ).

a=1

For example, for a function f(z1,...,z4) = sin(x; + x2 + - -+ + x4), the functional TT decomposition has the form

cosSxo — sinxo CoOSTg_1 —Sinxg_q COS Ty
f = (sinay cosx1)<. )( )( )

sinze cosxo sinzg_1 cosTg—1 sinzq
The TT decompositions of some other functions, e.g., the polynomial function, were also obtained [85]. The ob-
tained functional decompositions are useful for the construction of efficient algorithms in high-dimensional problems.
Similarly, Tichavsky and Straka [86] proposed an alternating least squares method for fitting a TT to an arbitrary
number of tensor fibers, allowing robust and flexible modeling of multivariate functions that contain noise. They
provided examples of the algorithm for decomposing the Rosenbrock function and the quadratic function. Chen et
al. [87] studied the collaborative filtering problem and formalized the problem as a general functional matrix factor-
ization, which learns feature functions based on training data, and the learnable feature functions are parameterized
by piecewise linear functions.

Hashemi and Trefethen [29] studied Tucker factorization of trivariate functions and proposed constructive algo-

rithms for approximating trivariate functions in Tucker format, e.g.,

f(fL',y,Z) ~ T X1 A(‘T) X9 B(y) X3 C(Z)u

where the factor one-dimensional functions are represented by finite sum of Chebyshev polynomials and the core
tensor T is an m X n X p tensor. For instance, the multivariate function

flz,y,2) = 3372+ yz + y2° + log(2 + y)2° — 22° (1)
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has an exact decomposition formulation in the Tucker decomposition format
A@) =1, 7], B) = [1, v, 1082+ 9)] . €)= [, 2 422, 2%, 4] 2)

Using the Chebyshev polynomial representation algorithm can construct the Tucker decomposition for (1) numer-
ically to obtain the decomposition result (2) [29]. From the decomposition we can see the trilinear rank of f is
(2,3,4): these three numbers are the z-rank, the y-rank, and the z-rank. The 2 x 3 x 4 discrete core tensor T has
the following mode-1 unfolding;:

-200[010|001]000
Ty = c R2X12,
0 00[{000j000|300

The Tucker decomposition using Chebyshev polynomial representations would benefit fundamental numerical com-
putations of multivariate functions such as differentiation, Laplacian operators, definite and indefinite integrals [29].
Recently, the KAN [49] emerged as a new alternative for function approximation, showing particular interpretabil-
ity and robustness for scientific applications. Each layer of KAN can be viewed as a combination of spline basis
functions, hence linking traditional basis function representation with modern neural representations.

Basis function representations provide principal ways to approximate multivariate continuous functions using
predefined basis functions with learnable coefficients, which benefits multi-way data analysis and reconstruction
tasks. Nevertheless, predefined basis function representation methods may lack strong representation abilities for
depicting complex and irregular real-world data structures. In future work, the spirit of basis function methods
can be combined with modern neural representation (such as randomized neural network [88] and KAN-based
approaches [49]) to enable better characterization of data in signal processing and high-dimensional regression
problems in machine learning. Studying the theoretical advantage of basis function methods (such as implicit
smoothness [69,89] and fast inference) could facilitate understanding and inspire further explorations on the utility
of basis functions for more complex continuous representations. For instance, the 3DGS has emerged as a popular
framework for continuous scene representation in computer vision. 3DGS models radiance fields with a collection of
continuous 3D Gaussian basis functions, each parameterized by learnable mean, covariance, color, and opacity, and
can be seen as a type of basis function representation learning. It offers significant advantages in training efficiency
and robust geometry reconstruction compared to neural networks, enabling real-time rendering for applications such
as novel view synthesis [15,45].

2.2 Implicit neural representation

Implicit neural representation has emerged as a transformative parametric model for representing complex, irregular
data through continuous coordinate-based mappings using DNNs. Specifically, INRs map spatial coordinates to the
corresponding values using DNNs. By parameterizing signals as continuous functions of spatial or temporal coordi-
nates, INRs overcome the limitations of discrete sampling, enabling representation at arbitrary resolution, natural
interpolation between samples, and compact modeling of high-dimensional data, which benefits many downstream
applications.

The two most classical INRs are the Fourier feature PE-based INR [20] and the sinusoidal periodic activation
function-based INR [16]. The PE-based INR [20] showed that passing input coordinates through a simple Fourier
feature mapping enables a multilayer perceptron (MLP) to learn high-frequency functions in low-dimensional do-
mains. More specifically, given a coordinate vector v € R%, the Fourier mapping maps it to the surface of a higher
dimensional hypersphere with a set of sinusoids:

v(v) = PE(v) = [ay cos (21tb{ V) , a; sin (2tb{ V) , ..., ay, cos (27, v) , 4y, sin (27‘[b31v)]T

Then passing the positional encoded vector v(v) through a ReLU-based MLP results in effective continuous learning
for the low-dimensional input domain of v. The underlying reason for the effectiveness of PE is that an MLP with
PE (under certain conditions) is equivalent to a kernel regression with a diagonal shift-invariant kernel from the
NTK perspective (see Section 3 for details), while a conventional MLP without PE leads to a non-diagonal kernel.
The kernel regression with a diagonal shift-invariant kernel tends to more easily capture high-frequency information,
thus allowing more effective continuous representation using PE.

Similarly, the sinusoidal periodic activation function-based INR [16] (termed SIREN) is also a widely utilized
INR method. It was shown that leveraging periodic activation functions for INRs (instead of using conventional
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activations such as ReLU) are ideally suited for continuously representing complex natural signals and their deriva-
tives. The authors also proposed principled initialization schemes for STIREN and demonstrated the representation
abilities of SIREN for images, wavefields, video, sound, and their derivatives. The SIREN is constructed by stacking
sinusoidal layers in the form of

X; — ¢; (Xi) = sin (WQ(WiXi + bl)) R

where W, and b; are learnable weights and biases, wy is a frequency hyperparameter (in most times setting
wo = 30). The differentiability of sinusoidal function naturally allows SIREN to tackle physical modeling problems
such as surface representation and numerical PDE modeling (e.g., Helmholtz and wave equations considered in [16]).
The underlying rationale of the effectiveness of SIREN is similar to that of the PE from the NTK perspective.
Subsequently, Fathony et al. [90] suggested that simply multiplying some sinusoidal or Gabor wavelet basis functions
applied to the input coordinates yields comparable performance against PE and STREN-based INRs.

Later, researchers started to constantly develop more powerful INR paradigms from various aspects. Inspired by
harmonic analysis, Saragadam et al. [30] developed a new INR (termed WIRE) with continuous complex Gabor
wavelet activation functions, i.e.,

¢i(x;) = Y(Wix; + bi;wo, s0), ¥(z;wo, s0) = elovelsorl®, (3)

where wy controls the frequency of the wavelet and s controls the spread (or width). WIRE enjoys the advantages
of periodic nonlinearities such as STREN due to the complex exponential term and the spatial compactness from
the Gaussian window term e~ l%0=”. Unlike SIREN, WIRE does not require a carefully chosen set of initial weights
due to the Gaussian window, and thus enables robust continuous representation learning with respect to the choice
of hyperparameters. Li et al. [91] proposed the collaged Fourier bases for INR, which utilizes spatial masks to
modulate each global Fourier feature and collages the frequency patches to form a better reconstruction of the
image’s local pattern. Liu et al. [72] proposed the variable-periodic activation functions for INRs, where each layer
is formulated as
X; — ¢i (Xi) = sin (woai(Wixi =+ bz)) , o = |W1Xl + bl| + 1.

It uses the variable-periodic activation function sin((|z| 4+ 1)) to flexibly tune the supported frequency set of INR
to improve performance in continuous signal representation. Jayasundara et al. [92] proposed the prolate spheroidal
wave function (PSWF)-based INR, which exploits the optimal space-frequency domain concentration of PSWF
as the nonlinear mechanism in INRs to better generalize to unseen coordinates. The PSWF 4, (c,t) here is the
eigenfunction of an integral operator problem

fo sin Q(xz —t)
—to 1/}77,(0; t) T[(CE — t)

which is numerically solved by the expansion of Legendre polynomial P (t), i.e., parameterizing the solution as
Un(c,t) =Y pe o BiPr(t) and determining the Legendre coefficients 8} using recursions. Ramasinghe and Lucey [93]
proposed a unified perspective on the activation function design of INR, and showed that a large number of non-
periodic functions are suitable for continuous representation using INR, such as Laplacian and quadratic functions.

Recently, Shi et al. [42] proposed the Fourier reparameterized training for INR, which learns coefficient matrix
of fixed Fourier bases to compose the weights of the MLP. The reparameterized training leads to a more balanced
eigenvalue distribution of the NTK, hence leading to improved convergence speed for continuous representation by
alleviating the spectral-bias of INR. Hao et al. [94] proposed the levels-of-experts (LoE) framework. For each linear
layer of the MLP, the LoE employs multiple candidate values of its weight matrix, with different layers replicating
at different frequencies. For each input, only one of the weight matrices is chosen for each layer. This LoE structure
greatly increases the INR model capacity without incurring extra computation. Similarly, Ben-Shabat et al. [95]
proposed the mixture of experts (MoE) INR that learns local piecewise continuous functions that simultaneously
learns to subdivide the domain and fit it locally. They also introduced novel conditioning and pretraining methods
for the gating network of the MoE that improve convergence. Vyas et al. [96] proposed to learn transferable
representations for INRs by sharing initial encoder layers across multiple INRs with independent decoder layers. At
the inference stage, the learned encoder representations are transferred as initialization for another input sample,
thus enabling knowledge transfer. Zhang et al. [97] proposed a nonparametric teaching scheme for INRs, where
the teacher selects signal fragments for iterative training of the MLP to achieve fast convergence. They unveiled
the link between the evolution of INR and that of a function using functional gradient descent in nonparametric
teaching, thus expanding the applicability of nonparametric teaching towards deep learning using INRs.

dt = 1/}n(ca I))\n(c)a
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Figure 3 (Color online) The structures of the PE-based INR [20] and the multi-resolution grid encoding-based INR [51]. (a) The PE-based
INR maps the input coordinate through a Fourier mapping layer before passing through an MLP for effective continuous representation; (b) the
multi-resolution grid encoding-based INR (e.g., InstantNGP [51]) constructs learnable feature vectors stored on grids with multiple resolutions.
To query the point outside grids, linear interpolation is computed and the interpolated results of different grid resolutions are concatenated and
passed through an MLP. Here, the learnable feature vectors are efficiently stored in hash tables.

Other external structure designs are also incorporated into INRs for efficient continuous learning. Fang et al. [98]
proposed the CycleINR, which samples unseen points from the learned INR and uses these points to train another
INR, and then imposes cycle-consistency loss between the sampled points of two INRs, leading to higher accuracy
for super-resolution. Saragadam et al. [99] proposed the multi-scale INR, which decomposes the signal into multi-
scale orthogonal parts in terms of Laplacian pyramid, and represents small disjoint patches of the pyramid at each
scale with small MLPs, leading to increased coarse-to-fine approximation using INR. Li et al. [100] proposed the
superpixel-informed INR model for multi-dimensional data, which exploits the semantic information within and
across generalized superpixels for improved continuous representation. Cai et al. [101] studied the effect of batch
normalization for alleviating the spectral bias of INR from the NTK eigenvalue distribution perspective. The cross-
frequency INR [102] explicitly disentangles the multi-frequency characteristics of data by using the Haar wavelet
transform, thus achieving superior accuracy for continuous data representation. Kazerouni et al. [103] proposed
to use another network to dynamically adjust key parameters (such as frequencies and phases) of the activation
function of the INR, enabling more accurate continuous representations.

The internal iterative learning process of INR for each observed data from scratch can also be relaxed by using
the meta learning method [104], which builds suitable model parameters for the INR through one step forward
propagation for each data. Besides, Tancik et al. [71] proposed to use meta learning to learn specific initialization
schemes for INR parameters for a particular group of signals. The meta learning strategy coupled with dictio-
nary learning of INR [58] could further uncover improved representation abilities and convergence efficiency across
instances. It is a promising future direction to use advancing meta learning methods to generalize INR methods
or using INRs as meta learners to enable fine tuning of larger models, such as by using the low-rank adaptation
(LoRA) [105].

2.3 Grid encoding parametric model

In recent years, parametric models based on grid encoding have achieved remarkable progress in continuous rep-
resentation, especially in scene representation [15,51,106]. By integrating sparse or multi-resolution grids with
learnable feature encodings (e.g., hash tables, voxel grids) and interpolation, these methods efficiently capture fine-
grained details while accelerating the convergence of continuous models as compared with conventional INRs. We
introduce several representative studies along this line.

Miiller et al. [51] proposed the iconic multi-resolution hash encoding method for continuous representation,
especially focusing on image or scene representation using NeRF (termed InstantNGP). It uses a smaller INR
augmented by a multi-resolution hash table of trainable feature vectors on grids (see Figure 3). To use the hash
table, InstantNGP maps a cascade of grids to corresponding fixed size arrays of trainable feature vectors. The array
is treated as a hash table and indexed using a spatial hash function, e.g.,

d
h(x) = (@ xim) mod T,

where x denotes the spatial index of grids, € is the exclusive-or operation, 7t; are large prime numbers, and T
denotes the size of the hash table. The returning value h(x) indexes the position of the grid x in the hash table.
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The hash table automatically prioritizes the sparse areas with the most important fine scale detail. Then, any point
in the continuous domain can be inferred by using linear interpolation of its neighboring grid feature vectors and
passing the interpolated results through an MLP to output the corresponding value. Notably, the InstantNGP can
be seen as imposing learnable PE for INR, where the learnable parameters are stored in discrete grids and those
PE points beyond grids are obtained by linear interpolation using its neighboring grids; see Figure 3. From another
perspective, the InstantNGP can be understood as a complex composite form of linear interpolation functions.
It excels in learning fine details of images (scenes) and faster convergence due to the flexibility of learnable PE
embeddings. Some numerical examples are shown in Figure 4.

Similarly, Sun et al. [52] proposed the DVGO for continuous scene representation, which uses a density voxel grid
for scene geometry and a feature voxel grid for view-dependent appearance encoding. The authors also developed
post-activation interpolation on voxel density for producing sharp surfaces in lower grid resolution, and imposed
special initialization and learning rate schedule to enhance robustness. Yu et al. [107] proposed the PlenOctrees, a
method to quickly render novel view images under the scene representation, by training spherical harmonic functions
to model view-dependent appearance on the sphere. The color of the novel view image ¢(d) is calculated by summing
the weighted spherical harmonic bases evaluated at the corresponding ray direction d:

loaxe 0 -1
L+ exp <—Z > km’”m))] :

=0 m=—¢

e(d) =

where Y, (d) are spherical harmonic basis functions and k}* are harmonics coefficients learned by an INR. The
trained model can be sampled around the volume to create an octree structure, which can be fine-tuned to improve
quality. Fridovich-Keil et al. [73] extended PlenOctrees to Plenoxels for efficient scene representation as a sparse 3D
grid with spherical harmonics. It achieves end-to-end training of spherical harmonic function representation within
a sparse voxel grid without neural networks. The grid encoding coupled with spherical harmonics largely enhances
the convergence speed and quality of scene representation for novel view synthesis.

Recently, Zhu et al. [74] proposed the disorder-invariant INR (DINER) by projecting coordinates into a learnable
hash table, alleviating spectral bias of conventional INRs. The hash table rearranges the coordinates of an image
where the rearranged image has much lower frequency and thus can be better represented using the subsequent
INR. The optimization target of DINER has the form of

arg puin £ [P ((a(Hi)}) P (3]

where fp is an INR, H%, denotes the i-th hash key of the hash table, ¢; denotes the target value, and P is a
physical process (e.g., phase retrieval and refractive index reconstruction considered in [74]). However, it may not
hold generalization to unseen coordinates due to the discontinuity of hash key. To address this limitation, Zhu et
al. [53] proposed the hybrid RHINO framework, which utilizes an additional coordinate MLP concatenated with
the parametric grid input to regularize hash grid encoding-based methods, enhancing the generalization ability for
methods such as DINER [74] and InstantNGP [51].

Grid encoding parametric models have achieved significant success for continuous representation. Future research
could address the generalization limitations of current studies by integrating advanced interpolation techniques (e.g.,
cubic splines), low-rank decomposed structures, or more robust hybrid architectures (e.g., the RHINO framework
[53]) for broader applications such as operator learning [36] and FWT [108]. These improvements would further
amplify the practical value of these grid encoding parametric models, paving the way for broader applications in
science and engineering fields.

2.4 Matrix and tensor function decomposition

Matrix and tensor function decomposition methods have been widely studied to incorporate structural constraints
(such as low-rankness) into the continuous function representation [2,75,77]. Integrating function decomposition
paradigms with INRs has also been an emerging type of structural modeling methods for continuous representation.
The superiority of such structure lies in its computational efficiency brought by the compact low-rank factorization
and coordinate decomposition, and the encoded low-rankness would benefit many data reconstruction problems.
Liang et al. [75] proposed the CoordX, which uses a split structure of MLP for INR. In this method, the
initial layers of the MLP are split to learn each dimension of the input coordinates separately. The intermediate
features are then fused by the last layers through outer product to generate the learned signal at the corresponding
coordinate. It significantly reduces the computational costs and leads to a speedup in training and inference, while
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Figure 4 (Color online) The grid encoding-based method InstantNGP [51] achieves faster convergence and captures fine details better as
compared with classical INR methods, including PE [20] and SIREN [16]. The top row shows image fitting and the bottom shows novel view
synthesis using NeRF [15] of different models with the same iteration step.

achieving similar accuracy as the baseline INR. Luo et al. [2] proposed the LRTFR, which learns a low-rank Tucker
decomposition parameterized by univariate INRs to generate the factor matrices of the tensor decomposition. It
holds superior computational efficiency for grid-structured data and enjoys effectiveness for multi-dimensional data
reconstruction problems. Specifically, given an input coordinate v, the LRTFR is formulated as

[Cs fas fys F2)(v) := C X1 falvr)) X2 fy(Viz)) X3 f2(V(3)),

where C is the core tensor and f;, fy, f. are three univariate INRs that generate the factor matrices by taking each
separate dimension of the coordinate as inputs. For a tensor of size n; X na x nz, the LRTFR costs O[mrd(ny +
ng + n3) + rningng) in a forward pass while a conventional MLP-based INR would cost O(m?dninans), where m
denotes the INR width, d denotes the INR depth, and r denotes the Tucker rank. Since r is usually much lower
than m?d, the LRTFR is practically more efficient than conventional INR methods. And the low-rankness inherent
in such type of methods improves the robustness and convergence stability for continuous representation.
Recently, Wang and Zhao [76] proposed the functional transform-based low-rank tensor factorization (FLRTF),
which parameterizes the mode-3 factor matrix of the tensor factorization with a functional transform parameterized
by INR to enable arbitrary-resolution interpolation of multi-dimensional data, such as frame interpolation of videos
and spectral super-resolution of multispectral images. For a third-order tensor X, the FLRTF is formulated as

X('a'ak) = (AAB) X3f(z(k)>7 k:1727"~7n37

where A, B are two tensor factors, A is the face-wise product between two tensors, x 3 is the mode-3 tensor-matrix
product, and f(z)) is a functional transform parameterized by an INR. Continuous data reconstruction tasks
such as video frame interpolation/extrapolation and multi-spectral image band interpolation demonstrate FLRTF’s
superior performance brought by the functional transform tensor factorization. More recently, Li et al. [77] proposed
the deep rank-one tensor functional factorization (DRO-TFF). For a third-order tensor X', the DRO-TFF model is
formulated as

X =0 {0 [(fo,(v1)Afo,(v2)) xs Hi] x5+ x3s Hp_1} x3 fo_(v3),

where fo, (v1), fo, (v2) are rank-one factors generated by univariate INRs, H are weight matrices of the mode-3 deep
transform, fp, (v3) is the mode-3 functional transform, and v(-) is a nonlinear activation. The DRO-TFF excels
in lightweight models by virtue of the lightweight rank-one factorization, and thus holds better efficiency among
tensor functional factorization methods.

Furthermore, Vemuri et al. [50] proposed the functional tensor decomposition-based INR, which employs TT,
Tucker, and CP tensor decompositions to reconstruct INR. The method reduces forward pass complexity while
improving accuracy through specialized learning. The authors applied it to image compression, physics simulations,
and 3D geometry reconstruction and show superior efficiency. Nie et al. [109] proposed the LRTFR as a generalized
traffic data learner, which enables seamless completion of traffic analysis tasks such as state estimation and mesh-
based flow estimation.

Matrix or tensor functional decomposition methods significantly improve the efficiency of INR methods, while
the encoded structure constraints such as low-rankness benefit downstream applications. In future research, the



Luo Y S, et al. Sci China Inf Sci May 2026, Vol. 69, Iss. 5, 151102:14

combination of low-rank function decomposed INRs with operator learning paradigms [36] and arbitrary-scale
imaging problems [11] are promising directions by leveraging the efficiency of these function decomposition methods.
Applying the function decomposition to fine tuning large models are also interesting. It is also interesting to
explore more expressive tensor decompositions, such as tensor rings or topology-aware tensor networks, to enhance
INRs. Exploring adaptive rank selection in the low-rank function decomposition (such as K-means and PCA-based
approaches) is also interesting.

2.5 Statistical and Bayesian framework

Recently, several continuous representation methods based on statistical and Bayesian frameworks have been es-
tablished. These methods model continuous trajectories (such as temporal trajectory) by imposing statistical
distribution assumptions, and then inferring the model parameters from the given observed discrete signals. These
methods are capable of capturing long-term dependency and periodic patterns underlying data, making the struc-
tural modeling more accurate. The core concept of statistical and Bayesian modeling is to approximate the exact
posterior p(U, 0|X) using a variational distribution ¢(U,0), where X denotes the observed tensor data, U denotes
the latent variables, and 6 denotes the statistical parameters to be estimated. The model parameters are inferred by
efficient variational inference algorithms, such as variational expectation and maximization or Kalman filtering [23].

To be specific, Fang et al. [78] proposed to model streaming tensors by factor trajectory learning parameterized
by Gaussian process (GP), so as to flexibly estimate the continuous temporal evolution of factors for online inference
of tensor streams. Their later work [21] introduced the functional Bayesian Tucker decomposition, which models
continuous-indexed tensor data by Tucker decomposition parameterized by GP. The GP is used as functional priors
to model the latent functions of Tucker decomposition, formulated as

fliv, ... ix) & veeOW)T (U' (i) ® - - @ UX(ik)),
Uk(ik):[u’f(ik),...,ufk(ik)]T; ul(ix) ~ GP(0, k(ik,i})), J=1,....m%.

Here, W denotes the core tensor, U*(i),) denotes the factor matrix, GP(-) denotes the GP, and (i, },) denotes the
Matérn kernel function. To infer the model parameters from an observed tensor data D, the authors transformed
the factor GP into state variables Z* under the Markov chain, and further assigned a Gamma prior over the noise
precision 7 and a Gaussian prior over the Tucker core WW. The joint probabilities are approximated into fully
factorized format under the mean-field assumption:

(4)

p(©ID) ~ 4(©) = o(r)aW) [, a(2").

and then optimize the approximated posterior through expectation propagation [21]. The algorithm is evaluated
on both synthetic and real-world tensor data, and is capable of modeling continuous-indexed tensor data, especially
capturing well-documented period patterns underlying tensor data by virtue of the statistical modeling.

Fang et al. [23] further proposed the Bayesian online multivariate time-series imputation method with continuous
functional decomposition. Compared with [21], the new online method is capable of dealing with time-series data
that evolves within time. They modeled the multivariate time-series as a temporal vector-valued function X(t)
consisting of the weighted combination of trend and seasonality factors over time. It is formulated as

Virend (t)

Vseason (t)

X(t) - UV(t) - [Utrcnd7 Uscason] [ ] 5 Vérend (t) ~ gP (O; HMatcrn) ) Vgeason (t) ~ gp (07 Hpcriodic) 5

where Utrend; Useason are combination weights and the trend and seasonality factors Viyend(t), Vseason () are modeled
by GPs with different kinds of kernels to exploit temporal patterns (i.e., long-term patterns and periodic patterns).
Similar to the inference technique considered in [21], the inference of GP can be converted to the solution of a
time-invariant stochastic differential equation, which is further discretized as a Markov model to infer the state
variable Z(t) corresponding to the factor v(t). Given all observations up to time t¢,, i.e., D;,, and a new observation
arrived at t,, 41, i.e., y,t1, the statistical model parameters © := {U, Z(t), 7} are inferred by maximizing the online
posterior under the Bayes’ rule

PO | Dt, Uyns1) X p(Yns1 | ©,Ds,)p(© | Dy,),

D
p(© [ Dy,) ~ (7| Dy,) [ [ a® | Dr)a(Z(E) | D),
d=1
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where the second approximate posterior is formulated by the mean-field factorization. The authors developed a
novel approach to update the posterior p(© | D, ) in an online manner by using Kalman filter and message merging
techniques [23]. The method can handle imputation over arbitrary timestamps in the time-series data, and also
offers uncertainty quantification for time-series from the statistical modeling, particularly benefiting downstream
applications.

More recently, Chen et al. [22] proposed an innovative generalized temporal tensor decomposition with rank-
revealing latent model for real-world tensor data reconstruction, which integrates statistical modeling with neural
representations. This method encodes continuous spatial indexes through an MLP with Fourier feature encoding
under the CP tensor decomposition, and employs neural ODEs in latent space to learn the temporal trajectories
of factors. Specifically, given a spatial index i; in the dimension k, the temporal factor g* of the CP functional
decomposition is modeled by

2" (i1, 0) = Encoder ([cos(2mbyiy ); sin(27thyiy)]),
¢

2" (iy, t) = 2" (i, 0) +/ he, [zk(ik,s),s} ds, g"(ix,t) = Decoder [zk(ik,t)] ,
0

where z* are latent temporal factors and hg, is a state transition function of the dynamics at each timestamp, which
is parameterized by an MLP. The index iy, is firstly encoded through an encoder MLP with Fourier encoding, and
the neural ODE is implemented to obtain the latent temporal factor through z*(ix,t) = ODESolve[z* (ix, 0), he,].
Finally, the temporal factor g* is obtained by a decoder MLP. A Gaussian-Gamma prior is further imposed to
the factor trajectory to automatically reveal the rank of the temporal tensor. The statistical model is also solved
by variational inference with respect to the approximated posterior. The method outperforms existing statis-
tical methods for tensor recovery and prediction by virtue of the neural representation coupled with statistical
modeling [22].

Statistical and Bayesian continuous representation methods are capable of capturing periodic and long-term
patterns that benefit time-series and streaming data analysis. Future research on enhancing the expressiveness of
statistical frameworks (particularly integrating these frameworks with more powerful neural representations [22])
is expected to take advantage of both types of methods to better characterize both irregular local variability and
long-term dependency underlying signals.

2.6 Continuous regularization for structural modeling

Except for the construction of various continuous representation models, there is also a group of studies that focus
on the development of explicit continuous regularization methods conditioned on representations, mainly derived
from intrinsic priors of data such as local correlations and nonlocal self-similarity. The explicit constraints lead to
more accurate structural modeling of data based on the continuous representation. These continuous regularization
methods improve the generalization ability, robustness, and applicability of continuous models. Moreover, continu-
ous regularizations benefit from the resolution-independence and flexibility of continuous representations to handle
complex and irregular scenarios that traditional regularization methods (such as NMF and total variation) fail to
implement.

As a representative example, Wolterink et al. [17] proposed the INR for deformable image registration, where
several regularization terms were introduced to alleviate the ill-posedness of such an inverse problem. The Jacobian
regularizer is formulated as

Siac ] :/ |1 — det V®| du,
Q

where @ is the INR and this regularizer limits the Jacobian determinant around 1 to restrict the local shrinkage or
expansion of the deformation. The hyperelastic regularizer [17] conditioned on the INR @ is defined as

1
Shyper[p] — / [5a1|Vu|2 + agpe(cof VO) + a,p(det VO) | dx,
Q

where %ozl|Vu|2 penalizes the length of the deformation, a,¢.(cof V®) penalizes the expansion of area with the
cofactor matrix of the Jacobian cof V@, and «,¥(det V®) penalizes the growth and shrinkage of the deformation

with a convex function ¢(v) = @;—2})41 Except for the first-order regularizations, INR can also be facilitated with
higher-order regularizations due to the differentiability of activation functions such as SIREN [16]. The second-order
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Bending energy regularization [17] is formulated as

bend Lot b ro2eN\? 020\ (020 02 \? 02 \? 020 \?

o= [ (G5) +(57) + (52) +2 () +2(5:) +2 (5 arives
which penalizes the smoothness of the deformation vector field by using second-order derivatives of INR. These
regularization methods can be naturally combined into INRs based on standard automatic differentiation techniques,
leading to improved accuracy for deformable image registration.

Recently, Li et al. [79] proposed the Dirichlet energy regularization for INR by utilizing another tiny INR to
parameterize the Laplacian matrix of Dirichlet energy, termed INR regularization (INRR). Given an output matrix
X obtained by an INR with parameters 6, the INRR is formulated as

R(9) = tr (XTL(A)X),
L(0) = A(0) - L xm: © Lns — A(6),
exp [g" (6; u)g(6; u)]

A(e) = 1%/ exp [gT(e, u)g(97 ’U,)] Lo ,

where R(f) is the Dirichlet energy that captures the row/column-wise nonlocal self-similarity of X, L(0) is the
Laplacian matrix that constitutes the Dirichlet energy, A(f) is a weighted adjacency matrix that measures the
similarity of X, and g(6;u) is another tiny INR with input row/column coordinates u. The tiny INR here enforces
the implicit smoothness constraint for the Laplacian matrix L(6), which aligns with the piecewise smoothness of
natural images. The INRR is especially helpful for improving the generalization abilities of INR for nonuniform
sampling coordinates by leveraging the smooth row/column-wise self-similarity underlying signals. Similarly, Luo et
al. [80] proposed the continuous representation-based nonlocal method for multi-dimensional data, which captures
the nonlocal self-similarity of discrete grid or irregular signals by constructing nonlocal patch groups, implicitly
imposing a nonlocal regularization across the signal. In particular, the nonlocal continuous similar cubes of a signal
are grouped together, which holds stronger low-rankness than the original data. Then, a coupled LRTFR method
was proposed to represent the nonlocal continuous cubes to reconstruct the data [80]. The nonlocal method enjoys
superior reconstruction abilities for both grid data such as images and irregular non-grid ones such as point clouds
by virtue of the nonlocal low-rankness excavation, and holds better efficiency by the coupled tensor factorization.

Recently, Luo et al. [18] proposed the total variation regularization on the neural domain (termed NeurTV). It
uses the directional or higher-order derivatives of INR outputs with respect to input coordinates to capture local
directional correlations intrinsically existed in grid and non-grid data, and NeurTV demonstrates superior capabil-
ities then traditional discrete TV for image, point cloud, and ST data reconstruction by avoiding the discretization
error inherent in traditional methods. Specifically, the directional NeurTV is defined as

dfe(x) cos + dfe(x)

X(1) X(2)

sin 0| dx,

\I/NcurDTVQ (6) = /

Q

where 0 is a predefined direction and fg is an INR with input coordinate x. The directional NeurTV can capture
local smoothness along a predefined direction #. Furthermore, the NeurTV can be extended to a space-variant
formulation that automatically determines the local directional and scale parameters for each spatial point to
better describe local variations

dfe(x)
ax O cos Oy sin by ox(1)
UNewTve (©) = x d ’ 5
N TV"( ) /Qa <O 2—ax> (sin@x —cos9x> dfe(x) % )
%) /|l

where oy, ax are local scale parameters for x and 05 are local directional parameters. The space-variant NeurTV
better captures directional variations within a signal, and the directional parameters ax, ax,fx are automatically
identified and calibrated during optimization. Some numerical examples of the nonlocal method [80] and the space-
variant NeurTV [18] regularization are shown in Figure 5 to visually demonstrate the efficacy of these regularization
methods for general data reconstruction tasks by merging such intrinsic data priors with continuous representation.

Recently, Heo et al. [81] proposed an isometric regularization technique for INRs with latent space embedding,
such as the generative modeling of shapes using SDF [61]. The regularization preserves meaningful geometric quan-
tities (such as distances and angles) between the latent space and the functional data manifold by interpreting the
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Figure 5 (Color online) Continuous regularization methods such as NeurTV [18] and continuous representation-based nonlocal model (CRNL)
[80] alleviate the overfitting phenomenon of pure INR for image reconstruction tasks including image inpainting (top row) and denoising (bottom
row) by incorporating intrinsic priors of data.

mapping from latent variables to INRs as a parametrization of a Riemannian manifold. The regularization encour-
ages the manifold to hold minimal intrinsic curvature, hence enabling robust and smooth geometric representations.
One can generalize this regularization to a group of latent space-based continuous representations, such as operator
learning [36,81] and arbitrary-scale image representation [11].

In future research, it would be important to scale these effective continuous regularizations to higher-dimensional
cases (e.g., extending the directional NeurTV to higher dimensions beyond two), which would benefit multi-
directional characterization such as optical flow in videos and spectral smoothness in multispectral images. Mean-
while, it would be interesting to apply these explicit regularizations to more vision and scientific computing problems
such as scene representation [15], surface representation [61], and neural physical simulations [110] to enhance their
respective robustness.

2.7 Methodological interplay

The continuous methodology design involves many interplays across different domains, which are critical for gaining
deeper insights and boosting further improvements of continuous representation methods. For example, modern
INR methods have leveraged many techniques and methodologies related to basis function representations, high-
lighting their interplay. While traditional basis function methods explicitly decompose a function using pre-defined
basis functions (e.g., Gaussian, Fourier, Chebyshev), INRs implicitly integrate this idea into the neural network’s
architecture itself. For instance, the Fourier feature PE [20] maps input coordinates to a set of Fourier basis func-
tions, acting as a fixed basis expansion at the input layer of the INR. The SIREN [16] and WIRE [30] use sinusoidal
or wavelet functions as nonlinear activations, parameterizing the INR as a learnable function composed of weighted
basis functions. Essentially, INRs inherit the principle of basis functions but replace a fixed, shallow set of global
bases with adaptive and hierarchical combinations of basis functions.

The concept of traditional function decomposition [8,85] has inherent interplay with modern INR-based function
decomposition methods [2,75,76]. Both approaches decompose a multivariate function as a linear combination
of univariate functions. While traditional methods parameterize these univariate functions using predefined basis
functions, recent techniques [2,76] draw inspiration from classical tensor representations and employ INRs to learn
the univariate functions adaptively, thereby offering a more flexible framework for representing complex multivariate
functions. Computational mathematical tools, such as the neural ordinary differential equation [22], have also
become increasingly intertwined with continuous representation frameworks.

For another example, Liu and Tang [41] introduced DiffENO, a model that integrates the Fourier neural operator
(FNO) with a diffusion framework for arbitrary-scale image super-resolution. This application of NO learning [37]
to image super-resolution illustrates the growing interplay between methodologies derived from scientific computing
and those in the computer vision community. Moreover, the successful integration of InstantNGP and 3DGS into
physics-informed neural networks [110-112] highlights the interplay between the computer graphics and scientific
computing communities. In particular, efficient continuous representation models from graphics research (e.g.,
InstantNGP [51] and 3DGS [45]) have demonstrated significant potential in addressing numerical PDE problems,
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Table 5 Comparative analysis of some modern continuous representation methods.

Method Key advantages Potential trade-off Primary applications
Concise implementation Neural radiance fields
INR Parameter efficiency Spectral bias SDF representation
Inherent smoothness Arbitrary-scale super-resolution

Fast convergence . X
Novel view synthesis
Grid encoding High-frequency capture Training overfitting . . .
Fast imaging reconstruction
Memory efficiency

Real-time rendering .
Graphics
3DGS Explicit geometry Large storage .
3D reconstruction
High-quality scene

Computational efficiency Multi-dimensional data
Tensor function Structural prior Limit expressiveness Scientific analysis
Interpretability INR acceleration

Uncertainty quantification . . .
Time-series analysis
Statistical framework Prior incorporation Model specification . .
Uncertainty analysis
Periodic modeling

highlighting a promising trend toward interdisciplinary research and investigation. In terms of theoretical interplay,
the combination of physics-informed neural networks & neural operators in scientific computing and the NTK theory
from classical neural network analysis underscores promising opportunities for interdisciplinary research [19,113,114].
In particular, theoretical tools established in one domain (e.g., NTK theory in classical neural network analysis)
can be leveraged to interpret and inspire the development of efficient algorithms in a different domain (e.g., physics-
informed neural networks in scientific computing). These interplay parts are important for understanding deepen
insights into these methods and developing further improvements.

Here, we further perform a more systematic comparison of some modern continuous representation paradigms
by discussing their key advantages and trade-offs. A summary table is shown in Table 5. In particular, INRs
[16,20] offer parameter efficiency and implicit smoothness through the continuous representation, which is the most
classical continuous representation paradigm nowadays. As compared with INRs, grid encoding methods (e.g.,
InstantNGP [51]) achieve faster training and superior detail capture by using multi-resolution learnable grids, but
may more easily incur overfitting for noisy observations. On the other hand, 3DGS [45] demonstrates computational
advantages for real-time continuous representation, such as novel view synthesis, though it may require more storage
costs by storing a large number of Gaussian functions [45]. Furthermore, tensor and matrix function decomposition
methods [2,115] introduce beneficial structural priors and improve interpretability & robustness, but may limit
expressiveness where low-rank assumption is not satisfied. Statistical and Bayesian approaches [21,23] provide the
distinct ability to model uncertainty and temporal periodic dynamics, while the model specification (e.g., Gaussian
processes) may not be suitable for extremely complex data. In summary, it is important to integrate the advantages
of different paradigms to promote transformative continuous representation models that are both flexible, efficient,
and robust in future research.

3 Theoretical foundations of continuous representations

This section introduces several theoretical frameworks that uncover fundamental insights into continuous represen-
tation learning methodologies. Our analysis is primarily based on three groups of theories: approximation error
analysis and representational capacity theory for continuous representation models, convergence and generalization
analysis of continuous methods from the NTK theory, and implicit regularizations brought by the structures of
continuous models and their corresponding optimization dynamics. These theoretical perspectives are summarized
in Table 6 [31,33,40,54,56-59,116-124].

3.1 Approximation and representation theory

The approximation and representation theory refer to the theoretical framework that quantizes the error of esti-
mating/representing an unknown or complex function using a more tractable continuous function representation
by parametric or non-parametric models [29,40,116,117]. The goal is to find or demonstrate that a function from
a predefined class (e.g., polynomials, neural networks, Gaussians) could closely match the target function in the
continuous domain.
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Table 6 Review of representative theoretical foundations related to continuous function representations.

Category Theory Description Year Ref.
Truncation error of SVD Truncation error estimate and decay rate of SVD 2018 (116]
for functions approximation for Sobolev smooth bivariate functions.
Functional T'T Propose functional TT (and parameterization
2019  [40]
decomposition error) that represents functions in the TT format.
Functional tensor CP Propose the functional CPD (and its contractive 2021 117]
Approximation decomposition error bounds) via RKHS-based power iteration.
and representation Dictionary analysis Utilize harmonic analysis to characterize the function class 2021 (58]
for INR represented by INR using a signal dictionary.
Complex wavelets analysis Characterize the function class represented by wavelet INR 2024 (59]
for INR using Fourier convolution theorem and I'-progressiveness.
Functional tensor SVD Propose the functional tensor SVD theorem in continuous 2024 18]
framework domains for multi-output regression problem.
Neural tangent kernel The training of neural nets follows kernel gradient with respect to the 2018 (31]
(NTK) NTK, enabling generalization and convergence analysis of neural nets.

R Propose the NTK computation of CNN and the non-asymptotic
Convolutional NTK 2019 [54]

proof that wide net is equivalent to NTK regression.

Regularized neural nets Regularized neural nets has better generalization than NTK 2019 [119]
Convergence and outperforms NTK and the convergence of £2-norm regularized neural nets.
generalization RKHS norm reg. Use the RKHS norm under the NTK as the function-space 2022 (120]
for neural nets regularization of deep neural nets.
Modified kernel’s Propose modified spectrum kernels and a preconditioned 2024 121]
spectrum method for faster convergence by altering eigenvalues of NTK.
NTK analysis for Demonstrate that InstantNGP recovers fine details better 2025 (56]
InstantNGP from the NTK eigenvalue perspective.
Implicit reg. in deep matrix Study the implicit nuclear norm reg. of gradient descent 2019 (57]
factorization over deep linear neural networks for matrix sensing.
Implicit reg. in deep tensor Analyze the implicit reg. of hierarchical tensor factorization 2022 (122]
factorization and CNN (equivalent to deep CNN) towards low hierarchical tensor rank.
Implicit Implicit reg. in deep CP Establish the polynomial growth of implicit low-rank reg. 2022 (33]
regularization factorization with respect to the depth of deep tensor CP factorization.
Implicit reg. in deep Tucker Study the implicit reg. of deep Tucker factorization for tensor 2024 (123]
factorization completion towards solutions with low multilinear rank.
Implicit bias of AdamW Show that AdamW optimizer converges to a KKT point of the 2024 [124]
optimizer original loss under bounded £o.-norm constraint.

First, it is known that deep neural nets serve as universal approximators for any continuous functions in the
compact set of Euclidean space.

Theorem 1 (Universal approximation [125,126]). Let K C R™ be a compact set, and f : K — R be any continuous
function. For any € > 0, there exists a single-hidden-layer MLP with activation function o (any non-polynomial
continuous function), such that the network output N(z) satisfies

m
sup |f(z) = N(2)] <€, N(z) = aio(w; -z +b),
rzeK =1

where m € N, a;,b; € R, and w; € R™.

The theorem provides a fundamental theoretical guarantee on the representation abilities of INR. For example, the
widely-used SIREN [16] utilizes the sinusoidal activation function, which is a non-polynomial continuous function.
Hence, SIREN has the capacity to approximate any continuous functions. However, in practice, INRs such as
SIREN still suffer from spectral basis that favors low-frequency information and leads to slower convergence to
high-frequency information. This is related to the optimization dynamic and can be well explained by the NTK;
see Subsection 3.2.
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From the traditional function approximation perspective, many studies have explored the representation ca-
pacity of basis function representations. For example, any integrable periodic function can be represented by a
unique combination of Fourier series [127]. Any compactly supported non-periodic function can be transformed
into a periodic function, and hence can also be represented by Fourier series. Similarly, linear combinations of
complete wavelets bases (such as Haar wavelets) are capable of approximating any integrable functions from the
multiresolution analysis [128].

Following the function representation theory pipeline, several studies have investigated the function class that
could be captured by general INR structures. Yiice et al. [58] proposed a theoretical framework that characterizes
the function class represented by an INR. Specifically, INR families are structured signal dictionaries with atoms
being integer harmonic functions related to the initial mapping frequencies. The INR fy in [58] is formulated as

fo(r) = WgE=D L p(1) 50 — (0 (W“)z“_l) + b(é)) 0=1,...,L—1, 29 =5(r), (6)

where r is the input coordinate, v is the first-layer encoding, and p is the activation. Such a structure can only
capture the following class of functions.

Theorem 2 (Function class represented by INR [58]). Let p()(z) = ZkK:o oz for 0 > 1. Let Q = [Q,...,Q7r_1]T
and ¢ denote the matrix of frequencies and vector of phases in the encoding layer v(r) = sin(Qr + ¢). Then the
architecture fy(r) can only represent functions of the form

for)= Y cwsin((W',r) + dur), (7)

w/' €H(Q)

where H(Q) € {215 sifu|se € ZA SIS [so] < KE1

The theorem shows that the expressive power of conventional INRs (such as PE-based INR [20] and SIREN [16])
is restricted to functions that can be expressed as a linear combination of certain harmonics related to the feature
mapping v(r). Hence, the INR has the same expressive power as a structured signal dictionary whose atoms are
sinusoids with frequencies w’ equal to sums and differences of the integer harmonics of the mapping frequencies
Q [58]. Another insight is that the INR represents this function class with degree of freedom O(TKT) using
substantially fewer parameters (i.e., with O(T?L) parameters in the learnable weights W), indicating that the INR
imposes a certain low-rank structure over the coefficients. Furthermore, the authors [58] drew inspirations from
meta-learning to construct dictionary atoms of INRs as a combination of examples seen during meta-training. As
a result, the target signals would project onto the eigenfunctions of the NTK with the largest eigenvalues, leading
to increased convergence speed by meta-learning to reshape the dictionary atoms.

Recently, Roddenberry et al. [59] proposed a wavelet analysis framework that captures the function class repre-
sented by wavelet INR [30]. The analysis is based on the Fourier convolution theorem of the atoms of the first-layer
feature of the INR. Specifically, the signal is represented from coarse approximations performed in the first layer of
the INR. The wavelet INR in [59] is formulated as

Fo(r) = WD 2L (1) 4 pE)| 50 (r) = p® (szw—l)(r) n b(f)) L 20() =y (Wm)r + b<o>) 7

where p are polynomials and 1 is the so-called template function in the first layer, considered as complex wavelets
in [59]. This class of INR has a Fourier transform that is fully determined by convolutions of the Fourier transforms
of the atoms in the first layer, as demonstrated in the representation theorem.

Theorem 3 (Function class represented by INR using template function convolutions [59]). Let a point ro € R?¢

be given and A = {m)| ZtF:l 1 m¢ = k}. Under mild assumptions, there exists an open neighborhood U 3 ry such
that for all ¢ € Cg°(U)

*m,§

Fi . - .
[ TeR G )] (), ¥

KL—I
G- Jo© =36+ 3 Y Bk,
meA

k=0

for coefficients Bm € C independent of r, where (-)*™¢ denotes m-fold convolution of the argument with itself with

respect to §&. The W, T denotes the transpose of the inverse matrix. Furthermore, the coefficients Bm are only
nonzero when each ¢t € [1,..., F1] such that m; # 0 also satisfies W;rg + b; € supp(¢).
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This theorem is an application of the Fourier convoluti%iheorem conditioned on the INR function class intro-
duced in Theorem 2. Specifically, the Fourier transform ¢ - fg is fully determined by the self-convolutions of the
Fourier transforms of the atoms in the first layer, which generates integer harmonics by scaled, shifted copies of
the template function ¢, i.e., (Wirg + by). The support of these scaled and shifted atoms of the first layer, say
Y(Wyrg + by), is preserved as the support of ¥, so that the INR output at a given coordinate r is dependent only
on the atoms in the first layer whose support contains r [59]. Moreover, the authors [59] used the T'-progressiveness
analysis tool to show the advantages of using complex wavelets for INR. The I'-progressiveness refers to the property
of a function that the support of its Fourier transform lies in a convex conic set of R?. They demonstrated that
the wavelet INR, is a I-progressive function. Thus, any advantages/limitations of approximating functions using
I-progressive template functions are maintained. And if the atoms in the first layer of an INR using a template
function v have vanishing Fourier transform in some neighborhood of the origin, then the output of the INR has
Fourier support that also vanishes in that neighborhood (i.e., band-pass property). Hence, the authors designed a
split INR structure that utilizes two INRs to respectively serve as low-pass and high-pass filters for signal represen-
tation, which holds good performance. These INR theories would provide solid foundations for further developments
of continuous representation theories, algorithms, and applications for diverse fields.

Furthermore, we shift our focus to the representation and approximation analysis of a class of functional de-
composition studies, which are related to the INR-based functional tensor decomposition methods [2,35,75,129].
INR-based functional tensor decomposition methods currently lack sufficient theoretical explanations on their repre-
sentation and approximation abilities. We suppose that existing frameworks from the harmonic and Fourier analysis
coupled with theoretical tensor decomposition frameworks [9] can pave the way on explaining the expressiveness
of these methods [2,35,75,129]. In particular, in future work, we can attempt to characterize the approximation
error of INR-based functional tensor decomposition methods with respect to their rank parameters by using Fourier
basis function representations and the corresponding decay rate of Fourier coefficients [8,130] in the function space.
Meanwhile, we can leverage the function singular value decomposition theory [116] and the decay rate of function
singular values to establish the approximation error of INR-based functional decompositions by parameterizing INRs
in the function singular value decomposition form. Moreover, we can leverage mathematical tools from functional
analysis, such as the Stone-Weierstrass theorem [131] that characterizes the density of a certain function class and
the classical universal approximation theory [132] for MLPs, to establish the approximation ability guarantee for
INR-based functional decomposition methods.

More specifically, Griebel and Li [116] studied the decay rate of singular values of a group of bivariate functions
in the Sobolev space W#2(D) where D C R™. Given a bivariate function x(y, ), the singular value decomposition
(SVD) refers to the expansion

n=1

where ), are eigenvalues of the integral operator R with associated kernel R(x,z") = [, k(y, 2)k(y, ") dy, ¢n(z) are
corresponding eigenfunctions, and ¢, (y) = \/L/\T Jp £y, 2)¢n (x) dz. The theory [116] establishes the order O(M—s/4)
for the truncation error of the SVD series expansion (9) after the M-th term truncation [116]. In signal processing,
SVD serves as a fundamental method for dimensional reduction tasks such as PCA and data compression. Building
upon this foundation, promising research lies in investigating the SVD truncation theory of INR-based continuous
representations to uncover theoretical insights of functional tensor decomposition methods [2, 75].

Following this line of research, Wang et al. [118] proposed the functional tensor SVD (t-SVD) via tensor-tensor
product, which extends the classical t-SVD to infinite and continuous feature domains.
Theorem 4 (Functional t-SVD [118]). Let F : X x ) — R be a square-integrable vector-valued function with
Lipschitz-smooth domains X C RP* and ) € RP2. Then, there exist sets of functions {¢;}3°; € L?(X;R¥) and
{i}2, € LA(Y;RE), and a sequence of t-scalars {0;}22; C NX with lim; ;. 0; = 0, satisfying the functional
t-singular value decomposition (Ft-SVD):

Flz,y) =Y ¢i(x) ¥ar i %ar ily), (10)
i=1

where %), denotes the tensor-tensor product induced by the transform M. The orthonormality conditions | x @i ()
¢;(z)dz = 6;;M~*(1) and Sy Yi(y)*am ¢ (y) dy = 8;;M~1(1) hold, where 1 € R *1*K ig the t-scalar with all entries
equal to 1, and d;; is the Kronecker delta.

The theorem states that the vector-valued function F' can be decomposed into the t-SVD form in the continuous
Lipschitz domain. The authors applied this novel functional tensor decomposition model to the multi-output
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regression problem, and resolved the combinatorial distribution shift problem in multi-output regression. They also
developed an empirical risk minimization to address the regression problem using Ft-SVD, and demonstrated the
theoretical analyses for the performance guarantee of the algorithm.

Han et al. [117] proposed the CP low-rank functional tensor decomposition model, a novel dimension reduction
framework for tensors with one functional mode and several tabular modes. Let J € RP1>xP2x[0.1] he the functional
tensor with approximately CP rank r, then the CP functional tensor decomposition model of ) is modeled by

YV=X+2Z, X:Z/\la1®b1®§lER’“X”X[OJ], (11)
=1

where ay, b; are factor vectors and & is the factor function in a reproducing kernel Hilbert space (RKHS) spanned by
a positive-definite kernel function. The authors provided the identifiability condition of the CP functional model.
Then, an RKHS-based power iteration method was proposed to estimate the model parameters from a discrete
tensor, which iteratively updates the tabular factors a;, b; and the function & without function parameterization.
Finally, the authors developed a non-asymptotic contractive error bound for the proposed power iteration algorithm
and applied the algorithm to real tensor data analysis.

Gorodetsky et al. [40] developed a new approximation algorithm for representing and computing with multivariate
functions using the functional T'T, which replaces the three-dimensional TT cores with univariate matrix-valued
functions, similar to that of [70]. They provided parameterization error of using the TT model for approximating
a multivariate function, and applied the numerical functional TT algorithm for approximating functions with local
features (such as discontinuities) and adaptive integration and differentiation of multivariate functions. Recently,
Fageot [133] proposed the theoretical guarantee for the inverse problem of recovering a continuous-domain function
from a finite number of noisy linear measurements, where the target function is the sum of a slowly varying
trend function and a periodic seasonal function, and the reconstruction is formalized by introducing a convex
generalized total variation regularization over functions. These theoretical frameworks provide fundamental insights
and performance guarantees for continuous representation methods. In future research, it would be interesting (and
more challenging) to further investigate tractable and theoretically guaranteed computation, decomposition, and
reconstruction algorithms for multivariate neural continuous functions, such as INRs and NO learning that operates
directly on INRs [134,135].

3.2 Generalization and convergence

In this subsection, we review several NTK-based theoretical frameworks that reveal the underlying generalization
and convergence capabilities of continuous representation methods using INRs (and also more general deep neural
nets). The NTK describes the behavior of infinitely wide neural networks during gradient descent training using the
corresponding kernel gradient descent under the NTK, and also explains several optimization challenges (such as
the spectral bias in INRs that the network favors low-frequency information more than high-frequency ones [20,42]).
The NTK measures how a small change in parameters affects the outputs for two network inputs = and z’. For
wide enough neural nets, this measure stays fixed, simplifying training analysis.

Jacot et al. [31] firstly introduced the NTK framework for neural network convergence and generalization. During
gradient descent on the parameters of a neural network fy with depth L, the network follows the kernel gradient of
the functional cost with respect to the NTK, where the NTK function is defined as

P
0 (g) = Z 39pF(L)(9) ® (%pF(L)(Q)’
p=1

where ©(F)(8) is the NTK, F(1)(6) is the realization function mapping 6 to fg, and ® is the tensor product between
two functions. While the NTK is random at initialization and varies during training of the neural network fy, in the
infinite-width limit, the NTK G(L)(H) converges to an explicit limiting kernel and stays constant during training.
These are the two key theoretical results presented in [31].

Theorem 5 (Convergence to the NTK with infinite-width at initialization [31]). For a neural network of depth L
at initialization, with a Lipschitz nonlinearity o, and in the limit as the network layers width nq,...,nr_1 — oo, the
NTK ) converges in probability to a deterministic limiting kernel (%) — @éﬁ oI dy, , where @éﬁ ) R™ xR" —
R is a scalar kernel and Id,,, is an identity matrix.
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Theorem 6 (Convergence to the NTK during training [31]). Assume that o is a Lipschitz nonlinearity function
with bounded second derivative. Under mild assumptions, we have that, uniformly for any training time ¢ € [0, T,
0wl (t) — ol Id,, , where ©)(t) is the NTK at time t.

Since the NTK of an infinite-width neural network converges to a deterministic kernel for both initialization
and during training, we can readily describe the convergence and generalization features of this neural network by
depicting the corresponding kernel. For instance, Arora et al. [55] proposed the classical fine-grained analysis of
convergence and generalization of overparameterized two-layer neural nets based on NTK. They considered a two-
layer ReLU-activated neural network f and the corresponding training objective ® with input-label pairs {x;,y;}:

fWa \/—Zar W —%E .fWaXZ))Q'

Using the eigen-decomposition of the NTK matrix H* = Y7 | A\;v;vi (H™ € R™*" is the evaluation of the NTK
function on input data points x1,...,X,), the optimization dynamic and generalization error bound of this neural
network can be analyzed.

Theorem 7 (Training convergence rate [55]). Suppose y = [y1,...,¥n], Ao = Amin(H®) > 0, kK = O (\E/—‘%),

m = (W
training steps kK = 0,1,2,... we have the training error follows:

) and n = O (2—3) Then with probability at least 1 — ¢ over the random initialization, for all

ly = [fwm),a(x1), -5 fwy,a(xn)]ll2 = Z (I =n\) % V y) + e (12)
=1

Following the analysis in [55], we define & (k) = (1 — n\;)?*(vIy)?, and each sequence starts at &(0) = (viy)?
and decreases at ratio (1 —n)\;)2. In other words, we can think of decomposing the label vector y into its projections
onto all eigenvectors v; of H*: ||y||3 = 31, (viy)? = 31, &(0), and the i-th portion shrinks exponentially at
ratio (1 — nX;)%. The larger \; is, the faster {&(k)}72, decreases to 0. In order to have faster convergence, we
would like the projections of y onto top eigenvectors to be larger. For a set of labels y, if they align with the top
eigenvectors, i.e., (v} y)? is large for large eigenvalues \;, then gradient descent converges quickly. Otherwise, the
optimization would converge slowly to components that correspond to smaller eigenvalues. This property induces
the well-known spectral bias in neural networks. Addressing the spectral bias issue is the motivation of many INR
methods. For instance, the Fourier reparameterized INR method [42] reconfigures the eigenvalue distribution of the
NTK through reparameterization of MLP layers, hence enabling more projections onto top eigenvectors, leading to
faster convergence towards high-frequency components. The method in [72] alleviates the spectral bias of INR by
flexible bandwidth tuning of the NTK through a delicately designed activation function.

Since the training of a neural network using gradient descent mimics the kernel gradient descent with respect to
the NTK, we can consider the scenario of using the kernel regression for continuous representation (i.e., mapping
coordinates to values using kernel regression). If the kernel k(z,2’) is non-diagonal (i.e., input coordinates = and
x’ that are close to each other do not result in high responses k(z,2')), it is hard to use this kernel to fit a good
regression model in the continuous space. Otherwise, if the kernel k(z, ") is diagonal and shift-invariant, it would
be more suitable. This is the underlying principle of many feature encoding-based INR methods, such as the Fourier
feature PE [20] and SIREN [16]. The Fourier feature encoding shifts the NTK of a ReLU-activated neural network
from non-diagonal to diagonal, hence enabling effective continuous representation (see Figure 6).

In terms of generalization error bound, Arora et al. [55] developed an NTK-based bound that fully depends
on data pairs {x;,y;} and the structure of the neural network through the NTK matrix H*. The generalization
theory states that, suppose the data S = {(x;,y;)}", are i.i.d. samples from a distribution D and consider any
loss function £ : R x R — [0, 1] that is 1-Lipschitz and sufficiently wide neural network, then with high probability
1 — 4, the two-layer neural network fw(r).a trained by gradient descent has generalization loss Lp(fwk)a) =

E(x,y)~D [Z(fw(k)ya(x),y)} bounded as

2yT(H>)—1 logL
p(fw(k),a) < %—1—0 \/; 7

where the first term m

the test accuracy of the learned neural network. This result gives an illustrative example on how to use the

can be viewed as a complexity measure of data that one can use to predict
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Figure 6 (Color online) Neural tangent kernel diagrams of several neural networks: ReLU-activated MLP, positional encoding MLP (PE-
MLP) [20], and SIREN [16]. The INR methods PE-MLP and SIREN shift the NTK matrix from non-diagonal to diagonal, thus enabling more
accurate continuous representations of an image.

generalization theory of traditional kernel methods to analyze the generalization behavior of sufficiently wide neural
networks, bringing new theoretical tools for neural nets. Indeed, enhancing the generalization capabilities of INRs
for unseen coordinates remains a crucial research objective [92]. Rigorous theoretical analysis of generalization error
bounds for INR methods is warranted, as it would facilitate the development of principled approaches with provable
generalization guarantees.

Many subsequent studies have provided further analysis of NTK-based frameworks. Arora et al. [54] gave the
first exact algorithm for computing the NTK of a convolutional neural network, and proposed a non-asymptotic
proof that a wide neural network is equivalent to the NTK regression. They also proposed an efficient GPU
implementation of this algorithm, and reported a state-of-the-art performance using a pure kernel-based method for
image classification. While conventional NTK analysis does not work when there is a standard f5-norm regularizer
(known as weight decay), Wei et al. [119] showed that regularized neural nets have better generalization abilities
than the corresponding NTK without regularizer, and developed the convergence of /5>-norm regularized neural nets.
Specifically, they proved that for infinite-width two-layer neural nets, gradient descent optimizes the regularized
neural net loss to a global minimum. Chen et al. [120] proposed a function-space regularization for training neural
nets instead of the conventional ¢5-norm regularizer. This method approximates the norm of neural network
functions by the RKHS norm under the NTK and uses it as a function-space regularizer. The authors proved that
neural networks trained using this regularizer are arbitrarily close to kernel ridge regression solutions under the
NTK. Furthermore, they provided a generalization error bound under the RKHS norm regularizer and empirically
demonstrated improved generalization on downstream tasks.

While conventional NTK analysis deals with gradient descent with full-batch settings (noise-less setting), under-
standing the training dynamic of neural nets under stochastic optimization is of crucial importance. Chen et al. [136]
proposed a more generalized NTK analysis of two-layer neural net, which considers the setting with noisy gradient
descent (e.g., mini-batch) and weight decay, and such a generalized setting also exhibits a “kernel-like” behavior,
implying that the training loss converges linearly. This is a more practical optimization setting since full-batch
gradient descent is usually computationally heavy in practice. Accelerating the convergence of deep neural nets
via preconditioning is also a widely studied topic. For instance, Geifman et al. [121] proposed a family of modified
spectrum kernels (MSK’s) and introduced the MSK’s-based preconditioned gradient descent by altering eigenvalues
of NTK for accelerating the convergence of wide neural networks, which gets rid of the dependency of convergence
speed on NTK. Shi et al. [137] proposed an inductive gradient adjustment method based on the eigenvalues of the
empirical NTK to address the spectral bias of INR. Recently, Chng et al. [138] proposed a stochastic training scheme
for INRs by using the curvature-aware diagonal preconditioners for second-order optimization methods, which are
especially useful for non-traditional activation-based INR training such as SIREN [16] and WIRE [30].
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As relative theoretical frameworks, Alkhouri et al. [32] summarized the theories and algorithms of using untrained
DNNs (for instance, untrained neural networks including INRs and deep image priors [139]) for data reconstruction,
which establishes NTK dynamics analysis and reconstruction error estimations for such an untrained paradigm.
This work connects the broad category of untrained neural net methods with theoretical frameworks of NTK to
explain the underlying effectiveness of these unsupervised methods. Recently, Audia et al. [56] demonstrated that
grid encoding continuous representations (such as InstantNGP [51]) recovers fine details better than conventional
INRs from the NTK eigenvalue perspective. Specifically, they showed that the smallest eigenvalue of the NTK
matrix induced by InstantNGP is greater than that of an MLP, and the expressiveness mainly comes from the
additional learnable grid parameters, which uncovers the theoretical insights about the stronger representation
abilities of grid encoding continuous representation methods.

The NTK provides a powerful framework for analyzing the properties and theoretical advantages of continuous
representation models, such as INRs. By leveraging NTK theory, researchers can examine key characteristics of
INRs, including analyzing the shift-invariant property of the NTK (a desired property for continuous representation)
when passing the input coordinates through a Fourier mapping [20], the bandwidth of NTK and its corresponding
parameter configurations/initialization schemes of INR [72], and the desired eigenvalue distribution of NTK for faster
convergence of INR, [42]. One can utilize the NTK framework for a wider range of analysis involving non-conventional
neural structures, such as the theoretical insights of PDE-constrained neural solvers [19] and NO learning [114].
Utilizing the NTK analysis tool to advance fundamental theoretical understanding for various applications such as
FWI [108] and computational biology [64] are also promising interdisciplinary research directions in future work.

3.3 Implicit regularization

Implicit regularization [57,122] refers to the theoretical analysis that characterizes the implicit bias or structure
constraint of an optimization algorithm over a parameterization model (e.g., neural networks), even without explicit
regularization or constrained conditions. These theoretical analyses, in part, explain the good generalization ability
of deep neural networks even with over-parameterization. In particular, continuous representations (e.g., INRs
[16,20]) are representative instances that, even with over-parameterization, could still learn relatively robust and
generalizable features (e.g., to unseen coordinates) from limited training data, which can be understood from the
implicit regularization perspective of training dynamics.

Gunasekar et al. [140] firstly developed the implicit regularization of gradient descent over the matrix factorization
of the form X = UUT € R"*" where U € R"*? is an over-parameterized matrix factor (i.e., n = d). They
showed that with small enough step sizes and initialization close enough to the origin, gradient descent on such
a full-dimensional matrix factorization converges to the minimum nuclear norm solution. Consequently, Arora
et al. [57] studied the implicit regularization of gradient flow over a deep matrix factorization of the form X =
WyWpy_q1--- Wy, where W,, are over-parameterized matrix factors. The main result in [57] states that gradient
descent over the following matrix sensing minimization problem

m

Z(yi — (A, WyWy_1 - Wp))? (13)

=1

1
wmn G(Wi(t),... W) =5

converges to the minimal nuclear norm solution, a conjecture similar to that of [140].

Theorem 8 (Implicit regularization of deep matrix factorization [57]). Let Wgeep,oo (@) := limy— oo W (1)W1 (%)
-~ W(t) where W;(0) = oI and W;(t) = —%(Wl(t), ..., Wx(t)) for t € Rso. Suppose N > 3, and that the
matrices Aq,...,A,, commute. Then, if Wdccp = lima 0 Weep,o0 () exists and is a global optimum for (13) with
zero loss, then Wdeep is a global optimum with minimal nuclear norm.

The tendency of gradient-based optimization over deep matrix factorization towards a low nuclear norm solution
sheds light on the generalization mystery of deep neural networks, i.e., a low “complexity” model would generalize
better by such implicit regularization of gradient descent. To further distinguish the influence of depth NV on the
implicit regularization, the authors [57] proposed a dynamical analysis of gradient flow with infinitesimally small
learning rate on deep matrix factorizations. They showed that the evolution of singular values of the recovered
matrix X is essentially related to the depth N. Specifically, the derivative of the r-th singular value o, of the
recovered matrix with respect to training time ¢ is formulated by

or(t) = =N - (07(t)) A(VUW (), ur(t)vy (1))

where N is the depth, V(W (t)) is the gradient of the loss function, and u,(t), v,(t) are singular vectors of the
recovered matrix at time ¢. This gives the evolution dynamic of the singular value with respect to time ¢. We can

1-1/N
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see that the dynamic enhances the movement of large singular values, and on the other hand attenuates that of
small ones, ultimately leading to a low-rank solution. Moreover, the evolution of singular values depends on the
depth N, and the attenuation of singular values becomes more significant as N grows. This theoretically reflects
the influence of depth on the convergence rate towards the low nuclear norm solution. It could be noted that the
INR [20,51] can be seen as a special case of the deep matrix factorization with input layer W being coordinate
embedding and without nonlinear activation. Further studying the implicit regularization of gradient optimization
over INRs is an important theoretical direction towards understanding its effectiveness. The work proposed in [141]
studies the landscape analysis for discrete gradient dynamics to explain the implicit regularization underlying deep
low-rank matrix factorization. The authors [141] proved that the rank-R deep matrix factorization will converge
to a second-order critical point after R stages of saddle point escaping, providing a new theory to analyze implicit
regularization in deep learning. For more related studies of the gradient dynamics and implicit regularization, we
refer readers to [142-144] and the references therein.

Subsequently, Razin et al. [122] studied the implicit regularization in hierarchical tensor factorization, a model
similar to a certain deep convolutional neural network. Through dynamical analysis, they established implicit
regularization of the model towards low hierarchical tensor rank, hence translating to an implicit regularization
towards locality (i.e., low separation rank) for the associated convolutional network. Here, the separation rank of
a function f with respect to an index set I is defined as the smallest number R such that the function can be

separated into
R
(o) = [ [(4)

with some separated functions g, g.. The lower the separation rank, the stronger the local (short-range) dependen-
cies between different input regions x(¥ and x(9). Hence, to counter the locality implicit regularization and enhance
the long-range dependency evacuation of the deep network, the authors [122] designed an explicit regularization
that discourages locality (i.e., discourages low separation rank), and demonstrated its effectiveness to improve the
long-range dependency characterization of a convolutional network for image classification performance.

Similar implicit regularization analyses in deep tensor factorizations are conducted in [33,123]. Hariz et al. [33]
studied implicit regularization in deep tensor CP factorization in the form of

=

n

N
w=> Q[[ar"w!

r=1n=1i=1

where ) denotes the outer product and A", w! are factors of the deep tensor CP factorization, with k,, indicating

the depth. They established the training dynamic of the vector component ®7]:’:1 w’(t) with respect to the training
time ¢ using an infinitely small learning rate of gradient descent, which writes

2_l+k1+”'+kN

d N N N N

= | @wr®)| = No.(0) | Qwr 1 :
n=1 n=1

where §,.(t) can be expressed independent of depth. This shows that the evolution rates of the CP component
o2kt tky
®2’:1 w!'(t) are proportional to ’ ®ﬁ[:1 w?(t)‘ " " . This evolution rate is polynomially related to the

depth k,,, i.e., when the depth increases, the evolution becomes faster. Since the CP blocks with larger norms
decay faster according to the evolution rate, these facts ultimately lead to a low-CP-rank solution, even without
explicit low-rank constraints. The implicit low-tensor-rank regularization could yield more accurate estimations
and better convergence properties for deep tensor factorizations. Similarly, their later work [123] studied the
implicit regularization in deep tensor Tucker factorization, which shows that deep Tucker factorization trained by
gradient descent induces a structured sparse regularization, leading to the solution with low-multilinear-rank. The
deep Tucker factorization here is tightly connected to a certain deep neural network. These results could draw
inspiration for depicting the implicit regularization of a class of functional tensor decomposition methods based on
INR [2,75,129], since these methods can be exactly formulated as deep tensor factorization models parameterized
by deep neural networks, with the input layers being coordinate embedding.

Recently, Bai et al. [145] studied the influence of the connectivity of the graph induced by the observed matrix
on the implicit regularization. They showed that disconnected observations lead to low nuclear norm regularization
while connected ones lead to low-rank solutions, supported by training dynamic analysis. Except for standard
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gradient descent, many studies have developed implicit bias analysis for other popular optimizers in deep learning.
For instance, Xie and Li [124] studied the implicit bias of the widely utilized AdamW optimizer, and showed that,
under full-batch training, it implicitly performs constrained optimization in terms of ¢,,-norm conditioned on the
weight decay factor. Future research can combine advanced optimizers with deep matrix/tensor factorizations, and
consider more stochastic optimization (such as stochastic gradient descent) to deepen the insights into implicit
regularization induced by different models and algorithms, which would be beneficial for explaining some specific
deep models, such as continuous representation using INRs.

The implicit regularization encoded in deep models and optimization algorithms can explain the good gener-
alization ability of INRs for unseen coordinates and across different images, such as the generalization of the
arbitrary-scale image restoration model [11]. However, most current implicit regularization results rely on pure
linear combination, and how to extend the results to scenarios with nonlinearity remains challenging. Moreover,
deriving the theoretical implicit regularization of more complex models such as neural TV-induced optimization
dynamics [18], differential equations represented by neural nets [19], and NO learning [146] are open areas.

4 Practical applications of continuous representations

This section conducts a systematic review of representative practical applications of continuous representation
methods. To provide a coherent overview, we categorize these applications into four major paradigms based on
the domain and the nature of the reconstruction problem. (i) Computer vision and graphics, focusing on re-
constructing and synthesizing visual data such as images and 3D scenes. Representative fields include scene &
shape representation, applications in robotics, and image & video restoration (i.e., low-level vision). (ii) Scientific
computing, where continuous representations are leveraged to resolve PDE approximation governed by physical
laws. Representative methods include PINN and NO. (iii) Medical imaging and bioinformatics, which leverages
the resolution independence and smoothness of continuous representations for biological data analysis, includ-
ing medical image, computational microscopy, and bioinformatics. (iv) Geosciences and remote sensing, which
deal with high-dimensional spatial and temporal geoscience data, including HSI and seismic data analysis. An
overview of some representative application studies using continuous representation methods is synthesized in Table
7 [5,11,14,15,25,28,34,35,37,61,64,65,67,108,110,111,146-153].

4.1 Computer vision and graphics

Utilizing continuous representation models (particularly INRs) for computer vision problems and applications in
graphics has attracted extensive attention in recent years due to the continuous and differentiable nature of INRs,
which make them especially suitable for representing continuous, resolution-independent, and irregular signals in
vision and graphics. The classical INR methods [16,20] were applied to represent images, videos, and surfaces under
a unified continuous representation framework, showing strong capability for capturing fine details of visual signals
by compressing them into neural representations. Here, we introduce some representative applications of continuous
representation in related fields.

4.1.1 Scene and shape representation

Around 2020, there were many pioneer studies that developed implicit and continuous methods for 3D scene repre-
sentation. For instance, Park et al. [61] proposed the first SDF-based implicit representation for shape representation
(termed DeepSDF). It utilizes an INR to encode the SDF of a shape, where the SDF is a continuous function that,
for a given spatial point in R?, outputs the point’s distance to the closest surface, whose sign encodes whether the
point is inside (negative) or outside (positive) of the surface. The underlying shape is implicitly represented by
the surface of SDF= 0. Sitzmann et al. [106] proposed a continuous and 3D structure-aware scene representation
that encodes both geometry and appearance by representing 3D scenes as continuous functions that map world
coordinates to a feature representation of local scene properties. Jiang et al. [154] proposed local implicit grid
representations for 3D scenes, which reconstruct 3D scenes from point clouds via optimization of the latent grid of
an implicit network. Mescheder et al. [155] proposed the occupancy network, which implicitly represents the 3D
surface as the continuous decision boundary of a deep neural network classifier, allowing to extract 3D meshes at
any resolution. Yariv et al. [156] proposed to model the volume density of 3D scenes as a function of the geom-
etry represented by SDF, which produces high-quality geometry reconstructions. Niemeyer et al. [157] proposed
the differentiable rendering formulation for implicit shape representations, which learns implicit shape and texture
representations directly from RGB images by leveraging the analytic expression of the gradients of depth with
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Table 7 Review of some representative applications of continuous representation methods.

Category Application Description Year Ref.
(DeepSDF') Shape Learn SDF of shapes by continuous 2019 (61]
representation neural representation that implicitly encodes the boundary.
(NeRF) Neural Represent scenes for view synthesis using continuous 2020 [15]
radiance fields 5D INR and volume rendering.
Vision and (LIIF) Arbitrary-scale Introduce the LIIF using INR for 2091 (11]
graphics image super-resolution image super-resolution with arbitrary upsampling scales.
(PCU) Point cloud Self-supervised and arbitrary-scale PCU by seeking nearest 2093 [147]
upsampling projection points on the implicit surface of seed points.
Cross-scale Introduce self-supervised method for cross-scale blind image 2024 [148]
image deblurring deblurring using INR to represent image and kernel.
(DeepONet) Deep Learning nonlinear operators using two deep neural nets to 2021 (146]
operator network respectively take input functions and coordinates.
(FNO) Fourier Parameterize the function integral kernel in the Fourier space 2021 (37]
NO for expressive operator learning.
Physical simulation Utilize InstantNGP for neural physical simulation with 2024 [110]
Scientific using grid encoding a numerical gradient method and fast boundary sampling.
computing InstantNGP for Use InstantNGP for physics-informed neural nets with finite 2024 111]
PINN -difference calculations of derivatives to address discontinuity.
Tensor decomposed Employ CP, Tensor-Train, and Tucker decompositions in 2025 (35]
PINN PINN for efficient learning of multivariate functions.
(D-FNO) Decomposed Improve the efficiency of FNO (O(N?log N) to O(NPlog N)) 2025 (149]
FNO by tensor decomposition and separability of Fourier transform.
(IREM) INR for MRI High-resolution 3D MRI reconstruction with arbitrary 2091 (150]
Reconstruction up-sampling rate using INR.
(ArSSR) MRI arbitrary-scale Arbitrary-scale super-resolution for 3D MRI using 3D CNN 2023 [151]
super-resolution and local LIIF.
Survey of INR for Deliver a comprehensive survey of INR for medical imaging 2023 [5]
medical imaging analysis and reconstruction.
Medical imaging INR for image Medical image registration using generalized INR with latent 2024 (152]
and bioinformatics registration modulations obtained by a CNN encoder.
(Moner) Undersampled Reconstruct MRI and motion parameters from undersampled 2025 (28]
MRI reconstruction measurements using INR and Fourier-slice theorem.
(STINR) INR for spatial Decipher multi-slice ST data using INR 2025 (64]
transcriptomics and single-cell references.
(GASTON) Spatial gene Analyze spatial gene expressions through spatial gradients 2025 (14]
expressions and isodepth learned by INR.
HSI super-resolution Single HSI super-resolution using INR and a content-aware 2023 (65]
using INR hypernetwork that produces the weights of INR.
(IFWI) Full waveform Use INR to parameterize the velocity model for full-waveform 2023 [108]
inversion inversion (FWI) with improved convergence.
(SINR) Spectral Continuous spectral amplification process using INR for snapshot 2024 (153]
Geosciences and reconstruction using INR spectral imaging with arbitrary recovered spectral bands.
remote sensing Arbitrary-scale HSI Utilize LIIF for HSI arbitrary-scale super-resolution by leveraging 2024 (34]
super-resolution and fusing RGB spatial priors.
Hyperspectral Nonnegative matrix functional factorization parameterized by 2024 (67]
unmixing INRs for hyperspectral unmixing.
(NeRSI) Seismic data Utilize INR to encode continuous seismic 5D wavefield to infer 2025 (25]

interpolation

missing trace amplitudes (interpolation).
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respect to the implicit network parameters. In terms of shape representation, Genova et al. [158] proposed to use
structured implicit functions for learning template 3D shapes, and the learned shape templates support downstream
applications such as shape exploration, correspondence, and interpolation. Chen and Zhang [159] proposed to use
implicit fields for learning generative models of shapes, where an implicit field decoder was developed for improving
the visual quality of the generated shapes. Chibane et al. [160] proposed the implicit feature networks for 3D
shape reconstruction and completion from 3D inputs (such as sparse voxel), which outputs continuous shapes from
implicit functions. Recently, Schirmer et al. [7] presented a comprehensive survey on geometric INR methods for
signed distance functions in scene representation.

Continuous representations have been widely utilized in scene representation. In 2018, Eslami et al. [161] intro-
duced the generative query network, which takes images of a scene from different viewpoints as inputs, constructs
an internal representation, and uses this representation to predict the appearance of that scene from unobserved
viewpoints, paving a pioneer and fundamental way to autonomously make machines understand the world around
them. Another famous scene representation model is the NeRF [15]. The NeRF represents a scene using an implicit
network, which maps a single continuous 5D coordinate (spatial location (x,y, z) and viewing direction (6, ¢)) to
the corresponding volume density and view-dependent color. Then the classic volume rendering technique is used
to project the output colors and densities into an image to synthesize novel views. The following studies such
as InstantNGP [51], PlenOctrees [107], and Plenoxels [73] methods based on grid parametric encoding are more
powerful continuous representation methods for scene representation of novel view synthesis based on NeRF. Chen
et al. [38] proposed tensorial radiance fields, which decompose NeRF under the tensor block term decomposition
to enable faster convergence without neural networks. Tang et al. [162] proposed compressible and composable
NeRF via rank residual decomposition. It learns a tensor decomposition model of NeRF, uses a rank-residual
learning strategy to encourage the preservation of primary information in lower ranks, and gradually encodes fine
details in higher ranks, allowing composition of scenes by concatenating along the rank dimension. Fridovich-Keil
et al. [163] proposed the K-planes representation, which represents a d-dimensional scene using C% 2D planes with
multi-resolution grids and interpolation. The K-planes induce a natural decomposition of static and dynamic com-
ponents, achieving state-of-the-art reconstruction fidelity with low memory usage for scene representation. For a
detailed and comprehensive survey of NeRF-based methods, please refer to [62].

Recently, 3DGS has emerged as a popular framework for continuous scene representation. Introduced by Kerbl
et al. [45] in 2023, this method models radiance fields with a collection of continuous 3D Gaussian basis functions,
each parameterized by learnable mean, covariance, color, and opacity. Compared to NeRF, 3DGS offers significant
advantages in training efficiency and robust geometry reconstruction, enabling real-time rendering. Following this
pioneer work, Wu et al. [164] proposed the 4D Gaussian splatting, a novel explicit representation containing both
3D Gaussians and 4D neural voxels for representing and rendering dynamic scenes. Huang et al. [165] proposed
the 2D Gaussian splatting for radiance field reconstruction, which utilizes 2D oriented Gaussian disks instead of
3D Gaussians, thereby providing view-consistent geometry while modeling surfaces intrinsically. Zhang et al. [166]
introduced 2D Gaussians and a novel rendering algorithm based on accumulated summation to represent images
under the INR framework, which achieves faster rendering and representation performance. Moreover, Zhang et
al. [167] proposed the wavelet-based visual primitives and a wavelet-based differentiable rasterizer. This method
utilizes wavelet basis functions to represent the continuous fields, demonstrating improved accuracy and efficiency
for image and scene representations over Gaussian-based representations. 3DGS has also enabled a variety of
applications beyond vision and graphics. For instance, inspired by 3DGS, Kang et al. [112] proposed the physics-
informed Gaussians for PDE solutions, which utilize learnable Gaussian feature embeddings and a lightweight neural
network to model the physical field. Xu et al. [168] proposed the 3D Gaussian adaptive tomography for Fourier light-
field microscopy, which improves the volumetric reconstruction quality while maintaining computational efficiency.
Recently, Wu et al. [169] provided a comprehensive survey of recent advances in 3DGS and their applications in
3D reconstruction, 3D editing, and other downstream applications. For a detailed introduction to recent 3DGS
methods, we refer readers to this comprehensive review [169] for more information.

4.1.2  Applications in robotics

In addition, continuous representation methods proposed in vision and graphics, such as SDF and NeRF, have
been widely utilized in the field of robotics. For instance, Ortiz et al. [170] proposed a continual learning system
for real-time SDF reconstruction for robot perception, which produces more accurate reconstructions and better
approximations of collision costs and gradients useful for downstream applications such as navigation to manipula-
tion. Simeonov et al. [171] proposed the neural descriptor fields (NDFs), which are continuous functions that map
3D spatial coordinates to spatial descriptors, where the descriptors encode the spatial relationship of coordinates
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to the salient geometric features of the object. Such an object representation of NDF encodes both points and
relative poses between an object and a target via category-level descriptors for object manipulation without relying
on expert-labeled keypoints. Li et al. [172] introduced a method that uses deep neural networks to map a video
stream of a robot to its visuomotor Jacobian field, enabling the control of robots from only a single camera. In this
method, a neural radiance field maps a 3D coordinate to its density and radiance, which serves as a representation
of the geometry of the robot. They demonstrated the method on various robot manipulators that vary in actuation,
materials, fabrication, and cost [172]. Suresh et al. [173] proposed the NeuralFeels, which encodes object geometry
by learning a continuous neural field online and jointly tracks it by optimizing a pose graph problem. The learned
neural representation driven by multi-modal sensing can serve as a backbone for advancing robot dexterity. Several
survey papers on continuous representations in robotics exist in the literature. Irshad et al. [47] provided a thorough
review of neural fields in robotics, including the discussions of several neural fields such as occupancy networks,
SDF, NeRF, and Gaussian splatting, and their application in major robotics domains such as pose estimation,
manipulation, navigation, physics, and autonomous driving. Ming et al. [174] presented a thorough analysis of
how NeRF can be used to enhance the capabilities of autonomous robots, with a focus on perception, localization
and navigation, and decision-making modules of autonomous robots. Zhu et al. [175] provided a comprehensive
review of 3DGS in the field of robotics, and explored how 3DGS has been utilized in various robotics tasks from
scene understanding and interaction perspectives. For more details on the applications of continuous representation
methodologies in robotics, we refer readers to these comprehensive reviews [47,174,175].

4.1.3 Low-level vision

Several studies have explored the application of INR for image restoration tasks in low-level vision. Chen et al. [11]
proposed the LIIF for continuous image representation, and applied this representation to arbitrary-scale image
super-resolution. The LIIF uses an encoder to obtain high-resolution features and feeds the features with image
coordinates into an INR to generate the high-resolution image, enabling resolution-independent representation of an
image. Recently, Liu and Tang [41] introduced DiffFNO, a model that integrates the FNO with a diffusion framework
for arbitrary-scale image super-resolution. This application of operator learning [37] to image super-resolution
illustrates the growing interplay between methodologies from scientific computing and those in the computer vision
community. Chen et al. [176] proposed a multi-scale INR network for image deraining, which takes advantage of
the continuous representation to construct multi-scale collaborative representations of an image. Nam et al. [177]
proposed neural image representations for multi-image fusion and layer separation, which estimate the homography,
optical flow, and occlusion scene motions to effectively combine multiple input images into a single canonical view
using coordinate-based neural representations. Cheng et al. [13] proposed INRs with imaging geometry for synthetic
aperture radar (SAR) target recognition. The target recognition problem can be seen as a view synthesis pipeline
that predicts the density and intensity from the input views to render novel views. Zhang et al. [148] applied
the INR for cross-scale self-supervised image deblurring with unknown blur kernel, which represents the image
and kernel with INRs to encode resolution-free property for image deblurring. Hu et al. [178] proposed an INR-
based continuous heatmap regression method for human pose estimation. It can output the predicted heatmaps
at arbitrary resolution during inference, which easily achieves sub-pixel localization precision. Yang et al. [179]
proposed to use INR for cooperative low-light image enhancement, which unifies the diverse degradation factors
of real-world low-light images using an INR normalization pipeline, thus enhancing robustness. Recently, Zhao
et al. [147] proposed to use implicit surfaces for arbitrary-scale point cloud upsampling, which seeks the nearest
projection points on the implicit surface of seed points to sample dense point clouds at arbitrary-scales.

There is a group of studies that leverage implicit representations for videos in the continuous spatial-temporal
domain. For instance, Chen et al. [26] applied the INR for continuous space-time super-resolution of videos by
estimating motion flow fields between frames. Chen et al. [180] proposed the neural representations for videos
(NeRV), which represent videos as neural networks taking frame index as input and outputting the corresponding
RGB image. The NeRV achieves efficient video compression by neural networks. Li et al. [181] proposed the
expedited NeRV by decomposing the image-wise INR into separate spatial and temporal contexts, which are fused
by convolution stages. It achieves significantly faster speed on convergence as compared with vanilla NeRV for
implicit video representations. Similarly, Yan et al. [182] proposed the implicit NeRV with decomposed static and
dynamic codes for video representation, which efficiently utilizes redundant static information while maintaining
high-frequency details.

There are also several studies that generalize INRs to graph-structured data on non-Euclidean spaces. For
instance, Grattarola and Vandergheynst [183] proposed the generalised INR for discrete graph representation on
non-Euclidean domains. It utilizes the eigenvectors of the graph Laplacian matrix as the spectral embedding of
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INRs, which allows the training of INRs without knowing the underlying continuous domain, a scenario for most
real-world graph signals. Xia et al. [184] proposed the implicit graphon neural representation, which parameterizes
the adjacency matrix of graphs by INRs and enables efficient and flexible generation of arbitrarily sized graphs.

Representing and reconstructing vision and graphics signals using continuous representation (such as coordinate
networks and spherical harmonics on voxel) has led to a group of increasingly popular research fields (NeRF [15],
LIIF [11], SDF [61], etc). It is foreseen that there will continue to be a large number of advancing methods developed
for continuous signal representation in vision and graphics. For a comprehensive review of related fields, we refer
readers to [7,62].

4.2 Scientific computing

Resolving scientific computing problems in numerical mathematics using continuous representations, particularly
numerical PDE solutions, has attracted significant interest in recent years with the emerging of many physics-
informed continuous representation methods [185]. Resolving a numerical PDE can be viewed as a data reconstruc-
tion paradigm that recovers continuous physical fields from interpretable physical rules or limited observations. We
mainly focus on the PINN and NO learning frameworks.

4.2.1 Physics-informed neural network

The PINN is a class of continuous representation models designed to solve forward and inverse problems involving
PDEs by integrating physical laws. The PINN was introduced by Raissi et al. [186] in 2019, which leverages neural
networks to approximate solutions of PDEs. Let a PDE be defined as

Nu(x, )] =0, x € Q, t €[0,T)

with boundary conditions Blu(x,t)] = 0, x € 99, where N is a differential operator, u is the unknown solution,
and Q is the spatial domain. A PINN approximates u(x,t) using a neural network up(x,t), parameterized by
learnable weights . The network is trained to minimize a composite differential loss function containing several
terms L£(0) = Laata + M LppE + A2 LBc, where the data fidelity loss (if labeled data exists) encodes the knowledge of
observed data Laata = 3, [46(x;, ti) — u(x;, t;)|*, the PDE loss encodes the physical law Lppg = > N (x5, )17,
followed by the boundary condition loss Lc = Y, |Blaie(x, tx)]|*. The differential loss functions related to A[ig]
and B[ig] are computed using automatic differentiation of neural networks, enabling exact gradient calculations
without discretization errors. PINNs have been successfully applied to several scientific fields, including fluid
dynamics, material modeling, biomedical systems, and climate science. By unifying data and physical laws, PINNs
hold the power of physics-guided machine learning in computational science. Notably, the PINN can be seen as
an INR [16,20] operating on a physically interpretable continuous field, with tailored differential loss functions to
model these physical fields. The development of PINNs is a broader topic coupling machine learning and numerical
mathematics. For comprehensive discussions and reviews of the PINN framework and related methods, we refer
readers to [60,185,187].

A growing body of recent research has investigated the application of grid encoding parametric models [51] for
PINNSs by leveraging the multi-resolution grid structures to effectively represent fine details in physical fields. Kang
et al. [188] proposed the physics-informed cell representations, which utilize multi-resolution grid encoding [51]
with a cosine interpolation kernel for PINNs. Jin et al. [189] proposed the hash grid encoding methods (based on
InstantNGP) for PINN using differentiable cubic interpolation, which are combined directly with auto-differentiation
of neural nets. Wang et al. [110] proposed the neural physical simulation with multi-resolution hash grid encoding,
and used a numerical gradient method for computing high-order derivatives with boundary conditions and a range
analysis sample method for fast neural geometry boundary. Huang and Alkhalifah [111] proposed the efficient
PINN using hash encoding, which replaces the automatic differentiation with finite-difference calculations of the
derivatives to address discontinuity. They also shared the appropriate ranges of hash encoding hyperparameters to
obtain robust derivatives. Recently, Kang et al. [112] proposed the physics-informed Gaussians for PDE solutions,
which utilize Gaussian mixture models as parametric mesh representations followed by a lightweight neural network,
and the derivatives of such a structure can be computed analytically.

4.2.2 Neural operator

NO learning [146] serves as a novel architecture designed to learn mappings between infinite-dimensional function
spaces, making it particularly suited for solving parametric PDEs. Unlike PINNs, NOs directly operate on functions
and thus enjoy generalization abilities by evaluating PDE solutions instantly for new parameter functions. The
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advantages of NOs include the fast inference of PDE solutions and the generalization ability between function
spaces (see experimental examples in [36,37]). Let A and U be function spaces (e.g., Sobolev spaces). Given
observations of input-output function pairs {a;(x), u; (y)}jvzl, a; € A, u; € U, the goal of NO learning is to learn
an operator G : A — U such that G'(a)(y) = u(y). For parametric PDEs, a(z) might represent an initial condition
or coefficient field, and u(y) the PDE solution. The deep operator network (DeepONet) [146] forms an operator
by using a branch net to encode function values and a trunk net to decode locations, which enjoys the universal

approximation theorem in function spaces. The DeepONet is formulated as

P

Gla)(y) = be(a) - ti(y) ,
k=1 v Y
branch net trunk net
where by encodes the input function, and ¢; decodes the output location. Both b and t; could be parameterized by
neural nets, and learned through function pairs. The FNO [36,37] maps a function v through the Fourier transform

operator and frequency-domain filter. The learnable Fourier operator layer is formulated as
K(a)(y) = F'[R- F(a)] (y),

where F is the Fourier transform operator and R is a learnable frequency-domain filter. Stacking multiple Fourier
layers leads to the FNO. As compared with DeepONet, FNO can query both input and output at any positions, and
is discretization invariant. The FNO is also grounded with the universal approximation theorem for operators [36].
Liu-Schiaffini et al. [190] proposed the localized integral and differential kernels in FNO to replace the global
convolution kernel R, which better capture local features and preserve the resolution-independence. NOs represent
a paradigm shift in scientific machine learning, combining numerical analysis with generalizable deep learning to
resolve scientific computing problems (especially numerical PDEs) efficiently. For comprehensive discussion and
review of NOs, please refer to [191].

Recent studies have explored accelerating techniques and addressing the curse of dimensionality of PINNs and
operator learning through tensor decomposition paradigms. Li and Ye [149] proposed the decomposed FNO, which
decomposes the high-dimensional latent representation into a series of rank-1 tensor products, and the three-
dimensional fast Fourier transform (FFT) is replaced by a series of one-dimensional FFT. This decomposed structure
enhances the efficiency for large-scale PDE modeling from O(N?log N) to O(N P log N), where the separation rank
P is much smaller than the grid size N. Cho et al. [129] proposed the separable network architecture for PINNs,
which operates on a per-axis basis to significantly reduce the number of network propagations in multi-dimensional
PDEs based on tensor decomposition, which shares similarity with tensor functional decomposition methods [2,76].
A similar idea is used in [35], which uses a tensor decomposed structure (e.g., Tucker, CP, and TT) to accelerate
numerical PDE based on PINN for internal learning of a multivariate function.

Several studies have investigated operator learning frameworks for generating INR functions. Xu et al. [134]
proposed the signal processing paradigm for INR, which maps an INR to another INR by a learned operator
parameterized by convolutional neural network. This method inputs the derivatives of an INR into the operator
network and generates another INR. It is capable of dealing with several visual problems such as image denoising
and classification. Pal et al. [135] proposed the INR via operator learning, which maps input functions (often in
the form of Fourier PE functions [20]) to the corresponding signal functions (characterized by conventional INRs
that map coordinates to pixels). It achieves theoretical consistency with operator learning and obtains better
performances for image regression and robustness in neural weight interpolation.

Efforts to understand the convergence and generalization behaviors of PINN or NO have also been widely explored.
For instance, Wang et al. [113] analyzed the training dynamics of PINNs using NTK and proposed a novel NTK-
guided gradient descent algorithm for PINN. Bonfanti et al. [19] analyzed the training dynamics of PINN for
nonlinear PDEs under the NTK framework. Nguyen and Miicke [114] introduced the NTK regime for two-layer
NOs and analyzed their generalization properties. The interplay between PINNs & NOs in scientific computing and
the NTK theory from classical neural network analysis underscores promising opportunities for interdisciplinary
research. In particular, theoretical tools established in one domain (e.g., NTK in classical neural network analysis)
can be leveraged to interpret and inspire the development of efficient algorithms in a different area (e.g., PINNs in
scientific computing). Following this direction, further research into the theoretical properties of PINNs and NOs
is expected to advance their theoretical foundations and improve algorithmic design. Recently, Dummer et al. [192]
proposed to use resolution-independent INR for large deformation diffeomorphic metric mapping (LDDMM) coupled
with LDDMM-based statistical latent modeling with applications in computer graphics and the medical domain.
This work paves the way for future research into how Riemannian geometry, shape analysis, and continuous learning
representations can be combined.
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4.3 Medical imaging and bioinformatics

In medical imaging and bioinformatics fields, continuous representation methods (particularly INRs) enable precise
and resolution-independent representations of biological data that benefit many downstream tasks [5,14]. The
inherent smoothness of continuous methods preserves interpretable structures in medical scans [193], cellular rela-
tionships [64], and tissue organizations [194] in biological specimens. The continuous modeling framework enables
natural integration with physical rules, medical imaging processes, and biomedical engineering frameworks for
enhanced reconstruction fidelity of diverse types of medical images and biological data.

4.3.1 Medical imaging

Image registration is an important computational problem for medical imaging such as MRI and computed tomog-
raphy (CT) imaging. The image registration aims to establish spatial correspondence between two or more images
by applying nonlinear and elastic transformations. There is a group of studies that utilize INRs to address image
registration. Wolterink et al. [17] proposed the first INR model for deformable image registration by predicting the
transformation between images using an INR. Later, Byra et al. [12] proposed INRs for joint decomposition and
registration of gene expression images, which use several implicit networks combined with an image exclusion loss
to jointly perform the registration and decompose the image into a support and residual image, where the image
decomposition guides the registration to be more accurate. Sideri-Lampretsa et al. [195] proposed a spline-enhanced
INR for multi-modal image registration, which parameterizes the continuous deformable transformation represented
by an INR using free form deformations, allowing for multi-modal registration while mitigating folding issues. Zim-
mer et al. [152] proposed the generalized INR for image registration, which encodes the fixed and moving image
volumes to latent representations, and uses the latent representations to modulate the INRs to enable generalization
across multiple instances.

The medical imaging reconstruction using INRs is another widely studied research direction. For instance, Sun
et al. [196] proposed a coordinate-based internal learning paradigm for continuous representation of measurements,
with applications in inverse problems of medical imaging. Reed et al. [193] proposed a dynamic CT reconstruction
method from limited views with INRs coupled with parametric motion fields. Wu et al. [150] proposed to use INR
for high-resolution MRI reconstruction, and further proposed an arbitrary scale super-resolution approach for 3D
MRI [151] via 3D convolutional neural networks and INRs. Their recent work [28] proposed an InstantNGP-based
model for reconstructing MRI and motion parameters from undersampled measurements. Chu et al. [63] proposed
to integrate the prior sampling of a pre-trained diffusion model with INRs for accelerated MRI reconstruction,
which incorporates both the diffusion prior and the MRI physical model to ensure high data fidelity. Shen et
al. [197] proposed a novel framework named Neural CMF, which utilizes an INR to model the 3D structure and the
comprehensive motion of the heart for continuous 3D myocardial motion tracking, making significant advantages
over existing methods in cardiac imaging and motion tracking. Their recent work [198] further proposed the
CardiacField, which utilizes the InstantNGP [51]-based INR for reconstructing a 3D cardiac volume from sequential
multi-view 2D echocardiography images, enabling accurate and automated heart function estimation.

Advanced model architecture designs were also incorporated into medical imaging processing using INRs. For
instance, Vo et al. [199] proposed a sparse-view X-ray CT method by using the regularization-by-denoising (RED)
[200,201] framework to regularize the INR, optimization. It enhances the efficiency of INR training for this task
by decoupling the post-processing network (RED network) and INR optimization. Similarly, Iskender et al. [202]
proposed a continuous neural field to represent the dynamic object with RED, via a learned restoration operator
using static supervised training. Yu et al. [203] proposed a bilevel optimization framework for INR, with applications
for accelerated MRI reconstruction. This method automatically optimizes the hyperparameters of the INR for a
given protocol, enabling a tailored reconstruction without training data. For a comprehensive review of INR methods
for medical imaging applications, we refer readers to [5].

4.3.2  Computational microscopy

A growing body of studies has successfully applied INRs and neural field representations for the computational
microscopy imaging problem, which holds great importance for applications in medical imaging and other scien-
tific fields. For example, Zhu et al. [204] proposed an unsupervised diffractive neural field to reconstruct lensless
imaging for microscopic scenes by jointly optimizing the imaging parameter and implicit mapping between spatial
coordinates and complex field. Liu et al. [205] proposed the deep continuous refractive index field, which learns a
continuous representation of a refractive index volume by using a neural field to map the spatial coordinates to the
corresponding complex-valued refractive index values. Zhou et al. [206] proposed a compact framework for represent-
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ing and reconstructing Fourier ptychographic microscopy image stacks using INRs, which substantially outperforms
traditional Fourier ptychographic microscopy algorithms. Zhang et al. [207] proposed an INR-based single-shot vol-
umetric fluorescence imaging method, which significantly reduces the acquisition time of a conventional fluorescence
microscope. Kang et al. [208] applied the INR for joint wavefront estimation and structural information extraction
from the input widefield microscopy image stack, which could be applicable to various microscopy modalities. Feng
et al. [209] proposed a scanning-free wavefront shaping technique based on INR to reconstruct diffraction-limited
images. Cao et al. [210] proposed the neural space-time model via INR to jointly estimate the multi-shot imaging
scene and its motion dynamics for computational imaging reconstruction, such as microscopy. Zhou et al. [211]
proposed a physics-informed ellipsoidal coordinate encoding INR method for high-resolution volumetric wide-field
microscopy, which tackles the challenge of background signal interference and resolution loss in axial scanning
image stacks. Zhao et al. [212] introduced a physics-informed neural representation for high-resolution light field
microscopy reconstruction, which significantly enhances performance by incorporating an unsupervised and explicit
feature representation approach.

4.3.3  Bioinformatics

Beyond medical imaging, continuous representation methods have also gained attraction in the field of bioinformat-
ics, demonstrating their applicability across diverse computational biology applications. Zhong et al. [213] proposed
the first neural network-based approach for cryo-electron microscopy to determine the structure of proteins under an
inverse problem setting. The method leverages coordinate-based deep neural networks with PE to model continuous
generative factors of structural heterogeneity within proteins. Another application of continuous models in bioin-
formatics is the representation of ST data [214]. The ST is a novel technology that enables gene expression profiles
within spatial positional context. This approach provides insights into tissue organization and cell-cell interactions
in the space, advancing research developments in biology. However, the irregular spatial profile and variability of
genes make it challenging to model ST data in a computational framework. There are several recent studies that
utilize continuous representation to model the irregular and non-grid structure of ST data. For instance, Song
et al. [194] proposed the graph-guided neural tensor decomposition model for reconstructing ST from incomplete
measurements, where the model takes the coordinate and gene index as inputs and outputs the corresponding gene
expression. The model is regularized by spatial and functional relations-informed graph regularizers. Chitra et
al. [14] proposed a coordinate-based neural network to learn a continuous and differentiable function of ST (termed
GASTON), which enables gradient and isodepth analysis of ST to accurately identify spatial tissue domains. Li et
al. [215] proposed STAGE, a computational framework that generates high-density ST from low-quality measure-
ments by using a spatial coordinate-based generator. This spatial coordinate is generated from the observed ST
in an encoder-decoder architecture. Recently, Luo et al. [64] proposed an INR-based ST representation framework
(termed STINR), which encodes ST along with single-cell references using an INR. Benefit from the implicit local
correlation of INRs, STINR achieves higher accuracy in detecting spatial tissue domains from raw ST data. Zhu
et al. [216] introduced SUICA, which models ST in a continuous manner by INRs to improve both the spatial res-
olution and the gene expression. Overall, continuous representation frameworks, particularly INRs, have emerged
as increasingly prominent computational approaches for ST analysis in bioinformatics. It is foreseeable that the
continuous representation framework for ST will gain growing attention in future research.

4.4 Geosciences and remote sensing

Continuous function representation methods are increasingly emerging paradigms for geophysical and remote sensing
data processing by addressing critical challenges in scenarios including HSI, seismic data analysis, and waveform
inversion, by leveraging the inherent advantages of INRs such as parameter efficiency, resolution independence, and
seamless integration with physical constraints.

4.4.1  Hyperspectral imaging

The HSI community has seen extensive research efforts focusing on leveraging continuous representation and INRs
to efficiently encode high-dimensional HST with hundreds of spectral bands. Zhang et al. [65] proposed to use INR
for HSI super-resolution, where a content-aware hypernetwork is employed to produce INR weights for each HSI in a
meta-learning manner. Chen et al. [153] proposed a spectral-wise INR method for coded aperture snapshot spectral
imaging reconstruction, which can reconstruct an unlimited number of spectral bands. Meng et al. [217] proposed
an INR method with progressive high-frequency reconstruction for pan-sharpening by effectively representing and
fusing spatial and spectral features in the continuous domain. Chen et al. [34] proposed an arbitrary-scale HSI
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super-resolution from a fusion perspective with spatial priors. This method utilizes an RGB encoder trained with
high-quality RGB datasets to extract spatial features, and utilizes a spectral transformer for feature fusion, enabling
more accurate reconstruction. Liang et al. [218] proposed a Fourier-enhanced INR fusion network for multispectral
and hyperspectral image fusion, which utilizes a spatial and frequency implicit fusion function in the Fourier
domain to capture high-frequency information and expand the receptive field. Recently, Wang et al. [67] proposed a
nonnegative matrix function factorization framework parameterized by INRs for HSI unmixing, which could handle
nonuniform spectral sampling due to continuous modeling. Their recent work [115] proposed an hyperspectral and
multispectral image fusion method through self-supervised INRs, which could handle observations with arbitrary
resolutions.

4.4.2  Seismic data analysis

INRs have also been considered in geophysical data processing, such as seismic data. Gao et al. [25] proposed to
use INR for 5D seismic data interpolation, which encodes continuous seismic 5D wavefields and infers missing trace
amplitudes from their coordinates. Recently, Wang et al. [66] proposed an efficient KAN-empowered neural low-
rank representation for seismic denoising, where the model is parameterized by INRs to encode smoothness. The
FWI is another important technique in geophysics, which aims to reconstruct the underlying subsurface velocity
model from observed seismic data, utilizing various waveforms. Sun et al. [108] proposed the implicit seismic FWI
framework by using INR to parameterize the velocity model, and optimize the object

min || dons — F(No (x))|?,

where Ng(x) is the predicted velocity model parameterized by an INR Ng with input coordinates x, deps is the
observed seismic signal, and F denotes the forward modeling operator for wave propagation. The forward operator
F can be expressed by an acoustic second-order finite difference operator to solve a numerical wave propagation
PDE ,
THBD @)V + (a1),

where p(x,t) is the reconstructed waveform, m(z) is the velocity model obtained by the INR Ng(x), and f(z,1)
is an initial condition. It is shown that the low-frequency preference of INR benefits a more robust and accurate
inversion of velocity model under the FWI framework. Their later work [27] applies an INR with GELU activation
function to enhance the robustness of implicit FWI with the absence of prior and low-frequency information (such
as noisy cases), further enhancing the practical value and robustness of implicit FWT.

The inherent advantages of continuous representations (e.g., parameter efficiency and resolution independence)
make them particularly suited for geoscience applications where data acquisition is costly, sparse, or contain noise.
These advantages would position continuous methods as transformative tools for important geophysical applications
such as multi-parameter inversion, 3D inversion, and uncertainty quantification in Earth system modeling [219] in
future developments.

5 Future directions

We have delivered a comprehensive overview of continuous representation methods, theories, and applications. No-
tably, our analysis reveals substantial cross-pollination interplay between different subareas within the introduced
studies. For instance, the interplay between neural representation learning and computational mathematics reveals
interdisciplinary parallels, e.g., the arbitrary-scale imaging paradigm [11] shares structural parallels with operator
learning frameworks [36,37] from numerical PDE analysis, as both architectures map low-dimensional positional
embeddings (augmented with latent codes/input function responses) to continuous fields through learned opera-
tors. Similarly, the tensor factorization paradigms underlying radiance field reconstruction (e.g., TensorRF [38])
demonstrate mathematical similarities with tensor decomposed functional representations [2,39,40] developed for
high-dimensional data approximation. Classical Fourier basis function approximations [8,69] are similar to more
recent neural representations employing frequency domain feature embeddings [15,20]. These facts lead to many
opportunities to incorporate interdisciplinary research directions, highlighting synergies between machine learning
and computational mathematics primitives. Inspired by these intrinsic connections, we propose potential research
directions, perspectives, and identify key challenges in developing advanced continuous representation methods and
theories for data reconstruction.
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5.1 Future directions on continuous representation parametric models

Future research may explore the interdisciplinary integration of diverse parametric models to enhance performance
and flexibility of continuous representations. For instance, we can combine statistical modeling techniques with neu-
ral representations to better capture periodic and regular patterns in temporal and time-series data. An example was
already given in a recent work [21], where the neural representation coupled with statistical modeling shows better
performances for tensor recovery. It is promising to incorporate basis function representations into neural frame-
works to improve interpretability (e.g., model identifiability), or leverage randomized neural networks [88] under
least-squares frameworks to enhance INR efficiency. It would be beneficial to integrate advanced architectures—such
as convolutional layers, attention mechanisms, transformers, mamba networks, and MoE models [94]—into neural
continuous representations for complex pattern modeling. Integrating continuous representations with generative
diffusion priors [63,220] for more expressive modeling and generation of continuous signals is also an interesting
direction.

Though some studies have combined INR with tensor decompositions [2,77,129], it would be valuable to further
combine INR with more stochastic tensor network decompositions (e.g., TT or tensor-ring), and further learning
adaptive tensor network decompositions that automatically determine factor connections through INR’s intrinsic
knowledge-sharing properties. It is also interesting to explore the integration of tensor decomposition with grid-based
parametric models (e.g., InstantNGP [51]) to reduce grid scales and improve computational efficiency. In terms of
frequency characterization, we can investigate frequency-aware or frequency-decoupled continuous representation
models to enhance multi-frequency modeling abilities for real-world signals.

For image super-resolution, we can develop tensor decomposition-based methodologies to lower the computational
complexity of arbitrary-scale super-resolution [11] for large-scale images. It is interesting to further embed physics-
informed constraints into INRs and tensor functional networks to learn physically consistent continuous fields while
enhancing interpretability. Exploring more in-depth meta-learning strategies to enable the generalization of INRs
across datasets, or using continuous representations as meta-learners to enable model generation, are also promising
future directions. Furthermore, it would be interesting to investigate model averaging or fusion strategies (e.g.,
hybridizing Tucker [2] and CP [8] functional models) to adaptively select optimal parametric representations for
different samples.

5.2 Future directions on continuous structural modeling methods

Imposing explicit or implicit structural constraints and regularizations for continuous representations are effective
for enhancing robustness and interpretability. In future research, we can develop online optimization techniques
for continuous models for streaming data analysis [221], with the focus on regularization strategies that can han-
dle irregular data streams, maintain physical consistency of dynamically updated continuous models, and avoid
catastrophic forgetting during online optimization.

It is required to generalize existing continuous regularizations to more flexible formulations, such as weighted
low-rank factorization models or group sparsity-based continuous regularizations, to boost performances. It is
also crucial to extend current continuous regularizations to high-dimensional cases to enhance scalability, such as
extending the neural TV [18] to characterize multi-directional local correlations. We can also attempt implementing
these continuous regularization methods for various physical models, such as NeRF, SDF fields, and Bayesian
statistical frameworks, to enhance structural consistence in real-world applications.

Another potential is to explore continuous neural regularizations for implicit LoRA [105] in large model fine-
tuning, where the low-rank weights can be parameterized via continuous representations to enhance the efficiency of
fine-tuning large language models. We can further extend the fine-tuning approach to class-incremental continual
learning paradigms [222], by employing implicit low-rank function representations to dynamically optimize INR
weights for task-adaptive low-rank adapters.

Current tensor function decomposition methods for INRs [2,75,129] are inefficient when handling irregular non-
grid data. Hence, addressing the efficiency challenges of continuous tensor decomposition methods [2,75] when
processing irregularly sampled data (non-tensor formats) is also important and challenging. This challenge can be
resolved through potential integration with grid encoding-based approaches [51] or voxel projection methods, which
transform non-grid structured data to grids or voxels to enable efficient processing.

5.3 Future directions on theoretical analysis for continuous methods

Future research on continuous representation methods offers several promising theoretical directions worthy of ex-
ploration. We outline some directions to inspire future research on understanding the theoretical effectiveness of
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continuous methods. For instance, we can investigate the theoretical properties of neural network-based scientific
computing frameworks (e.g., PINNs and neural operators) based on well-established mathematical tools from ma-
chine learning, such as implicit regularization and NTK theory. We can study the approximation and representation
theories of INR-based matrix/tensor function decomposition models [2,75,129], such as low-rank approximation
error in the function space and the decay rate of kernel singular values. Furthermore, we can analyze the implicit
bias or optimization dynamics induced by explicit continuous regularizations (e.g., neural TV [18], Jacobian regular-
ization [17], or neural nonlocal regularization [80]) beyond their explicit formulations. To exploit this, mathematical
tools from NTK-based analyses of differential loss functions in PINNs [19] could provide inspiration.

In practice, many continuous representation models are trained in a mini-batch manner, such as NeRF [15] and
LIIF [11]. This may conflict with classical optimization analysis, such as NTK [31] and implicit regularization
analysis [57] under full-batch settings. Therefore, it is important to characterize the implicit bias and convergence
of optimization methods for continuous models under more practical settings, such as mini-batch algorithms (critical
for computationally expensive applications) instead of full-batch optimization. Relevant studies on noisy gradient
descent [136] and the implicit bias of mini-batch algorithms [223] provide valuable starting points for future work
in analyzing the properties of mini-batch optimization for continuous models like INRs.

On the other hand, the uneven eigenvalue distribution of the NTK matrix of neural networks leads to spectral bias
when optimizing INRs, i.e., the tendency of standard INRs to converge rapidly to low-frequency components while
struggling with high-frequency details [31,42,121]. The spectral bias characterization and alleviation are crucial for
understanding and improving continuous INRs. To effectively alleviate spectral bias, future research could prioritize
specialized feature mapping/activation functions by extending existing studies [16,20,72] to more flexible variants.
Another direction is to combine traditional continuous representations with grid encoding-based approaches (e.g.,
InstantNGP [51]) to enhance the NTK’s spectral properties, leading to faster convergence and better detail recov-
ery. Meanwhile, designing efficient preconditioning gradient descent algorithms based on the NTK analysis [121]
is also a promising direction for alleviating spectral bias. Moreover, appropriate parameter initialization is crucial
for effectively training continuous representation models such as INRs [16, 72]. Despite their importance, existing
initialization schemes are typically designed in an architecture-specific manner. Consequently, a promising future
direction lies in developing initialization-robust models or unified initialization schemes that generalize across ar-
chitectures. Potential strategies to mitigate the initialization sensitivity include incorporating principles of effective
scaling, batch normalization [101], meta-learning [58], and early stopping for untrained networks [224]. Furthermore,
the design of optimization algorithms that are inherently robust to initialization [121,137] is also a promising future
direction for continuous representation methods. Understanding the joint influence of both model architectures and
optimization strategies is also important to uncover the scalability of continuous representation methods. The joint
influence might be tractable by coupling convergence analysis [31] with implicit bias characterization [57].

With insightful theoretical developments, it is important to develop theoretical-algorithmic co-design, such as
using explicit regularizations to counter the implicit and spectral bias [122], developing spectral bias-aware activation
functions and rank-adaptive tensor function formats, to establish continuous methods that are both theoretically
sound and computationally efficient.

Although implicit regularizations for linear matrix/tensor factorizations have been well-studied [33,57], establish-
ing distinct implicit regularization theories induced by continuous representation models with smooth inputs (e.g.,
coordinate inputs in INR frameworks) remains unexplored and challenging. It is important to distinguish continu-
ous representations from conventional deep matrix factorization models [57] to explain their practical performance
gap and reveal unique properties of INR-based approaches brought by the continuous paradigm. Also, to interpret
the generalization capabilities of continuous representation methods, it is required to incorporate data-dependent
and problem-dependent generalization error bounds [225] to theoretically assess the cross-domain and multi-modal
modeling capabilities of advanced INR methods, such as the generalization error analysis of INR for FWI [108],
arbitrary-scale imaging [11], and view synthesis [15].

Finally, studying the implicit bias from the untrained neural network perspective warrants discussions. For
instance, we can consider the double over-parameterization paradigm [226] (over-parameterize both the low-rank
matrix and sparse corruption) using implicit low-rank neural representations, and potentially enhance current re-
sults using discrete CNNs [226]. We can also investigate the implicit smoothness bias [227] of untrained continuous
representation neural networks, and explore the discrepancy principle for early stopping of untrained neural net-
works [224] to enable stable convergence of continuous representations from randomly initialized neural networks,
particularly addressing the initialization sensitivity challenge.
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5.4 Future directions on applications of continuous methods

Extending existing continuous representation methods and theoretical frameworks to diverse data representation
and reconstruction applications opens up numerous cross-disciplinary research opportunities, warranting further
investigation. For example, we can utilize advanced operator learning methods for diverse low-level vision tasks,
such as continuous image super-resolution, or conversely, employ grid-encoding-based INRs [51] to solve numerical
PDEs and related scientific computing problems. We can also apply the continuous regularization to address the
image restoration challenge, such as deraining [4,176], where real-world rain streaks often display explicit or implicit
continuous patterns.

In AT for science, INRs [16,20] and low-rank function representations [2, 75] offer strong potential for processing
high-velocity, large-scale real-world data, such as black hole imaging [220], infrared imaging [228], and light-field
tensor analysis [229]. These real-world tensor datasets inherently possess local and global structural correlations,
which can be efficiently encoded using continuous representation methods.

Future research may integrate computational and interpretability analysis tools, such as gradient-based saliency
maps and dimension reduction methods, to balance interpretability with model complexity and identify key features
of INRs, thus avoiding redundancy in continuous representation learning. Furthermore, we can leverage pruning,
fine-tuning, or adaptive neural architecture search to reduce the model size of continuous representations, thereby
improving efficiency.

There are still key challenges in continuous methods for real-world applications, including scalability to high-
dimensional data, computational burden, spectral bias toward low-frequency components, and out-of-distribution
generalization. Further research on scalability and efficiency is crucial to advancing real-world applications. It is
also important to further investigate cross-modal generalization, such as integrating cross-modal priors (e.g., fusing
hematoxylin and eosin (H&E) stain imaging [230] with gene expression data [14,64] under a continuous representa-
tion framework to link morphological features with transcriptomics). Exploring unified continuous representation
frameworks for heterogeneous data fusion (e.g., hyperspectral and multispectral images, MRI and genomics, infrared
and RGB images) is also a promising research direction.

It would be interesting to integrate continuous representation methods with larger models (e.g., contrastive
language-image pre-training (CLIP) network and large language models) to broaden the applicability of continuous
approaches or to enhance the resolution and modality adaptability of larger-scale models. Recently, D’Orazio [231]
proposed an image generation pipeline by integrating an INR with the pre-trained CLIP model [232]. This method
optimizes the INR weights to match an input text prompt by minimizing the alignment loss between the generated
image of INR and the text prompt in the encoding space of the CLIP, unlocking the capability of INRs for text-to-
image generation without altering CLIP’s weights. Building on this pioneering work, further in-depth combinations
of continuous representations and large models merit investigation. For example, one could employ advanced
INR backbones [51,53,167] or incorporate geometric properties and regularization techniques [17,18,172] into the
continuous representation to improve the robustness of INR-based image synthesis. Another promising direction is to
combine continuous representations with pre-trained multi-modal models, such as conditional diffusion models [233],
to enhance the capability of larger models across various domains, e.g., synthesizing NeRF from text prompts [234].
This integration can be achieved by combining continuous representations with modern optimization techniques,
such as diffusion prior sampling [235] and score distillation sampling [234], to better modulate the posterior sampling
process in diffusion models.

In summary, future research could consider both theory-guided and application-oriented developments, and cou-
ple mathematical analysis with algorithm improvements to enable continuous representation methods for interdis-
ciplinary scientific discovery and applications. It is required to develop deeper collaborations between machine
learning, applied mathematics, and domain scientists, with innovative modeling techniques to promote advanced
data reconstruction paradigms, therefore addressing multi-modal, multi-scale, and physics-induced data science
problems in the era of big data.

Finally, we would like to remark on the novelty of our proposed review from a future research perspective. In
particular, by integrating fragmented knowledge under a unified continuous representation framework, we have pro-
posed several novel future research directions by systematically exploiting the interplay among different sub-areas.
Our review goes beyond merely identifying such connections by systematically mapping out how these interplays
manifest across methodologies, theories, and applications, and, more importantly, by using this framework to pro-
pose novel and specific future research directions that are uniquely enabled by these synergies. In particular, in
this section, we have articulated several forward-looking research directions that are rooted in the identified inter-
disciplinary interplay, such as (i) interdisciplinary integration of parametric models, such as combining statistical
frameworks with neural representations for temporal data modeling, (ii) theoretical-algorithmic co-design by linking
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theories such as NTK analysis with optimization dynamics under more practical settings (e.g., mini-batch training)
to improve continuous representation learning, and (iii) integrating continuous representations with larger models
(e.g., CLIP, diffusion models) for cross-modal and cross-domain applications. These proposed directions are not
merely speculative but are grounded in the methodological and theoretical interplays being uncovered. We believe
that these directions could offer novel roadmaps for advancing the field and add novelty and practical value to this
review.

6 Conclusion

Continuous representations have achieved significant progress in data representation and reconstruction. This review
synthesizes recent research advancements across three dimensions: methodological designs, theoretical foundations,
and practical applications. Future studies could prioritize interdisciplinary collaboration, combining advances in
neural architectures with domain knowledge (e.g., physical principles) to enhance continuous representation effi-
ciency and real-world applicability. Additionally, integrating these methods with emerging technologies, such as
foundation models, multi-modal models, and large language models, could lead to breakthroughs in continuous
data reconstruction paradigms. It is essential to establish closer collaboration among machine learning researchers,
applied mathematicians, and domain experts. Such efforts would improve existing techniques and provide transfor-
mative computational tools for the family of continuous representation methods, benefiting scientific discovery for
broader research fields.
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