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Abstract Counterfactual thinking is a crucial yet challenging topic for artificial intelligence to learn knowledge from data and ultimately
improve performance for new scenarios. Many research studies, including the potential outcome model (POM) and the structural causal
model (SCM), have been proposed to address this. However, their modeling, theoretical foundations, and application approaches often
differ. Moreover, there is a lack of graphical approaches for inferring spatio-temporal counterfactuals, that account for spatial and
temporal interactions among multiple units. Thus, in this work, we aim to present a survey that compares and discusses different
counterfactual models, theories and approaches. Additionally, we propose a unified graphical causal framework to infer spatio-temporal
counterfactuals.
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1 Introduction

How can we enable an intelligent machine to think about and answer a spatio-temporal counterfactual question?
For example, sometimes we want to know: if a different investment strategy had been implemented, would we
have obtained higher returns? Or, in computer networks, what changes would occur in network load if a node’s
configuration had never been changed? Or would someone still purchase a product even if they had never seen the
advertisement? These questions generally follow a spatio-temporal counterfactual pattern: “Given the observed

., if ... had been done, how would ... have evolved?”. Thus, according to the pattern, time must be considered
first, because the questions are posed now, but the counterfactual actions are supposed to be performed in the
past. Second, counterfactual outcomes are unobservable. The outcomes of some actions are observed when they
are performed on a real-world system, thus, these outcomes are factual. But the counterfactual outcomes are not
observed, and they are imagined by supposing that different actions had been taken. Third, the real-world system
can be observed as a multivariate time series, and there are widespread multivariate interactions within it [1,2].

To enable intelligent machines to mimic counterfactual thinking, the potential outcome model (POM) [3] and
structural causal model (SCM) [4-7] have been proposed as two frameworks with different foundations. POM uses
stable unit treatment value assumption (SUTVA), consistency assumption, positivity assumption and ignorability
assumption as foundations [8-11]. If these assumptions are hold, one can use matching or imputation approaches
to infer counterfactuals without confounders. In contrast, SCM builds a causal ladder, i.e., abduction, action and
prediction, to infer counterfactuals through graphical language d-separation [4,5,7]. With the graphical language d-
separation, the causal Markov assumption, faithfulness assumption and causal sufficiency assumption are proposed
to guarantee the correctness of counterfactual inference on SCM [12-16].

However, the distinct foundations between POM and SCM lead to differences in counterfactual inference. These
differences include the following. (i) POM assumes positivity, whereas SCM does not. Thus, the counterfactuals
in POM are factual and can be found in observations certainly. In contrast, counterfactuals in SCM can be out
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Figure 1 (Color online) Towards spatio-temporal graphical counterfactuals.

of observations and are therefore unfalsifiable, that is, their correctness cannot be empirically validated. (ii) POM
explicitly assumes consistency, but this assumption is rejected for SCM [7]. Actually, SCM also implicitly relies on
the consistency assumption to ensure that the counterfactual outcome corresponds to one of the possibly unobserved
potential outcomes. (iii) SCM uses a type of graphical language to deconfound with certain rules, but POM mainly
relies on human-guided deconfounding, which makes it difficult to satisfy the ignorability. In contrast, SCM can
deconfound via the back-door criterion [4,5,17,18] under the causal sufficiency assumption, and it is equivalent
to ignorability. (iv) POM faces limitations to analyze indirect causation (mediation), thus POM typically relies
on the Baron-Kenny model [19,20] for assistance. By contrast, SCM facilitates this analysis through the front-
door criterion [4,5,17,18], which decomposes a causal pathway into two segments: from the source variable to the
mediator, and from the mediator to the target variable. Back-door adjustment is then applied twice, assuming no
additional mediators are presented.

Moreover, both POM and SCM currently lack the ability to model the spatio-temporal interactions among system
units. For example, the SUTVA requires no interaction between system units in POM. Similarly, SCM, when based
on the traditional Bayesian network, does not handle multivariate time series and often overlooks nonstationarity.
This limitation motivates us to identify a common point to unify the two frameworks and strengthen inference
for spatio-temporal counterfactuals. Our recent work [21,22] has proposed a spatio-temporal Bayesian networks
(STBNs) model based on a temporal assumption that the cause precedes or parallels the effect in time. It is found
that the famous complex networks [23-25], a type of network dynamics used to model spatio-temporal interactions,
are also a special case of STBNs.

Thus, we further conduct this work to build a spatio-temporal graphical counterfactual framework based on
STBNs. This framework requires two components: (i) STBNs used as the foundation of SCM, (ii) a forward
counterfactual inference algorithm designed on the decomposability of the front-door criterion. We then discuss
how to get the two points, following the storyline as shown in Figure 1. Thus, the main contributions of this work
are as follows.

(1) A survey is conducted to discuss the frameworks from POM to SCM, including their theoretical foundations
and application approaches. This part is organized from Sections 2 to 4.

(2) A forward counterfactual inference algorithm is designed here to recursively and autonomously infer counter-
factuals through causal graphical languages. This part is presented as Algorithm 1 in Subsection 4.3.

(3) An overview of the spatio-temporal graphical counterfactual framework is proposed to discuss the spatio-
temporal Bayesian networks, their nonstationarity, and the relationship with complex networks. This part is
organized in Section 5.

2 Potential outcome model

The counterfactuals are defined as the unobserved potential outcomes in POM, as shown in Table 1. Let Y be the
potential outcomes of the target variable, and T" be the treatment variable. 7" = 1 represents assignment to the
treatment group, and T" = 0 represents assignment to the control group in a randomized controlled trial involving
N units. X represents covariates that have relationship with Y and 7', and are controlled for randomized trials.
POM models the general process from causal estimands (T, Y and X) to “Science” [26]. In this case, for different
treatments 7', only one potential outcome, Y(1) or Y (0), can be observed, and another one is unobserved, namely
the counterfactual.
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Table 1 Data for POM example.

Units Covariates Potential outcomes Treatment
i X Y (1) Y (0) T
1 1 y1(1) ? 1
2 T2 ? y2(0) 0
3 T3 ? y3(0) 0
4 T4 ya(1) ? 1
5 5 ys(1) ? 1
N TN ? yn(0) 0

2.1 Inferring counterfactuals through POM

To infer the counterfactuals using POM, one common approach is exact sample matching. For a unit 7, one
can search the samples with exactly matching covariates X but treatment T is different, and then estimate the
counterfactual outcome Y;(1 — T;). But it is difficult to conduct when the dimension of X is high, as it requires a
large number of samples to support the matching. Thus, approximate matching is commonly better, e.g., caliper
matching [27-30] and propensity score matching [11,31-33]. They search for a group of similar samples to the target
unit with one or more measurements, then calculate counterfactuals.

Another common approach is data-driven imputation, which views counterfactuals as missing values, and in-
terpolates them by fitting the observational data. Linear or nonlinear regressions [34-37] are typically used to
interpolate missing values based on patterns learned from the observational data. In contrast, tensor decomposition
approaches [38-40] recover the missing values by decomposing and reconstructing a sparse data tensor. Deep gen-
erative models [41-47] have also been used to capture data uncertainty and generate missing values by randomly
sampling. Note that, the imputed missing values produced by generative models are not unique. Instead, they con-
stitute a distribution of plausible values, which distinguishes them from regression-based and tensor decomposition
approaches.

2.2 Foundational assumptions of POM

Before using the above approaches within the POM framework, four assumptions must be accepted. The first is
SUTVA, which is defined as follows.

Assumption 1 (SUTVA [10]). In Table 1, (1) there is no interference between units, that is, neither Y;(1) nor
Y;(0) is affected by what action any other unit received; (2) there are no hidden versions of treatments, that is, no
matter how unit i received treatment T = 1, the outcome that would be observed would be Y;(1), and similarly for
treatment 7' = 0.

SUTVA guarantees the identical independence between the experimental units, and for unit 4, the outcome Y;
is only up to its treatment 7;, not the others’. However, this assumption is not always satisfied, e.g., in social
networks, where interactions occur at varying times.

The second assumption is consistency, defined as follows.

Assumption 2 (Consistency [8,9]). In Table 1, if the i-th unit is selected for a treatment T;, the observed value
of Y;, neither Y;(1) nor Y;(0), is the same for all assignments of treatments to the other experimental units.

Another form to describe the consistency assumption through expectation E[-] is

B ()T = 1= 3 s x t = BT = 1],

i=1
(1)
E[Y(0)|T = 0] = Zy (1—t;) =E[Y|T =0],
where y1,...,yn are the samples for N units, and t1,...,tx € {0,1} are the values of treatment variable T, as

shown in Table 1. This is the same as the case of taking a conditional expectation with respect to X. Thus, the
consistency assumption guarantees that the missing counterfactual values in Subsection 2.1 can be interpolated by
the other observational values.

The third assumption is positivity, defined as follows.
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Figure 2 (Color online) Example of SCM [5]. Figure 3 (Color online) Diagram of Pearl’s causal ladder [5].

Assumption 3 (Positivity [11]). In Table 1,0 < P(T =1|X =z) < 1.

This means that, for X = x, some treatments are always assigned to T'=0 or T'=1 at random. Otherwise, the
counterfactuals for "= 1 could not be obtained if all units with X = z are assigned with 7" = 0, and this is the
same as the counterfactuals for T'= 0.

The fourth assumption is ignorability, defined as follows.

Assumption 4 (Ignorability [8,9]). In Table 1, T 1Y (1),Y(0)|X for each unit.

Thus, the ignorability assumption implies that all the confounders have been observed in X, that is, no hidden
confounder would interfere with the observations of Y (1),Y(0). Thus, the ignorability assumption is also called
the unconfoundedness assumption. This assumption is usually made to avoid the preference for experimental
manipulation, which would guarantee randomization in the experiments [48].

3 Structural causal model

In contrast to POM, SCM provides a graphical language for intuitively discussing causality, thereby avoiding
complex human-guided technical operations. An SCM is built on a set of variables, including endogenous variables
V ={Xy,..., X,,} and exogenous variables U = {Uy, ..., U,}. Note that endogenous variables are observable from
data, but exogenous variables are not. Moreover, a set of functions F = {f1,..., f} can also be used to describe
the functional relationship between these variables.

For example, as shown in Figure 2, the SCM can be functionally described as

f1: X1 =Uy,
f2 1 Xo = aXy + Us, (2)
f3: X3 =0X1 + cXo + Us,

where a = 0.5,0 =0.7,¢c = 0.4. Uy, Us, Us are all additive noise, and they are mutually independent.

In an SCM, the functional relationship must conform to the directed acyclic graphical constraint. The graph is
originally based on the concept of Bayesian network [12-16]. And later, it is also called a causal graphical model
to highlight its causal structure [4,5,17,18,49]. And recently, it is also called a causal network in the field of causal
discovery [50-54]. But actually, they are the same in the framework of SCM, and they are all directed acyclic
graphs (DAGs) that represent Markovian knowledge. Thus, to avoid misunderstanding, we here use the name
of Bayesian network uniformly, due to the fact that causal graphical model and causal network are not always a
Bayesian network in Figure 2. For example, direct cyclic graphs [55-58], Markov networks [59,60], and full time
graph [6], they are also causal graph or causal network.

3.1 Pearl’s causal ladder

To infer the counterfactuals through SCM, there are three steps.

(1) Abduction. Infer the values of exogenous variables U from the observational data.

(2) Action. Perform an intervention on SCM, e.g., do(X2 = 2) on SCM in Figure 2, and then, X5 would be
assigned with value 2, and the arrows to Xy would be modified, as shown in Figure 3.

(3) Prediction. Use the modified SCM to recalculate the counterfactuals of the target variable.
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As shown in Figure 3, consider the following query “observed X; = 0.5, Xo = 1, X3 = 1.5, if had done X5 = 2,
what would X3 =7”. Obviously, this is a counterfactual question. Thus, following Pearl’s causal ladder, as shown
in Figure 3, we first infer the values of exogenous variables U = {U;, Uy, Us} from the observational data X; =
0.5, X5 =1 and X3 = 1.5, as follows:

U = 0.5,
Uy =1-0.5x0.5=0.75, (3)
Us=1.5—0.7x0.5—0.4x 1 =0.75.

Then, do(X2 = 2) to obtain a modified SCM. And finally, recalculate the counterfactual of X3, that is,
X3(do(X2=2))=05%x0.74+2x04+0.75=1.9, (4)

where X3(do(X2 = 2)) is different compared to the observational X3.

The intervention, also named as do-operator [4], can be generalized into the form of probability, if the modularity
assumption is introduced as follows.

Assumption 5 (Modularity [4]). If a set of variables {Xj,,..., X, } C V is intervened, then for each variable
X €V, it is obtained that

(1) if X ¢ {Xj,,..., X}, }, then P(X[Pa(X)) remains unchanged, where Pa(X) denotes the set of predecessors
of X in a Bayesian network, also called the causal parents of X;

(2) if X € {Xj,,..., X, }, then P(X = z[Pa(X)) = 1if x is the value set by intervention to X, otherwise,
P(X =z|Pa(X)) =0.

This means that if a set of interventions is applied to Xj,,..., X , their values would be fixed. The connections
between them and their causal parents would be broken, and their causal parents would not affect them anymore
in the modified SCM, just like in Figure 3. Moreover, this also means that the probability distributions of the other
variables that are not intervened upon would not change.

3.2 Foundational assumptions of Bayesian network

As presented above, to clearly define causality, each SCM is associated with a Bayesian network satisfying the
directed acyclic graphical constraint. Thus, the causality in the Bayesian network provides the foundation for
counterfactuals. Thus, we discuss the foundational assumptions of Bayesian networks in the following sections.

First of all, a concept of d-separation can be defined on a Bayesian network G as follows.
Definition 1 (d-separation [12-16]). Let X, Y and Z be three disjoint subsets of endogenous variables V. =
{X1,...,X,}, and let p be any path from a node in X to a node in Y regardless of direction. Z is said to block p
if and only if there is a node v € p satisfying one of the following items:

(1) v has v-structure (two nodes a,b € p pointing to v, namely a — v < b), and neither v nor its any descendants
are in Z;

(2) v in Z and v does not have v-structure.

Then, Z d-separate X and Y, denoted as X 11 gY|Z, if Z blocks any p.

Then, two assumptions, causal Markov (or Markov property) and faithfulness, are introduced as follows.

Assumption 6 (Causal Markov [12-16]). Probability distribution P is Markovian to a Bayesian network G if
XUgY|Z = X1Y|Z, (5)

where X, Y and Z are three disjoint subsets.
Assumption 7 (Faithfulness [12-16]). Probability distribution P is faithful to a Bayesian network G if

X1Y|Z = X1 gY|Z (6)

for all disjoint subsets X, Y and Z.

It is intuitive to understand the two assumptions: the Bayesian network G corresponds one-to-one to the inde-
pendence structure of the probability distribution P in the observational data. Thus, if they are satisfied, the joint
distribution can be factorized according to the Bayesian network, as follows:

P(X1,...,Xn) = HP(Xi|Pa(Xi))a (7)

=1
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where Pa(X;) is the predecessors of X; in G, that is also called as causal parents.
Moreover, a Bayesian network is also assumed to be causally sufficient.

Assumption 8 (Causal sufficiency [12-16]). Variables V are said to satisfy causal sufficiency if there is no hidden
variable that is a common cause of two or more variables in V.

This means that if a Bayesian network (or an SCM) is causally sufficient, there is no hidden path connecting two
endogenous variables in V, and all variable information is collected sufficiently to support the network. Actually,
the ignorability assumption in POM (see Assumption 4) also implies the causal sufficiency, and this assumption is
weaker than ignorability. But note that causal sufficiency is hard to satisfy in practice, because many real-world
systems (e.g., the economic and climate systems) are complex; thus, we usually cannot collect all the information
needed to describe them. Thus, some research studies focus on this issue. For example, the fast causal inference
algorithm and its variants [61-66] are proposed to discover causality in the presence of hidden variables. And some
other related studies [67-69] investigate causal discovery with soft intervention, which intervenes in the SCM without
altering the network structure. Related studies [70-73] have also proposed approaches for identifying optimal and
efficient adjustment sets, in which all variables are observable, minimal and valid, and or in which removing any
variables would invalidate the adjustment.

4 Differences between POM and SCM

In this section, the fundamental differences between POM and SCM are discussed, focusing on three aspects.
(i) Counterfactual falsifiability: POM assumes positivity; therefore, counterfactuals in POM are, in principle,
supported by observations and can be empirically falsified. In contrast, counterfactuals in SCM may lie outside
the support of the observed data and are thus unfalsifiable. (ii) Ignorability and the back-door criterion: POM
requires the ignorability assumption to ensure unconfoundedness and the validity of counterfactual inference. In
practice, satisfying ignorability typically requires identifying appropriate covariates. This is a complex, human-
guided process. By contrast, SCM achieves unconfoundedness through causal sufficiency and back-door adjustment,
which are equivalent to the ignorability assumption. SCM facilitates counterfactual inference through graphical
language. (iii) Direct causation and indirect causation: POM struggles to process the indirect causation, and it
typically relies on the Baron-Kenny model. In contrast, SCM has the advantage of adjusting for the front-door path
(indirect causation) by equivalently applying the back-door criterion twice. We further leverage this advantage to
design a forward counterfactual inference algorithm that autonomously infers spatio-temporal counterfactuals. The
following are the details.

4.1 Counterfactual falsifiability

As shown in Figure 3, consider the following query, “Observed X7 = 0.5, Xo = 1, X3 = 1.5, if had done X = 2, what
would X3 =77. To answer this query, the positivity assumption requires the existence of at least two observational
samples that share the same values X; = 0.5 but differ in X5. Specially, one with X5 = 1, and another one
with X9 = 2 (see Assumption 3). And then, under the consistency assumption (see Assumption 2), we can infer
counterfactuals by exactly matching the two samples. In contrast to SCM, we can infer the counterfactuals through
Pearl’s causal ladder, even if we only have a single sample, as shown in Subsection 3.1. Thus, how to falsify the
counterfactuals?

This is a challenging problem, as counterfactuals are, by definition, unobserved (see “?” in Table 1), and we
need at least two samples for comparison. In practice, we cannot return to the past to apply a different treatment,
nor can we perfectly replicate the same experiment at a different time. Thus, the inferred counterfactuals in SCM
cannot be falsified without the assumptions of positivity and consistency, and this view is rejected ambiguously in
Pearl’s book [7].

Another explanation is that, without positivity, but with consistency only in POM, counterfactuals can be
extrapolated by regressive approaches, and they are falsifiable. For example, as shown in Figure 4, if there are T
and Y only, and the observational data (7,Y) = {(0,0.5),(1,1),(2,2.5),(3,2)} is collected, the linear regressive
model can be fitted as Y = 0.57' 4+ 0.5. We then query “if had done T'= 4, what would Y =?". The counterfactual
answer is Y = 2.5, and the regressive function can falsify the answer because it does not go beyond the observation.
Thus, the consistency assumption actually claims that counterfactuals can be falsified by observations. This is also
true for SCM, which uses regressive approaches to infer counterfactuals.

Moreover, there may be ambiguity regarding the preset Bayesian network (see Figure 2). To build an SCM, a
Bayesian network must first be known. However, how to discover a probabilistic network from a single sample?



Kang M Y, et al. Sct China Inf Sci April 2026, Vol. 69, Iss. 4, 141201:7

——=- Regression
® Observation e
® Extrapolation »

.l Y=05T+05 o’

wH
»

2

T

oA
=

Figure 4 (Color online) Diagram of data extrapolation.

Back-door path (v) Has descendant (X) Cyclic (X)
X X X X

AN
e
AN
e
AN
d
AN
d

Figure 5 (Color online) Diagram of a back-door path.

This is usually impossible. A reasonable explanation is that the network structure can be inferred from the system’s
mechanisms (e.g., physical mechanisms, communication connections) or from graphical knowledge learned from other
domains, rather than from probability distribution. However, if it is accepted, the definition of causality could be
broader and more ambiguous. This is why probabilistic and causal Bayesian networks are often indistinguishable,
as stated in Pearl’s book [7].

Thus, SCM provides a way to think about counterfactuals, emphasizing that the thinking process is counterfac-
tual, not the thinking result, because the result cannot always be falsified without the positivity and consistency
assumptions. In contrast, POM emphasizes that the thinking result is counterfactual. This is a fundamental
difference in the problem of counterfactual falsifiability.

4.2 Ignorability and back-door criterion

In the view of statistics, the ignorability assumption (see Assumption 4) is equivalent in calculation to the causal
sufficiency assumption (see Assumption 8) with a back-door criterion. The formal definition of the back-door
criterion can be found in these papers and books [4,5,17,18]. Here we present an alternative formulation with
respect to Table 1, defined as follows.

Definition 2 (Back-door criterion [4,5,17,18]). In Table 1, the covariate X is said to satisfy the back-door
criterion, if a Bayesian network is built on all the variables relative to X, Y, T, and there is an ordered pair T — Y
that satisfies

(1) no variable in X is a descendant of T
(2) X blocks every path between T and Y that contains an arrow into 7T

Thus, for X, Y, T, only one structure can satisfy the back-door criterion, as shown in Figure 5. And in the
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back-door path, it is obtained that

P(Y|do(T = 1))

= P(Y|do(T =1),X = 2)P(X = z|do(T = 1)) @

- ZP(Y|T =1,X =2)P(X = 1),

which is the same in case of do(T" = 0) [4,5,17,18]. Then, if causal sufficiency holds (i.e., no hidden variables
confound X,Y and T'), the expectation of the potential outcomes in Table 1 can be calculated as

E[Y|do(T = 1)]
— Zy x P(Y = y|do(T = 1))

:;;yxp(yzyﬁz1,X:x)P(X::z:) 9)
=Y P(X=2)) yxPY=yT=1X=u)

=E[E[Y|T = 1,X]].

This is the same in POM, as follows:

E[Y (1)

=E[E[Y(1)|X]] /* Law of full expectation*/ (10)
=E[E[Y(1)|T =1, X]] /* Ignorability*/

=E[E[Y|T =1, X]], /* Consistency*/

which is the same in case of do(T = 0). Thus, with comparing (9) and (10), E[Y|do(T = 1)] = E[Y(1)], and
E[Y|do(T = 0)] = E[Y (0)], in the two frameworks, but they start from different assumptions. Thus, the ignorability
assumption can be decomposed as the causal sufficiency assumption and the back-door criterion, and the causal
sufficiency is relatively trivial to satisfy. The ignorability is more likely to be a technical assumption that needs
many controlled trials to deconfound, while the back-door path is clear to search in a Bayesian network. A potential,
more difficult technical issue is accurately discovering the network structure.

4.3 Direct and indirect causation

Suppose that there is a causal ordered pathway from one treatment variable to another outcome variable. Then,
if there is at least one variable between the two endpoints, the pathway is called indirect causation; otherwise, it
is called directed causation. Indirect causation, also called the mediating effect, has been discussed in depth in
Rubin’s papers [74-76]. Here, the Baron-Kenny model [19,20] is introduced to present a mediating analysis for a
potential outcome using a graph. As shown in Figure 6, T — Y is direct causation, and T'— X — Y is indirect
causation.

To analyse indirect causation, the causal-steps approach [19] is proposed by building three linear regression
models, as shown in Figure 6. Suppose that the regressive models are fitted sufficiently, the indirect causation
would be detected if satisfy

(1) coefficients a, b and ¢ are significant;

(2) [b] < ¥

Another approaches are to test the significance of Hy : b — b = 0 [77-79]. Or, to test the significance of
Hy : ab =0 [80,81]. If the correct regressive models are built, counterfactuals can be calculated, just as in SCM in
Figure 2. Moreover, they are all regression-based approaches that are limited for use in large multivariate datasets,
because one needs to test whether a covariate is a confounder or a mediator, and this process would be seriously
time-consuming.

However, the test process can be faster with a Bayesian network in an SCM. Here, we propose an algorithm for
forward counterfactual inference, as shown in Algorithm 1. To clearly demonstrate the principle of Algorithm 1, we
first introduce the front-door criterion as follows.
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Figure 6 (Color online) Diagram of mediating analysis [19]. Here, Figure 7 (Color online) Diagram of front-door adjustment [5].
a, b, c are coefficients and Ux, Uy are biases. b’ and Uj,¢q; are the Here, T is a treatment variable and Y is a target variable. X; and
coefficient and bias, respectively, for the total effect. X2 are both covariates.

Algorithm 1 Forward counterfactual inference.

Input: A Bayesian network G built on V = {X1,..., X, } with one target X; and multiple sources X;,,...,X;
Output: Distribution P(X;|do(Xj,),...,do(Xj,)).

: Search one or multiple ordered causal pathways in G from the sources Xj,,..., Xjp to the target X;;

2 if X, ..., X}, are all the direct causation for X; then

D

Jp
Search back-door paths (common causes) starting from X ,..., X;

1

2

3 and X; reversely in G;
4: if no back-door path within them then

5.

6

7

P

return P(X;|X;,,. .., X;,);
else
For every back-door path, select a group of direct predecessors, W C V, and then, according to the back-door criterion (see Defini-
tion 2);
8: return >3 P(X;|Xjy,..., X, W)P(W);
9: end if
10: end if
11: Otherwise, for ¢ pathways starting from Xip» select ¢ first mediators ijl S .,ijq. Then, a group of source-mediator pairs, e.g.,
(X » Xipg ), can be obtained;
12: Factorize P(X;|do(Xj),...,do(X};,)) as

P(Xi|do(Xjy), ..., do(Xj,))

= > P(Xildo(Xjy, ),y do(Xjy )y -y do(X,, )
a:jll:qu (11)

x TTTT P(Xs,, 1do(X), X € Pa(X;,,) € {Xj;:5, ),

where Pa(ijq) is the causal parents of ijq ;
13: Solve each distribution P(-|do(+),...,do(+)) in (11) by Algorithm 1 recursively;
14: return P(X;|do(Xj,),...,do(X},)).

Definition 3 (Front-door criterion [4,5,17,18]). The covariate X is said to satisfy the front-door criterion, if a
Bayesian network is built on all the variables relative to X, Y, T', and there is an ordered pair T' — Y that satisfies

(1) X intercepts all directed paths from T to Y;

(2) there is no back-door path from 7 to X;

(3) all back-door paths from X to Y are blocked by T.

Then, a classic example is provided to show the front-door adjustment using Theorem 3.4.1 in [5], as shown in
Figure 7 here. If given a treatment variable 7" and a target variable Y, with two covariates X; and X,. Then one
can adjust the distribution P(Y|do(7")) with the front-door criterion as follows:

P(Y|do(T)) = Y P(X1]do(T)) P(Y]do(X1))

=Y PX|T) Y P(Y|X), T)P(T'). (12)

T t

Thus, we can conclude from this equation:

(1) If there is one or multiple ordered causal pathways from T to Y and there is at least one mediator on the
way, then the causal pathway can be decomposed into two causal pathways through that mediator, e.g., T' — X3
and X; — Y in (12);
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P(X;|do(Xy)) X,——> X3

X1/ \ \X7
= Z P(X7|do(X>), do(X4))P(Xz2|do(X1))P(X4|do(X1)) \X 7’*
g—>X;
X6

X2, X4

=P(X3|1X1) =PX4X1)

= Z P(X|do(X3),do(Xs5))P(X3|do(X7))P(Xs|do(X2), do(X4))

X3, X5
—— > Direct causation
= P(X3]X3) = P(X5|X2,X4) ——— Forward causal inference
No back-door path
= P(X7|X3, X5, X5, X)) P (X5, X,
Z (X71Xs, X5, X2, X)P (X2, X3) — Adjust back-door path

! 7
X2, Xy

= > POGIXOPALIXD ) P(XsIXo)P(Xs[Xz Xa) )| P(XyIX5, Xs, X5, Xi)P(Xy, Xs)

X2, X4 X3,Xs5 X, X}

Figure 8 (Color online) Example of the forward counterfactual inference algorithm. Here, X; is the same as X{ to distinguish between the
two recursions.

(2) If there is no mediator on all causal pathways, then adjustment using the back-door criterion. Of course, if
there is no back-door path, no need to adjust.

Thus, the front-door principle is non-atomic and decomposable. With this more foundational principle in mind,
we propose the forward counterfactual algorithm to autonomously apply it, as presented in Algorithm 1. The
algorithm can be applied to an arbitrary set of variables {X71,..., X,,} that satisfy the causal sufficiency condition.
We also provide an example to illustrate the inference process, as shown in Figure 8.

In Algorithm 1, the approaches to realize the codes in lines 1 and 3 can be various, e.g., some variants of
the depth-first-search algorithm and breadth-first-search algorithm [82]. Thus, their time complexities are both
O(|V|+ |E]), if a Bayesian network G = (V,E) is given, where V is the node set and E is the edge set. Meanwhile,
if the computational cost of factorization and adjustment are overlooked, the time complexity of the code in line 11
in Algorithm 1 is O(|V|), because we only need to traverse all mediators in each pathway forward, and this process
can be performed in parallel. Thus, the total time complexity of Algorithm 1 is O(]V|? + |V||E|). Thus, if the
network structure of the Bayesian network is large and can be discovered accurately, the efficiency of SCM to infer
counterfactuals would be better with polynomial time complexity.

5 Spatio-temporal graphical counterfactuals

Then, for the examples of counterfactual questions at the beginning of this article, that is, if a different investment
strategy had been implemented, would we obtain higher returns? And, in computer networks, what changes would
occur in network load if a node’s configuration had never been changed? Would an individual still purchase the
product had they not been exposed to the advertisement? In these real-world scenarios, interactive behaviors with
lagged causal effects exist widely. POM cannot answer these questions, because it does not allow the interactive
behaviors between experimental units (see SUTVA in Assumption 1), even with some temporal quasi-experimental
approaches (e.g., regression discontinuity design [83,84] and differences in differences [85,86]). This applies to SCM
as well, because the foundational Bayesian network is a DAG that also does not allow mutual connections between
network nodes. Thus, to answer these counterfactual queries for interactive units and lagged causal effects, we
propose a concept of spatio-temporal graphical counterfactuals.

5.1 Spatio-temporal Bayesian networks

Before the SCM, various causal graphical models have been proposed to model the spatio-temporal causality. As
shown in Figure 9, a temporal Bayesian network [59,87] is proposed to model the momentary causal dependency in
a first-order Markov process. Further, dynamical Bayesian networks [59] are proposed to represent a combination of
multiple temporal Bayesian networks. Full time graph [6] is proposed to summarize temporal Bayesian dependencies
with complete timestamps. Full time graph allows the instantaneous causal effects between two units (or variables)
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Figure 9 (Color online) Diagrams of various causal graphs.
Table 2 Comparisons of various causal graphs.
Temporal Bayesian Dynamical Bayesian Full time graph Spaﬂo—temporal
network networks Bayesian networks
High-order causation X X v v
Instantaneous causation X v v v
Nonstationary causation X v X v

in a high-order Markov process, but it only supports strictly stationary causality, that is, causal dependencies that
do not change over time. Moreover, the full time graph can be uniquely decomposed into multiple high-order
temporal Bayesian networks, named UCN, if the instantaneous causal effects are not allowed [21]. The comparisons
of these causal graphs are shown in Table 2.

Thus, based on the characteristics of these causal graphs, STBNs are defined as a group of DAGs indexed by
different timestamps, as shown in Figure 9. In STBNs, nodes are not equivalent to variables. They represent
the state of the variables at some time steps. Under the assumptions of causal Markov (see Assumption 6) and
faithfulness (see Assumption 7), the joint distribution of all nodes can be factorized as

T—-1 n

P(X1te o, Xty X1 o1y, Xnporin) = [ [ P(Xin—-Pa(Xi i), (13)
7=0 =1

where X1, ..., X, are the variables, and the timestamps are in the range of 0 ~ T"— 1. Theoretically, STBNs allow
an infinite number of time steps, but in practice, they are typically finite.
To guarantee the global and unique DAG in STBNs, a temporal assumption is introduced as follows.

Assumption 9 (Temporal assumption). In STBNs, the cause node precedes or occurs concurrently with the effect
node.

This assumption does not allow the directed cause-effect pairs from now to the past, e.g., X;—r, = Xj 17,71 <
T2. And this guarantees a functionally identifiable network structure without Markov equivalence classes [6,21,88].
Moreover, the causal sufficiency assumption (see Assumption 8) is also needed to guarantee the unconfoundedness.

Then, if STBNs are given, the spatial-temporal counterfactuals can be inferred through Algorithm 1, because
the global and local STBNs are both DAGs. Compared with naive Bayesian networks, STBNs incorporate spatio-
temporal concepts, and the inference process naturally proceeds forward in time. This enables momentary inter-
ventions at every time step, and all interventions work sequentially rather than simultaneously, as in Algorithm 1.
If this property is considered thoroughly, the inference algorithm can be faster.

5.2 Nonstationarity of STBNs

Nonstationarity is a significant topic in research on time series. However, the reasons for it are likely to be different
from the view of causality. Three of the most popular reasons are as follows.
(1) Trending. The time series has ascending or descending trending for long terms.
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Figure 10 (Color online) Diagrams of nonstationary causality and heterogeneous causality. Here, Cy_r =t — 7,7 =0,...,T — 1 are usually

assumed. Thus, they are observable, instead of a hidden variable.

(2) Time-varying variance. The variances of the additive noise are time-varying, a phenomenon often referred
to as heterogeneous causality in [89,90].

(3) Nonstationary causality. The structures of STBNs change over time, and at least once, as shown in
Figure 10.

For trending time series, an effective approach is to calculate the differences of the time series during preprocessing.
This approach obtains the differential time series, that is, the observations of the system dynamics, as in (14). This
implies that the dynamics is stable over the period, and that the structures of STBNs do not change, that is, the
differential time series are stationary. Thus, if the dynamics equations, e.g., (14), are not equal to zero, the causal
links in STBNs are identifiable through the Jacobian matrix of dynamics [91-94].

In the case of time-varying variance, causal identifiability relies on the mutual independence of exogenous additive
noises [88]. Specifically, if no causal connection exists between two additive noise nodes, the causation is identifiable.
Thus, an effective approach is to relate the time-varying noises with a common timestamp, treating the timestamps
at each time step as observable confounders C;_.,7 =0,...,7 — 1 [89,90,95,96]. As shown in Figure 10, there are
three causal pathways, that is, Cy—1 = Uss—1 = Xat—1, Ct—1 = Ct = Usy = X3z, and Crg — Cy = Usp = Xut.
Thus, if Ct and C;_; are hidden, the spurious connection between X, ;_; and X3 ; would be detected, like the dotted
line in Figure 10. However, C; and Cy_; are usually known as the timestamp ¢ and t—1, thus, Cy and C;_1 block the
fork paths between X4 1, X3, and X4 ,. Then, the noise variables Uy ;—1,Us and U, ; are mutually independent.
Thus, causal identifiability is preserved. Note that, however, the premise to do so is that any hidden confounders
associated with time-varying variance can be expressed as smooth or non-smooth functions of timestamps [90].

Nonstationary causality presents a significant challenge, particularly in scenarios involving frequently changing
structures. To identify the nonstationary causality, one approach is to use sliding windows to identify causation
within different time periods, as shown in Figure 10. For each sliding window, it is assumed that the causal
structure is invariant, and then, a group of samples would be input to identification algorithms, e.g., [21,22,97-100],
to identify an invariant structure during this period. However, if network changes are frequent, the samples used
for identification over a short period would be few. In contrast, we usually need sufficient samples to assess the
significance of causal connections. Thus, another reasonable approach is to first identify the change points, and
then, determine the causality for the corresponding periods [101,102]. However, this still does not work in the
extreme case of frequently changing, because the samples between two change points may be few. Moreover, there
are other approaches that view nonstationary causality as a probabilistic normalized flow, and then use variational
Bayesian inference to estimate it globally [103-105].

5.3 STBNs and complex networks

Here, we suppose STBNs model has been built, and it is associated with an interactive time-series process of
multivariate (or multiple units). Then, we introduce a complex network, another network model, to examine the
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Figure 11 (Color online) Diagram of discretized network dynamics. Here, A is the adjacency matrix of the first-order STBNs, and Aéi,i =
1,...,n represents the joined causal effect of F and G.

causal interactions in a complex system. The network dynamics for variables X;, ..., X,, can be defined as
dXi -
T F(Xi)+ ; A G(Xit, Xjt), (14)

where F(-) is the self-governed function of X;, and G(-,-) is the interactive function for node pairs X; and X;.
Moreover, A;; > 0 is the connection between X; and X;. Thus, if Eq. (14) is discretized, we can find it to be the
same as first-order STBNs on stationary time series, as shown in Figure 11.

First-order STBNs exhibit advantageous properties when the underlying network dynamics process certain struc-
tural features. For example, determining how to affect a node in STBNs by “intervening” another node, the practical
inference steps may not be long, due to the small-world property [106,107] or the scale-free property [108] of com-
plex networks. Moreover, counterfactual outcomes would not change because network systems have tolerance from
external “interventions” [109,110]. We would also know the synchronization [111-114], controllability [115-122],
resilience [23,123] of STBNs. We would also be able to sparsely identify the network structure even if the network
size is large [24,25], because the independence is equivalent to predictability in STBNs [21]. Also, the network
size of STBNs can be reduced, because many complex networks can be simplified and still provide an insightful
description of the causality of interest [124,125]. This reduction supports the design of a counterfactual inference
algorithm on smaller networks, thereby improving inference efficiency.

6 Conclusion

This work focuses on the spatio-temporal graphical counterfactuals and presents an overview of their theoretical
foundations and application approaches. To discuss the theoretical basis, a survey is conducted, and the definition
of counterfactuals is based on the concept of potential outcomes in the POM framework. We then introduce the
SCM framework, which infers counterfactuals via graphical languages equivalent to those in POM. Further, to
infer counterfactuals on intelligent machine autonomously, a forward counterfactual inference algorithm is designed
in this work, and it can recursively solve the counterfactual probability distribution, P(X;|do(X},),...,do(X},)),
with polynomial time complexity if multi-nodes interventions are conducted on Xy, ..., X; . With this algorithm,
spatio-temporal graphical counterfactuals can be inferred, given two elements: the network structure of STBNs and
the algorithm identifying it. This work discusses structure identification algorithms under various nonstationary
conditions and examines the feasibility of improving algorithm efficiency from the perspective of complex networks.
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