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Recently, a new type of discrete-time nonlinear systems, called
block logical dynamical systems (BLDSs), was proposed in [1].
Based on the method of studying the stability of logical networks,
the stability of BLDSs was analyzed. In addition, the stability of
BLDSs was used to study the stability of logical networks with
time delay. In fact, the equivalent algebraic systems of logical
networks can be regarded as a special type of BLDSs. The state
transition matrix of BLDSs is a Boolean matrix. In the real world,
stochasticity is very common. Extending BLDSs to stochastic
BLDSs (SBLDSs) is reasonable. Prior to this, logical networks
were well extended to probabilistic logical networks (PLNs). Based
on the semi-tensor product (STP) of matrices [2, 3], many theo-
retic results related to PLNs have been developed [4]. However,
the methods used to study PLNs mentioned above are difficult to
apply to the study of SBLDSs. Therefore, it is very meaningful
and challenging to find research methods suitable for SBLDSs. It
is worth noting that PLNs with time delay seem more suitable for
describing real-world biological systems [5]. Given that the insta-
bility of many systems is caused by time delay, the impact of time
delay on the asymptotic stability of PLNs naturally becomes an
attractive and intriguing research topic. Therefore, establishing
appropriate methods to study the stability of SBLDSs and apply-
ing them to PLNs affected by factors such as time delay is a very
meaningful task.

In this study, we analyze the stability of SBLDSs and apply
it to delayed PLNs. A new type of stochastic nonlinear systems,
called SBLDSs, is proposed. Combining with the STP and the
law of total expectation, a new method for constructing an equiv-
alent form of SBLDSs is established. Based on the equivalent
form, new criteria are proposed for the stability of SBLDSs. The
stability criterion for SBLDSs is applied to verify the stability of
PLNs with time delay. Compared with the general method for
delayed PLNs, the proposed SBLDSs formulation reduces the sta-
bility test to a substantially lower-dimensional problem, yielding
efficiency and scalability (see Appendix D). In future work, we will
further investigate the robust stability of BLDSs with stochastic
function perturbations, providing more theoretical tools for practi-
cal problems such as the stability of delayed logical networks with
stochastic function perturbations.

Transition probability matrixz of SBLDS. Consider the following
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SBLDS:
vy vyl
v(s+1) = : : v(s) = U7 Gy(s), (1)
where ¢ : N — L := {1,---,l} denotes the switching signal,

v(s) € Am,n denotes the state, and Pols) g pmnxmn jq 4 plock
logical matrix, which means that for any i € {1,---,m}, there

o

exists a unique integer j; € {1,---,m} such that ¥, ;S) € Lnxn

and \I/‘l.’gs) = Onxn,J # ji- In addition, the switching signal o
is an i.i.d. random sequence with the probability distribution
P{o(s) =i} :=p; >0, i € L. Obviously, >\, p; = 1.

Let P{v(s) = & "™ | wg} denote the probability of
v(s) = &, "™ starting from v(0) = wg. Then, it is ob-

vious that P{v(s) = & im | wo} = 0, i1, ,im €
(o) S0 PLo() = 87 [ wgh = 1 In ade
dition, from the distribution of v(s) starting from v(0) = vg, one
can obtain the expectation of v(s) as

E{v(s) [vo} = > & imP{u(s) =607t vl
i1, yim =1

According to the properties of the STP [2], one can obtain
i) TE{v(s) | w} = X0 . Plo(s) = apdzim |
vo} := P(1,41,s,v0). Similarly, we have

(BT Blo(s) | vo}

n

_ Z P{U(S) — 6%1,"' ik dm | UO}
J1 s Jk—15Jk+15 " dm=1
= P(k,ig,s,v0), k=2, ,m. (2)
In addition, since le:l{(szll,--- ,jk‘—lvik.ﬂk#»lv“‘ yJm, Gi,ee,
jk717jk+17"' 7jm - 17 7”} = {6:11,.”y1m}7 jO = i17 we have

the following proposition.
Proposition 1. P{uv(s) = §i1'2"7m | 49} = 1, if and only if
P(kvikvsvvo)zlvk:]-v"'vm'
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On the other hand, from the law of total expectation, one can
obtain E{v(s) | vo} = i‘:l E{v(s) | vo,o(s) = i} P{o(s) = i}.
Let w;(s) = E{v(s) | vo,0(s) = i}P{o(s) = i}. Then, we have
E{v(s) | vo} = Zé:1 w;(s). In addition, for any initial state
vo = S Y™ it holds that w;(0) = op " Y™ p;, 1= 1,1
Thus, by the law of total expectation, we have

wi(s+1) = E{v(s+1) |vo,0(s+1) =i}P{o(s+1) =i}
1
=Y W E{u(s) | vo,0(s) = j}P{o(s) = j}pi
=1
1
= Zpillljwj(s).
j=1

Letting w(s) = [(w1(s))T --- (w;(s))T]T, one can obtain

1 T l ul
w(s+1) = Zpl\lljwj(s) Zpl\lljwj(s)
J=1 J=1
[prwt - pyu!
= w(s) == Mw(s), (4)
EAZEEE AL

where M € R™™*mnl is the transition probability matrix. In
addition, for any initial state vg = d&n '™, it holds that
w(0) = (& pr) T (T ) T

Then, we have the following result of SBLDS (1):

1
Pk, s,00) = (6% V") TS w(s)
j=1

. )
= @ ") T (@) Tw(s). &)

Stability of SBLDS. Based on the above analysis, we provide
the definition of stability for SBLDS (1).
Definition 1. For an equilibrium point vy = 5%1 wrdm g Amn,
SBLDS (1) is considered to be finite-time stable at vg, if there
exists a positive integer S such that for any vg € A n, it holds
that P{v(s) =vq |v(0) =vp} =1, Vs> 5.

Then, based on the transition probability matrix M in (4), we
obtain the following main result.
Theorem 1. For an equilibrium point vg = Jflll"“ dm g Amn,
SBLDS (1) is finite-time stable at vg, if and only if

W (@)1 Me1,) =

_ o dj.di
(i) (85) 71 M =161 10, = b, [d; djl,
n

where M is given by (4), ¢ = 1,---,1, j,k = 1,--- ,m (see Ap-
pendix B.1 for the proof).

Application in PLNs with state delays. Based on the stability
of SBLDS, we study the stability of PLNs with state delays.

Consider the following PLN with state delays [6]:

zi(s+1) = gi(X(s —7(s))), i=1,--- (6)

where 7 : N — T := {0,---,7 — 1} denotes the state de-
lay, X(s) := (z1(8),---,zn(s)) € D} denotes the state, and
gi : D = Dy, © = 1,--- ,n are logical functions. In addition,

1y
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the state delay 7 is an i.i.d. random sequence with the probability
distribution P{r(s) =i} =p; >0, i € T.

Letting x(t) = xI_,2;(t) € Apn, one can convert system (6)
into the following equivalent algebraic form:

a(s + 1) = Ga(s — 7(s)), M

where G € Lin yin is said to be state transition matrix.

Let v(s) = [(@(s))T -+ (z(s —v+1))T]T € Ay gn. Similar to
the construction in [1], system (7) with the state delay 7 can be
equivalently converted into the following form:

v(s+1) = UTE)y(s), (8)

where
G 0 0 0 0 G
. Iin 00 ) Iin 0 0
U = ) 7\11“{7 = . )
0 ---Iyn O 0 Ixn O

and Ogn ypn := 0.

As mentioned in [1], we have the following result.
Proposition 2. System (7) is finite-time stable at x4 = 6]2", if
and only if SBLDS (8) is finite-time stable at vg = 6Z'n 9

By Theorem 1 and Proposition 2, we propose the following new
criterion to verify the stability of system (6).

Corollary 1.
and only if

() ((5§)T11M5;17)979 =1

(i) (8) "L MF" 161y = Ginl9 - 6],

kn

System (6) is finite-time stable at x4 = 6%, if

poW° poW7 !

where M = Ji =1, .

p’yfl‘yo T p'yfl\Ij’Yil
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