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Appendix A Notations used in the body of this paper

e N represents the set of nonnegative integers.

e 0, xm, denotes the n X m-dimensional matrix with all entries being 0. 1,, := (1, -, 1)T.
N——
n
o A, = {6; :i=1,---,n}, where 61 is the i-th column of the n-dimensional identity matrix I,,. For example, 5; =10 O]T,

62:=[010]T,63:=[001]T, Ag:= {8 :5=1,2,3}.

e An n X m-dimensional matrix A is called a logical matrix, if all the columns of A belong to A,. Particularly, an n X m-
dimensional logical matrice [§;} --- 6,] is expressed as 0p[i1 -+ im]. Lnxm denotes the set of n x m-dimensional logical
matrices. B”*" denotes the set of n x m-dimensional Boolean matrices.

o Silvrim o= ()T o (8Im) )T Ay = {800 Im gy i, € {1, -, n} )

n

e (E)y,m and Rowy(E) denote the (n, m)-th element and the n-th row of matrix F, respectively.

e Dy :i={0,--- ,k—1}, D" ;=D x --- X Dy, k > 2.
N—_———

Appendix B Proofs in the body of the letter
Appendix B.1 Proof of Theorem 1

(Necessity) Suppose that SBLDS (1) is stable at vg = §d1> " »dm
Firstly, we prove that condition (i) holds. By Definition 1, there exists an integer S > 0 such that

P{u(s) = 651 dm | 4(0) =651 °mY =1, Vs > S (B1)

holds for any vg = ;1> >¢m.
For any vo, we have

P{v(s+1) = 621"" Am ) 4(0) = vo}
= >0 Plo(s) =817 [0(0) = wo} PLu(1) = s dm | s amy
1, dm=1
= P{u(s) = 317" [ 0(0) = wo} PLu(1) = gy gyt
+ D0 Plu(s) = 6317 | 0(0) = v} PLu(1) = 61t | agr Iy
J1#dy
+ 32 Plu(s) =819 | 0(0) = vo}Pu(1) = 551 m | 571 Imy
Im#dm
= P{o(s) = 8007 | 0(0) = wo} PLu(1) = o517t | gty
= P{v(1) = 521»“wdm |5le",dm}
=1, (B2)

that is,
Plu(1) = gptodm | gadmy = 1, (B3)

* Corresponding author (email: kxs_stp@163.com)



Kong X S, et al. Sct China Inf Sci 2

According to Proposition 1 and (6), we have

n+d;
P(j,dj,l,tsffl’ ,dm) _ (6(] 1n+ ) w(l)
—1)n+d;
= (YT, Mw(O)
= (80T ((5d1"”'dmp1)T,~-~ (g dmpy Ty T
n+d; .
_ (6(1 n+ szé 5d1, ,d ™)
i=1
! (G—1)n+d; ;
S I Magata
i=1
= qu(amn””*d] )1 M ST ek
i=1 k=1
L (G—D)n+d; ;
D DD IF TP MR U T s
i=1k=1
=1 45=1,---,m. (B4)
j—1)n+d _
On account of 3= p; =1 and 0 (65,{ Dt N1 M} Doy §(k Dint-dy, < 1, by (B4), we have
—1)n+d; i (ke
5J DTy T Msis I =1 j =1, m, B5
19mn
that is, condition (i) holds.
Secondly, we prove that there exists an integer S > 0 such that
SNV M8 1, =8pld; - dj], i=1,--,0, j=1,-- B6
(60) 1, 11m = 0nld; i), i =1, Lg=1, ,m (B6)
holds for any s > S.
Similar to (B4), according to Proposition 1 and (6), we have
PG, dy, 8,650 emy = (89, ") T 1T (s
d
— Yo J)TlTM“w(O)
(G-1yn+d; A (551 em crrem
= @ T ((6 R R e DI
- d
= (6%,L1)”*1)T1TM Zm&el* em)
i=1
: (G—Dn+d;
= > pi(Bmn T mospscoem
i=1
! (G—Dntd, =
= 3 pmn )T M 3T sl
i=1 k=1
— S A et
i=1k=1
=1j=1L-,m (B7)
On account of 22:1 pi =1and 0 < (6fi;l)n+d1)T1TM 58 Sy 65,?;1)"+e’“ < 1, by (B7), we have
SO S TIN T Mg ST 1, =, L =1, m, (B8)

k=1

that is, (B6) holds for any s > S.
Finally, we prove S < n" — 1 by reduction to absurdity. Assume that S > n"™ — 1 holds.

S > n" — 1, there exist eg € {1,--- ,n}, j € {1,--- ,m} and i € {1,--- ,1} such that
(@72 a " i1,) <L
dj.ep
Thus, there is n # d; that satisfies ((5%)T17M"7'L715li1m) > 0. Because vqg = 5ilx'“
n,eg
exist n1 € {d1,- -+ ,dm}, - s nam_2 € {d1,--- ,dm}, j1, -+ ;Gom_1 € {1,--- ,m} and iq, - -

()T Mey " ) (@) T e )

Npm _1Mpm _g

Based on the above discussion and

(B9)
dm ig the equilibrium point, there
yipm_1 € {1,--- ,1} that satisfy

>0, (B10)
71,10
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where 19 = eg, np,m_1 = 1. Because n; € {1,--- ,n}, there exist 0 < k1 < ko < n™ — 1,5 €{1,--- ,m} and i’ € {1,---,1} such

that ng, = Ny = n’ and ((65;1)T1;Mk2_k16;’/1m) , > 0. According to the definition of matrix product, we have

n'.n
-/ s
(67T 1) mt2=F1) 51 1"")71’,71’

i i v L v
> (65 1 M™ T e 1) e ((00,) T MR TR L) > 0. (B11)

t

Therefore, for any positive integer S, there is always a positive integer ¢ that satisfies t(ka — k1) > S and
v !
(82T 1) Mtk2=kD) 50 L)y, o <1 (B12)
37

which contradicts the fact that SBLDS (1) is stable at ve. Hence, S < n™ — 1.

(Sufficiency) Assuming condition (i) and condition (ii) hold, we have

((5;)T17M55;'1m) =1 (B13)
dj,eﬁ

for any eg € {1,--- ,n},j€{1,--- ,m},i€{1,---,1} and s > n" — 1. Therefore, by (6), we have

P(jdy, 5,050 emy = (65 "M T T w(s)

_ (5(1—1>n+d

_ (5£Z;1)7L+dj)TILTMS ((6;11"” ’Emp1)T7 . ’(521,“‘ ,empl)'r)‘r

HT1 M w(0)

l
= S TINTAT M (S pasiectem)
i=1
1
j—1)n+d; ; e
= S pi@un T T M sgag e (B14)
i=1
! - .
= > v (65T M5,
i=1 djyeg
=1 (B15)
for any v(0) = 517 ™, j € {1, ,m} and s > n™ — 1.
From Proposition 1 and Definition 1, SBLDS (1) is stable at vq.

Appendix C Examples
Appendix C.1 An example used to illustrate how transition probability matrix of SBLDS

(1) works
Consider the following SBLDS:
v(s+1) = T y(s), (C1)
i, 0 i, 0
where Wl = | "Lt XA g2 o | L TG gl =5, 2242), Wh, =6,4222), 03, =8,(2212), W3, =8,[3222],
04><4 ‘1/2‘2 04><4 ‘Ilgyl

P{o(s) =1} = 0.3, and P{o(s) =2} =0.7.

a(0)=1 0(0)=2
P1= 0.3 2= 0.7
a(l)=1 o(l)=2 a(l)=1 n o(1)=2

Figure 1: State trajectory for v(s) with the initial state vy = 657,
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According to (5), we have the transition probability matrix

0 0 0 0 0 0 0 0 0 0 03 O 0 0 0 0
03 03 0 03 O 0 0 0 03 03 0 03 O 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 03 O 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 03 03 03 0 0 0 0 0 03 03 0.3
0 0 0 0 0 0 0 0 0 0 0 0 03 0 0 0
M= 0 0 0 0 03 0 0 0 0 0 0 0 0 0 0 0 (C2)
0 0 0 0 0 0 0 0 0 0 07 O 0 0 0 0
0.7 07 0 07 O 0 0 0o 07 07 0 07 O 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 07 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 o 07 07 07 O 0 0 0 0 0.7 0.7 0.7
0 0 0 0 0 0 0 0 0 0 0o 07 0 0
L O 0 0 0 07 O 0 0 0 0 0 0 0 0 |

Given initial state vg = 63’2, by (3), (5) and (6), we have

w(0)=[0 003 000300000700 0700",
w(l) = Mw(0) =[0.21 0 0 0.09 0 0.3 0 0 0.49 0 0 0.21 0 0.7 0 0],
E{v(1) |v}=[07 0 0 03 0 1 0 0],

4
P(1,2,1,00) = > P{v(1) = 8,72 | vo = 65°} = (62) " E{v(1) | vo} = 0,
J2=1
4 .
P(2,2,1,00) = Y P{o(1) = 5;"% | v = 657} = (69) " E{v(1) [vo} =1,
j1=1
w(2) = Mw(1)=[0 03 000 0300007000070 0],
E{v(2) |vo}=[0 100010 0],
4
P(1,2,2,00) = Y P{v(3) = 8;72 | vg = 657} = (63) " E{v(3) |vo} =1,
j2=1

4
P(2,2,2,00) = Y P{o(3) = 5;"% | v =55} = (69) " E{v(3) | vo} = 1.
Jji1=1

It is easy to see that the results P(1,2,s,v0), P(2,2,s,v0),s = 1,2 match the state trajectory in Figure 1.

Appendix C.2 An example used to show how Theorem 1 works

Consider the SBLDS (C1). From (C2), one can obtain that

0O 0 0 O 0O 0 0 O
1 1 0 1 0o 1 1 1
55 1) M8l = =1, ((62)T1, Msi1 = =1
(( 2) 1, 2 2)2’2 ( 00 0 O )22 ) (( 2) 1s 2 2>2,2 ( 0 0 0 O )212 ’
LO O 1 0] L1 0 0 O]
[0 0 1 07 [0 0 0 0]
1 1 0 1 01 1 1
ST 1T mrs21 _ =1, ((6)71) Ms21 = =1,
(( 2) 1 Mo, 2>2'2 ( 00 0 0 )212 (( 2) 1, M3, 2)2,2 ( 1 0 0 0 )2,2
Lo 0 0 0] Lo 0 0 0]

(63 T1] MYs1, =64[2222], (62)T1) M'P531, =642 22 2],

(63) "1 M'56215 =64[2222], (62) 13 M'5521, = 54222 2].

Then, by Theorem 1, the SBLDS (C1) is stable at vqg = 52’2.

We propose a simulation to verify the effectiveness of our results (see Figure 2). Since vg = 6i'2, it can be seen from Figure 2
that P{v(s) = 53’2 | v(0) = 52’2} =1 holds for any integer s > 2.
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P(1,2,5,v0) P(2,2,5,v0) P{u(s) = 53.2 | v(0) = 4)"4"2}

Figure 2: Probability trajectory for P(1,2,s,v0), P(2,2,s,v0), P{v(s) = 62 | v(0) = §3*} with the initial state
52

Appendix C.3 An example used to show how Corollary 1 works

Consider the following probabilistic logical network with coincident state delays [6]:

z1(s+ 1) =z1(s — 7(s)) A ~za(s — 7(s)),

(C3)
z2(s+ 1) = z1(s — 7(8)),
where the state delay 7(s) takes values in {0, 1} with the probability distribution P{7(s) =0} =2/3 and P{7(s) =1} =1/3.
Letting z(t) = |><?=1w¢(t) € A,2, one can convert system (C3) into the equivalent algebraic form
z(s+1) = Gz(s — 7(s)), (C4)
where G = 643 1 4 4].
Setting v(s) = [(z(s))" (z(s —1))T]", we have
v(s+1) = T y(s), (C5)

where U0 — G 032,52 , ol = 052,52 G .
Iy2 052,52 Iy2 052,52
2/3w°% 2/3¢!

According to (5), we have the transition probability matrix M = .
1/39° 1/3¥

. Furthermore, one can obtain that

01 00 10 0 0
0 0 0 O T,T 1 0 1 0 0
60T 1) Msj1 = =1, ((63)"1, Ms1 = =1
(( 2) 1 Mo, 2>4,4 ( 100 0 )4,4 ’(( 2) 12 Mo, 2)4,4 ( 00 1 0 )4,4 ’
Lo o 1 1] LO 0 0 1]
[0 1 0 0] [1 0 0 0]
00 00 01 0 0
sV T1T Mms21 _ =1, (69 71] Ms21 = =1,
(( 2) 1, 2 2)4,4 ( 10 0 0 )414 (( 2) 1s 2 2)4,4 ( 00 1 0 )4,4
Lo 0 1 1] Lo 0 0 1]

(63) 710 M'P6310 =64[4 44 4], (62) 15 M 56315 = 54]4 4 4 4],
(63)T1] MY6215 = 6404 44 4], (62) 1) M P6215 = 644 4 4 4].

Then, by Corollary 1, system (C3) is stable at z4 = 634

Appendix D A remark

In Theorem 1 of [6], one needs to calculate the (k"D 4 1) x ("D 4 1)-dimensional matrix L for the stability of system (6).
Compared with [6], in Corollary 1, one only needs to calculate the ~v2k™ x 42k™-dimensional matrix M for the stability of system
(6). If v and n are large enough, then v2k" << k™(¥*D+1 and Corollary 1 is more efficient.
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