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Nowadays, a novel matrix product called the semi-tensor product
(STP) of matrices has been proposed [1] for the representation and
analysis of Boolean networks (BNs) and Boolean control networks
(BCNSs). This methodology has enabled breakthroughs in the the-
ory of BNs/BCNs. Recently, Ref. [2] investigated the demand-side
management and control of smart grids based on weighted network
congestion games via the theory of potential games. In fact, time
delays are a very common phenomenon, occurring in processes
such as drug therapy, chemical reactions, long transmission lines
in pneumatic systems, and evolutionary games. Naturally, an idea
arises that we can consider optimal control of smart grids based
on weighted network congestion games with time delay. This work
will enrich not only the optimal control theory but also the theory
of potential games.

Note that extending the existing results to systems involving
time delay is by no means an easy task. In this study, we explore
this problem by the method of block logical dynamical systems [3]
and the theory of invariant subsets for Boolean control networks.
All preliminaries are in Appendix A.

Mathematical model description. For the case of smart grids
with two-layer power companies [2] as shown in Figure Al, the
potential function has not been provided, and no further research
has been conducted.

Firstly, smart grids with two-layer power companies can be
modeled as a weighted network congestion game. Let Eg, Ej
and Fo denote the sets of edges from the power station to the
first layer companies, from the first layer companies to the sec-
ond layer companies and from the second layer companies to
the communities, respectively. Thus, the strategy of any com-
munity ¢ € N can be represented as s; = {€oa, €qa’s€q/;} and
eoa € Fo,eqq’ € E1,€47; € Ea.

According to Definition A7, the payoff function is

¢i(s) = pegq (w(s, €0a)) +pe, ., (W($, €aar)) +pe,,, (W(s, €ar)), (1)

where s = {s1,s2,...,8n} € S is a profile of the game,
si = {€oa,€qaq’,€qri} is the strategy of the community i, egq €
FEo,eqq' € E1,€41; € E2 and i € N.

Potential function. We present the definitions of external in-
tersecting for two players ¢ and j and internal intersecting in [2].
Furthermore, sufficient conditions for the weighted network game
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to be a potential game are established in Proposition A2. Based
on that, we propose a feasible potential function as follows.

Theorem 1. When the weighted network congestion game is a

potential game, its potential function can be formulated as
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The proof is in Appendix B.

Evolutionary game. Consider the potential function P(s) as the
objective function. Each community decides in a dynamic environ-
ment with available information about their neighbors. However,
it takes time for information receiving and statistics, so it is in-
evitable that there is time delay in the strategy update rule of
communities.

Assuming that 7 € ZT is the constant time delay and the strat-
egy update rule adopted by each community is the parallel myopic
best response adjustment with 7 delay (7-MBRA) as follows:

. st =1), si(t —7) € Ot —7),
si(t+1) = {min Oi(t—71), si(t—7)¢ Oi(t—71), ©

where O;(t — 7) = {s; € S| argmin, ¢ g, ci(si,s—i(t — 7))} is the
best response strategy set, min O;(t — 7) refers to a predefined or-
dering of the set S; by strategy index and s_; € S_; := Hj;éi S;
is a profile composed of the strategies of all other players except
player ¢ and i € N.

Then the system evolves according to the following k-value log-
ical dynamic network with time delay

si(t+1) = fi(s(t—7)), i € N, (4)

where s(t —7) = {s1(t = 7),s2(t = 7),...,8n(t — )} is the profile
at time ¢t — 7 and f; is the strategy update rule in (3).
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Identify s; = S;» € S; as 6ii € Ay,, the algebraic form of system
(4) can be obtained as [1]

s(t+1) = Ls(t— ), (5)

where s(t) ' 15i(t) € Ag, k= T];—q ki is the profile at time
t and L € L, xx is the profile transition matrix.

By leveraging the theory of block logical dynamical systems
(BLDSs) in [3], we can derive an augmented system for system

(4)

-_— n
= X

Let 2(t) = [s(t)Ts(t —1)T - s(t = 7)T]T € Nrj1,6- Then,
system (5) can be converted into the following form:

2t +1D) =[s(t+1)"s@t) ---s(t—T+1)T]T

Okxr Okxr - Opxs L S(t)
I Opxxr * Okxk Okxxk S(t—l)
O&X& O&X& In OK/XK/ S(t—T)
= Mz(t), (6)

where M € L(;41)xx(++1) is a block logical matrix and states
z(t),t = —7 belong to the finite set N7 41 .. Therefore, system (6)
is called a BLDS.

Next, we introduce the state-flipped control to BLDS (6). In
fact, at time ¢, we can only flip profile s(t). The states s(t — 1),
s(t —2), ..., s(t —7) have been flipped and recorded as §(¢t — 1),
3(t —2), ..., 8(t — 7). Especially, 3(i) = s(¢) holds, for any
i € {—7,—7 + 1,...,—1}. In addition, not all players can be
controlled in practical problems. Thus, we give a subset V C N
in advance, and the communities in it can be controlled.

Let 2(t) = [s() T8t —1)T ---5(t = 7)T]T € Nrj1,- Then the
BLDS (6) under state-flipped control can be obtained

Onxn Onxn OKXK L S(t)
L
G% Okxr * Okxr Okxk '§(t_1)
2(t+1) =
Okxr Okxr --- I Okxk '§(t_7—)

= M(G)2(b), (7)

L
where M(Gg ) € Li(r+1)xn(r+1) remains a block logical matrix
1
and system (7) is a BLDS. But now M(G% ) Loxhibits time-varying
dependence on the state-flipped matrix G% selection at time t,
1

where G% is defined in Definition A5, F' = {i1,42,...,9 7/} C N
and | := {l1,l2,...,{|p|} are the flipped set and the number of
rotations, respectively.

According to the combinatorial flipped matrix Gy € B« de-

fined in Definition A6, we can obtain a new representation of sys-
tem (6) under state-flipped control as follows:

Okxr Okxk *+ Opxs L a(t)

Gv Ouxr -+ Owxr Oxxr d(t—-D
At+1) =

O&X& O&X& In ONXN &(t—T)
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= M(Gy)A(t), (8)
where transition matrix M(Gv) € By (r41)xr(r+1), State A(t) =
[a®)Tat — DT ---at —7)T)T, at) = Gyalt) € Rexi1 and
a(i) = z(i),s € {—7,—7+1,...,0}.

Stability and stabilization.
global stabilization of the system (5) under state-flipped control
will be given.

Note that for any F C V, G T Gy and [M(GI)]' C
[M(Gy )]t hold, where M(G’(Igl) and M (Gy ) are defined in equation
(7), t € Zt and the relation “C” is defined in Appendix A.
Theorem 2. System (5) under state-flipped control is glob-
ally stabilized to s* = 62 € A, if and only if system (7) is
S-stabilizable, where set S = {2 = 62’91"”’97 S N7—+1,,1\5gi S
R(89),i€ {1,2,...,7}}.

The proof is in Appendix C.

Next, equivalent conditions for

Theorem 3. Given target state éﬁ € Ay, the state set S =
{2 = 60000 e Ny .09 € R(8Y),i € {1,2,...,7}} can be
derived from (5). System (7) is S-stabilizable if and only if

(1) The (0,60)-th entry of matrix LGy is positive, that is,
(LGv )ge > 0 holds;

(2) Rowg[(LGy)"] > O1xx,
where L € L% is the transition matrix of system (5) and Gy is
the combinatorial flipped matrix of set V.

The proof is in Appendix D.

Remark 1. The computational complexity measures in this ar-
ticle are all O(k).

Ezample. Consider a smart grid with two-layer power compa-
nies in Figure E1. First, it can be modeled as a weighted network
congestion game, denoted by G = {N, (O, E), S, W, C'}. The strat-
egy sets are S1 = {{eo1,e11,e11},{eo02,e22,e21}, {eo2, e23,€e11}},
S2 = {{eo1,e13,e32}, {eo2,e21,e12}}, S3 = {{eo1,e11,e13},
{eo1,e12,e23}}, Sa = {{eo1,e13,e34}, {eo2,e21,e14}}, S5 =
{{eo1,e11,e35}}, respectively. Based on Proposition A2, if the
weights of the players satisfy the following equations: w1 = wa =
w3 = wgqg = ws, then the game G is a potential game. Without
loss of generality, suppose that w; = w2 = w3z = wg = ws = 1
holds. Then, the price function p. related to different weights on
the edge e in Figure El is listed. More details can be found in
Appendix E.
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