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Appendix A Preliminaries

Notation.
o 7T denotes the set of positive integers;
o A, = {6; [i=1,2,-- ,n}, where 0/, is the i-th column of the n-dimensional identity matrix In;
e An n x t matrix M is called a logical matrix, if M = [§;! 6,2 --- &,¢] and denote M briefly by M = &,[i1 iz -+ it];
o Riuxn, Lmxn, Bmxn denote the set of m X n real matrices, logical matrices and Boolean matrices, respectively;
o R(69) := {x € Ax|Lz = 69} denote the one-step reachable set of 6%, where L € Ly xx is the transition matrix of the logical system;
® 1,,xn and Oy, xn denote the m X n-dimensional matrix with all entries being 1 and 0, respectively;
o 5T = (G T(62)T - (6,7)T]T € Np g, where “T” is the transpose operator;
e Col;(L) (Row;(L)) is the i-th column (row) of matrix L; Col(L) (Row(L)) is the set formed by all columns (rows) of matrix L;
e (L)j; is the (4,7) -th entry in the matrix L;
o [L]p represents converting the matrix L into a Boolean matrix, which implies that ([L]g)i; = 1iff (L);; > 1, otherwise ([L]g):; = 0;
e sgn(-) is the sign function, that is, sgn(t) =1 iff t > 0; sgn(t) =0 iff t = 0; sgn(t) = —1 iff t < 0;
e Two matrices A, B € Rinxn, A E B means A;; < B;; holds, for any i =1,2,---m and j =1,2,---n;
e 24 and |A| represent the power set of the set A and its cardinality, respectively;
e “x” denotes the semi-tensor product of matrices, which can be omitted without confusion in this paper;
e ¢, denotes the directed edge from node a to node b.

Definition 1.  [3] [Block logical matrix] Matrix

My Myg - Migp

M = € Bmnxmn
Mn71 Mn,2 Mnn

is called a block logical matrix, if for any ¢ € {1,2,--- ,n}, there exists a unique integer i € {1,2,---,n} such that M; ;, € Lmxm and
M; j = Omxm, for any j # ix.

Note that if M and N are block logical matrices, then M N is also a block logical matrix. Especially, M? is a block logical matrix
for any t € ZT. We thus obtain the following representation for the block logical matrix M can also be the form as follows:

t t (t)

MY My e M,

Mt = € Bmnxmn-
t t t

M M

n,1
Definition 2.  [3] [Block logical dynamical system] System
z(t+1) = M=z(t) (A1)

is called a BLDS, if z(t) = [21(t) T22(¢) T -+ 20 () T]T € Novym, 2i(t) € Ay and M € Bpynxmn is a block logical matrix.

Next, we introduce the state-flipped control on k-value logical dynamic system in [2]. It is different from both state-flipped control
on Boolean networks [3,4] and state-circulated control k-value logical system [6]. Actually, it is an extension of the two control methods
mentioned above.

Definition 3. [1] An operator O: A, — A, called the rotator, is defined as
o s =0 67; _ 5’(41 mod k)+1
K b

where s = 6% € A.
Obviously, the state-circulated control in [6] can be achieved through rotator operator. In addition, let I = 2, O! §2 =0 (0 §2) =0
) i . y
5}; = 6,(.: mod k)+1 holds, where i’ = (i mod x)+1. Note that for a fixed s = 8%, € A, and any §%, € Ay, there always exists 1 <1< xk—1

) -y
such that ! §% = &7 , where [ is the number of rotations. Thus, any two states in the finite set A, can be mutually flipped onto each
other.

Definition 4.  [2] [State-flipped function] Let F' := {i1,42, -+ 4|} C N be the flipped set and ! := {l1,l2,- ,l|p|} be the number
of rotations corresponding to each node in F' . The state-flipped function with respect to F' and [, denoted by g%l, is defined as

L L L
gg (S) = Sg = (317"' 7Ol1 Siyy e , O 171 Si‘F‘y"' ,Sn),
1
where Ok Si; denotes the state of Si; after I; rotations, 1 <l; <k; —1 and sg can be achieved by flipping the i;-th, ia-th, - -+, ip-th
!

g 1
components of s with [ times, which is denoted by s ——s 5% .
Definition 5.  [2] [State-flipped matrix] For a flipped set F' = {i1,42,--- ,4p} € N and the number of rotations I := {l1,l2,--- ,l|p|}-

1
The state-flipped matrix, denoted by G% € Lixr, is defined as

Coly (G ) =6, if o1 25561,

where j =1,2,--- , K.
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Definition 6.  [2] [Combinatorial flipped matrix] Let V = {41,492, ,%v} € N. The combinatorial flipped matrix of V, denoted by
Gy € Brxx, is defined as

L if3Fe2V, i={l,la,-,lp}
L
(Gv)ij = st (GR )iy =15
0, otherwise.

1
Consequently, Gy is a Boolean matrix and can be calculated by Gy = > pcov Zl:{ll,lz,-»- e} 1<l <hi—1 G% . Moreover, the j-th

column of Gy contains all states reachable from s = 67 by applying state-flipped control corresponding to set V.

The demand-side management of smart grids refers to optimizing the allocation of resources by changing the choice of the community
to minimize the total cost of electricity consumption. The smart grids have been modeled as weighted network congestion game to
consider demand-side management problem [2].

Definition 7.  [2] [Weighted network congestion game] A weighted network congestion game is a triple
G ={N,(O,E),S,W,C}, where
e N ={1,2,---,n} are n players (communities).
e (O,E)is a dlrected graph, where O and E are the set of nodes and edges, respectlvely
o S =TI, Si, where S; = {81,82, o Sk } is the strategy set of play ¢ and s is a directed path from the power station to the
community %.
o W ={wi, w2, - ,wn} are weights of n communities.
e C={ci,ca2, - ,cn} is the set of payoff functions, where ¢; : S — R can be defined by
ci(s) = Zpe w(s,e)), se€SandeckE, (A2)
ec€s;

where w(s,e) = ZjeMs . w; represents the sum of weights of players choosing edge e under the profile s, Ms.e = {j € Nle € s;} is
the set of players who select the edge e under the profile s and pe is the price function at different weights on edge e.

Power station 0
/ / €op

in i T
Fp’qﬂ F} < F@'&
f < 224 <\
Power company 1 Power company 2 Power company p

community 1 community 2 community 3 community n

Figure A1l Smart grids with two-layer power companies.

Definition 8.  [5] [Potential game] A finite game is a potential game if there exists a function P : S — R, called the potential function,
such that

ci(siys—i) — ci(s},s—;) = P(siys—i) — P(s},s_;), i€ N,
for any two distinct profiles (s;,s_;) , (s},5_3) € S.
Proposition Al. [5] A game is a potential game if and only if for every 4,5 € N, for every S_{ijy € S_{ij} = Hk;&i,j S and
for every s;, s} € S; and s, s’ € Sj, the equation ¢;(B) — ¢;(A) + ¢;(C) — ¢;(B) + ¢i(D) — ¢;(C) + ¢;(A) — ¢;(D) = 0 holds, where
A= {si,s5,5_gij3}» B={s,85,5_1;,;3}, C = {sz,s],s_{i,j}} and D = {si,s;,s_{i,j}} hold.
The sufficient conditions of the weighted network congestion game with single-layer and multi-layer power companies being a potential
game are presented, respectively. For the weighted network congestion game with single-layer power companies modeled as a potential

game, the corresponding potential function has been established in [2]. They further investigated how state-flipped control can be
applied to drive the system toward the optimal Nash equilibrium.
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Definition 9.  [2] [External intersecting] Player ¢ and j are external intersecting, if there exist two strategies s; € S;, s; € S; and an
edge e such that e € s; Ns; holds. The edge e is called the external intersecting edge.

Definition 10. [2] [Internal intersecting] Player 4 is called internal intersecting, if there exists an edge e such that e € ﬁ?i 183- holds,

where k; denotes the total number of strategies for player ¢ and sé- is the j-th strategy among them. The edge e is an internal intersecting
edge.

In the following, the sufficient conditions for the weighted network congestion game to be a potential game are presented.
Proposition A2. The weighted network congestion game G with two-layer companies is a potential game if one of the following
conditions holds:

(1) All players are not external intersecting;

(2) When there exist two players ¢ and j are external intersecting, their external intersecting edges are also the internal intersecting
edges of player ¢ and j;

(3) When there exists an external intersecting edge e, of player ¢ and j that is not the internal intersecting edge of player ¢ and j,
then the weights of ¢ and j are equal, i.e. w; = wj 1= we,, .

Proof.

Case (1): All players are not external intersecting. For any players i and j, choose any s; = {€0a;€qa’s€a’i}> S5 = {€0p,eppr, €pri} €
Si 85 = {€0cs €’ €crits 5;- = {eod,eqar,eqris} € Sj and a fixed profile s_y; ;1. For simplicity, denote that A = {s;,85,5_(;;}1},
B ={s},s5,5_1;;3}, C= {sg,s;-,s_{i’j}} and D = {si,s;-,s_{i7j}}.

By (A2), it is easy to calculate that c;(B) —c;(A) +¢;(C) —c;j(B)4ci(D) —c¢;(C)+c;(A) —cj(D) = 0 holds. Based on Proposition Al,
G is a potential game under Case (1).

Case (2): Suppose players i and j satisfy Case (2). For any s; = {€0a,€qa’>€a’i}s 5, = {€0as€at’>€pi} € Si 55 = {€0a,€acr>€cri}
s; = {e0a;€qdq’seqri} € Sj and a fixed profile S_{i,5}» we have players i and j are external intersecting, their external intersecting edge
eoq 1s also the internal intersecting edges of player ¢ and j.

Let w—1, w—2, w—3, w—4 and w—s5 be the total weights of edges eoa € s_{; j}, €aa’ € S—i; €apy € S—i, €qer € 5—j and eqq € 5_j,
respectively.

According to (A2), we have

¢i(B) = Peg, (W—1 4+ wi +wj) 4 pe,,, (W—3 +w;) + pe,,, (wi),
¢i(A) = peg, (W—1 + wi + w;) + pe,
¢ (C) = Peg, (W—1 + w; + wj
¢j(B) = pegq (w—1 + w; + wj
ci(D) = peg, (w—1 + w; + wj
i(C) = Pegg (W—1 + wi + wj
¢i(A) = peg, (W1 + w; +wj
¢j (D) = peg, (W—1 + w; +wj

’ (w72 + wi) + De,r; (wi)7
+ Pe, g (W—5 + w5) + pe,,, (w5),
+Pe, . (W—a +wj) + pe s, (w5),
+ e, (W_2 +w;) + pe,,, (wi),
+ Pe,y (W—3 + wi) + pe,,, (wi),

+ pe, . (W—a +w;) + pe_,, (W),
+ Pegqr (W—5 + wj) + peyy, (wy).

a

c

o

T — — —

By simple calculation, we obtain that ¢;(B) —c¢;(A) +¢;(C) —c;(B) +¢i(D) —¢;i(C) +¢;(A) —¢; (D) = 0 holds. Based on Proposition Al,
G is a potential game under Case (2).

Case (3): Assume players i and j satisfy Case (3). For any s; = {€0a,€qa/>€a’i}, 55 = {€0a,€ab’>€p/i} € Sis 55 = {€0as€qa’s€ari}s
s; = {eod; eqar,eq;} € S; and a fixed profile $_1i,j}» we have players ¢ and j are external intersecting, but their external intersecting
edges egq and e,/ are not the internal intersecting edges of j.

Let w_1, w—2, w—3, w—4 and w—_s5 be the total weights of edges eoa € S_{;,j}, €aa’ € S_{i,j}» €ab’ € S—i, €0d € $—j and eqqr € s_j,
respectively.

Based on the payoff function in (A2), we have

¢i(B) = Peg, (W-1 4+ wi +w;) + pe,,, (W—3 +w;) + pe,,, (wi),
€i(A) = Pegq (W-1 + Wi + wj) + Pe,,, (W-2 + Wi + wj) + pe,,, (wi),
(C) = Pegq(w—1 4 wj) + Pe ) (W—5 +w;) + Pe,,, (w5),
§(B) = Pego (W_1 +wi +w;) +pe,,, (w_2 +wj) + pe,,, (wy),
i (D) = Pegq (W—1 +w;) +pe,,, (W_2 +wi) + pe,,, (wi),
(
(
(

Q

¢}

7

o
s

o
>

7

o

C) = Peg, (W—1 + w;) + De, (w-3 +w;) +peb/i(wi)a
A) = pego (W—1 +w; +wj) + pe,, (W_2 +w; +wj) + pe_,, (W),
D) peod(w—4 +wj) +pedd/ (w-s +wj) +ped/i (wj)-

Cj

Cj

By simple calculation, we obtain that ¢;(B)—c;(A)+¢;(C)—c¢;j(B)+c;i(D)—ci(C)4¢;j(A)—c;j (D) = paar (W_2+w;) —Dgar (W_2+w;) =0,
if w; = w; holds. Based on Proposition Al, G is a potential game under Case (3).

This completes the proof for Proposition A2. H
Definition 11. [1] System (5) is said to be globally stable at s* € A, , if there exists T € ZT, such that s(¢;s(—7),s(—7 +
1),---,s(0)) = s* holds for any initial state trajectory {s(—7),s(—7 +1),---,s(0)} and any integer t > T.

Definition 12.  [3] System (6) is said to be globally stable at z* € Nry1,x, if there exists T € ZT such that z(¢;2(0)) = 2* holds for
any initial state 2(0) and any integer t > T.

Definition 13. Given a flipped set V' C N , system (5) under state-flipped control is said to be globally stabilized to s* € A, if
for arbitrary initial trajectory {s(—7),s(—7 4+ 1),---,s(0)}, there exist T € Z+, a flipped set sequence I' = {Fp, F1,--- , F;} and the
number of rotations A := {1(0),1(1),---,l(¢t)} such that s(¢;s(—7),s(—7 4+ 1),---,s(0)) = s* holds for any ¢ > T, where F; C V and

I(t) =1l (t)}‘]l;tll, l;(t) € Z+ are the flipped set and the number of rotations at time ¢, respectively.
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Note that the one-step reachable set of state 62 for system (5) is R(69) := {& € A,|Lz = §2}. Construct a state set for system

(7), denoted by S = {2 = 69010 ¢ Nrg1,sl st e R(82),i € {1,2,---,7}}. Next, based on the definition of set stabilization
in [2], we present the definition of stabilization of system (7) to the given set S under state-flipped control, which is also referred to as
S-stabilization.

Definition 14. [Set Stabilization] Given S C NV;41 . and a flipped set V C N, system (7) is said to be S-stabilizable, if for arbitrary
initial state z(0), there exist T € Z7 , a flipped set sequence I' = {F;}’_ and times sequence A = {I(j)},_, such that 2(t;2(0)) € S
holds for any ¢ > T, where Fy C V and I(t) = {lj(t)}‘jitll,
respectively.

Lemma Al. Given nonnegative matrices Omxn & A, B € Ryyxn and Opxg C C, D € Ryxy, if AC B and C T D hold, then we can
get that AC' C BD holds.

1;(t) € ZT are the flipped set and the number of rotations at time ¢,

Appendix B Proof of Theorem 1

Proof. For Theorem 1, it suffices to prove that c;(s;,s—;) — ci(s;,s_,-) = P(si,5—;) — P(s;7 s_;) holds for any ¢« € N and every two
distinct profiles (s;,s—;) , (s;,sﬂ') es.

For any player ¢ € N, let s; = {€0a,€aa’s€a’i}> S = {€0bs€ptr,€pri} € Si be strategies of player i. Denote ni, nz, n3 and ng as the
number of players selecting the edges eoq, €op, €qq’ and ey in s_;, respectively.

The proof can be divided into two cases.

Case 1: All players are not external intersecting. Hence, we have that n; = na = nz = n4 = 0 holds. According to Equation (A2)
and Equation (2), we conclude

P(si,5-i) = P(s},5-4)
=Pey, (wi) + Pe, o (wq) + Pe,r; (wi)—
[Pegs (i) + Pey,, (i) + Py, (wi)]
=ci(siys—i) — ci(si,5-4)-
Case 2: At least one of ni, na, n3 or ng is nonzero, which implies that at least one other player is externally intersected with player
i. Assume that n; > 0 and ng = ng = ng = 0 hold. Therefore, we have e, is the external intersecting edge. Then, there are two
subcases as follows.

Subcase (1): The edge egq is also the internal intersecting edge of all players choosing the same edge egq. That is s; = {€0a; €qa’s €a’i}
and s} = {eoa,€qp’, €pi} € Si hold. According to Equation (A2) and Equation (2), we conclude

P(si,5-1) = P(s},5-4)
=Pe, (wq) + Pe,r; (ws) — [peab/ (ws) + Peys, (wi)]
=c;(si,5-i) — ci(s},5_4).
Subcase (2): The edge eq, is not the internal intersecting edge of all players choosing the same edge egq. That is s; = {€0a; €qa’s €a’i}

and s; = {eop, €pp’, €pr;} € S; hold. According to the Proposition A2, the weights of all players choosing the same edge eg, should be
equal, denoted by we,,. By Equation (A2) and Equation (2), we conclude

P(si,s-;) — P(s},8_4)
=Pegq ((P1 + Nweg, ) + Pe o (Wep, ) + Pe,r; (Wegq )=
[Pegy (Wep,) + Peyys (Wep) + Peyr; (Wegq )]

=c;(s5,5-i) — ci(s}, 5—4)-

This completes the proof for Theorem 1. O

Appendix C Proof of Theorem 2

Proof. [Necessity] Based on Definition 13, system (5) under state-flipped control is globally stabilized to s* = 6%, that is, for any
initial trajectory {s(i)}?___, there exist T € Z+ and T > 7, a flipped set sequence I' = {Fj}§':0 and times sequence A = {I(j) ;:0
such that s(t; {s(¢)}0___) = s* holds for any t > T. Let A > 0 holds, we have that

L3(T + X —1)
U ST+ )

HT+XA+1)= MGG, |

VE(T +A) =
§(T+/\.+ 1-7)

Thus, L3(T + X — 7) = 6% holds, for any \ > 0.

To sum up, We can obtain that for any ¢ > T and any z(0) € Nri1,., 2(t;2(0)) = 699107 holds, where 82 € R(69) and
t€{1,2,---,7}, that is, 2(¢; 2(0)) € S By Definition 14, system (7) is S-stabilizable.

[Sufficiency] Since system (7) is S-stabilizable, we have that for any initial state 2(0) € Nr41,x, there exist T € Z+, T > 7, a flipped
set sequence I' = {Fj}§:0 and times sequence A = {l(j)};zo such that 2(¢; 2(0)) = [s(t) T4(t — 1) --- 3t —7)"]T = 69,0107 holds
for any ¢ > T. Thus, we can obtained that s(t; {s(i)}?___) = 62 holds for any ¢ > T and any initial trajectory {s(i)}___, where

5(i) € Ag. By Definition 13, system (5) is globally stabilized to s* = §? under state-flipped control. 0
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Appendix D Proof of Theorem 3
Proof.  [Necessity] Since system (7) is S-stabilizable, by Definition 14, we have for any initial state z2(0) € Nry1,x, there exist T € Z T,
a flipped set sequence I' = {F;}}_, and times sequence A = {I(j)}}_ such that £(t;2(0)) € S holds for any t > T.

On the one hand, for the given T and 7, it can be known that 2(T + 7 + 1; 2(0)) = [H$:T+T M(G’%j(t))]é(T) holds. According to
L)

Lemma A1l and some simple calculations, we can obtain that [HthT-s-r MGy, )IE [M(Gy)]™+! and
LgV Okxr =+ Okxr Okxk

[ ( )] 11 Okxr ng co Okpxr Okxr
MG = | . ) . .

Okxr Okxr - - Okxr gVL

Since 2(T + 7 + 1; 2(0)) = 2(T; 2(0)) = z* holds, it follows that [HZ=T+T M(G%l(t))]ee > 0 and [LGy]gg > 0 hold.
On the other hand, it can be calculated that

[LgV]N ONXN "'OHXH OHXN

[M(Gy)]= (D) Onxn [GVEI™ -~ Oux Onxr
A% = . . . . . 3

Okxk Okxr -+ Orxk [gVL]N

where matrix L € L, x, holds.
Then, for any positive integer p > k, it holds that Col([(LGv )*]5) = Col([(LGv )P]B). Suppose that p is taken sufficiently large such
that the inequality p(7+1) > T holds. Let t = p(7+1)+¢1, where 0 < ¢t1 < 7, it can be calculated that the non-zero block matrix in the

first row of matrix [M(Gy )]t is [M(Qv)]gf)l* = [LGy]PLs97(11) and Rowg([M(gV)Ht,L) > 0 holds. Since L € Ly« is a logic matrix, we
have Col([[M(gV)Ht,)l*]B) C Col([(LGy)P]B) = Col([(LGy )" ]B). In conclusion, we can obtain the result that Rowg[(LGy )] > 0 holds.
The proof of necessity is complete.
1
[Sufficiency] First, since (LGv)gg > 0 and Gy = Y pcov Zl:{ll,lg,'“ e} 1< <hi—1 G% hold, it follows that there exist at least

[
one flipped set F' and corresponding number of rotations [, such that (LG}D )ee = 1 > 0 holds.

Second, since Rowy[(LGy)*] > 0 and Gy = 3 pecqov El:{llvl%'” e} 1< <k —1 G%l hold, it follows that for any z(0) = 6% € A,
olj(t)

there exist a corresponding flipped set sequence TV = {FY "~ and times sequence AJ = {17 (t)};;t1 such that TT%_. | (LGFJ' VoL = 49,
t
Let T = k(7 + 1) holds, then for any initial state of system (7) denoted by
5(0) 5%
s(-1| ot
Z(O) = . = . S /\/'7—+17H.
s-nl o
According to equation (5), it follows that s(t +1) = Ls(t — 1) = 5£t+17 where t € {0,1,--- ,7 — 1}.
Next, for the above states §%* and i € {0,1,---,7}, we can construct the flipped set sequence I = {FJ° FJ* ... FJ7 ...,
0 0 0
FI0 JF71 . .-+, F)7 } and the times sequence A = {190(0),191(0),--- , 197 (0),--- , 190 (k — 1), 191 (k — 1), - -+ , 197 (k — 1)} such that
0 Ozio(t) j
M6, e ]
A CI 0,
Mie 1 (Gyr L) o
arzo)=| =1 |es
0 o.’jl(” = o
Ht:mfl(GFjl L)(SK
t

where L% = 89 and i € {1,2,---,7} hold.
Third, suppose that when ¢t = v > T, there exist a flipped set sequence I' = {F} }']7:0 and times sequence A = {l(j)};zo such that
2(7;2(0)) = 2* holds. Next, when t =~ + 1 holds, construct the flipped set sequence I" = {F}; };Yi& and times sequence A = {l(])};yié,

where Fy11 =F, l(y+1) =1 and (LGgl)gg > 0 hold. Thus, it follows that Ggl(sz € R(8?) and

50
a3l

50

57+ 1;2(0) = M(GP)2(y) = €s.

0 _
y 1

In conclusion, by Definition 14, system (7) is S-stabilizable. O
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Appendix E Results of example

Consider a smart grid with two-layer power companies in Figure E1. First, it can be modeled as a weighted network congestion game,
denoted by G = {N, (O, E),S,W,C}.

The strategy sets are S1 = {{eo1, €11,€e11}, {eo2, €22, €21}, {€o2, €23, e11}}, S2 = {{eo1, €13, €32}, {eo2, €21, €12}}, S3 = {{eo1, €11, €13},
{eo1,e12,e23}}, Sa = {{eo1,€e13,€e34}, {€o2,e21,e14}}, S5 = {{eo1,e11,e35}}, respectively. Based on Proposition A2, if the weights of
the players satisfy the following equations: w1 = w2 = w3 = w4 = ws, then the game G is a potential game. Without loss of generality,
suppose that w; = wg = w3 = w4 = ws = 1 holds. Then, the price function p related to different weights on the edge e in Figure E1
in Appendix can be listed as follows (see Table E1).

[ ]
- = mm
=
nec
I
€o1 Power station 0 €o2
1Y) 1Y
1<) )
&‘p".q'l Fp‘.«'&
B y -
Power company 1 Power company 2

Power company 1 Power company 2 Power company 3

community 1 community 2 community 3 community 4 Community 5

Figure E1 A smart grid with two-layer power companies in Example.

Table E1 Price Table of Example

Edge set Price Weights
1 2 3 4

B Deor 1 15 2 25 3
0 Pesy 1.5 2 2.5 25 3.5
Deys 1 15 2 25 3
Deys 1.5 2 2.5 3 4
I Deys 1 15 2 25 3
! Des 12 25 3 3.5
Peas 1 15 2 25 3
Dess 1 15 2 25 3
Pers (1) =05 pe,, (1) =1 pe, (1) =05

pelz(l) = 1 pezz(l) =1 p632(1) =1
Es p€13(1) =05 p823(1) =1 pe:}s(l) =05
Pers(1) = 0.5 peyy (1) = 0.5 peyy(1) = 0.5

Pess(1) =1 Pexs (1) =2 Pess (1) =1

According to the 2-MBRA rule and matrix tool STP, the logical dynamic form of the above game can be denoted by

s(t+1) = Ls(t — 2), (E1)
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where matrix L = §4[22, 18,22, 18,22, 18, 22, 1,22, 18,22, 18, 21,17, 21, 1,22, 18, 22,18, 21, 17, 21, 1.
Let 2(t) = [s(t) Ts(t — 1) Ts(t —2)T]T € N304, system (E1) can be converted into

O24x24 O24x24 L s(t)
z(t+1)= | Taqs 0O24x24 O2ax2a| |s(t—1)| := Mz(2), (E2)
O24x24 I2a  O24x24| |s(t—2)

where M € L7272 is a block logical matrix and states z(t),t > —2 belong to the finite set A3 24.

From the state transition matrix, it can be obtained that 6%2 and 554} are two fixed points of system (E1). According to Theorem 1,
we have P((S%g) =17 and P(égi) = 17 hold. Because the values of their potential function are equal, any one of them can be taken as
the optimal Nash equilibrium profile.

Assume that the state 5%2 is chosen as the target point and the flipped set V' = {4}. Through some calculations, we have Gy = Ggl +

Ol 51,2 1,2 3,4 3,4 5.6 56 <78 7,8 9,10 9,10 11,12 11,12 13,14 13,14 (15,16 15,16 17,18 17,18 19,20 19,20 21,22
G 4y = (054700475 054 054 5 053 5 055 09 5 00) 1050 1004 50047 5 054" 5 004" 000" 10547, 00" 5 004" 5 00s" 00y’ 0007, 85077,
6217262324 52524 Furthermore, through some matrix calculations, we obtain that (LGy)is,18 = 1 > 0 and Rowis[(LGy)%] =
419430411 x24 > 01x24 hold. According to Theorem 2 and 3 , system (E1) can realize global stabilization to the profile {{eg2, €23, €31},

{601, e13, 632}, {601, e1l, 613}, {602, €21, 614}, {601, €11, 615}} under state-flipped control.
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