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Appendix A Notations used in the body of this paper

e N, Z4 and R represent the sets of nonnegative integers, positive integers and real numbers, respectively.
e Given a,b € N with a < b, denote N := {i € N:a < i< b} and R} := {i €R:a < < b}

vz

e “x” represents the semi-tensor product of matrices. In this article, we treat “x” as the default matrix product, and often
omit it.

e “x” represents the Khatri-Rao product of matrix.
e I, represents the n-dimensional identity matrix.
e Col;(A) denotes the ith column of A, and Col(A) denotes the set of column of A.

o A, = Col(I,), 8% := Col;(I,), and 6, [i1 i -« im] := [6°1 52 ... §im].

® Loxm, Rnxm and Y, xm represent the sets of n X m-dimensional logical matrices, real matrices and column random matrices,
respectively.

o 0, xm is the n X m-dimensional matrix with all elements being 0.

e 1, and 0, represent the n-dimensional column vectors with all elements being 1 and 0, respectively.

Appendix B Proofs in the body of the letter
Appendix B.1 Proof of Proposition 1

We prove this proposition by induction. We obtain from the construction of ®; that the proposition holds when d = 1. Assume

that
d—1

P{a(t,j+d) = 60u, [] 0(t.5+5) = Llz(t.5) = 8n } = (@)D,
=0

holds for certain integer d = d’ with d’ > 1. Consider the case of d = d’ + 1. Since Hg,:o 0(t,7 + s) = 1 is satisfied if and only if
0(t,j+s)=1, Vse€ Ng/, we have

d/
Pla(t,j+d +1) = 60n, [T 05+ 5) = 1la(t,5) = 67n }
5=0
K™ d’ ,
= > P{att g +d +1) =80, TL 0t +9) = La(t,5+1) = 8inla(t,5) = 6 }
il=1 s5=0
kn d, -/ s
= > P{atj+d +1) =00, [[ 0t +5) = La(t,j +1) = 6pn | x P{a(t,5 +1) = 8in, 0(t, ) = La(t, §) = 67}
i/ =1 s=1
kn
d/
= (2N )s0 X (B a
/=1

= (@)" 5.

To sum up, the conclusion follows.
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Appendix B.2 Proof of Proposition 2
Since Cola((@‘])kn) = (@A])kn_tCola((q:'J)t), Vite N’Sn, one obtains from COla((@‘])k") # Opn that Cola ((®5)) # Ogn holds
for any integer V t € N(}jn.

Now, we prove Cola ((®7)") # On, ¥V t > k™. Since Cola((‘i"])kn) # Opn, there exists B € N’fn such that ((@])kn)ﬂ,a # 0.
Then, there exist ya, - -+, yxn satisfying

(q)J)’Ykn+1,’Ykn X X ((I>J)’Y2’Y1 3‘6 0, (Bl)
where 71 = a and ygn41 = B. According to G € Lyn xkn and (4), we conclude that there exists i € N’fn such that ygnq1 = ;.

Denote
o

. k"
i" :=max{i € Ny :~; =ygni1}.
Then, by (B1), for any integer t > k™ there exits 8’ € {y;*, - ,vxn41} satisfying ((Q‘])t)ﬁl’& # 0. Hence, the conclusion follows.

Appendix B.3 Proof of Theorem 1

(Necessity) We prove the necessity by absurdity. Assume that there exists a € N)fn such that Cola((@,j)kn) # Opn. Then, based
on Proposition 2, it holds that Cola ((®5)?) # Oxn, ¥V t € N. Then, we obtain from (5) that

P{tx = 0|2(0,0) = djn, U, £} #0

holds for any k € Z4, any U C Apm and any § C A,;, which contradicts with the forward completeness of system (1).
(Sufficiency) We only need to prove that for any state dyn € Agn, any state-feedback controller (2), any disturbance sequence
&€ and any integer T' > 0, the following condition holds:

P{ty > T|x(0,0) = 6,0, €} =1, Vd > k" (T + 1). (B2)
When T = 0, one sees from (@J)k” = Opn xn and (5) that
P{txn = 0|z(0,0) = dpn, T, £} =0

is satisfied for any dgn € Agn, any w C Apm, and any & C A,;. Therefore, (B2) follows when T' = 0. Now, assume that (B2)
holds for integer T'= T’ > 0. Consider the case of T = T’ + 1. Since (<I>J)kn = Ogn ygn, we obtain

P{tgn(pryy =T + 1|z(0,0) = 6pn, T, £}

K

. 3 —
= " P{tynrryay =T+ 1 a(ten v y1y: dxn (07 41)) = Sons ten o 11y > T712(0,0) = dgn , |, £}
B=1

kT

=S P{tgnrriay =T + Laltyn g1y dxn (1)) = Sens tyn iy = T’ +1]z(0,0) = 870, T, £}
B=1

kT

=3 Pltyn(rrpay = T+ Ua(ten 2/ 41y din (17 41) = Opns ten gy = T + 1,0, £}
p=1

X P{z(tyn (pr 41y, Jon (17 +1)) = 5]€n7tk"(T/+1) =T +1]x(0,0) = 6¢gn, U, £}
B

< Z P{tpn /2y = tin 4y leEpn s 41y, Jin (7 41)) = s, 1, ¢}
B=—1

kT T

>SS @ntis =0,

B=1i=1
which together with P{t;n p/ 0y > T'|2(0,0) = dpn, W, £} = 1 implies that

P{tpn (s 2y > T’ + 1]2(0,0) = 65n, W, £} = 1.

Thus, (B2) holds for T'= T’ + 1.
To sum up, the conclusion follows.

Appendix B.4 Proof of Remark 1

Based (1) and (7), it holds that

P{z(s + 1) = 6.0 |2(s) = Spn, ug(s) = Sfm, o (s) = 051}

=P{z(s + 1) = 610 0(5) = 0, 2(5) = S5, ug(s) = pm, €a(s) = 651} x P{O(s) = 0]2(s) = 6n }
+P{z(s+1) = 5fn|9(s) =1,2(s) = égn,u(z,(s) = §Zm,§¢(s) B 621} x P{O(s) = 1]|z(s) = Jf:n}

= P{a(tat1,dat1) = Opn |0(ts, js) = 0,2(ts, ja) = pn, u(ts) = 6fm, E(ts) = 651} X P{O(ts, js) = Ola(ts, js) = Spn }
+ P{a(toq1, dat1) = Opn|0(ts, ds) = 1,2(ts, js) = Spn } X P{O(ts,js) = L|z(ts, js) = 6n }

=P{x(toq1, jot1) = Opn,0(ts, ju) = Olz(ts, ju) = Opn, u(ts) = Ofm , E(ts) = 651}
+ P{a(tos1, dat1) = Opn, 0(ts, js) = 1|z(ts, ja) = S }

=P{x(tay1,ds41) = Opgn|B(ts, 5s) = Spn, ults) = Sym, E(ts) = 05, }, ¥ s €N.
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Appendix B.5 Proof of Proposition 3

It is easy to see from Remark 1 that

P{z(s+ 1) = 6pn|2(s) = 8jin, ug(s) = Ofm, E(s) = 85}

= P{@(tsg1,ds41) = Spn, O(ts, Js) = 0|z (s, Js) = Opn, ults) = Sfm, E(ts) = 651}
+ P{x(tos1,dst1) = On, O(ts, js) = 1|z (ts, 5s) = 65 }

=(L; *P)g,a + (®1)s,a

=(®})p,a-

Appendix B.6 Proof of Theorem 2

Before we show the proof of Theorem 2, we first prove the following fact.
For any initial state z(0) := x(0,0) = d;» and integer s € N, the following conditions are equivalent:
(a) P{z(s) = z|2(0),0y,€¢} = 1 holds for any &g := {€4(s)}sen C© A1, where Uy represents the control sequence generated by

ug(s) = Hz(s); (B3)

(b) P{z(ts,js) = ze|2(0,0),u, £} = 1 holds for any £ C A,;, where U represents the control sequence generated by (2).
When s = 1, similar to the proof of Remark 1, item (a) is equivalent to item (b). Suppose that item (a) is equivalent to item (b)
when s = d. Assume that item (a) holds for s = d + 1, that is,

P{Z(d+ 1) = IE‘Z(O),H¢,£¢} =1,V £¢ - Akl' (B4)

For any & := {£(0),&1} C A,;, we have

P{a(tas1,as1) = e|x(0,0), W, €} = D P{a(tat1,jat1) = zelo(tr, j1) = 0pn, W, €} x P{a(t1,j1) = Spn |2(0,0),T,£(0)}, (B5)
Ber

where "
I:={B €Ny :P{z(t,51) = dpn|x(0,0),T, £(0)} > 0}.

We see from Remark 1 and (B3) that P{xz(t1,j1) = 551@ |2(0,0),1,£(0)} =P{z(1) = 55" |2(0),dy,£4(0)}, which implies

ST P{2(1) = 8 |2(0), Ty, £4(0)} = 1

Ber

and P{z(1) = 6£n,|z(0),ﬁ¢,§¢(0)} > 0, V3 € I. Based on (B4), one concludes P{z(d + 1) = z.|2(1) = 557“3(75,5;} =1,
v Eé = {&(1), - ,€4(d)} € A1, V B €T. Then, according to (B5), we have

P{a(tas1,jas1) = ze|@(0,0), |, €} = > P{a(ts, 1) = dgn|x(0,0), &, £(0)} = 1.
Ber

From the arbitrary of £ C A, ;, item (b) holds for s = d + 1. Similarly, under the case of s = d + 1, one can derive item (a) when
item (b) holds. Therefore, item (a) is equivalent to item (b) for s = d + 1. To sum up, the conclusion follows by induction.

Now, we prove Theorem 2.

(Necessity) Based on Definition 2 and Theorem 1, we derive that item (i) holds.

Assume that under state-feedback controller (2),

P{z(ts, js) = ze|2(0,0) = z0, W, £} =1 (B6)

holds for any initial state o € Agn, any disturbance sequence § C A,;, and any positive integer s > d. Then, we derive that
under state-feedback controller (B3),

P{z(s) = z¢|2(0) = w0, Uy, €} =1 (B7)

holds for any initial state o € Agn, any disturbance sequence £, C A,; and any positive integer s > d. Thus, from

P{z(d+ 1) = z|2(0) = z0, Uy, &p }
L
=D " P{a(d+1) = zc]2(d) = pn, ug(d), £4(d)} x P{z(d) = 55n|2(0) = z0, Ty, &p}

a=1

=P{z(d+ 1) = zc|2(d) = T, uep(d), Ep(d)}, V2o € Agn, V €y C A,

we have P{z(d + 1) = zc|2(d) = we,ugp(d), s (d)} =1, V €4(d) € Ayi. Therefore, Ro(xe) = {n} is satisfied via Proposition 3.
Now, based on induction, for any s € Zy, we prove that if P{z(s) = z.|2(0) = §/n, Uy, &g} = 1 holds for any &€y C A,;, then

@ € Rs(ze). If P{z(1) = zc|2(0) = dpn,ue(0) = 61, 60(0) = 65, } =1, Ve € lel, then, we obtain form Proposition 3 that
(@5, Ina=1,VeeE lel. Thus, o € Ri(x.) is satisfied. Assume that P{z(d') = @.]2(0) = z0,Ug,&4} = 1, V & C A, implies

Mo

20 € Ry (xe). When s = d’ + 1, we derive from

B{z(d' +1) = 2e[2(0) = 65n, Wy €}
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kn
DOP{a(d + 1) = 2e|2(1) = Spn, T, €4} X P{2(1) = Gpn[2(0) = 63n, W, £4(0)}
B=1

1, V&g :={£4(0), €5} C Ay

that ZBERd/(ze) P{z(1) = 65,1, [2(0) = 6pn, Uy, €4(0)} =1, V £4(0) € A,;. Therefore, based on Proposition 3,

ST (LEs (08 s+ BS)pa =1
BER y/ (we)

is satisfied for any £4(0) € A,;, that is, @ € Ry (xe). To sum up, the conclusion follows.
Therefore, from (B7), we have Rq(z.) = N;"n, which together with Ro(z.) = {n} implies Ryn (z.) = len.
(Sufficiency) If item (i) holds, then we obtain from Theorem 1 that system (1) is forward complete.
Since item (ii) holds, denote

d* :=min{d € N" : Ry(z.) = N*"}. (B8)
Let
Kl
Ay ={v e Y (@)nn =K'} (B9)
e=1
and for any o € Rq(xe)\Ra—1(ze), d € N‘li*, let
Kl
Ma={rent" 3> 3 (@sa =k} (B10)

e=1B€Ry_1(ze)

Then, we construct the state-feedback controller ug(s) = Hz(s) with H := §pm[u1 -+ pgn], where p, € A, and po € Ag,
Vac€ N’f”\{n}. According to Proposition 3, we have P{z(1) € Rq—1(zc)[2(0) = 0pn,0p,84(0) = 65, } = 1, V o € Ra(xe),
Vi, EA

K> dE N‘li*. Hence, one derives that

P{z(d) = z|2(0) = 6pn, g, €} =1, (B11)
holds for any dgn € Ra(ze) and any €4 C A, ;. Then, from Ro(ze) = {n}, it holds that
P{z(d) = z¢|2(0) = 6pn, Uy, €} = 1,

V opn € Apn, ¥V €y C A,V k™ < d e Zi. Therefore, system (1) is robust z.-FFSPO. O

Kl
Appendix B.7 Proof of Theorem 3

First of all, we briefly summarize the process of constructing the feedback gain matrix H based on Algorithm 1 into the following
four steps: (i) Calculate Rgq(z.), d € Ng* via (8); (ii) For n € Ro(x.), we construct A, = v € N’fm : flzl(éi),,,,n = kl}; (iii)
For o« € Rg(xe)\Raq—1(xe), we construct A, = {u € N’fm : Zlglzl ZﬁeRd,l(me)(q}'i)ﬁy@ = kl}7 de Nlli*; (iv) Design the feedback
gain matrix H with Colq(H) € An, V a € N}fn.

Next, we prove that the state-feedback controller (2) is time-optimal state-feedback controller, if and only if Col, (H) € A, and
Colo(H) € Ao, V a € N’fn\{n}7 where A, and A,, V o € N’fn\{n} are shown in Algorithm 1.

(Necessity) Based (B11), for any state-feedback controller u designed by Algorithm 1, T (zg, u) < d holds for any zg € Rg(z.).
Suppose that the state-feedback controller (2) is a time-optimal state-feedback controller. Based on Definition 2, Col,(H) € A,

obviously holds. In the sequel, we prove Coln(H) € Ao, V a € N’fn\{n} by absurdity. Assume that there exist d € N‘li)k and

a € Ry(ze)\Ra—1(ze) satisfying Coly (H) € Aq. According to Col, (H) ¢ An and the construction of Ay, there exist €’ € N)fl
and B8 € Rq—1(xe) such that

’
P{z(1) = 67n|2(0) = 6in, Ty, 651} > 0.

Then, one concludes from 3 ¢ R4—1(ze) that there exists disturbance sequence 5;5 satisfying
!’
P{z(d — 1) # zc|2(0) = 8, Ty, €4} > 0.

1" ’ ’
Hence, under the disturbance sequence £, := {5; €4}, we have

"
P{z(d) # z. | 2(0) = J?n,ﬁd),Ed)}
’ ’
> P{a(d— 1) # ze | 2(0) = 3n, Ty, €4} X P{z(1) = dpn | 2(0) = 65n, T, 051 }
>0,
which contradicts with the optimality of the state feedback controller (2). Therefore, Coln (H) € A, holds for any o € len\{n}.

(Sufficiency) Based on (8), we derive T (d;n, 1) = d, V a € Rg(xze)\Rq—1(ze), where feedback gain matrix H is obtained via
Algorithm 1. In order to prove the sufficiency, we only need to prove

T*(6%) =d, ¥V a € Ra(z)\Ra—1(ze), ¥V d e NI . (B12)

We prove (B12) by absurdity. Assume that there exist integers s < d € N‘f* and a € Rq(ze)\Rd—1(ze) such that T"(6pn) = s.
Accordingly, there exists a state feedback control u(t) = H'z(t,j:r) € u”* such that P{z(ts,js) = zc | ©(0,0) = dpn, 0, €} = 1,
V &€ C A,;, where @ is the control sequence generated by u(t) = H/ac(t,j:r). Based on (B4) and the proof of necessity in Theorem
2, we derive a € Rs(z.), which contradicts with a € Rq(xe)\Rq—1(xe). Therefore, the conclusion follows.
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Appendix C Example

Consider system (1) with 3 state variables, 1 input variable, 1 disturbance variable and k = 2. Let

L=081152334421563186168677231133115F5],

G=06346231122],p=[1080100.611] andq=1[00.21010.400]. Denote z. = dg.

Based on (4), we obtain

[0 0 0 0 1 04 0 0]

0 0 1 00 0 0 0

0 0 00 0 0 0 0

®) —Grgq_ |0 0 00 0 0 00 o

0 0 00 0 0 0 0

0 02 0 00 0 0 0

0 0 0 0 0 0 0 0

[0 0o 00 0 0 0 0]

Based on Theorem 1, the considered system is forward complete since (<I>J)4 = Ogxsg holds.
Splitting L into 4 blocks, we denote L := [Li L} L? L2]. Then, we have

®=[Ll+p+®; Lixp+®; L2xp+®,; Lixp+d,].

Ro(ze) = {1}. Furthermore, one

We omit the details of @ for saving space. According to (8) and (L1 #p + L? xp)1,1 = 2, we have
can calculate Ri(ze) = {1,5,6}, Ra(ze) = {1,2,5,6,8} and Rz(z.) = N5. Then, we derive from Theorem 2 that the considered

system is robust z.-FFSPO.
Furthermore, according to Algorithm 1, the time-optimal state-feedback controller w(t) = Hm(t,jj) can be obtained, whose

feedback gain matrix is shown below:

H=2062[1 0 o1 0 222] € Loxs,
where the symbol “o” is arbitrarily chosen from {1,2}. Taking feedback gain matrix H = d2[1 1 1 1 2 2 2 2] as an example and
assuming disturbance variable £(t) = 6;, V t € N, the probability trajectories of . for the considered system are shown in Fig. 1.
Notably, starting from any initial state x(0,0) € Ag, the state trajectory of the considered system reaches the control-fixed point
z. with probability one after three steps, which verifies the effectiveness of the state-feedback controller.

¢ f

=}

[x(0,0)

=X
e
o
o

T

PIX(t,)

Fig 1: Probability trajectory of target state x. for the considered system, where b; := 3, i € N§.



