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Appendix A Notations used in the body of this letter

e R : set of real numbers.

Ry xq : set of p X g real matrices.

M : the transpose of matrix M.

Given a matrix A, denote the (7, 7)-th element and the i-th column of A by [A]; ; and Col;(A), respectively.

Dy :={0,+5,..., =2 1} and D} := Dy x -+ x Dy
N——

n

o Ay = {6% l7=1,2,--- ,n}, where 5% = Col;(I) and I, denotes the n-dimensional identity matrix.

o 5nf{jr, g2, ,dn} = {0F, 802, o} _
e A matrix M € Rpxq is called a logical matrix, if M = [(Sgl , (5;2, o, 839]; Express M as M = 8p[j1, 42, ,Jql, and denote the set
of all p x ¢ logical matrices as Lpxq.
e A x B: the Khatri-Rao product of matrices A and B.
[a : b]: the set of integers p satisfying a < p < b.
2M . the power set of set M.
|®|: the cardinality of set ®.
P{-}: the probability of certain event.

Appendix B Calculation of PNEs

Rank all possible costs of using resource [ under the 7n-disturbance combination into the following row vector

E? = [E?(l),E;’(Q), ,E;’(n)] € Rixn.
Denote 27 = [E¢,,Ed,, - ,Ea,.] € Rixnm, and further build a matrix
==1EHT.E) L E)T € Raaxm.
Next, we construct a set of Boolean vectors as
Ul(s) = [Lla"' 71’0707"' »OL
N — N———
ny(s) n—ny(s)

and define V(s) = [vay (8), Vay (8)s+++ »Van, ()] -
A straightforward calculation gives the following result.
Proposition B1. The potential function can be expressed as P(s) = JEV (s), s € S.
Construct a matrix V = [V(8}), V(62),---,V(6%)] and define P = J=V, a direct calculation yields
P = [JEV(6,), JEV(8}), -+, JEV (5]
= [P(8,), P(82), -+, P(67)],

where Col;(P) = P(81) is the value of potential function under profile &7.
We can obtain the desired NE set of the CGSD as

NE = {6%|Col;(P) < Colg(P),0 = 1,2,--- ,k}.

* Corresponding author (email: wzrsdmn2023@163.com)
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Appendix C Construction of algebraic state space expression for the CGSDs

Denote by s;(t) and &;(t) the strategy of player ¢ € N and the state of the i-th disturbance at time ¢, respectively. The myopic best
response for player i can be expressed as
O;(t) = argming,es, ci(si, s—i(t), £(t)),

where ¢;(si,s-i(t),£(t)) = > E](ni(si,s—i(t))) is the total cost of player ¢ when £(t) takes the 7-th disturbance combination, and
les;
s—;(t) is the profile except for player 7. If s;(¢t) € O;(t), let s;(t + 1) = s;(¢). If |O;(¢)] > 1 and s;(t) ¢ O;(t), then player ¢ randomly
selects a strategy from O;(t) with the same probability p =
The dynamics of player ¢ can be expressed as

1
[0:(8)]

si(t+1) = fi(s(t),£(8),1 € N, (C1)

where f; is determined by the strategy updating rule.
Identify &;(t) = 1 ~ 63 and &;(t) = 0 ~ 63, and let & (t) be the vector expression of & (t). By the STP method, we can convert (C1)
into the algebraic form as
5(t+1) = FER)S(t), i € N, (C2)

where £(t) = [x;?:l{i(t) € Agq and 5(t) = xI,5;(t) € A, are the logical vector forms of disturbance combination and profile,
respectively. The matrix F; is the structure matrix of f;, which is a column random matrix.
Multiply the n equations of (C2), one has

S(t+1) = FE1)3(t), VER)(L) € Agay, (C3)

where F = F| % Fy % -+ x F},. A simple calculation shows P(£(t) = 8%q) = [J]1,i- Since the external disturbance is random, we take the
expectation on both sides of (C3) and obtain

24

ES(t+1) = > ([J]1,iFoL)ES(t)

=1
= Fx JTE3(t)
= FES(t), (C4)
where F = Fix JT.
Consider system (C4). ‘ _
1) A profile §7 is called a fixed point with probability one, if F§7, = 6%;

2) A profile 5?; is called a recurrent state if there exists an integer A such that (6£)TF_'>‘53,; > 0. Otherwise, it is called a transient
state.

Appendix D Proofs in the body of the letter
Appendix D.1 Proof of Theorem 1

Proof. Foranyi€ N,s;,s; €S;,s_; € S_;, we can first calculate the difference of the expected cost for player 7 in profiles s = (s;,5_4)
and s’ = (s},s_;) as

Ec;i(s) — Ec;(s') = Z‘]“l n(s)) —ZJEI(TLZ(S )

les; lEsf
=( Z JE (ny(s—¢) + 1) — Z JZ(ny(s—i) + 1)),
les;\s) les)\s;
where ny(s—i) = {p € N\ {i}|l € sp}|.
Next, we can compute P(s) — P(s’) as follows:
ny(s) ny(s")
P(s)=P(s)=( > > J=:@- >, > J=()
les;Us_; q=1 lesfiUs,i q=1
ny(s—;) ny(s—;)
=(Y>_ > JE@+ D JEuls—)+ D)= Y D> JEile) = D JEi(m(s—i) + 1))
les_; q=1 les; les—; q=1 les)
=( > JEu(s—)+1)— > JE(n(s—s)+1).
lEet\sl le;l\s

It follows from Definition 3 that the CGSD is a potential game with potential function (2). O
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Appendix D.2 Proof of Proposition 2

Proof. Assume that profile 6,7: = l><?:16£ is a fixed point of system (C4) (system (3) in the body of the letter) with probability one,
it follows that F'5,J: = 55. By (C3), for any g(t) € Aoaq, (Sf: = Ff_’(t)éf: holds. Then, according to equation (C2), one can further
get 6,]5 = Fig(t)ﬁz, Vi € [1: n]. Assume that 6,]5 is the vector form of strategy s}, that is, 65 ~ s* = (s],s5,---,s%), then for any
g(t) € Aga, sf € O4(t). Thus, for any i € [1:n], { € Dg and s; € S;, it holds that ¢;(s},s* ,, &) < ¢i(sq4,8*;,§).

For any £ = (gq, JjE€1:29, ¢i(si,s—i,8) = > E{(nz(si,s_i)). A direct calculation yields

€s;

Eci(sf,s%) = > JEi(m(sf, %))

lesy
24
=D > WhE (ulsi,sty)
lesy j=1
2‘1
= s > (ulsi,s*,)
j=1 lesy
211
<D Wy D E (ulsins™y)
j=1 les;
24
= > 15 (nlsi, s7))
les; j=1
= JEi(u(si,s*y))
les;

= Eci(si, Stl)
holds for any i € [1: n] and s; € S;. Hence, by Definition 2, the profile s* is a PNE of the CGSD. O

Appendix D.3 Proof of Theorem 2
Proof. (Sufficiency) From the construction of F, it follows that [F*]y,, = P{5(t + k) = 6%|5(t) = 62}. Since W Col;(F*) =
[F_"‘]jl*J- + [F‘“]jg G+ [F‘“]j;,j, if WTCol;(F*) = 1, one has P{5(x) € I(NE)|5(0) = 6%} = 1. Moreover, there exist v non-negative
real numbers a1, az,- - ,a, such that Ezzl a; = 1 and Col;(F*) = aléil + agé,jf 4+ aa,éf/f. Since (Sf;, i € [1: 4] are fixed points
with probability one, one has
W T Col; (F*TYy =W T . F - Col;(F*)

=w' (alﬁ'éﬁ + agF‘(S,J;; 4ot a.YF&,J;’)

=W (@164 +a202 + -+ a,60)

=W T Col;(F®) = 1.

Obviously, W T Col;(F***) = 1 holds for all positive integer ¢, which shows that P{3(k +t) € I(NE)|5(0) = 62} =1,vt > 0. So &
converges to I(NE) in finite time with probability one.

(Necessity) We prove it by contradiction. If W T Col;(F*) = 1 does not hold, there must exist a profile 5%, such that P{5(k) = &%, ¢
I(NE)|5(0) = 61} > 0. It shows that there exists one positive probability path with -+ 1 profiles from &% to 8. Since there are & pure
strategy profiles in the game, there must be one time 7 € [0 : k — 1] such that 5(7) = 8%, which shows that P{5(x) = 6% |5(7) = 6L} > 0.
Obviously, P{5(x + r(x — 7)) = 6.]5(0) = 61} > 0 for all positive integer , which implies that for any time ¢, there exists an integer
T > t such that P{3(T) ¢ I(NE)|5(0) = 6%} > 0. Then 62 can not converge to I(NE) in finite time with probability one. The necessity
is proved. O

Appendix D.4 Preliminaries for the Proof of Theorem 3
Construct a dynamic system as follows:

z(t+1) = Lz(t), (D1)
where 2(t) € Aq, L € Raxa, and 0 < [L];; <1 forall4,j € [1:a]. Obviously, [L]; ; = P{z(t + 1) = 8} |2(¢) = 6&}

Lemma D1. Consider systems (C4) and (D1). For any 6 € A(Q), P{5(d) = 6:2|5(0) = 6.} > 0, if and only if P{z(d) = 62|2(0) =
6g} > 0.
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Proof.  (Necessity) For any sla e A(Q), if P{5(d) = sie |5(0) = e} > 0, there must exist a cyclic path of length d from Sia to itself.
Denote this cyclic path as 6 — 621 — -+ — 8,971 — §ia. Clearly, for any j € [1 : d— 1], it holds that P{5(d) = &’ |5(0) = 57} >0,

; ) o ) ) : i )
so 8.9 must be a recurrent state. That is, 65’ € {i,6:2,---,6:*}. Re-denote this path as 8¢ — STV s 5 87 o Sle . We

obtain that [F}ifj_*_l,ifj > 0 holds for all j € [1: d —1]. Moreover, [F; i, >0, [F] > 0. It follows from [L],, = [F]
Va,b€[l:a]that = [L]r,,, - >O0forallj€[l:d—1],and [L]r,a >0, [Lla,r,_, > 0. Therefore, 6% — 65! — -+ — do'"" — 6% is
a cyclic path of system (D1). It is obvious that P{z(d) = 6%|z(0) = 6%} > 0.

(Sufficiency) The proof of sufficiency is similar to that of necessity, so we do not prove it any more.

iaaifd71 ta,ip)

Remark 1. It can be known from the proof of Lemma D1 that there is a one-to-one correspondence between the cyclic paths of
system (C4) and system (D1). To make all recurrent states in A(£2) become transient states by changing the one-step transition of
some states, we only need to change the dynamics of system (D1) to make all its recurrent states disappear. In general, a < k. Since
F € Ruxkx and L € Ryxq, studying the elimination of recurrent states in system (D1) involves a significantly lower computational
complexity than conducting the same research on the original system.

Remark 2. For any 6% € A(Q), there exists a positive integer d < « such that P{5(d) = 6:¢|5(0) = 6%} > 0. So in system (D1),
for any 62 € Ag, there exists a positive integer d such that [L%], . = P{z(d) = §%]|2(0) = 62} > 0. A simple calculation yields
[L%q,0 = Rowq (L 1)Col,y (L), one has Coly (L) # 0q, ¥ a € [1 : a]. In other words, matrix L has no zero columns.

We further construct a dynamic system as
z(t+1)=Laz(t), AC[1:a]. (D2)

Compared with system (D1), in system (D2), only the one-step dynamics of states in A have been changed. For any 6% € A, since
Lq0g = Oq, it shows that P{z(t + 1) € Aqlz(t) = 65} = 0. Correspondingly, in system (C4), it holds that P{5(t + 1) € A(Q)|5(t) =
52} =0.

Appendix D.5 Proof of Theorem 3

Proof. 1f 8% € Q4, one has [(La)];, =P{z(t) = 622(0) = 64} = 0 for all 1 < t < a in system (D2), which implies that there is no
cyclic path with a length equal or less than « from % to itself. Since there are @ non-zero states in system (D2), there is no cyclic path

of length exceeding « that includes state 5é. However, 6& is a recurrent state of system (D1), so all the paths from 6& to itself must
include at least a state of set A in system (D1). If we let Coly (L) = O for all 62 € A, then all the cyclic paths containing states in Qx

b
are destroyed, that is, all states in 2o will become transient states. Denote A = {a1,a2, -+ ,az|} and Qp = {62},5327 e ,6amA|}.
~ ; ; ia
Correspondingly, in system (C4), if we change the one-step transition of each profile in A := {6:11 , 52 R } to make it evolve
~ i i i
to R(I(NE)) at next time, then all these states will converge to I(NE) and all states in Qp := {5;b1,5;b2 oo 8k A1) will become

transient states. Since no new profile can reach set A, \ R(I(NE)) with positive probability, no new recurrent states appear in set
Ag \ RUIWE)). In conclusion, if Oy = A, then by changing the one-step transition of the profiles in A to make them evolve to
R(I(NE)) at next time, all profiles in A(2) become transient states. Due to A is a set with the fewest elements such that Qp = Aq

k ) io
holds, 51,:1 , 6;‘12 s, 0k AT are the fewest profiles requiring regulation to make the CGSD globally converge to I(NE).

Remark 3. Obviously, if [L]a,a > 0, then [L.ala,a > 0 holds for any set .A which does not contain 5. Therefore, g must be in the
set A which make Q5 = A, hold. Correspondingly, the state transition of §;* must be regulated in the CGSD.

Appendix E  Computational complexity analysis of finding A

For any given set I' C [1 : a], the time complexity of calculating Qr is O(a3). Since set [1 : a] has 2% subsets, and Qy, Q[1:q] do not
need to be calculated, the maximum time complexity of finding A is O((2% — 2)a3). In fact, the set A satisfying condition 25 = A, in
Theorem 3 has a small cardinality in most cases. Thus, we can quickly identify A by verifying the power set of [1 : o] in the order of
increasing cardinality. To further reduce the time complexity, we will investigate the relationship between sets Qa,ua, and Qa, UQp,
in future work, where A; and Az are the subsets of [1 : a], and propose a more efficient method for identifying set A.

Appendix F An example

Example 1. Consider a transportation network shown in Figure F1, where six buses need to pass through some road segments
to reach their destinations Di, Da, D3 and D4 respectively from the original station S. The destinations of the first and fourth
cars are both Dj, and the destinations of the second and fifth cars are both Ds. The third car ends in D3, and the sixth car

ends in Dy4. Assume that the disturbance event affecting this transportation network is road construction, where £ = 1 denotes
ongoing construction and £ = 0 indicates no construction activities. We model this transportation system as a congestion game, where
N = {1,2,3,4,5,6} and M = {r1,r2,--- ,r12}. Based on the above information, we can obtain S; = Sy = {r3,rir2},S2 = S5 =

{rir7,rarsre}, Sz = {rir7rio,rargre, rarsreério} and Sg = {ri2,r3r11,r1r2r11}. Moreover, the external disturbance variable is £ and
P{¢ =0} = 0.8,P{§ = 1} = 0.2. The congestion costs for roads with different disturbance values are shown in Table F1.

6
Let S1 = Sy ~ Ag, Sy = S5 ~ Ay, S3 ~ Az, S¢ ~ Az, then S = [] S; ~ Aja4. Precisely, for S1 = {rs,rir2}, one has r3 ~ 6% and
=1
rir2 ~ 03. Furthermore, let £ = 1 ~ 61, = 0 ~ 62. By a direct calculation, we can get J = (0.2 0.8),

[1]

69 10 11 13 159 10 13 15 17 19 10 18 19 22 24 26 6 9 11 13 1561746 9 11 16 19 --- 20 cR
2X 72,
457 9101336 9 111214 8 9 1112151657 8 101112246 8 1314 ---15 *
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Figure F1 Route map for six buses

Table F1 Congestion costs under £

=) =@ =6) =) =e) =) =) =@ =E) =@ =6) =)
1 6 9 10 11 13 15 4 5 7 9 10 13
T2 9 10 13 15 17 19 3 6 9 11 12 14
r3 10 18 19 22 24 26 8 9 11 12 15 16
T4 6 9 11 13 15 17 5 7 8 10 11 12
5 4 6 9 11 16 19 2 4 6 8 13 14
6 6 8 13 15 17 18 5 6 9 11 14 16
r7 6 8 9 14 17 20 4 7 8 10 13 15
8 7 12 13 14 16 19 6 9 10 12 13 14
T9 8 10 12 14 15 16 4 5 6 7 9 10
710 8 12 14 16 18 19 6 9 10 11 12 14
11 6 11 13 16 19 21 4 7 8 10 11 13
T12 8 12 14 15 18 20 7 9 11 13 14 15

t1111111111111111---1111111111111111

t1111111111111110---1111111001111111

1110011111110010---1001001000111001
0 0

andV=|0010001100100011--1000000000001000 | ¢&Ryy.iss

00o00000O00O0OO0O0O0O000O0---r000000OO00OOOOOOOOO
0000000O0OO0O0OO0O0OO00O00O00O---000000OO00OOOOOOOOO
According to (4), we have

P =[70.4 80.2 81.2 67.4 84.8 76.4 73.2 81.2 87.8 68.4 76.4 81.8 64.4 74.2 73.4 66.4 76.2 73.6 65.4 73.4
78.8 65.6 73.6 77.2 67.4 77.2 76.4 76.8 86.6 79.8 68.4 76.4 81.8 T1.8 79.8 83.4 67.4 77.2 76.4 72.6
82.4 79.8 68.4 76.4 81.8 71.8 79.8 83.4 66.4 76.2 73.6 77 86.8 82.8 65.6 68.8 77.2 74.8 82.8 84.6
72.6 82.4 79.8 88.8 98.6 94.6 71.8 79.8 83.4 86.6 94.6 96.4 66.8 76.8 87.8 68.4 76.4 81.8 82.2 79.4
102.6 76.2 81.8 93.8 65.4 73.4 78.8 65.6 73.6 77.2 73.2 67.2 79.2 71.6 77.2 88 72.8 76.4 81.8 71.8
79.8 83.4 76.2 81.8 93.8 77.8 83.4 94.2 68.4 76.4 81.8 71.8 79.8 83.4 76.2 81.8 93.8 77.8 83.4 94.2
65.6 67.8 77.2 T4.8 82.8 84.6 71.6 77.2 88 79 84.6 83.8 82.6 79.8 83.4 86.6 94.6 96.4 77.8 83.4 94.2
90.8 96.4 105.4].

It is easy to see that the row vector P has a minimum value 64.4, then profile 6}24 is the desired PNE of the CGSD, that is
NE = {513,}.

Next, we detect whether a given initial profile can be stable to N in finite time with probability one. The evolutionary equation of
this CGSD can be expressed in algebraic form as

S(t+1) = FE®)3(), (F1)

where F' = §144[52,52,52,16,16 x (1) + 22 x (1) + 88 x ($) + 94 x (3),16,---,13,13,13 x (3) + 49 x (3)1,1,13] € Rigax2ss and

ixe4ixd L d<j
b c — bgsi asd
5144 T a 6144 + c 6144'
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Figure F2 The evolutionary trajectories among the recurrent states in A(Q) before strategy regulation
Taking the expectation of both ends of (F1) yields
E3(t + 1) = FE35(t), (F2)

0000000000000 ---02 0 0000100 0 1102

0000000000001 ---080101000110.6000.8
where F= | 1110 e Ry

1110001110000--- 0 0 0000000 O OO0 O

ooooo00000000--- 0 0 0OO0OO0OOO O OO O
We can verify that 613, is a fixed point of system (F2) with probability one, that is, I[(NE) = NE = {§13,}. Moreover, a simple
calculation gives

_ 13 25 27 30 31 33 36 63 69 99 102 103 104 106 5107 135 $139 140
R(I(Ng)) - {51447 51447 61447 51447 5144’ 6144’ 61441 61441 61441 61441 6144? 61447 6144’ 61447 51447 51447 51441 6144 .

Therefore, all the profiles in R(I(NE)) can naturally converge to §13, with probability one.
Denote Q2 = Aq44 \ R(I(NE)). We can calculate all the recurrent states in set Q as

_ 16 19 22 49 52 55 79 85 88 91 121
'A(Q) - {61447 61447 61447 51447 61447 61447 61447 61447 51447 51447 6144 .

The evolutionary trajectories of these recurrent states are shown in Figure F2.

Identify 61§, ~ 61;,613, ~ 62, ,6121 ~ 6}, then matrix L can be constructed as

0 02 0 0 0 0O 002 0 01 O

0.05 0 0500500450 0 0 0 O

0 0 04 0 O O OO O O O

0 02 0 0O 0 0 002 0 0 O

0 02 0 0 0 102 0 08 0

L= 0 0 0 0O 00400 O O O
0 0 0 0 1 0 00 O 0 O

0.05 0 0 0050 O O O 0.5 0 0.5

0 0 0 0O 0 0O 0 0 04 0 O

08 0 0 080 O O O O O O

0 0 0 o 0 0 00 O 0 04

Since [L]a,a > 0 for a = 3,6,9,11, one knows from Remark 3 that 5?1, 5?1, 5?1, 6%} must be in set A. A simple calculation shows that
A1 =1{1,3,4,5,6,9,11} and A2 = {1,3,4,6,7,9,11} are both the sets with the fewest elements such that

Qp, = A1, Qpy, = A1,

hence, the profiles that need to be dynamically adjusted can be chosen as 6%24, 6%24, 6‘1124, 55’24, 5?24, 5?24, 5}241 or 6%24, 6%24, 6‘1124,
§55 5§79 588 5121
144> 91445 %144> 9144~

Then we change the one-step transition of these profiles according to Algorithm 1 to make the CGSD globally converge to the desired

PNE 634. We will take 5%24 as an example to demonstrate the specific steps.
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Table F2 Strategy evolutionary changes induced by regulation

Profiles that needs to be regulated 518, o3, oih, o3, 885, o, oidd
Subsequent profiles in the next moment 5%24 6%24 5%24 5%23 5%24 5%24 6%24
Players requiring strategy adjustment 1,4 4.5 1,4 3 2,34 1,5 1,2

Figure F38 The evolutionary trajectories of the recurrent states after strategy regulation. The blue arrows represent the evolutionary trajec-
tories without strategy regulation, while the red arrows denotes the evolutionary trajectories after strategy regulation.

Since (613,) TF61S, > 0, (619,)TFs18, >0, (683,) T F61S, > 0, (691,) T F61S, > 0, profile 61§, has a certain probability to evolve to
554, 6%24, 6?34, and (5{1&4. Decompose these profiles as follows:
813, = 63 x 83 < 82 x 83 w 8% w 8L, 619, = 61 w63 x 62 x 62 x 63 x 83,

8954 = 03 x 83 x 63 x 83 x 83 x 63, 691, = 02 x 81 6% x 62 x 81 x 43.

In these four profiles, just the strategies of players 1 and 4 are different. This shows that when z(¢t) = 5%24, players 1 and 4 have multiple
strategies to choose, but players 2,3,5 and 6 have only one choice. So we can adjust the strategies of players 1 and 4, and let other
players evolve naturally according to the strategy updating rule. For example, by means of rewards or other incentives, we can make
z1(t+ 1) = 63, z4(t + 1) = 83, in this case, 61§, will converge to PNE 613, at next time.

Similarly, the dynamics of the remaining profiles can be adjusted. The specific adjustments can be shown in Table F2. Since profile
634 only requires adjusting one player, we can choose to regulate it rather than 5{24.

The evolutionary trajectories of the recurrent states after strategy regulation are shown in Figure F3. Obviously, after strategy
regulation, all recurrent states in A(£2) have been transformed into transient states, so they all evolve to the equilibrium point 613, in
finite time with probability one.



