
SCIENCE CHINA
Information Sciences

. Supplementary File .

Algebraic Expressions for Stochastic Dynamics in
Populations: From Strategy Profile to Aggregate State

Yingying Chai1, Chunfeng Jiang2, Jinwu Gao3, Yuhu Wu1* & Carmen Del Vecchio2

1School of Control Science and Engineering, The Key Laboratory of Intelligent Control and Optimization for

Industrial Equipment of Ministry of Education, Dalian University of Technology, Dalian 116024, China
2Department of Engineering, University of Sannio, Benevento 82100, Italy

3Department of Control Science and Engineering, Jilin University, Changchun 130022, China

Appendix A Preliminaries

For ease of statement, the notations used in this study are listed in Table A1.

Table A1 Notations used in this study

Symbol Meaning Symbol Meaning

R The set of real numbers Rn
⩾0 The set of n-dimensional non-negative real column vectors

N The set {0, 1, 2, . . . } [i : j] The set {k ∈ N : i ⩽ k ⩽ j}
|N | The cardinality of the set N N\M The set {i : i ∈ N, i ̸∈ M}
SN The symmetric group on set N Mm×n The set of m × n matrices

A⊤ The transpose of matrix A Ai,j The (i, j)-th entry of matrix A

Col(A) The set of columns of matrix A Coli(A) The i-th column of matrix A

Im The m × m identity matrix δim The column vector Coli(Im)

∆m The set Col(Im) Lm×n The set {A ∈ Mm×n : Col(A) ⊂ ∆m}
1n The column vector [1, 1, . . . , 1]⊤ ∈ Rn 0n The column vector [0, 0, . . . , 0]⊤ ∈ Rn

Υm The set
{
µ ∈ Rm

⩾0 : 1⊤
mµ = 1

}
Υn

m The set
{
[µ1, . . . , µm]⊤ ∈ Nm : 1⊤

mµ = n
}

Prob(·|·) Conditional probability E(·|·) Conditional expectation

∼ An equivalence relation k
∏n

i=1 ki

Definition 1. [1] The semi-tensor product of matrices A ∈ Mm×n, B ∈ Mp×q is

A ⋉B = (A⊗ Il/n)(B ⊗ Il/p),

where ⊗ is Kronecker product, and l = lcm(n, p) is the least common multiple of n and p.

Lemma A1. [2] Let f :
∏n

i=1 ∆ki
→ R be a pseudo-logical function. Then there exists a unique k-dimensional row vector Vf such

that

f(a1, a2, · · · , an) = Vf ⋉n
i=1 ai,

where ai ∈ ∆ki
, i ∈ [1 : n] denotes the ki-dimensional logical vector, and Vf is termed as the structure vector of f .

Lemma A2. [3] Let xi ∈ Υm, i = [1 : n]. Define the projection matrices as Φi = 1⊤
mi−1 ⊗ Im ⊗ 1⊤

mn−i , i ∈ [1 : n]. Then, for each

i ∈ [1 : n], the following relation holds:

Φi ⋉n
j=1 xj = xi.

Definition 2. [4] For column vectors ai ∈ ∆ki
, i ∈ [1 : n], the matrix Wσ ∈ Mk×k, σ ∈ SN is called σ-permutation matrix if

Wσ ⋉n
i=1 ai = ⋉n

i=1aσ(i). (A1)
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Lemma A3. [4] For column vectors ai ∈ ∆ki
, i ∈ [1 : n], the σ-permutation matrix Wσ ∈ Mk×k satisfies (A1) if and only if

Wσ =
[
δ1kσ(1)

⋉ δ1kσ(2)
⋉ · · · ⋉ δ1kσ(n)

, δ2kσ(1)
⋉ δ1kσ(2)

⋉ · · · ⋉ δ1kσ(n)
, · · · , δ

kσ(1)

kσ(1)
⋉ δ1kσ(2)

⋉ · · · ⋉ δ1kσ(n)
,

δ1kσ(1)
⋉ δ2kσ(2)

⋉ · · · ⋉ δ1kσ(n)
, δ2kσ(1)

⋉ δ2kσ(2)
⋉ · · · ⋉ δ1kσ(1)

, · · · , δ
kσ(1)

kσ(1)
⋉ δ2kσ(2)

⋉ · · · ⋉ δ1kσ(n)
,

· · · ,

δ1kσ(1)
⋉ δ

kσ(2)

kσ(2)
⋉ · · · ⋉ δ

kσ(n)

kσ(n)
, δ2kσ(1)

⋉ δ
kσ(2)

kσ(2)
⋉ · · · ⋉ δ

kσ(n)

kσ(n)
, · · · , δ

kσ(1)

kσ(1)
⋉ δ

kσ(2)

kσ(2)
⋉ · · · ⋉ δ

kσ(n)

kσ(n)

]
.

Lemma A4. [5] Let σ ∈ SN . The σ-permutation matrix Wσ ∈ Mk×k satisfies the following property:

Wσ−1 = W−1
σ , W⊤

σ = W−1
σ .

Definition 3. [6] Let SN be the set of all permutations of N equipped with composition of mappings, called the symmetric group

on N . The pointwise stabilizer of subset M ⊂ N in SN is defined as

SM = {σ ∈ SN : σ(i) = i, i ∈ M}.

Lemma A5. [7] Let {s(t)}t∈N be a Markov process on state space Z = {1, 2, · · · , z} with a transition probability matrix P ,

where Ps̃,s denotes the transition probability from state s to state s̃. The process {s(t)}t∈N is lumpable with respect to the partition

S = {S1, S2, · · · , Sτ} if and only if, for any Sm ∈ S, and any s, s̃ ∈ Sm,

Prob
(
Sn|s

)
= Prob

(
Sn|s̃

)
, Sn ∈ S,

where Prob
(
Sn|s

)
=

∑
s̃∈Sn

Ps̃,s denotes the probability of moving from the state s to the subset Sn. In this case, the common value

P̃Sn,Sm = Prob
(
Sn|s

)
, s ∈ Sm is well-defined and constitutes the transition probability for the aggregated process after aggregating

{s(t)}t∈N with respect to the partition S.

Remark 1. Lumpability guarantees that the aggregated process is also a Markov process, referred to as the aggregated Markov

process [7].

Appendix B Remark of Equation (2)

Remark 2. Given a strategy profile s ∈ ∆mn , the conditional distribution of the next profile, denoted by r ∈ Υmn , can be expressed

as

r = E
(
s(t+ 1)|s(t) = s

)
= E(FΠ

ω s|s)

=

mn−1∑
κ=1

δκmn

(
(Γs)κ+1 − (Γs)κ

)
+ δm

n

mn

(
1− (Γs)mn

)
=

mn−1∑
κ=1

δκmn

(
(UΠs)κ+1 − (UΠs)κ

)
+ δm

n

mn

(
1⊤
mnΠs− (UΠs)mn

)
=

mn−1∑
κ=1

δκmn

(
(δκ+1

mn )⊤UΠs− (δκmn )⊤UΠs)
)
+ δm

n

mn

(
1⊤
mnΠs− (δm

n

mn )⊤UΠs
)

=

mn−1∑
κ=1

δκmn

(
(δκ+1

mn )⊤ − (δκmn )⊤
)
UΠs+ δm

n

mn

(
1⊤
mn − (δm

n

mn )⊤
)
UΠs

=

mn∑
κ=1

δκmn

(
δκmn

)⊤
Πs

= Πs.

Consequently, {s(t), t ∈ N} is governed by the transition rule:

P
(
s(t+ 1)|s(t)

)
= s(t+ 1)⊤Πs(t), (B1)

which is a probabilistic mn-valued logical dynamic system [3]. Furthermore, let r(t) = Prob
(
s(t)|s(0)

)
∈ Υmn be the probability

distribution of s(t). Then, we have r(t+ 1) = Πr(t), t ∈ N, with the initial condition r(0) = s(0).

Alternatively, instead of the transition rule (B1), the same dynamics can be written as a stochastic logical dynamics s(t + 1) =

FΠ
ω(t)

s(t), t ∈ N, where ω(t) acts as a switching signal [8].
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Appendix C Proof of Lemma 1

Given a permutation σ ∈ SN and arbitrary states s, s̃ ∈ ∆mn , we have

P
(
σ(s̃)|σ(s)

)
= σ(s)⊤Π⊤σ(s̃) =

(
Wσs

)⊤
Π⊤Wσ s̃ = s⊤W⊤

σ Π⊤Wσ s̃, (C1)

where Wσ is the σ-permutation matrix. Therefore, for any permutation σ ∈ SN ,

P
(
σ(s̃)|σ(s)

)
= P

(
s̃|s

)
, s, s̃ ∈ ∆mn ⇐⇒ s⊤W⊤

σ Π⊤Wσ s̃ = s⊤Π⊤s̃, s, s̃ ∈ ∆mn ⇐⇒ W⊤
σ ΠWσ = Π.

This completes the proof.

Appendix D Proof of Lemma 2

By Lemma A2, each si can be rewritten via the projection matrix, which yields:

µs =

n∑
i=1

si =

n∑
i=1

Φi ⋉n
j=1 sj = Vµ ⋉n

j=1 sj .

For the m-dimensional pseudo-logical function µ : ∆mn → Υn
m that satisfies µ(s) = µs, the uniqueness of Vµ is a direct consequence

of Lemma A1. This concludes the proof.

Appendix E Proof of Lemma 3

Necessity =⇒: For each k ∈ D, define Nk(s) = {i ∈ N : si = δkm}, which denotes the set of players using δkm in the profile s. Since

|Nk(s)| = µs
k, the condition µs

k = µs̃
k implies that

|Nk(s̃)| = |Nk(s)|.

Define functions fk : Nk(s) → Nk(s̃), k ∈ D such that

fk(iκ) = ĩκ, κ ∈ [1 : µs
k],

where iκ, ĩκ denote the κ-th largest elements in the sets Nk(s), Nk(s̃), respectively. By construction, the function fk is bijective. Then

a bijective function σ : N → N is introduced by setting

σ(i) = fk(i), i ∈ Nk(s), k ∈ D,

which corresponds to a permutation on N satisfying si = s̃σ(i). Then we have

⋉n
i=1si = ⋉n

i=1s̃σ(i) = Wσ s̃. (E1)

Rearranging (E1) gives

s̃ = W−1
σ s = Wσ−1s,

where the last equality follows directly from Lemma A4, and the proof of the necessity is finished.

Sufficiency ⇐=: Given that every permutation σ ∈ SN can be expressed as the composition of at most ⌊n2/4⌋ adjacent transpositions
[9], Wσ can be decomposed into as a series of adjacent transpositions:

Wσ =

kmax∏
k=1

Wσ[ik↔ik+1]
, kmax ⩽ ⌊n2/4⌋,

where σ[i↔i+1] denotes the adjacent transposition that interchanges i and i+ 1, defined by

σ[i↔i+1](j) =


i+ 1, j = i,

i, j = i+ 1,

j, otherwise .

Based on this assertion, it is enough to prove that

VµWσ[i↔i+1]
= Vµ, i ∈ [1 : n− 1].

Following Lemma A3, the expression for Wσ[i↔i+1]
is given by

Wσ[i↔i+1]
= Imi−1 ⊗W[m,m] ⊗ Imn−1−i , (E2)

where W[m,m] = [δ1m ⋉ δ1m, δ2m ⋉ δ1m, · · · , δmm ⋉ δ1m, · · · , δmm ⋉ δ2m, · · · , δmm ⋉ δmm ] a special permutation matrix that exchanges factors si
and si+1 in si ⋉ si+1, referred to as the swap matrix [2].
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For i ∈ [1 : n− 1], by substituting (E2) into Vµ =
∑n

j=1 1
⊤
mj−1 ⊗ Im ⊗ 1⊤

mn−j , we get

VµWσ[i↔i+1]
=

n∑
j=1

(
1⊤
mj−1 ⊗ Im ⊗ 1⊤

mn−j

)(
Imi−1 ⊗W[m,m] ⊗ Imn−i−1

)

=

i−1∑
j=1

(
1⊤
mj−1Imj−1

)
⊗

(
Im

)
⊗

(
1⊤
mi−j−1Imi−j−1

)
⊗

(
1⊤
m2W[m,m]

)
⊗

(
1⊤
mn−i−1Imn−i−1

)
+

(
1⊤
mi−1Imi−1

)
⊗

[(
Im ⊗ 1⊤

m

)
W[m,m]

]
⊗

(
1⊤
mn−i−1Imn−i−1

)
+

(
1⊤
mi−1Imi−1

)
⊗

[(
1⊤
m ⊗ Im

)
W[m,m]

]
⊗

(
1⊤
mn−i−1Imn−i−1

)
+

n∑
j=i+2

(
1⊤
mi−1Imi−1

)
⊗

(
1⊤
m2W[m,m]

)
⊗

[(
1⊤
mj−i−2 ⊗ Im ⊗ 1⊤

mn−j

)
Imn−i−1

]

=

i−1∑
j=1

1⊤
mj−1 ⊗ Im ⊗ 1⊤

mi−j−1 ⊗ 1⊤
m2 ⊗ 1⊤

mn−i−1

+ 1⊤
mi−1 ⊗ 1⊤

m ⊗ Im ⊗ 1⊤
mn−i−1 + 1⊤

mi−1 ⊗ Im ⊗ 1⊤
m ⊗ 1⊤

mn−i−1

+
n∑

j=i+2

1⊤
mi−1 ⊗ 1⊤

m2 ⊗ 1⊤
mj−i−2 ⊗ Im ⊗ 1⊤

mn−j

=

n∑
j=1

1⊤
mj−1 ⊗ Im ⊗ 1⊤

mn−j

= Vµ,

which accomplishes the proof.

Appendix F Remark of Lemma 3

Remark 3. For any s, s̃ ∈ Sµ, there exists a permutation σ ∈ SN such that

s̃⊤Wσs = 1.

Moreover, for any strategy profiles s ∈ Sµ, s̃ ̸∈ Sµ, the following equality holds:

s̃⊤Wσs = 0, σ ∈ Sn.

Appendix G Identify µ by index nµ

For the set Υn
m, all its elements are lexicographic ordered. For any element µ ∈ Υn

m, its index nµ is defined as the position of µ in this

ordered sequence. Specifically, nµ takes values within [0 : τ ], where τ is equal to
(n+m−1)!
n!(m−1)!

[10].

To illustrate this indexing, we take Υ3
3 as a simple example. Table G1 explicitly enumerates the full lexicographic ordering of Υ3

3.

For instance, µ = [1, 2, 0]⊤ occupies the 6-th position, so nµ = 6.

Table G1 The relationship between nµ and µ

Lexicographic index nµ 1 2 3 4 5 6 7 8 9

Aggregate state µ


0

0

3



0

1

2



0

2

1



1

0

2



1

1

1



1

2

0



2

0

1



2

1

0



3

0

0



To construct elements of the class Snµ , it is necessary to map each index nµ to its corresponding aggregate state µ. Algorithm G1

provides the procedure for this index-to-state conversion.

Appendix H Proof of Lemma 4

Let σ = σ1 ◦ σ2 ◦ · · · ◦ σm and s̃ = Wσs, where σk ∈ SN\Nk(s)
for each k ∈ D. For any i ∈ Nk(s), the pointwise stabilizer of N\Nk(s)

guarantees that there exists ĩ ∈ Nk(s) satisfying σk(i) = ĩ. By the definition of Nk(s), this implies si = sσ(i). Moreover, for any

j ̸∈ Nk(s), every element of the pointwise stabilizer SN\Nk(s)
fixes j, i.e., σk(j) = j.
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Algorithm G1 Identify µ by index nµ

Require: n,m, nµ;

Ensure: µ = (µ1;µ2; · · · ;µm);

1: x ⇐ nµ − 1;

2: i ⇐ 1;

3: while x ̸= 0 and i ̸= m do

4: µi = max
{
k ∈ [0 : n] :

∑k
κ=0

(n−κ+m−i−1)!
(n−κ)!(m−i−1)!

<= x
}
;

5: if µi > 0 then

6: x ⇐ x −
∑µi−1

κ=0
(n−κ+m−i−1)!
(n−κ)!(m−i−1)!

;

7: end if

8: n ⇐ n − µi;

9: i ⇐ i + 1;

10: end while

11: if i <= m then

12: j ⇐ i

13: while j < m do

14: µj ⇐ 0;

15: j ⇐ j + 1;

16: end while

17: µj = n;

18: end if

Combining these properties, the following equivalence holds:

sσ(i) =


sσ1(i) = si, i ∈ N1(s),

...

sσm(i) = si, i ∈ Nm(s),

⇐⇒ sσ(i) = si, i ∈ N.

Necessity =⇒: Given that s̃i = si holds for all i ∈ N , we have

s̃i = sσ(i) = si, i ∈ N,

which ensures the necessity.

Sufficiency ⇐=: By the chain of equalities:

s̃ = ⋉n
i=1sσ(i) = ⋉n

i=1si = s,

the sufficiency follows.

Appendix I Proof of Proposition 1

Let s ∈ Snµ , and s̃ ̸∈ Snµ . By Lemma 4, there are
∏m

k=1 |SN\Nk(s)
| = µ1!µ2! · · ·µm! stabilizers of s, which implies

s⊤
∑

σ∈SN\N1
◦SN\N2

◦···◦SN\Nm

Wσs = µ1!µ2! · · ·µm!,

and

s⊤
∑

σ ̸∈SN\N1
◦SN\N2

◦···◦SN\Nm

Wσs = 0.

Next, by Lemma 3, there exists a permutation σ̃ ∈ SN such that s = Wσ̃s
µ
0 . Using the expression of Colnµ (Ψ), we obtain

s⊤ Colnµ (Ψ) =
1

µ1!µ2! · · ·µm!
s⊤

∑
σ∈SN

Wσs
µ
0

=
1

µ1!µ2! · · ·µm!
s⊤

∑
σ∈SN

Wσ◦σ̃−1Wσ̃s
µ
0

=
1

µ1!µ2! · · ·µm!
s⊤

∑
σ∈SN

Wσ◦σ̃−1s.

= 1.

On the other hand, by Remark 3, we get

s̃⊤ Colnµ (Ψ) =
1

µ1!µ2! · · ·µm!
s̃⊤

∑
σ∈SN

Wσs
µ
0 = 0.
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Indeed, since ∆mn forms a basis of Rm, Colnµ (Ψ) ∈ Rmn
admits a unique expansion

Colnµ (Ψ) =

mn∑
i=1

ciδ
i
mn =

∑
ŝ∈∆mn

(
ŝ⊤ Colnµ (Ψ)

)
ŝ =

∑
ŝ∈Snµ

1 · ŝ+
∑
s̸∈Sµ

0 · ŝ =
∑

ŝ∈Snµ

1 · ŝ,

which confirms the expression of Colnµ (Ψ).

Finally, for any permutation σ ∈ SN , the bijectivity of σ implies

Wσ Colnµ (Ψ) =
∑

ŝ∈Snµ

Wσ ŝ =
∑
ŝ∈Sµ

ŝ = Colnµ (Ψ),

which further yields

WσΨ = [Wσ Col1(Ψ),Wσ Col2(Ψ), · · · ,Wσ Colτ (Ψ)] = Ψ. (I1)

This completes the proof.

Appendix J Proof of Theorem 1

Before proving the theorem, it is worthwhile to note that the stochastic dynamics s(t + 1) = FΠ
ω(t)

s(t) is equivalent to the Markov

process {s(t)}t∈N endowed with the transition probability matrix Π, which can be specifically expressed as:

s(t+ 1) = FΠ
ω(t)s(t) ∼ s(t+ 1) ⊨ Πs(t), (J1)

where ⊨ represents the next state s(t+ 1) is randomly generated according to the probability distribution Πs(t).

Proof of Theorem 1. Given nµ ∈ [1 : τ ], and s, s̃ ∈ Snµ , let σ̃ be the permutation satisfying s̃ = Wσ̃s. For any Snµ̃ ∈ S, the

equivalent description (J1) yields

Prob(Snµ̃ |s̃) =
∑

ŝ∈Snµ̃

ŝ⊤Πs̃ =
(
Ψδ

nµ̃
τ

)⊤
ΠWσ̃s =

(
Ψδ

nµ̃
τ

)⊤
Wσ̃W

−1
σ̃ ΠWσ̃s =

(
Wσ̃Ψδ

nµ̃
τ

)⊤
W⊤

σ̃ ΠWσ̃s =
(
Ψδ

nµ̃
τ

)⊤
Πs,

where the second-to-last equality follows from Lemma A4, and the last equality is holds by Lemma 1 and (I1). Then, the key equality

holds:

Prob(Snµ̃ |s̃) = Prob(Snµ̃ |s), s, s̃ ∈ Snµ . (J2)

By combining (J2) with Lemma A5, we confirm that the aggregated process {x(t)}t∈N is Markovian.

Following the Proposition 1, the (nµ̃, nµ)-th entry of Ψ⊤ΠΨ is given by

(δ
nµ̃
τ )⊤Ψ⊤ΠΨδ

nµ
τ = Colnµ̃ (Ψ)⊤ΠColnµ (Ψ) =

∑
s∈Snµ

Prob(Snµ̃ |s). (J3)

Noting that Ψ⊤
nµ

1mn = |
∑

s∈Snµ
s⊤1mn | = |Snµ |, we normalize (J3):

(Ψ⊤
nµ

1mn )−1 Colnµ̃ (Ψ)⊤ΠColnµ (Ψ) = (Ψ⊤
nµ

1mn )−1
∑

s∈Snµ

Prob(Snµ̃ |s) = Prob(Snµ̃ |s), s ∈ Snµ ,

which constitutes the (nµ̃, nµ)-th entry of the transition probability matrix Π̂. Thus, the matrix Π̂ is explicitly expressed as Π̂ =(
diag(Ψ⊤1mn )

)−1
Ψ⊤ΠΨ, and the proof is completed.

Appendix K Illustrative example

In evolutionary game theory, a key criterion for evaluating a mutant strategy is whether it can successfully invade a resident population

and ultimately replace it [11]. A common quantitative measure of such success is the fixation probability, defined as the probability

that a single mutant introduced by a randomly player eventually takes over the entire population [12].

Consider a simplified version of the model in [13], with parameter n = 3 and m = 2. Specifically, a well-mixed population N =

{X,Y, Z} with strategy set {L,M}, where L denotes the resident strategy and and M denotes the mutant strategy. Mutants have

relative payoffs r > 0, as compared to residents, whose payoffs are 1. Identify L, and M with δ12 , and δ22 , respectively. For a strategy

profile s = sX ⋉ sY ⋉ sZ ∈ ∆23 , the payoff structure can be described as follows:

π(δk2 , s) =

{
1, δ12 ,

r, δ22 .
(K1)

At each discrete time step, a player i ∈ N is selected for reproduction with the probability proportional to its fitness. Then its

offspring replaces one of i’s neighbors, chosen uniformly at random. This PUSR is called Moran process. After incorporating payoff

structure (K1) into the Moran process, the induced dynamics of the strategy profile can be expressed as

s(t+ 1) = FΠ
ω(t)s(t), t ∈ N,
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where the column stochastic matrix is given by

Π =



1 1
2+r

1
2+r

0 1
2+r

0 0 0

0 1
2+r

0 0.5
1+2r

0 0.5
1+2r

0 0

0 0 1
2+r

0.5
1+2r

0 0 0.5
1+2r

0

0 0.5r
1+2r

0.5r
1+2r

r
1+2r

0 0 0 0

0 0 0 0 1
2+r

0.5
1+2r

0.5
1+2r

0

0 0.5r
2+r

0 0 0.5r
2+r

r
1+2r

0 0

0 0 1
2+r

0 0.5r
2+r

0 r
1+2r

0

0 0 0 r
1+2r

0 r
1+2r

r
1+2r

1


.

After reordering the profile via the permutation matrix

W =

[
0⊤
7 1

I7 07

]
,

the corresponding stochastic matrix admits the following block form:

WΠW⊤ =

[
I R

0 Q

]
.

Here, I characterizes transitions among absorbing states, whileQ characterizes transitions among transient states. Note thatW⊤ = W−1

[14].

For the calculation of the fixation probability of M , three distinct initial strategy profiles are considered, as illustrated in Figure K1.

Then we have

ρM = lim
t→∞

1

3

(
Prob

(
s(t) = δ22 ⋉ δ22 ⋉ δ22 |s(0) = δ12 ⋉ δ12 ⋉ δ22

)
+ Prob

(
s(t) = δ22 ⋉ δ22 ⋉ δ22 |s(0) = δ12 ⋉ δ22 ⋉ δ12

)
+ Prob

(
s(t) = δ22 ⋉ δ22 ⋉ δ22 |s(0) = δ22 ⋉ δ12 ⋉ δ12

))
= lim

t→∞

1

3

(
δ88

)⊤
Πt

(
δ12 ⋉ δ12 ⋉ δ22 + δ12 ⋉ δ22 ⋉ δ12 + δ22 ⋉ δ12 ⋉ δ12

)
=

1

3

3∑
i=1

(
Wδ88

)⊤
lim
t→∞

(
WΠW−1

)t(
W ⋉i−1

j=1 δ12 ⋉ δ22 ⋉3
h=i+1 δ12

)
=

1

3

3∑
i=1

δ18

[
I R(I −Q)−1

0 0

]
W

(
δ28 + δ38 + δ58

)
=

1

3

3∑
i=1

δ18

[
I R(I −Q)−1

0 0

] (
δ38 + δ48 + δ68

)
=

1− r−1

1− r−3
,

which aligns with the expression reported in [13].

Computing this fixation probability requires a = R(I −Q)−1, which equivalently solving the linear matrix equation a(I −Q) = R.

A standard approach is to solve this equation via Gaussian elimination, which runs in O
(
(mn − 2)3

)
times for a population with size n

and m strategies.

Following lexicographic ordering, Algorithm G1 implements the index-to-state conversion, which is summarized in Table K1. More-

over, after aggregation, each aggregate state µ can be represented in logical form as x = δ
nµ

4 .

Table K1 Index-to-state Correspondence

Lexicographic index 1 2 3 4

Aggregate state

0

3

 1

2

 2

1

 3

0



Then, the transition probability matrix for x is

Π̂ =


1 1

2+r
0 0

0 1
2+r

1
1+2r

0

0 r
2+r

r
1+2r

r
1+2r

0 0 0 1


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Figure K1 Mutants take over the whole population under three initial conditions: (a) δ12 ⋉ δ12 ⋉ δ22 , (b) δ12 ⋉ δ22 ⋉ δ12 , (c) δ22 ⋉ δ12 ⋉ δ12 .

Similarly, the fixation probability for M is

ρM = lim
t→∞

Prob
(
x(t) = δ44 |x(0) = δ24

)
=

1− r−1

1− r−3
.

Using Gaussian elimination, the computational complexity for evaluating the fixation probability is reduced from O
(
(mn − 2)3

)
to

O
(
(τ − 2)3

)
for n players and m strategies. Importantly, this aggregation preserves the relevant evolutionary dynamics and hence does

not affect the fixation probability.
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