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Abstract This paper considers the order estimation problem of stochastic autoregressive exogenous input (ARX) systems using quan-
tized data. Based on the least squares algorithm and inspired by the control systems information criterion (CIC), a new kind of criterion
and a new system order estimation algorithm are proposed for ARX systems with quantized data. When the upper bounds of the system
orders are known and the persistent excitation condition is satisfied, the system order estimates given by this algorithm are shown to be
consistent for a small quantization step. Furthermore, a concrete method is given for choosing quantization parameters to ensure that
the system order estimates are consistent. A numerical example is given to demonstrate the effectiveness of the theoretical results of the

paper.
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1 Introduction

System identification with quantized data is a challenging research topic [1,2]. In many cases, using quantized data
during the system identification process will bring quantization error, which increases the difficulty of analysis. Up
to now, a large number of identification methods with quantized data have been developed, including [1,3-11],
to name a few. In particular, Ref. [1] proposed two different frameworks, namely, stochastic and deterministic
frameworks so as to identify systems. Ref. [3] researched the identification of multi-agent systems with quantized
observations. Ref. [4] gave some motivating examples of quantized measurements and introduced the methods
and algorithms of system identification for set-valued linear systems. Ref. [5] used a projection algorithm to
estimate parameters of quantized deterministic autoregressive moving average (DARMA) systems, and proved the
boundedness of parameter estimation error by designing system inputs. Refs. [6,7] solved the parameter estimation
problem of quantized DARMA systems and quantized stochastic autoregressive exogenous input (ARX) systems
with the help of the least squares, respectively. Ref. [8] concerned the system identification for FIR systems with
set-valued and precise data received from multiple sensors.

The system identification task for ARX systems consists of estimating (i) the orders, (ii) the parameters, and
(iii) the covariance matrix of system noise. However, the contributions listed above are all for parameter estimation
with quantized data. As for order estimation by using quantized data, it is a novel problem. Actually, order
estimation with quantized data plays a significant role in areas such as signal processing, control systems, and
communication systems, where measurements are often quantized for practical reasons (e.g., limited sensor resolution
or data storage constraints). And in sensor networks, estimating model orders from sensor data that have been
quantized can reduce transmission costs or storage space. Order estimation is a statistical method used to estimate
the values of orders within a statistical model based on observed data. This concept is important in numerous fields,
including statistics and system identification. Here are some key characteristics of order estimation. (i) Consistency.
The estimator converges to the true order value in some sense as the sample size increases. In other words, larger
samples lead to more accurate estimates. (ii) Robustness. Due to the positive integer order of the linear system
model, the algorithm should ensure convergence to the correct order even when the data are quantitative and
imprecise. (iii) Method of estimation. Order estimation algorithms are generally based on parameter estimation
algorithms, so there are high requirements for the structural design of the algorithm and the accuracy of parameter
estimation. Obviously, selecting the right model order is the first step for the goal of estimating system parameters.
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A number of classic order estimation techniques such as [12-20] have been made since about the 1970s. Specifically,
Akaike proposed a well-known criterion, Akaike’s information criterion (AIC) [12]. Ref. [13] proved that the final
prediction-error (FPE) criterion and AIC are asymptotically equivalent. Ref. [14] made some consistent studies
on the order estimation. Ref. [16] proposed an approach for model order determination based on the minimum
description length (MDL) criterion which is shown to depend on the minimum eigenvalues of a covariance matrix
derived from the observed data. Ref. [17] proved that a strongly consistent estimation of the order can be based
on the law of iterated logarithm for the partial autocorrelations. Ref. [18] established the asymptotic properties
under very general conditions. Ref. [19] got a consistent estimate of the order of feedback control systems with
system parameters estimated by the least squares method. Ref. [20] introduced a new criterion, control systems
information criterion (CIC), so as to estimate orders of the linear stochastic feedback control system. In recent
years, order estimation problems have received further attention in signal processing and other fields [21-23].

Considering the wide use of quantized data and the important value of order estimation, it is of significance to
study order estimation based on quantized data. The introduction of quantized data will produce quantization
error, which brings difficulties to order estimation. Using some conclusions of [7], an order estimation method of
ARX models with uniform quantized data is proposed. The order estimation algorithm in the paper is utilized in
the following process. First of all, the range of ARX system orders is selected (i.e., 0 < p < Pmax and 0 < ¢ < Gmax,
where p is the order of the AR part and ¢ is the order of the exogenous part). Then for each (p,q) pair the
parameters of the model are estimated by the least squares under the assumption that p and ¢ are the right model
orders. Finally, a prediction error variance for the model is calculated by the proposed criterion and the (p, ¢) pair
yielding the lowest value is chosen as the best estimate of the model order. So, the key step of estimation lies in
two aspects: the design of a criterion for the order estimate algorithm as well as the choice of a quantization step.
In fact, they are complementary. During the order estimation algorithm designing progress, new difficulties arise
in dealing with the quantized data. For example, the robustness of the quantized parameter estimation algorithm
generated estimated errors, which affect the accuracies of traditional order estimation algorithms. By analyzing the
upper bound of the quantized parameter estimation, we gave the structure of the criterion in the algorithm design
phase, and this difficulty has been solved.

In contrast to the previous studies [3,5-8,14-20], the main contributions of this paper are summarized as follows.

e As mentioned earlier, order estimation is one component of system identification problems. However, to the
best of my knowledge, the existing papers on quantized system identification mainly focus on quantized parameter
estimation. The discussion about quantized order estimation is pretty rare. Actually, studies like [3,5-8] considered
quantized parameter estimation based on known system orders. Different from them, in this paper, we study the
quantized order estimation problem when the system orders and parameters are both unknown.

e Compared with classic papers [14-20] on order estimation based on accurate data, we study the order estimate
problem under uniform quantized observations. To be more concrete, one of the difficulties in designing an order
estimate algorithm is how to make full use of the roughness of quantized observations. Quantized data make the
structure of classic estimation algorithms more complex and the estimated parameter cannot converge to the real
value in many cases. By designing the criterion and using some hypotheses of system parameters and orders, the
quantized order estimation can converge to the real value in some sense.

e Different from [3,5,6], the model researched in this paper contains stochastic noise. So, the algorithm analysis
methods in the parameter estimation part of this note are quite different.

There are two main novelties here. One is the method of proving the excitation condition. To be more specific,
during studying the properties of the quantized criterion, we found that the excitation condition is the key to
getting the lower bound of the quantized criterion. So, in this note, we prove that the system satisfies the excitation
condition based on quantized data instead of assuming it. The other is the proposal of a quantized criterion. The
inaccuracy of parameter estimation based on uniform quantized data brings essential difficulties to order estimation.
To deal with the difficulties, we design a new kind of criterion, named the quantized criterion. And we focused on
exploring the upper and lower bounds of the quantized criterion, which are not necessary in the classical situation.

In this paper, R denotes the real number field. For a given vector or matrix =, 2 denotes the transpose of z; ||z||
denotes the Euclidean norm for the vector case and the corresponding induced norm for the matrix case. Apmin ()
denotes the smallest eigenvalue of the matrix between round brackets. The rest of the paper is as follows. In Section
2, we describe the model. Section 3 shows the specific order estimation algorithm for the quantized ARX model,
and the influence of quantization error on the order estimation is analyzed. Section 4 uses a numerical example to
demonstrate the main result. Section 5 concludes this work.



Jing L D Sci China Inf Sci  March 2026, Vol. 69, Iss. 3, 132205:3

2 Model

Consider the following ARX system:
A(Z)yn"rl = B(Z)Un + Wn+1, n > 07 (1)

where y,,, u,, and w,, are the system output, system input, and system noise. Besides, N(0, 1) indicates a Gaussian
distribution with zero mean and variance 1. The noise {w,} is a sequence of independent and identically distributed
(i.i.d.) random variables and w, ~ N(0, 1). For simplicity, suppose y,, = u, = w, = 0, Vn < 0.

A(z) =1+ a1z + a2’ + -+ ap, 2™, po =0,

B(z) = by +boz+ -+ by 2Pt qo =1,

where a; and b; are unknown system parameters. z is the shift-back operator and the orders pg, gy are unknown.
ap, 7# 0, by, # 0.
Remark 1. The system orders py and gg are to be estimated in the note. The order of a discrete linear system is
determined by the number of input variables and output variables required to fully describe the system’s behavior.
It determines the complexity of the system’s behavior and the number of variables that should be considered when
modeling or controlling the system.

For the convenience of proving, the model (1) can be rewritten as follows:

Yn+1 = 9T(P07 q0)¢n(Po, q0) + Wnt1, (2)
where
-
9(p07q0):[_a17"' 7_ap07b17"' 7bq0] 9
-
‘Pn(pOa QO) = [yna s Yn—po+1 Un,y 7unfqo+1]

This paper considers the condition that the system output y,, cannot be directly measured and only its quantized
value is known. We want to design an order estimation algorithm and analyze the influence of the quantization step
on order estimation.

For a given constant ¢ > 0 and any n = 0, 1, 2, ..., the quantized value of y,, is from the following uniform
quantizer:

snzg{yf+%J. (3)

We can call € the quantization step and s, is the quantized output.
Remark 2. The more direct form of (3) is

[ 5 3
_257 yne __E __€>7

T2 2

[ 3¢ ¢

—& ynG_—gv—E),
re €

wm=q0  wme|-53),
(e 3e

g, Yn € 577>7

2¢, UYn € % §),
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From (2) and (3) we know that
snt1= 0" (po, 40)¥n (Po, 90) + Wns1 + €nt1, (4)

where

.
wn(p07 QO) = [Snu s Sn—po+1, Un,y 7un—q0+1] 9 (5)
and €,41 is the quantization noise at time n + 1, which is produced by quantized outputs and its concrete property
is as follows.
From (2) and (4) we know that
lens1] =|Snt1 — 07 (po, 40)¥n (Po, q0) — wat1]
=[8n41— 0" (0, 20)¥n(P0, @) — (Yn+1 — 0" (P0, q0)0n (P0, q0))|
= [Sn+1 = Ynt1 + 0" (P0,q0) (¢n(Po, q0) — ¥n(Po, q0))]

<Isn41 — Yns1l + 10 (Do, @0) (n(po, q0) — Yn (Do, @0))]
g 13
<E Sl + faal + -+ o)

9
=5 (lar] +az| +- -~ +lap [ +1). (6)

So, we can assume ¢, is the bounded noise.

3 Order estimation of quantized ARX systems

The purpose of this paper is to estimate py and go in (4) using system inputs and quantized outputs. In this section,
we give the specific order estimate method and analyze its properties.

Let T
{wl(p7 Q) = [Siu"' s Si—p41, Ugy " 7ui—q+1] ) (7)

n -1
Pop1(p,q) = (I + X7 ¢ilp, 0] (,9))
where s; = u; =0, when ¢ < 0. And let )\I(fl’i’g) (n) denote the smallest eigenvalue of Pn_ﬁl (p,q).
3.1 Assumptions

In order to proceed the analysis, we introduce the following assumptions.

Assumption 1. {u;} is a sequence of independent and identically distributed (i.i.d.) random variables and wu;
satisfies uniform distribution in [—6,4], § > 0.

Assumption 2. A(z) is stable, i.e., A(z) #0, V|z| < 1.

Assumption 3. There exists a constant ¢ > 0 such that |a;| < ¢, |bj] < ¢, @ = 1,...,p0, J = 1,...,q0, and
e < m.

Assumption 4. {pg,qo} belongs to a known finite set M:

M= {(p,q) :0<p<p*,0<qg< g},

where p* > 0, ¢* > 0.
Assumption 5. There exists a constant ¢; > 0 such that

)\(:qu*)

min

(n) =c(n+1),as.,n — oo,

*

for all 0 < p < p*.
Assumption 6. There exists a constant ¢ > 0 such that

)\g:n’q) (n) = ca(n+1),a.s.,n— oo,

for all 0 < g < ¢*.

Remark 3. Assumption 1 means system inputs {u;} are bounded and satisfy a uniform distribution. Assumptions
2 and 4 are common in classic system identification literature. Assumption 3 is always used in quantized identifi-
cation. Assumptions 5 and 6 mean persistent excitation condition can be satisfied and they are pretty important
to the proof of the theorem in the paper.
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3.2 Examples about the assumptions

We use one example to explain the existence of Assumptions 5 and 6 in a specific situation.

Consider the system: A(2)y,+1 = B(2)uy + wpi1, where A(z) =1+ 0.7z +0.122, B(z) =1, po = 2, g0 = 1. We
assume that p* = 3, ¢* = 2. {y,} is quantized by (5).

For any x € RPT ||z|| = 1, write z in the form z = [z1, 29, - ,prrq]T and let

¢i(p, @) = A(2)i(p, )- (8)

From (8) it can be seen that

(@7 di(p,)”

'M=

-
i
=]

! <Z ¢i(p, b7 (p, Q)> z =

=0

[+ 10
o
@

. I

gM= ¢

ajz" $i-j(p,q)

Mw

2
wa”pq)

7=0

N

J

—0 —
2 n
<3 ada’ ( bi(p, ) (p, (J)>
7=0 1=0
=4.50" (Z bi(p, )] (p, q)) z, 9)
i=0
where ap = 1,a; = 0.7,a2 = 0.1. So we have
(p, tI) 2 - T
)\mln P mln <Z 1/)1 b, q )) §Amin (; ¢1(p7 Q)(bz (pv Q)> . (10)

Example 1. We give the analyses of )‘ng (n),0 <p<3and )\g’lg)( ),0<g<2.
When p =0, q =2,

)\min (Z (bz (07 2)¢j (07 2))

= ianzH:LTT <Z ¢i(072)¢j(072)> z
= inf}|4(|=1 Z z1u; + (0.721 + 22) w1 + (0.121 + 0.722) ui_g + 0.1zou_s]> .

When p=1, ¢ =2,

/\min <Z ¢z(1a 2)¢1T(1a 2))

i=0
imegEH:mT <Z $:(1,2)8; (1, 2)) x
=0

ianzH:l Z [,Tgui + (LL'l +0.729 + ,Tg) Ui—1 + (0.11:2 + 0.7$3) Ui—o + 0.1x3u;_3 + T1Ww; + 55'161']2 .

When p =2, ¢ =2,
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1=0

= inf||m||:1 Z [1'3’(1,1' + (acl +0.7Tz3 + 1'4) Ui—1 + (LL'Q +0.1z3 + 0.71‘4) Ui—o + 0.1x4u;—3
=0

2
+z1w; + Towi—1 + T1€; + Ta€i1]” .

When p =3, ¢q =2,
)\min (Z ¢i (37 2)¢;|— (37 2))
=0

=0

inf||x||:1 Z [:v4ui + (acl +0.7Tz4 + $5) Ui—1 + (LL'Q +0.1xy + 07$5) Ui—o + (,Tg + 0.11‘5) Ui—3
=0

2
+x1w; + Tow;—1 + T3Wwi—o + T1€; + Ta€i1 + T3€i_2]" .

When p =3, ¢ =0,
=0

= ianmH:le <Z ¢ (3, 0)¢;r(3, 0)) T

i=0
n
. 2
= inf||;=1 E [T1ui—1 + Toui—o + T3Ui—3 + T1w; + T1€; + Towi—1 + To€i_1 + Tawi—2 + T3€i_2] .
i=0

When p=3,¢q=1,
i=0
= inf| 412" <Z ¢i(3,1)9 (3, 1)) @

i=0

n
= inf)|;|=1 Z [Tau; + (21 + 0.7x4) uim1 + (22 + 0.124) ui—o + T3u;—3 + T1w; + T16; + Towi—y
i=0

2
+xo€i_1 + T3wi—2 + T3€_2]" .

It can be seen that in each case, the coefficients of u;, u; 1, w;_2, u;_3, w;, w;_1, w;_o are not all 0. So, from
(10) and [7] (confer (16), Lemma 1), we know that Assumptions 5 and 6 can be satisfied.

3.3 The estimation of pg

In this section, we will prove the convergence of the estimate of py.
First, we give the analyses of the matrix composed of quantized regressor vectors.

Lemma 1. Suppose Assumptions 1 and 2 are satisfied. Then, as n — oo, there is a constant ¢g > 0 such that

APOT) () ez (n+1),as., (11)

max

where A,(ffg;f*)(n) denotes the largest eigenvalue of Y7 v (po, ¢*)¢; (po,q*) + I.
Proof. The proof can be seen in Appendix A.
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For (p,q) € M, define the cost function

=Y (sin1 =07 (0, )i (p.0)”
=0

where
) T
9(p7 q) = [—(11, Tty _ap7b17 e 7bq]
and
ai:O,bj:O, i>p07j>CI0-

Let (12) be minimized by the least squares with respect to the parameters 9(p,q).
Based on the regularized method, the estimation of 6(p, q) can be defined as

“lhaa n—1
: (Z bi(p, ¥ (p,q) +I> > Wi(p.@)sir = Pulp,q) > bi(p, @)sisn,
i=0 =0

where

en(pa q) - [_alnv crt oy, —0pn, bln; t ;bqn]—r .

Lemma 2. Suppose Assumptions 1-5 are satisfied. Then as n — oo,

<Z $i(po, )¢ (po,q*) + I) Z Yi(po, q*) (Wit1 + €iv1)

< (1+poc)en+o(n),a.s.

Proof. The proof can be seen in Appendix B.
Next, we show the properties of parameter estimation error.

Lemma 3. Suppose Assumptions 1-5 are satisfied under the condition p < pg, and define

én(p) = [—Gln(p), ) _apn(p)v 0,---,0, bln(p)a c ’bq*"(p)]Ta

where a;, (p), bin(p) are of 6,,(p, ¢*).
Let

0,.(p) = 0(po, q*) — 0, (p).

Then as n — oo, there is a constant v such that

Proof. The proof can be seen in Appendix C.
Then, we give the form of the quantized criterion L, (p,q) and the order estimation algorithm.
Let

n(p)H < 7, a.s.

where

n—1
2
=Y (sir1 =0, (0, 0)¢i(p,q) ",
i=0
and the restrictions of [,, will be given later.

The order estimation p,, of py is defined as

P = argming .« Ln(p, ¢7).

Now, we give the upper bound of o,,(po, ¢*) in the following lemma.

(17)
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Lemma 4. Suppose Assumptions 1-5 are satisfied, then as n — oo,

n—1
on(po,q") < 3 (1 + poc)en + Z (wi1 +€i11)? +0(n),as.
i=0
Proof. From (4), (5), (7), (13), (14), (22) we have
n—1 ~
on(po,q) = > (07 (po, 4" )¢i(po, 4°) + wiv1 + €ix1 — 0,y (po, 4* )i (po,
i=0
So,
n—1 2
(o, q") =) ( (o, 4" )i(po, q°) + wit1 + 6i+1>
=0

» (Pos g ZU% 0, 0 )] (00, 47)0n (o, q") + 26, (po, q Zﬁh Po,4q

n—1

+ ) (i + €ir1)’.

=0

From Theorem 1 of [7] we get

).

werl + €z+1)

pOa 21/}1 Po,q pOa )é (p07 ) (1 +pOC) ETL-'—O(TL) y A.Se,

and

1 (Po,q Z Yi(po, q*) (Wit + €iy1)

T (Po, q (po, — P, (posq )9n(po,q*))‘

0 (Do, a*)0(po, q)| + 20,) (po,a*) Py (po, a*)0n(po, ")
<2(1+poc)en+o(n),a

From (26)—(28) we obtain

n—1

on(po,q") < 3(1+ poc)en + Z (wip1 + €i41)° +0(n),as.
i=0

This completes the proof.
Based on the above lemmas, we can get the main theoretical result of the paper.
Theorem 1. Supposing Assumptions 1-5 are satisfied and [,, satisfies

2B+ pc)e+ai]n, a1 >0,

and

lnéa—*[a c1—29ves(L+pe)e—=3(1+p c)e|n,0< as <1,
p

then

P — Do, &.S.
n—0o0

(25)

(26)

(27)

(28)

(30)

(31)

(32)
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Proof. First, we want to prove

lim sup p,, < po, a.s.
n—oo

For p > pg, similar with (28) we have

n—1
210, (p,q") Z Yi(p,q") (wit1 +€41)| <2(1+p*c)en+o(n),as.
=0

Similar with (26) we have

on(p,q*) Z¢z P, q (P, q")0n(p,q") + 26, Z% (p,q") (Wit1 + €i41)
n—1
+ Z (wig1 + €i+1)2 .
i=0

From (34) and (35) we have

n—1
an(p,a*) =20, (p,q" Z Yi(p, ") (Wis1 + €i41) + Z (Wit1 + €it1)?
i=0
n—1
—2(1+p'c)en+ Z (Wig1 + €i41)> + 0 (n) , as.
=0
From (36) and Lemma 4 we have
n—1
* * * 2
on(p,q") — on(po.q*) = —2(1+p*c)en+ Z (Wit1 + €i41)" +0(n)
i=0
n—1
3(1+ poc)en + Z (Wit1 + €is1)> + 0 (n)
i=0

—5(1+pc)en+o(n),as.
From (30) it can be seen that
bn-(p=po) 2 ln > [5(1+p"c)e +a].
From (21), (37), (38) and noticing oy > 0, we have

>=5(1+pc)en+in-(p—po)+o(n)
>—-5(14+pc)en+ 51 +pc)e+ai]n+o(n)
>ain+o(n )T>oo,a.s.

minpo<p<p* [Ln(pa q*) - Ln(p07 q )]

So, Eq. (33) is proven.
Next, we want to prove

liminf p,, > po, a.s.
n—oo

For p < pg, from (4), (5), (7), (13), (14), (16), (18), (19) we have

siv1 — On (0, ¢ )i (P, 0°) =si51 — 0, (p)¥i (po, ¢*)
=0" (po, 4" )i (Po, ) + wis1 + €1 — O, (p)¥i(po. q*)
=0, (0)vi(po, ¢*) + wit1 + it

(33)

(36)

(37)

(38)

(41)
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From (22) and (41) we have

=

n—

on(p.q*) =Y (siv1— 0, (0, ¢ )i(p, q)’

=

- o

n—

- 2
= (GI (P)i(po, q*) + wiy1 + €i+1)

:97 Z 1/% Po,q p07 )é + 29T Z wz Po,q wz+1 + 6z-l-l)

n—1

+ Z (wit1 + 61‘+1)2 .

i=0

From (13), (18), and (19) we get

From (20), (43) and Assumption 5 we have

Z%Poa S (0, q")0n(p (szpm (o g") +1 - I>§()

Po“min

>a? /\pmq) . _‘

>al cin — 77,

29T Z 1/% Po,q wz-i—l + 61+1)

Nl=

=216 (p <Z¢z Po. ¢ ) (posq ) (sz p0,a*)%; (po,q )—I—I)

sz Po,q w1+1 +€z+1)

From Lemmas 1-3 and (45) we have

20, (p) Z Yi(Po, ¢*) (Wit1 + €iv1)

<2\~n<p>H’ Zwo, T (po.q >+I> VI+pecen+o(n)

29/ ME%T) (n — 1)+/(1 + poc) en + o (n)
2vy/czny/ (1 4 poc)en + o (n)
=2v/¢s (1+poc)e +czo(1)n

< 29yv/e3 (1 +poc)en+o(n).

M

NN

From (42), (44) and (46) it follows that

on(p,q") = a ,c1n — 27+/e3 (1 + poc) an—i-z Wit1 + €i41) +0( ).

(43)

(45)
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From (47) and Lemma 4 we have
on(p,q") = onlpo, q*)
a ,C1M — 27/ c3 (I1+poc)en+ Z Wit1 + €z+1 —

+o(n)
:aﬁocm—% cs (1 +poc)en — 3 (1 + poc)en + o (n)
2 aiocln—Q*y C3 (1—|—p*c) E?’L—?}(l —I—p*c) 5”"—0(71),&.8.

From (31) it can be seen that
Qs
ln'(po—p)gp—*[& 1 —2yves (L4 p*c)e —3(1+p*e) }
:ag[a 1 —2yves (14 pc)e —3(1+p*e) }

From (21), (48), (49) and noticing 0 < az < 1, we have

n—1

=0

min0<p<po [Ln(p7 q*) - Ln(p07 q*)]

> a; cin —2yy/es (1+ pc)en —3(1+p*c)en+o(n) — Iy - (po — p)

> ay cin —2yv/es (1+pc)en —3 1+p*c)£n+0(n)—a2[a§001—27 03(1+p*c)5—3(1+p*c)5}n

=(1-a9) [a 1 — 27y (1+p*c)5—3(1+p*c)5} n+o(n) —— o0, a.s.
n—oo

So, Eq. (40) is proven.
From (33) and (40) we know that

P — Do, &.S.
n—r 00

This completes the proof.
3.4 The estimation of ¢
The quantized criterion V;,(p, q) can be defined as
Vo, q) == on(p,q) +vn (P +4q),

where 0, (p, q) is defined in (22) and the restrictions of v,, will be given later.
The order estimation g, of go is defined as

Gn = argming, .- Vo (p*, q).
Theorem 2. Supposing Assumptions 1-4 and 6 are satisfied and v,, satisfies
vy, 2 [5(1+p c)e+ Biln, L1 >0

and

< % |:b§0C2 —2v'v/es (1 +p*c)e — 3 (1 +p*e) 5} n,0 < By <1,

then

Gn — qo, a.s.
o0

n—r

Proof. The proof is similar to Theorem 1.

3(1+ poc)en + Z (wiy1 + ei+1)2 +o(n)

(49)

(50)

(51)
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Figure 1 (Color online) The trajectory of p,, with p* = 3, ¢* = 3. Figure 2 (Color online) The trajectory of p,, with p* =6, ¢* = 6.

Remark 4. By choosing suitable €, oy, ag, f1 and §2 it can be made sure that

{5 (1+p*c)e + au, % (a;iocl oyt pae—3( +p*c)€) }
and

[5 (1+p*c)e + B, % (b§0c2 oy e (Lt pre)e — 3 (1 + p*e) 5) }

are not empty sets. So, Egs. (30), (31), (53) and (54) are meaningful.

4 Numerical example

In this section, we will illustrate the theoretical result with a simulation example.

Consider the following ARX system: 4, = a1Yn—1 + a2Yn—2 + a3yn—3 + b1tp—_1 + botty_o +wy,n = 1,2, ..., where
the system noise w,, follows N(0,1), po =3, go = 2. 0 = [a1, a2, as, b1, bz]T =[-1.5,—-0.66,—0.08,1, 1]T. Let y, be
quantized by (3) under £ = 0.001, p* = 3, ¢* = 3 and p* = 6, ¢* = 6, respectively.

With the selected p (p < p*) and ¢q (¢ < ¢*), we use Algorithm 1 to estimate py and qo.

Algorithm 1 The estimate of pp and qo.

Input: u;.

Output: p,, and §n.

: Compute 0, (p, q) according to (15);
Compute o, (p, q) according to (22);
Compute L, (p, q) according to (21);
Compute V, (p, q) according to (51);
Compute p,, according to (23);
Compute §,, according to (52).

A S

From this estimate of 6,,, we use (23) to estimate po, where u; satisfies uniform distribution in [—6,6] (6 = 6).
From (30) and (31), let I,, = 0.006n. The trajectories of p,, are given by Figures 1 and 2.

From this estimate of 6,,, we use (52) to estimate go, where w; satisfies uniform distribution in [—1,1] (6 = 1).
From (53) and (54), let v,, = 0.006n. The trajectories of ¢, are given by Figures 3 and 4.

From Figures 1-4, we can learn that the estimate p,, converges to the true value pg and the estimate ¢,, converges
to the true value gg. The convergence rates of p,, and ¢, are affected by the bounds p* and ¢*. To be more concrete,
the larger the bounds, the slower the convergence rates of p,, and ¢,.
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Figure 3 (Color online) The trajectory of ¢, with p* =3, ¢* = 3. Figure 4 (Color online) The trajectory of ¢, with p* =6, ¢* = 6.

5 Conclusion

This paper has considered the order estimation of ARX systems using uniform quantized data. We design a novel
criterion so as to estimate orders based on the persistent excitation condition and some assumptions. Obviously,
Ref. [7] provided ideas for this paper and the least squares method is the key to the algorithm of this paper. It
is shown that the estimated order is consistent. For further research, the conditions on the system itself may be
relaxed by finding other suitable criteria. Another topic is how to reduce the amount of calculation. The methods
proposed by [24] may be useful to solve such a problem.

Acknowledgements This work was supported by Shandong Provincial Natural Science Foundation (Grant No. ZR2023QA079).

Supporting information Appendixes A-C. The supporting information is available online at info.scichina.com and link.springer.com. The
supporting materials are published as submitted, without typesetting or editing. The responsibility for scientific accuracy and content remains
entirely with the authors.

References
1 Wang LY, Zhang J F, Yin G. System identification using binary sensors. IEEE Trans Automat Contr, 2003, 48: 1892-1907
2  Gustafsson F, Karlsson R. Statistical results for system identification based on quantized observations. Automatica, 2009, 45: 2794-2801
3 Wang Y, Zhang J F. Distributed parameter identification of quantized ARMAX systems. In: Proceedings of the 38th Chinese Control
Conference, Guangzhou, 2019. 1701-1706

4 Wang LY, Yin G, Zhang J F, et al. System Identification With Quantized Observations. Boston: Birkhauser, 2010

5 Jing L D, Zhang J F. Tracking control and parameter identification with quantized ARMAX systems. Sci China Inf Sci, 2019, 62: 199203

6 Jing L D, Zhang J F. LS-based parameter estimation of DARMA systems with Uniformly Quantized Observations. J Syst Sci Complexity,
2021, 34: 1-18

7 Jing L. Quantized-output-based least squares of ARX systems. Asian J Control, 2023, 25: 1971-1980

8 Zhang H, Wang T, Zhao Y L. FIR system identification with set-valued and precise observations from multiple sensors. Sci China Inf Sci,

2019, 62: 052203
9 Diao J-D, Guo J, Sun C Y. A compensation method for the packet loss deviation in system identification with event-triggered binary-valued

observations. Sci China Inf Sci, 2020, 63: 229204

10 Guo J, Zhang Q, Zhao Y. Identification of FIR systems with binary-valued observations under replay attacks. Automatica, 2025, 172:
112001

11 Guo J, Wang X, Xue W, et al. System identification with binary-valued observations under data tampering attacks. IEEE Trans Automat
Contr, 2021, 66: 3825-3832

12 Akaike H. Fitting autoregressive models for prediction. Ann Inst Stat Math, 1969, 21: 243-247

13 Soderstrom T. On model structure testing in system identification. Int J Control, 1977, 26: 1-18

14 Hannan E J. The estimation of the order of an ARMA process. Ann Stat, 1980, 8: 1071-1081

15 Soderstrom T, Stoica P. System Identification. Upper Saddle River: Prentice Hall, 1989

16 Liang G, Wilkes D M, Cadzow J A. ARMA model order estimation based on the eigenvalues of the covariance matrix. IEEE Trans Signal
Process, 1993, 41: 3003-3009

17 Hannan E J, Quinn B G. The determination of the order of an autoregression. J R Stat Soc Ser B-Stat Methodol, 1979, 41: 190-195

18 Hannan E J, Rissanen J. Recursive estimation of mixed autoregressive-moving average order. Biometrika, 1982, 69: 81-94

19 Chen H F, Guo L. Consistent estimation of the order of stochastic control systems. IEEE Trans Automat Contr, 1987, 32: 531-535

20 Guo L, Chen H F, Zhang J F. Consistent order estimation for linear stochastic feedback control systems (CARMA model). Automatica,
1989, 25: 147-151

21 Hamzaoui H, Moussa F D, Matouat A E. Order estimation for autoregressive models using criteria based on stochastic complexity. Kuwait
J Sci, 2024, doi: 10.1016/j.kjs.2024.100251

22 Korobkov A A, Diugurova M K, Haueisen J, et al. Robust multi-dimensional model order estimation using Linear regression of global
eigenvalues (LaRGE). IEEE Trans Signal Process, 2022, 70: 5751-5764

23 Albert R, Galarza C. A constraint optimization problem for model order estimation. Signal Processing, 2023, 210: 109092

24 Zhao W, Chen H F, Bai E, et al. Kernel-based local order estimation of nonlinear nonparametric systems. Automatica, 2015, 51: 243-254


info.scichina.com
link.springer.com
https://doi.org/10.1109/TAC.2003.819073
https://doi.org/10.1016/j.automatica.2009.09.014
https://doi.org/10.1007/s11432-018-9677-9
https://doi.org/10.1002/asjc.2823
https://doi.org/10.1007/s11432-018-9604-0
https://doi.org/10.1007/s11432-019-9802-0
https://doi.org/10.1016/j.automatica.2024.112001
https://doi.org/10.1109/TAC.2020.3029325
https://doi.org/10.1007/BF02532251
https://doi.org/10.1109/78.277805
https://doi.org/10.1111/j.2517-6161.1979.tb01072.x
https://doi.org/10.1093/biomet/69.1.81
https://doi.org/10.1109/TAC.1987.1104656
https://doi.org/10.1016/0005-1098(89)90131-3
https://doi.org/10.1109/TSP.2022.3222737
https://doi.org/10.1016/j.sigpro.2023.109092
https://doi.org/10.1016/j.automatica.2014.10.069

	Introduction
	Model
	Order estimation of quantized ARX systems
	Assumptions
	Examples about the assumptions
	The estimation of p0
	The estimation of q0

	Numerical example
	Conclusion

