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Abstract Diverse and elite groups can provide the optimal solution to a complex problem thanks to their exceptional learning abil ities,
humble attitude towards learning, and excellent informati on exchange. Inspired by this, an adaptive elite learning pa rticle swarm
optimization algorithm (AELPSO) is proposed based on the el ite learning method and the idea of multiple sub-swarms coll aboration.
AELPSO employs four sub-swarms with complementary strateg ies (CODA, denotes Cross-, Ortho-, Dynamic-, All-strategi es). Cross-
and All-strategies o er rich population diversity, improv ing the global search ability of the algorithm, especially i n the exploration stage;
Dynamic-strategy improves the local search ability, retai ning fast convergence speed in the exploitation stage; Orth o-strategy is relatively
universal but has high time complexity. These strategies ar e speci cally adjusted and hybridized for multimodal probl ems via the elite
learning (AEL) method to balance exploration and exploitat ion. In the AEL, better particles are selected to execute mor e strategies to
escape local optima quickly; the number of particles execut ing all strategies is adaptively increased to prevent prema ture convergence
from the exploratory to the exploitative state; nally, a su bset of poorly performing particles is replaced through xe d elimination and
competition methods to mitigate the decline in population d iversity. Promising particles in AELPSO explore the search space in multiple
ways and are more likely to nd better solutions when faced wi th multimodal problems. Experimental results demonstrate that AELPSO
outperforms its counterparts in accuracy, robustness, and convergence speed for almost all problems across 37 benchma  rk functions and
two real-world applications.
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1 Introduction

Particle swarm optimization (PSO), a swarm intelligence algorithm intro duced by Kennedy and Eberhart in the
1990s 1], has been a subject of continuing interest owing to its simplicity and hgh e ciency compared with other
evolutionary algorithms. Di erent variants of PSOs keep appearing and have found success in many practical prob-
lems, such as patient clustering 2], medical image segmentation3], terrain classi cation [ 4], and power systems%].
These PSO variants focus on the manipulation of population topology[6{ 9], learning models [, 10{ 13], algorithmic
parameters [L4{17], and multiswarm or hybrid methods [18{22] to improve the performance, including the conver-
gence speed, accuracy, and robustness. However, one variaitPSO often has limited capabilities when applied to
problems with di erent characteristics [23]. In such scenarios, traditional PSO variants often struggle to bdance
exploration and exploitation, leading to premature convergence orstagnation in suboptimal solutions.

Multimodal optimization problems are ubiquitous in real-world applicatio ns, such as engineering desigr24],
nancial modeling, and bioinformatics, where identifying multiple optim al or near-optimal solutions is essential.
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These problems demand algorithms that can maintain population divesity to explore the search space thoroughly
while simultaneously converging to high-quality solutions. Unfortunately, existing PSO variants often exhibit limited
capabilities in this regard. For instance, some variants enhance ejpration by increasing population diversity [10],
but this comes at the cost of requiring excessive tness evaluatios, making them ine cient for computationally
expensive problems. On the other hand, variants designed for fésr convergence often sacri ce diversity, causing
them to get trapped in local optima [11].

To address these challenges, multi-strategy hybrid methods havemerged as a promising approach, leveraging the
complementary strengths of di erent strategies to achieve a beter balance between exploration and exploitation 1 3].
However, designing an e ective hybrid PSO algorithm for multimodal optimization remains non-trivial. A key issue
is achieving the \1+1 > 2" e ect, where the combined strategies outperform any single stategy. This is particularly
challenging because each strategy in a hybrid approach typically hatewer generations, function evaluations (FES),
or assigned particle numbers compared to a single-strategy algotim. These metrics are crucial for the performance
of swarm intelligence algorithms, especially in multimodal optimization cantexts [25].

In general, there are two widely applied methods to address such pblems. The rst method randomly allocates
search strategies to particles initially and does not change them though optimization. It focuses on facilitating
information sharing among particles executing di erent strategies Undoubtedly, every strategy excels in specic
domains. At the same time, this hybrid method fails to facilitate a more extensive exploration in the search space
due to the xed strategies' allocation at di erent optimization stag es R6,27]. On the contrary, the second method
divides the entire optimization process into multiple stages and assigndi erent strategies to each stage. It focuses
more on analyzing the characteristics of strategies and selectinghe most suitable strategy for each stageZs, 29].
Generally, a strategy with a robust global search capability is exected during the exploration phase. In contrast, a
strategy with a more robust local search capability is employed in theexploitation phase. However, in multimodal
optimization problems, the landscape is often complex and unknowngmaking it di cult to predict which strategy
will perform best at each stage. As a result, some strategies mayti$ get trapped in local optima during the
exploration stage, while others may fail to exploit promising regions esctively. Commonly used multi-strategy
hybrid PSOs involve the execution of a single strategy in each stageyithout interaction or information sharing
among these strategies and particles. Hence, these methods det® fully exploit the bene ts of the multi-strategy
hybrid method in enhancing diversity and \1+1 > 2" superiority. Herein, the AEL is proposed to blend designated
complementary strategies. AELPSO is mainly composed of two partsone is the fusion of four di erent strategies,
and the other is the AEL. AELPSO combines the two, which have the bllowing characteristics.

(1) AELPSO hybridizes four distinct strategies. Among these are o strategies dedicated to exploration, with
their unique update strategies of Cross- (binomial crossover) ah All- (weighted average). Likewise, two strategies
focus on exploitation, each updating Ortho- (orthogonal) and Dynamic- (adaptive learning) strategies. An equal
number of particles are allocated to each category of strategies.

(2) The number of particles implementing the AEL undergoes continwous adjustments to better accommodate
the uctuations in population diversity during the optimization proce ss. In the exploration stage, the number of
particles employing the AEL remains limited but with a gradual rate of in crement to sustain population diversity.
In the exploitation stage, the number of particles employing the AEL increases substantially with an accelerated
growth rate as more particles become trapped in local optima.

(3) The particles eliminated are neither the worst-performing nor randomly selected ones. Still, each time they
perform the adaptive elite learning method, they select a certain nmber of particles with the same subscript from
the population for elimination to avoid premature convergence and he risk of eliminating the best particles.

The remainder of this article is organized as follows. Sectior2 presents a framework of the canonical PSO and
reviews some PSO variants. Other details of the AELPSO, including tte principles of its four strategies and the
relevant content of the elite learning algorithm, are described in Setion 3. The experimental results of the algorithm
in the test set and two practical applications and corresponding disussions are detailed in Sectiord. Finally, the
conclusion is presented in Sectiorb.

2 Background

As mentioned above, researchers have produced many PSO varianto improve their performance besides the
canonical PSO.
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2.1 Canonical PSO framework

In solving an optimization problem with a D-dimensional hyperspace, @ch particlei in the population has a velocity

as guidance for resetting the velocity and positions of particles. Tk aforementioned canonical learning rules can
be summarized as follows:

thl _ gyt t to
i = Vi T Py Xyt Crz Pg Xy &

Xt = X vt (2)
wheret is the generation number,! is an inertia weight factor [30]. ¢; and c, are the acceleration coe cients [31],
r, and r, are two random values. A larger! is better for particle exploration, while the opposite is better for
convergence. Therefore! is usually set to be linearly decreased with time, which can maintain a balace between
exploration and exploitation [32]. ¢; and ¢, denote the in uence level on the particle search direction of the cgnitive
and social components, respectively. In order to control the vi@city and position of particles, a velocity-position
boundary is often used to clamp the actual values for each particléo control the velocity and position. After that,
the tness function evaluations and selection method are perforned to complete one generation.

\

2.2 Variants of PSO

As problems to be optimized become increasingly complex, the canordtPSO framework is losing its e ectiveness.
To date, many variants of PSO have emerged. Some modify the camical PSO from the perspective of parameter
adjustment, some from the perspective of update rules, and soenfrom the perspective of hybrid strategies and
multi-swarm.

(1) Parameter adjustment: It is widely known that the smaller the in ertia weight ! , the better the exploitation
performance, while the larger! , the better the exploration performance. Therefore, someonenade much of the
e ects on !, proposing linearly decreasing 33] and nonlinearly decreasing 34] inertia weight schemes, tting for
unimodal and multimodal problems, respectively. In addition to ! , the acceleration coe cients (c; and cy) also
signi cantly impact the performance. Rathaweera et al. [35] proposed a hierarchical PSO with time-varying ac-
celeration coe cients (HPSO-TVAC), which allows parameters including !, c1, and c, to vary at di erent rates
during di erent stages, thereby enhancing the global search cagbility. A wide range of nonlinear parameter control
strategies [L7, 36, 37] have been proposed to enhance the performance of PSO. Howegythe parameter adjustment
strategies mentioned above often fail to adapt to diverse problendomains because they do not e ectively incorpo-
rate population diversity into the parameter adjustments. After that, many researchers have explored information
about the population [38]. For instance, Zhan et al. [L4] proposed a strategy to adaptively adjust! and c together
according to the distribution of particles, leading to a profound improvement in convergence speed and accuracy.
Expanding on this basis, Zeng et al. 12] employed Markov chains to distinguish various search states andubse-
quently adjusted the parameters! and c. In [39], a new adaptive adjustment ofc based on fuzzy logic techniques
is proposed to enhance the exploitation capability. Experimental vdidation demonstrated that these strategies can
better balance exploration and exploitation.

(2) Learning model adjustment: Parameter adjustment can be onsidered a macroscopic regulation of the search
behavior of the entire population while learning model adjustment can be considered a microscopic approach to
regulate the search behavior. The key to learning model adjustnm is e ectively constructing learning exemplars
via the personal best experienceff). In canonical PSO, particles have two learning exemplars:p; and py, which
lead to partial contingency and the \two steps forward, one stepback” phenomenon. It is generally accepted that
a smaller neighborhood topology is advantageous in maintaining poput#on diversity in the complex multimodal
tness landscape. In B0{42], the optimization of the particle topology has been conducted to peserve population
diversity in complex multimodal problems. LPSO [41] distinguishes itself from canonical PSO by replacingy, with
lg, wherely represents the optimal information within the neighborhood of a paticle. FIPS [6] and LIPS [43] allow
particles to learn from the information of all particles within their res pective neighborhoods, and they di er in how
they construct the neighborhoods. Zhan et al. 7] proposed a learning model in which each particle learns from any
other particle in the population besides itself, e ectively enhancing the performance in multimodal problems. In
addition, researchers devised alternative methods to construcsuperior learning paradigms for particles to mitigate
the occurrence of the \two steps forward, one step back" pheamenon [0, 44,45].

(3) Integrating PSO with other meta-heuristics: Both the parameter adjustment and the learning model adjust-
ment have their respective strengths and weaknesses. There& some researchers focus on the hybrid multi-strategy
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Figure 1 (Color online) Structure of the proposed AELPSO. (a) The fra mework of AELPSO; (b) the schematic diagram of each sub-stra tegy.

to further mitigate the PSO's limitations. The strategies being integrated are not limited to the eld of PSO. For
instance, the hybridization of quasi-newton methods and PSO, as eimonstrated in [13,46], dramatically enhances
the local search capability of PSO. Moreover, several metaheuriie algorithms, including genetic algorithms (GA),
di erential evolution (DE), and simulated annealing (SA), are integr ated with PSO [47{49] to e ectively maintain
population diversity during the search process.

(4) Multi-swarm PSO: Dividing multi-swarms is an e ective way to integr ate multiple strategies. Some variants
of PSO [11, 28, 29, 50Q] distinguish the state of particles in the current generation and then match di erent search
strategies for particles to leverage the advantages of each stiegy e ectively. Liu and Nishi [ 28] divided the
population into N sub-swarms, each with a di erent strategy, and then maintained Hgh-quality sub-swarms by
continuously eliminating the worst-performing particles. Wang et al. [51] selected the strategy to be executed in
the current generation using a roulette wheel selection method bsed on the performance. The multi-strategies
and multi-swarms approaches are sometimes built based on the abementioned rst and second improvement
approaches. This approach helps gather PSO variants with di ereh advantages and apply them more reasonably
at di erent optimization stages.

However, there is a big issue with enabling a strategy to fulll distinct roles at di erent stages e ectively.
Therefore, in AELPSO, all sub-strategies will go through all stages of the optimization process. In addition, the
AEL is proposed based on the traditional EL method R8] to enable the strategy with robust global search capability
to aid particles in escaping local optima during the local search stagand leverage the strategy with strong local
search capability to eliminate speci c local optima during the global serch stage swiftly.

3 Proposed algorithm

In this section, details of the four strategies and corresponding @anvergence analysis will be introduced. The AEL
is then introduced, along with the overall process and details of theAELPSO.

3.1 Diversied utilization of personal best experience

In PSO, a particle's current position and velocity determine its position in the next generation. Integrating di erent
velocity or position update methods is one of the most e ective strdegies for enhancing population diversity. From
the principles of particle swarm algorithms and subsequent extens® improvement work, it is easy to see that
personal best experience plays a signi cant role in updating particlevelocity and position. Therefore, diversi ed
utilization of personal best experiences can also enhance populatialiversity to a certain extent. In AELPSO, as
shown in Figure 1, four ways of utilizing personal best experiences are proposed. hEn, we divide the population
into four sub-swarms, with each sub-swarm executing a speci c sategy.
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(1) Cross-strategy: The learning exemplar for a particle is gener®d through a binomial crossover between its
personal best experiencef) and the personal best experiences of randomly selected partide Speci cally, two
particles are randomly chosen from the population, and their personal best experiences|f,; and p,,) are compared
using a tournament mechanism 10]. The winner (p,,, ) is then crossed withp; to produce p,, as de ned in (3) and

(4):
L
1)
PG = Pij JiPrw;j ;Prw;j =better (pri;pr2): (4)

To balance exploration and convergencep, is updated only after p; has stagnated forS generations. This prevents
excessive population diversity caused by frequent updates qi,, which could hinder convergence.

(2) Ortho-strategy: The learning exemplar for a particle is generaed through an orthogonal combination of its
personal best experiencef) and the best experience within its neighborhood ;). The update formula is de ned
as

Vit = havy +ong o pe X 3)

§=tavly oy poy Xy (5)
paj = pi Ibi; (6)

where  denotes the orthogonal combination operation 7]. The orthogonal process has a time complexity of
O(MD?), where M and D represent the population size and problem dimensions, respectivelfrequent orthogonal
operations can signi cantly increase the algorithm's computational cost. To mitigate this, po is updated only after
p; has stagnated forG generations.

(3) Dynamic-strategy: The learning exemplar for the current particle is determined by selecting the minimum
value among the personal best experiences of all particles and itsva personal best experience. The parameters
are adaptively adjusted during this process. The update formula isde ned as

V

Vit;fl =1 3Vit;j + Gl P X};j + Calij Py Xit;j ; (7
where! 3, ¢;, and ¢, dynamically adapt based on changes in population diversity 14].

(4) All-strategy: The learning exemplar for each particle is derived fom the personal best experiences of all
particles within its current neighborhood. The update formula is de ned as
t+1
1)
X N X N
"k P =it =

=1avy +org pay Xy ®)

Vi 1) 1)

pay; = - oy ki 9)

where pa represents the weighted average of the personal best expereas of particles inp;'s neighborhood, N
denotes the number of particles in the neighborhood, and is a random number uniformly distributed between 0
and 1.

Aiming to enrich the population diversity, as shown in Figure 1(b), Ortho- and All-strategies use a \Ring"
topology structure to construct neighborhoods for each partite, which can reduce the probability of particles
falling into local optima in terms of the small-scale neighborhoods. In ALPSO, the Ortho-strategy utilizes a
\Ring" [ 6] topology instead of a \URing", reinforcing the algorithm's local search capabilities. In addition, we
made parameter adjustments forG to minimize the time spent on non- tness value calculations during algaithm
execution. In addition, in Cross- and All-strategies, the personalbest experiences of more particles are applied to
the update of a speci c particle, e ectively enhancing the exploration ability of the algorithm in the early stage.

Aiming to accelerate convergence, Ortho- and Dynamic-strategie set particles with better performance as the
learning exemplars for the current particle, thereby guiding the paticles to converge quickly. More speci cally, the
Dynamic-strategy sets the global optimum as the learning exemplarwhile the Ortho-strategy generates particles
better than the p; and Ib; using orthogonal methods to guide the update. Among these two pdate strategies, the
convergence speed of the Ortho-strategy is usually faster. Thefore, we also incorporate adaptive methods into the
parameter adjustment of the Dynamic-strategy to optimize its convergence speed.

According to the supplementary materials, it is clear that the CODA update strategies have their characteristics
and are complementary. The main advantages of Cross- and All-sategies are their rich population diversity [10],
which is more suitable for the exploration stage. The advantage of Pnamic-strategy is its fast convergence speed,
which is more suitable for the exploitation stage. The Ortho-strategy is relatively versatile at the expense of
high time complexity. These strategies have con icting strengths, each employing e ective measures to address
shortcomings. For example, the Cross-strategy involves paramer S, the Ortho-strategy includes the \rings"
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topology and parameter G, and the Dynamic-strategy incorporates the ELS [L4]. By combining the exploration
capabilities of Cross-strategy and All-strategy with the exploitation strengths of Ortho-strategy and Dynamic-
strategy, the algorithm achieves a robust balance between globaearch and local search. This synergy ensures that
the algorithm can e ectively navigate complex search spaces, avoidg premature convergence while maintaining
high solution quality. We believe this complementary design is key to thealgorithm's strong performance. Hence,
each strategy must undergo all stages of the population's optimiztion process to improve the overall optimization
performance through mutual collaboration and competition. As shown in Table D3 and Figures D5 and D6 in the
supplementary materials, the Dynamic-strategy performs best ad converges fastest in low-dimensional problems
due to its rapid convergence characteristics. This strategy fully leerages the small search space of low-dimensional
problems to quickly nd high-quality solutions. On the other hand, th e reason why the Cross-strategy can achieve
better tness in high-dimensional problems lies in its powerful global exploration capability. This enables it to
cover more potential solution regions in the high-dimensional seaftspace, thereby nding higher-quality solutions.
Strategies with faster early-stage convergence (e.g., Ortho-sitegy and Dynamic-strategy) are more e ective on
simpler problems, as they quickly nd optimal solutions and are less aected by population diversity, reducing the
risk of local optima. In contrast, strategies with better population diversity (e.g., Cross-strategy and All-strategy)
explore a broader search range early on, making it harder to convge quickly. However, their diversity helps escape
local optima in later stages, making them more suitable for complex poblems.

In AELPSO, we propose two new methods: (1) assigning sub-swarsmwith di erent sizes to di erent update
strategies; (2) making real-time corrections to the learning exemfars via an adaptive learning method.

3.2 Convergence and population diversity analysis

Relevant modern control theory is herein used to construct the nathematical model of the proposed algorithm 52,53]
to analyze and prove the convergence of the four update stratges mentioned in the previous section. It is worth
mentioning that this is not intended to guarantee that the proposed PSO will eventually converge to the global
optimum but to demonstrate the advantages of multi-strategy cdlaborative optimization in maintaining population
diversity. Usually, when all dimensions of a particle converge, their alues will not change signi cantly, which means
the particle will eventually converge. Therefore, we construct ananalysis model based on the law of change of the
value of the j-th dimension of the i-th particle in the optimization process. Because the constructionmethod of
the analysis models for di erent strategies is similar, we only presenthe construction process of the most complex
strategy of Dynamic-.

First, we replace all random numbers in ) with their expected value
(2) to derive

, % Subsequently, we substitute {) into

C C
t+1 _ it t 1 t 2 t.
i = X tlayy f o P X + > Po X o (10)

Demonstrating the convergence of this strategy is equivalent to pving the convergence of the dynamic system
described by @) and (10). Before moving forward, we introduce the following conventions:

X B

CL+ G,

c= S5 (11)
C1 C2

L= L+ :

li q+%ﬁj Q+Q% (12)

After assigning the expected values to the random parameters; and r,, the PSO formula can be expressed as

vt = wavly + el xiy ) (13)
From (12){( 13), it can be observed that the new coe cient c is the average of the individual particle's attraction
coe cient c¢; and the global particle's coe cient c,. Additionally, the attractive particles |;; are weighted averages

of local and global optima.

By substituting ( 11) and (12) into ( 2) and (9), we obtain
y(t+1)= Ay (t)+ Bl ; (14)

where " # " # "o
i (t 1 c! ¢
yo= 0 A= ° p= (15)
Vi (t) c I3 (o}
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Table 1 Results of convergence analysis for each sub-strategy.

Strategies y
Cross- lpc; ;0]"
Ortho- [poj; ;0"

Dynamic- [y ;01"
All- [pa; ;0]

These equations can be interpreted as the dynamic equations of a lar discrete system. Typically, the stability
analysis theory of dynamic systems is employed to demonstrate theonvergence of such a system.

In the framework of dynamic system theory, A is referred to as the state matrix, whilel;; is termed the external
input, capable of driving the particle's state to evolve in a speci ¢ direction. Additionally, B is known as the input
matrix, which governs the in uence of the external input on the overall system.

If a statey satisesy (t+1) = y (t) at any time, it is referred to as an equilibrium state. This state can be
computed using (14) and (15):

y =[h 0" (16)

Convergence implies that the particle's state will eventually approat the equilibrium state y . The eigenvalues
of the state matrix A determine whether the system can achieve this equilibrium:

2 (13 c+1) +13=0: (17)

When the absolute value of the eigenvalue is less than 1, the system @symptotically stable, indicating that the
strategy will eventually converge. Based on this condition, the paameter ranges for! 3 and c can be derived:

0<!3<1 ¢>0 23 c+2>0: (18)

The parameter settings in the Dynamic-strategy all satisfy (18), proving the convergence of this strategy. Next,
the same method is used to prove the convergence of other stregies. When each strategy nally converges, the
value of y is shown in Table 1.

The balanced state that each strategy can reach is di erent, so itcan be inferred that the particles' path and nal
position are also dierent. It proves that CODA collaborative optimiz ation has robust global search capabilities
and can maintain good population diversity during optimization.

3.3 Adaptive elite learning

In the updated formulas discussed in the previous section, each rsttegy utilizes the personal best experiences of
particles to construct learning exemplars. While the CODA multi-strategy hybrid approach enables a broader
exploration of the parameter space, the construction of exempla is con ned to the cognitive scope of a single sub-
strategy. This limitation can result in lower optimization e ciency comp ared to single-strategy PSO variants. The
AEL addresses this issue by enabling one sub-strategy to accessarmation beyond its own cognitive boundaries.
This method facilitates information sharing among sub-swarms by meging the population after each iteration
and replacing poorer-performing particles with elite particles from dher sub-swarms. For instance, when the
Dynamic-strategy sub-swarm converges rapidly, elite particles fom the Cross-strategy or All-strategy sub-swarms
can replace its weaker particles, thereby increasing diversity andaiding premature convergence to local optima.
This interaction mechanism ensures a balance between explorationnd exploitation, enhancing the algorithm's
overall.

As outlined in Algorithm 1, this method comprises three key componets: rst, it allows particles that exhibit
strong performance under a speci c strategy to adopt additiond strategies in the next generation through xed
elimination and competition mechanisms; second, it uses the currenparticle's personal best experience to re ne the
exemplars constructed across all strategies; and third, it regulges the number of particles involved in the correction
process. These operations create a positive feedback loop thatides particles toward better positions iteratively.

(1) Fixed elimination and competition method: The xed elimination and ¢ ompetition mechanisms are designed
to enhance the AELPSO's suitability for solving multimodal problems. T he top-performing particles from all sub-
swarms are designated as elite particles, while particles from xed psitions within each sub-swarm are termed
regular particles. Regular particles and elite particles then competéiased on their tness values. It is important
to emphasize that competing particles must belong to di erent subswarms. If a regular particle's tness value
is superior, it retains its position within its sub-swarm. Conversely, if an elite particle outperforms the regular
particle, it replaces the regular particle. Additionally, the positions of regular particles are recorded. In subsequent
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Algorithm 1 Adaptive elite learning ( t, X, V, P, ¢, RINT , N, D, Pop).

01: Pop = fPopy;Pop2;Pops;PopsjPopi = Xi[ Vi[ Pi;16 i6 4g;

02: RINT = frao;ra;ra;rajri = frioria;ria;iiiry 16 6 round( ¢ Ni)gg;
03: Sort P; in ascending order, and denote the sorted Pi as psi;

04: Sort X and V by psi, and denote sorted X,V as Xs, Vs;

05: For k =1 to 4 Do

06: For i =1toround(  Ng) Do

07: Select an integer from  RINT  and denote itas m;
08: If Xsi, Vsj, Psj 2 Pop, and Ps;j <P Then

09: Xk =( Xk Xm)[ Xs;i;

10: Vi = ( Vk Vm ) [ Vsi

11: P =(Px  Pm)I[ Psi;

12: End If

13: End For

14: End For

15: Output results: X, V, P.

applications of the xed elimination and competition methods, particles occupying these recorded positions are
consistently selected as regular particles. This strategy is implemdad to mitigate the risk of premature convergence
in the algorithm. The selection of eliminated particles Ry is de ned as
: k k k ©
Ric= X(s, Newn) iX(sc Ne#2) 5010 X(5) (19)

where Ny = Sk is the number of eliminated particles in sub-swarmk, and Sy is the size of the sub-swarm.

(2) Elite learning method: After the xed elimination and competition p rocess, each sub-swarm is enriched
with new particles possessing superior personal best experiencehese particles actively participate in the CODA
multi-strategy framework, contributing to the generation of impr oved learning exemplars. These re ned exemplars
guide the particles within each sub-swarm, enabling a more e cient sarch. The eliminated particles in Rx are
replaced by elite particles inE. This ensures that the best-performing particles are retained ad propagated across
sub-swarms.

(3) Nonlinear adaptive method: The number of replaced particles is egulated using a nonlinear adaptive method.
In the xed elimination and competition mechanism, the number of elite and regular particles is always equal, and
this number varies across sub-swarms of di erent sizes. The nuntr of replaced particles also changes dynamically
throughout the optimization process to mitigate the impact of the AEL on population diversity.

The pseudocode for the AEL is provided in Algorithm 1 and the AEL opeates in each iteration through the
following sequential steps. P

Initialize the population P, containing K sub-swarms, each sub-swarnk of size Sy, satisfying E=1 Sk = S.
Each particle in sub-swarmk has a positionxf 2 RP, velocity v€ 2 RP, and tness value f (x{). Let t be the
current iteration count, and | nax be the maximum iteration count.

In each generationt, compute the nonlinear adaptive parameter ; as

t

I max

t= min +( max min ) , (20)
where I max IS the maximum number of generations,t is the current generation count, and i, and max are
constants within the range [0, 1]. As the optimization progresses, ; increases, with the rate of change accelerating
over time. The number of regular particles is determined by ; Sy, where Sx represents the size of the sub-swarm
employing strategy k. However, due to the competition mechanism, the actual number breplaced particles is
typically less than (Six. For each sub-swarmk, cogmpute the number of eliminated particlesNy = Sk.

order:
f (X(l)) 6 f (X(z)) 6 6 f (X(S)): (21)

Select the top Ni particles as elite particles and replace the eliminated particleRRx in each sub-swarmk with
elite particles E:

Xt Xuy; for x€ 2 Re and x¢y 2 Ex: (22)
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X, C sub _swarm,
x; < sub_swarm,
X, < sub_swarm,

x, < sub_swarm,

Figure 2 (Color online) Analysis of the AEL.

Record particles in xed positions in each sub-swarnmk as regular particlesCy. For each regular particlexk 2 Cy,
compete with elite particles x{" 2 En (m 6 K):

iff xk 6f x™ ; retain xk;
|_ ] i . ) (23)

otherwisg replacex; with xj":

The above formulation precisely describes how AEL learns from the ppulation and in uences the four strategies

within the AELPSO. For more detailed information on the interaction b etween the four strategies, refer to Figure
D7 in the supplementary materials.

3.4 Analysis of AEL

Figure 2 is a contour map of a multimodal problem, demonstrating the e ectiveness of the AEL. Suppose, X, Xk,
and x; are particles with di erent positions belonging to di erent sub-swar ms. Their velocity vectors are denoted by
Vi, Vj, Vk, and vi. The learning exemplars, generated by four distinct strategies, e represented adarget;, target;
target,, and target,;. The global optimum is marked by a pentagram, with darker shades idicating better tness
values. From Figure 2, it is clear that the positions x}” and x}jl , generated bytarget; and target,, are superior
to those produced bytarget; and target,. However, in multimodal problems, the quality of exemplars does not
strongly correlate with the solutions explored by particles, astarget, is worse thantarget,. The AEL does not
heavily rely on the tness values of exemplars. Instead, it emphasigs that diverse exemplars guide particles to
explore di erent directions, increasing the likelihood of escaping lochoptima.

The scenario shown in Figure2 is not guaranteed to occur consistently, as real-world problems a inherently
black-box in nature. To increase the probability of such occurrenes, we employ Bernoulli's law of large numbers
by increasing the number of particles executing the AEL. The paraneter is introduced to regulate the number of
particles performing the AEL. During the exploration phase, the value of s relatively small, and its growth rate
is slow to maintain high population diversity. As the generations progress, increases in value and growth rate,
encouraging more particles to perform xed elimination and competiion methods. This increases the probability
of the scenario shown in Figure2 occurring and helps particles escape local optima. In the early stag although
the quality of elite particles may not be high due to the poor performance of particles, our strategy focuses on
preserving population diversity by setting a lower learning ratio. The relationship between and the number of
particles can be expressed as

NpeL = No+ © N

whereN A¢, is the number of particles executing the AEL at generationt, N is the initial number of particles, and
N is the incremental factor. Due to space limitations, further details about xed elimination, parameter , and
adaptive methods are provided in the supplementary material.
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Algorithm 2 Cross (N¢c, Xc, V¢, Pc, Pvalc, Pge,pc, Cc ! ¢, S, count 1).

0l:For k=1to N¢c Do

02: Update Vcx and Xck according to ( 3) and ( 2);
03: Evaluate Xci ;

04: Update Pcyx , Pvalck , and Pgc;

05: If Pcx and Pval cx have not improved Then

count g ++;
07: If count ; > S Then
08: Update pc, according to ( 4);
09: End If
10: End If
11: End For

12: Output results:  Xc, Vc, Pc, Pvalc, Pge, count ;.

Algorithm 3 Ortho ( No, Xo, Vo, Po, Pvalo, Pgg.po, Co ! 0, G, count 2).

Ol:For k =1to No Do

02: Update Vox and Xox according to ( 5) and ( 2);
03: Evaluate Xox ;

04: Update Pox , Pvalox and Pgg;

05: If Pox and Pval ox have not improved Then

count ,++;
07: If count > G Then
08: Update po, according to ( 6);
09: End If
10: End If
11: End For

12: Output results:  Xo, Vo, Po, Pvalo, Pgg, count 5.

In addition, the AEL is executed in every generation. If it results in a decline in the tness values of particles,
these less favorable values are eliminated in the subsequent iteratip minimizing their impact on other particles
within the sub-swarm. The elimination criterion can be formalized as

( .
(o XD if f (x}) 6 f(target]);

' target!; otherwise

where f (x!) denotes the tness value of particlex; at generationt. This ensures that only particles with improved
tness values are retained, enhancing the overall performancefdhe AEL.

3.5 Framework of AELPSO

The pseudocode of AELPSO is shown in Algorithms 2, 3, 4, 5, and 6. Té owchart of AELPSO is shown in the
supplementary material.

4 Experimental studies

In this section, AELPSO is tested according to the evaluation critetia of CEC2015, CEC2020, and CEC2022, and
ten other algorithms are selected for comparison. AELPSO is appliedo two practical application problems, and
the results are analyzed.

4.1 Test functions and peer algorithms

In this paper, 37 benchmark functions are used to examine the péormance of AELPSO under di erent conditions.
Among these, 15 test functions are selected from CEC2015, 100im CEC2020, and 12 from CEC2022. These test
functions include unimodal, multimodal, hybrid, and composition functions. The experiments are conducted in
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Algorithm 4 Dynamic ( Np, Xp, Vp, Pp, Pvalp, Pgy , Pre _state ).

0l:For k=1to Np Do

02: dyx: mean Euclidean distance between Xpx and Xpm (m 6 K);
03: Determine the current state based on d¢ and Pre _state ;

04: Pre _state = state ;

05: If state == convergence Then

06: Update Pgp by changing the value of a dimension;

07: Evaluate Pgp ;

08: If Pgp has not improved Then

09: Replace the worst particle with updated Pap ;
10: End If
11: End If

12:Adjust wp and cp based on current state;
13:Update Vpyx and Xpx according to ( 7) and ( 2);
14:Evaluate Xpy ;

15:Update Ppy , Pvalpx , and Pgp ;

16:End For

17:Output results:  Xp, Vp, Pp, Pvalp, Pgp .

Algorithm 5 Al (Na, Xa,Va,Pa,Pvala, Pga, pa, ca,!a)

Ol:For k =1to N Do

02: Update Vi and Xax according to ( 8) and ( 2);
03: Evaluate Xax ;

04: Update Payx , Pvalax and Pgp,;

05: Update pa, and Xax according to ( 9);

06:End For

07:Output results:  Xa, Va, Pa, Pvala, Pgu .

Algorithm 6 AELPSO.

[* Initialization */
01: Initialize N; min ; max ;! 1;! 2;! 3;¢;S;G; count 1;count »;state ;
02: Randomly initialize X and V;
X = X1, X2;X3;Xa )X = fxg;iiXs jXs = fXg15::0Xsp 16 56 Njggg;
V = fV1;Vo;Ve;Vaj Vi = fvg;iiiivsjvs = fug;iii;vsp J16 s6 Nijggg; Np+ No+ Nz + Ng= N ¥/
03: Divide the X into four sub-swarms: X 1;X ;X 3; and Xyg4;
04: Evaluate X and name the results as E;
05: Update Pval and P;/* Pval = E;P = X */
06: Initialize pc;po and pa based on (4), (6), and ( 8);
07: Update Pg and GOB; /* Pg = fPg1;Pg2;Pgs;Pgag*,
/*Main Loop*/
08: While not meeting terminal conditions;
09: t=t+1;
10: Update X, Vi, P1, Pval, and Pg; according to Algorithm 2;
11: Update X, V2, P2, Pval, and Pg; according to Algorithm 3;
12: Update X3, Vs, P3, Pval 3 and Pgs according to Algorithm 4;
13: Update X4, V4, P4, Pval 4 and Pgs according to Algorithm 5;
14: Update GOB;
15: Update X, V, and P according to Algorithm 5;
16: End While
17: Output results: GOB, P.

dimensions ofD = 10 and 30 in CEC2015,D = 5, 10, 15, 20, 50, and 100 in CEC2020, and = 10 and 20 in
CEC2022. The maximum number of function evaluations is set accorithg to CEC2015, CEC2020, and CEC2022.
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Table 2 Setting of population size.

Test function Dimensions Population size
CEC2015 10/30 50/100
CEC2020 5/10/15/20/50/100 40/50/80/100/120/150
CEC2022 10/20 50/100
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Figure 3 (Color online) AELPSO performance with various values of th e reconstruction gap G. (a) D =30; (b) D = 100. Optimal G =9

achieves the best performance.

More detailed information can be found in b4{56].

Unimodal test functions: CEC2015 (F:{F2), CEC2020 (F1), CEC2022 (Fy).

Multimodal test functions: CEC2015 (F3{Fg), CEC2020 (F2{F4), CEC2022 (F,{Fs).
Hybrid test functions: CEC2015 (F10{F12), CEC2020 (F5{F7), CEC2022 (F¢{Fs).
Composition test functions: CEC2015 §13{F15), CEC2020 (Fg{F10), CEC2022 (Fo{ F12).

For comparative analysis, ten state-of-the-art algorithms, including CLPSO-LS [13], DSPSO 7], FMPSO [4€],
HCLDMSPSO [29], MFCPSO [39], TAPSO [11], GLPSO [44], ADFPSO [58], EAPSO [59], ADE [60], are selected
as comparisons in this paper. They are all algorithms proposed by Hyid PSO with various other methods.
Among them, CLPSO-LS, DSPSO, FMPSO, and GLPSO are algorithms hat hybridize PSO with evolutionary
strategies. HCLDMSPSO, TAPSO, and ADFPSO are algorithms that hybridize multiple PSO strategies, MFCPSO
is a strategy that hybridizes PSO with a fuzzy logic system, EAPSO is a elite le driven improved PSO algorithm,
and ADE is an advanced improved di erential evolution algorithm. The parameter settings for each peer algorithm
are referred to in the relevant literature. The population size for each test is given in Table 2. The number of
particles executing the Cross- and All-strategies to maintain populdion diversity is the same as the number of
particles executing the Ortho- and Dynamic-strategies to enhane the local search ability. The population size of
the Ortho-strategy is set to 1/10 of the overall population size beause of the time complexity ofO(MD?). The
ratio of sub-population sizes for executing the Cross- and All-stréegies is 3:2 because the exploration ability of
the Cross-strategy is slightly better than that of All-strategy [ 10]. In summary, the population sizes of the four
sub-swarmsN¢;No;Np;Na are setin the ratio of 0.3 : 0:1 : 0:4 : 0.2. Di erent values for G from 0 to 12 are tested
across six benchmark test functions, and the results of the inveigation are shown in Figure 3. Figure 3 reveals that
a value of G around 9 o ers the best performance. Thus, the parameters géng of AELPSO are ! ¢: 0.2{0.7,! o:
0.5{0.9,! p dynamically adjusts based on the population distribution state,! o: 0.7298,c: 2,S:8,G: 9, : 0.2{1.0.
The adaptive parameters and the parameterS in the Cross-strategy are obtained through Bayesian optimization
The method and rationale for setting the above parameters can béound in the supplementary materials.

Each algorithm is run independently 30 times in CEC2015, CEC2020, ath CEC2022. For the e ciency of the
test, all algorithms were coded in MATLAB and run on a workstation with a 3.80 GHz, 24-core processor and a
64-bit Windows Server 2019 operating system, 256 GB RAM. Notably they were also tested with a normal PC
with an 8-core processor and 8 GB RAM to con rm the generalizationof the algorithms.

4.2 Solutions accuracy

In this paper, four essential performance metrics are used: meavalue (Mean), standard deviation (Std.), rank
of mean value (Rank), and Wilcoxon signed-rank test results. The omparison results on solution accuracy are
provided in this section. Due to space limitations, only the results for 30-D in CEC2015, 20-D and 100-D in
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CEC2020, and 20-D in CEC2022 are presented in Table§{6. Other results are listed in Tables F1{F6 in the
supplementary material. Mean can be de ned as

1 X
Mean = o fx) fx); (24)
i=1
where n is the number of runs, f (x) is the tness value obtained by the test, f (x ) is the optimal value to which
di erent test functions tend as speci ed in the CEC test le. In add ition, rank and Wilcoxon signed-rank test
results are also included in Tables 3{6.

(1) CEC2015: From Table 3 and Table F1 in the supplementary material, it can be observed that AELPSO
ranks rst overall in CEC2015. The result of mean ranking shows that AELPSO can get the best Mean on seven
test functions, which are F1, F3, F6, F8, F11, F14, and F15 in the ase of 10-D, as well as eight test functions
(F1, F4, F6, F7, F8, F11, F13, and F15) in the case of 30-D. This sperior performance can be attributed to
AELPSO's adaptive evolutionary learning mechanism, which allows it to dynamically adjust its search strategy
based on the problem's characteristics. This adaptability enables AEPSO to e ectively balance exploration and
exploitation, particularly in multimodal and complex landscapes. In addition, DSPSO, FMPSO, CLPSO-LS, and
HCLDMSPSO can get the best Mean on three test functions (F3, FQand F12), two test functions (F10 and F14),
one test function (F2), and one test function (F5), respectively These results suggest that while other algorithms
may excel in speci ¢ scenarios, AELPSO's consistent performancacross a wide range of functions highlights its
robustness and versatility.

(2) CEC2020: The results in Tables4 and 5 and Tables F2{F5 in the supplementary material show that AELPSO
also ranks rst overall in CEC2020. AELPSO can achieve the best Man on F2, F3, and F9 test functions in the case
of 5-D, while CLPSO-LS get the best Mean on F5 and F10. In the casef 10-D, AELPSO achieves the best Mean
on the F6 and F10 test functions. Besides, AELPSO can achieve thbest Mean on the test functions of F1, F4,
F7, and F9 in the case of 15-D. In the case of 20-D, AELPSO can gé¢he best Mean on ve test functions (F2, F4,
F6, F8, and F10), and DSPSO can get the best Mean on three tesufctions (F1, F5, and F7). In the case of 50-D,
AELPSO ranks rstin nding the best mean for ve test functions ( F1, F4, F6, F8, and F10). In the case of 100-D,
AELPSO can get the best Mean on the test functions of F4, F5, F7F9, and F10. It is worth mentioning that with
the increase of dimensions, AELPSO's performance improves, inditiag that AELPSO has certain advantages in
solving multimodal problems. It is worth mentioning that with the incre ase of dimensions, AELPSO's performance
improves. This improvement in higher dimensions can be linked to AELP®'s ability to maintain diversity in
the population, preventing premature convergence and enabling ito navigate through complex, high-dimensional
search spaces more e ectively than other algorithms.

(3) CEC2022: The results in Table6 and Table F6 in the supplementary material show that AELPSO ranks rst
overallin CEC2022. In the case of 10-D, AELPSO can get the best ian on the test functions of F1, F2, F3, F5, and
F9, and 11 algorithms can get the same best Mean on F9. Also, CLPSQS, DSPSO, HCLDMSPSO, and MFCPSO
can nd the best Mean on ve test functions (F6, F7, F9, F10, and F12), three test functions (F8, F9, and F11), two
test functions (F9 and F12), and two test functions (F4 and F9), respectively. In the case of 20-D, AELPSO can
o er the best Mean on the F1, F3, F5, F7, F8, F9, and F11 test furctions. Besides, CLPSO-LS performs best on F2,
F6, F10, and F12. Although CLPSO-LS outperforms AELPSO in ndin g the best Mean in some test functions, the
ranking gap between CLPSO-LS and AELPSO is not signi cant. In addition, the performance of AELPSO on the
12 test functions gradually improves with the increases in dimensionsThis trend further underscores AELPSO's
strength in handling higher-dimensional problems, due to its e cient learning mechanism and ability to adapt to
varying problem complexities.

To more clearly represent the performance di erences of all algéthms, we plot of the number of times obtaining
the best Mean in all test functions in all dimensions of CEC2015, CECR20, and CEC2022, including 112 tests, as
shown in Figure 4. AELPSO can nd the best Mean 51 times, signi cantly surpassing other peer algorithms.

The increasingly outstanding performance of AELPSO in CEC2015, EC2020, and CEC2022 test functions in
larger dimensions e ectively con rms the strong global search ability. It is more suitable for expensive optimization
problems with high complexity, which also bene ts from the advantages of the Cross- and All-strategies of the global
search. This point is also veri ed in the optimization of the expensive goblem of mechanical structures. Similarly,
AELPSO shows reduced advantage in 5D/10D problems due to its sdgsticated adaptive mechanisms and parallel
subpopulation strategy being overly complex for simpler search spzes.

4.3 Statistical results of solutions

(1) Wilcoxon Signed-rank test Results: In this section, the non-paametric test Wilcoxon signed-rank with the level
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Table 3 Optimization results in the CEC2015-30D. The best Mean resu It for each function is in bold.
Algorithm Fl F2 Fs
Mean Std. Rank  test Mean Std. Rank  test Mean Std. Rank  test
CLPSO-LS 6.92E+10 8.03E+09 11 + 1.84E 04 141E 04 1 4.40E+01 1.53E+00 11 +
DSPSO 1.18E+10 2.49E+09 5 + 6.09E+04 6.73E+03 2 3.10E+01 2.10E+00 1 =
FMPSO 5.53E+09 1.21E+09 3 + 9.98E+04 3.45E+04 7 = 3.27E+01 2. 47E+00 3 +
HCLDMSPSO 3.12E+10 4.61E+09 7 + 1.33E+05 2.07E+04 11 + 3.84E +01 1.27E+00 6 +
MFCPSO 3.28E+10  3.92E+09 8 + 6.68E+04 3.77E+03 4 3.84E+01 1.84E+00 6 +
TAPSO 5.49E+09 9.41E+08 2 + 8.72E+04 8.10E+03 5 = 3.34E+01 1. 74E+00 4
GLPSO 1.32E+10 2.85E+09 6 + 1.11E+05 2.14E+04 8 + 3.84E+01 3. 16E+00 6 +
ADFPSO 3.39E+10  2.65E+09 9 + 6.51E+04  6.84E+03 3 3.99E+01 2.06E+00 8 +
EAPSO 7.26E+09 1.46E+09 4 + 1.22E+05 3.10E+04 9 + 3.37E+01 2. 14E+00 5 +
ADE 5.24E+10 7.03E+09 10 + 1.27E+05 1.80E+04 10 + 4.09E+01 1. 33E+00 9 +
AELPSO 3.69E+09 1.29E+09 1 8.81E+04 1.93E+04 6 3.11E+01 2.19E+00 2
F4 F5 F6
Mean Std. Rank  test Mean Std. Rank  test Mean Std. Rank  test
CLPSO-LS 7.90E+03 2.70E+02 8 + 4.34E+00 5.35E 01 7 = 6.93E+00 6.04E 01 11 +
DSPSO 7.33E+03 2.90E+02 5 + 4.38E+00 4.46E 01 8 = 2.50E+00 2.83E 01 5 +
FMPSO 8.20E+03 3.81E+02 11 + 4.23E+00 6.71E 01 6 = 1.03E+00 1.41E 01 2 +
HCLDMSPSO 7.74E+03 3.49E+02 7 + 3.69E+00 9.92E 01 1 = 4.29E+00 1.77E 01 8 +
MFCPSO 7.96E+03 1.81E+02 9 + 4.73E+00  4.73E 01 10 + 4.23E+00 2.48E 01 7 +
TAPSO 6.44E+03  4.03E+02 2 + 4.03E+00  3.71E 01 2 = 1.19E+00  2.35E 01 3 +
GLPSO 8.17E+03 3.59E+02 10 + 4.82E+00 8.04E 01 11 + 2.75E+00  4.50E 01 6 +
ADFPSO 7.67E+03  4.42E+02 6 + 4.46E+00  4.27E 01 9 + 4.44E+00  2.39E 01 9 +
EAPSO 7.25E+03 4.84E+02 4 + 4.16E+00 5.81E 01 4 = 1.29E+00 2.55E 01 4 +
ADE 7.09E+03 3.02E+02 3 + 4.16E+00 6.17E 01 4 = 5.46E+00 4.91E 01 10 +
AELPSO 5.85E+03 5.91E+02 1 4.10E+00 6.00E 01 3 850E 01 1.30E 01 1
F7 F8 F9
Mean Std. Rank  test Mean Std. Rank  test Mean Std. Rank  test
CLPSO-LS 1.68E+02 1.90E+01 11 + 4.56E+07 1.13E+07 11 + 1.39E +01 1.88E 01 9 +
DSPSO 1.17E+01 2.58E+00 2 + 2.05E+04 1.49E+04 3 + 1.35E+01 2.07E 01 1
FMPSO 1.76E+01 5.68E+00 5 + 4.60E+04 1.02E+05 4 + 1.38E+01 2. 07E 01 7 +
HCLDMSPSO 6.63E+01 1.33E+01 9 + 1.58E+06  4.14E+05 9 + 1.37E+ 01 1.80E 01 4 +
MFCPSO 5.44E+01 9.94E+00 8 + 5.69E+05 3.25E+05 7 + 1.37E+01 1 74E 01 4 =
TAPSO 1.61E+01 1.82E+00 3 + 1.80E+04 1.70E+04 2 + 1.37E+01 2. 18E 01 4 =
GLPSO 3.24E+01 5.95E+00 6 + 5.29E+05 5.92E+05 6 + 1.39E+01 1. 95E 01 9 +
ADFPSO 5.41E+01 1.07E+01 7 + 6.07E+05 3.38E+05 8 + 1.36E+01 1 .O07E 01 2 =
EAPSO 1.70E+01 4.02E+00 4 + 4.63E+04 4.23E+04 5 + 1.38E+01 2. 28E 01 7 +
ADE 1.24E+02 1.29E+01 10 + 1.64E+07 5.94E+06 10 + 1.39E+01 1. 32E 01 9 +
AELPSO 9.48E+00 3.55E+00 1 8.13E+03 6.80E+03 1 1.36E+01 2.28E 01 2
F10 Fl11 F12
Mean Std. Rank  test Mean Std. Rank  test Mean Std. Rank test
CLPSO-LS 1.47E+08 5.79E+07 11 + 4.58E+02 8.81E+01 11 + 1.48E +04 2.28E+04 11 +
DSPSO 2.00E+07 7.91E+06 4 + 9.08E+01 2.10E+01 4 + 8.28E+02 2.03E+02 1 =
FMPSO 1.42E+07 1.38E+07 1 = 7.29E+01 2.16E+01 2 = 1.29E+03 1.68E+02 6 +
HCLDMSPSO 2.92E+07 6.77E+06 6 + 1.83E+02 2.07E+01 9 + 1.34E+ 03 2.26E+02 7 +
MFCPSO 3.96E+07 6.46E+06 9 + 1.55E+02 2.10E+01 7 + 9.56E+02 2 .00E+02 3 =
TAPSO 2.03E+07 7.44E+06 5 + 1.24E+02 3.92E+01 5 + 1.42E+03 1. 56E+02 8 +
GLPSO 3.45E+07 1.78E+07 8 + 1.41E+02 5.03E+01 6 + 1.57E+03 2. 73E+02 9 +
ADFPSO 3.44E+07 6.65E+06 7 + 1.64E+02 2.55E+01 8 + 9.99E+02 1 S57E+02 4 =
EAPSO 1.92E+07 9.97E+06 3 = 8.46E+01 4.58E+01 3 + 1.25E+03 3. 11E+02 5 +
ADE 4.61E+07 2.08E+07 10 + 2.96E+02 5.92E+01 10 + 2.25E+03 4. 34E+02 10 +
AELPSO 1.43E+07 9.52E+06 2 5.89E+01 3.33E+01 1 8.86E+02 2.45E+02 2
F13 F14 F15
Mean Std. Rank test Mean Std. Rank test Mean Std. Rank  test
CLPSO-LS 1.68E+03 3.36E+02 11 + 5.82E+02 8.14E+01 11 + 1.75E +03 1.05E+02 11 +
DSPSO 4.98E+02 2.19E+01 4 + 2.82E+02 7.81E+00 3 = 1.18E+03 1. 06E+02 5 +
FMPSO 4.38E+02 3.20E+01 2 = 2.77E+02 1.71E+01 1 = 1.09E+03  8.35E+01 2 =
HCLDMSPSO 6.48E+02  4.40E+01 7 + 3.34E+02 3.68E+01 8 + 1.30E+ 03 3.78E+01 7 +
MFCPSO 7.03E+02 5.34E+01 9 + 3.41E+02 2.20E+01 9 + 1.37E+03 1 .17E+02 8 +
TAPSO 5.42E+02 3.78E+01 5 + 2.98E+02 1.05E+01 5 + 1.09E+03 5. 71E+01 2 =
GLPSO 6.05E+02 7.11E+01 6 + 3.32E+02 2.42E+01 7 + 1.26E+03 8. 14E+01 6 +
ADFPSO 6.54E+02 1.08E+02 8 + 3.20E+02 1.34E+01 6 + 1.40E+03 1 13E+02 9 +
EAPSO 4.48E+02 3.28E+01 3 = 2.91E+02 2.66E+01 4 = 1.14E+03 7. 63E+01 4 +
ADE 1.22E+03 2.34E+02 10 + 4.23E+02 3.63E+01 10 + 1.49E+03 5. 51E+01 10 +
AELPSO 4.36E+02 2.39E+01 1 2.80E+02 1.89E+01 2 1.08E+03 7.80E+01 1
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Table 4 Optimization results in the CEC2020-20D. The best Mean resu It for each function is in bold.
Algorithm F1 F2 ks
Mean Std. Rank test Mean Std. Rank test Mean Std. Rank test
CLPSO-LS 6.12E 01 1.63E+00 4 = 4.90E+00 2.33E+00 2 + 2.14E+01 4.23E 01 3
DSPSO 9.57E 09 2.45E 10 1 2.84E+02 1.63E+02 6 + 2.31E+01 9.02E 01 6
FMPSO 6.80E 02 6.14E 02 3 = 5.73E+02  1.51E+02 9 + 3.02E+01  1.14E+01 9 +
HCLDMSPSO 4.79E+03 3.24E+03 11 + 2.82E+02 9.85E+01 5 + 2.93E +01 4.00E+00 8
MFCPSO 4.01E+02  5.87E+02 8 + 3.45E+02  9.65E+01 7 + 2.25E+01 7 .38E 01 4
TAPSO 1.89E+03 2.06E+03 10 + 1.53E+02 8.99E+01 4 + 2.85E+01 2 .58E+00 7
GLPSO 4.42E+01  9.43E+01 6 + 1.16E+03  2.28E+02 11 + 6.03E+01 1 24E+01 11
ADFPSO 1.96E+02 2.59E+02 7 + 3.61E+02 5.81E+01 8 + 2.26E+01 1 .90E+00 5
EAPSO 6.12E 07 4.12E 07 4 7.07E+02  3.30E+02 10 + 3.42E+01  9.64E+00 10 +
ADE 1.54E+03  2.21E+03 + 1.11E+01  2.56E+01 3 + 2.08E+01 2.75E 01 1
AELPSO 1.00E+00 3.04E+00 5 2.88E+00 2.89E+00 1 2.11E+01 4.54E 01 2
F4 F5 F6
Mean Std. Rank test Mean Std. Rank test Mean Std. Rank test
CLPSO-LS 491E 01 4.39E 02 3 = 3.35E+04 1.49E+04 10 + 1.61E+00 4.71E+00 3 =
DSPSO 1.29E+00 3.90E 01 6 + 6.32E+02 2.57E+02 1 = 1.87E+02  5.94E+01 9 +
FMPSO 1.74E+00 2.43E 01 9 + 8.82E+03 6.85E+03 8 + 8.08E+01 1.00E+02 7 +
HCLDMSPSO  8.78E 01 1.23E 01 5 + 8.74E+03  3.38E+03 7 + 2.50E+01  5.47E+00 5 +
MFCPSO 2.44E+00 1.57E+00 11 + 4.61E+03 1.65E+03 5 + 2.35E+02 4.84E+01 10
TAPSO 475E 01 1.12E 01 2 = 1.70E+04  5.64E+03 9 + 1.28E+00  4.92E 01 2
GLPSO 2.31E+00  7.75E 01 10 + 3.90E+03  2.79E+03 4 + 1.55E+02  5.32E+01 8 +
ADFPSO 1.53E+00 9.42E 01 8 + 7.18E+03 3.26E+03 6 + 3.33E+02 6.52E+01 11 +
EAPSO 1.46E+00  5.43E 01 7 + 6.61E+02  3.42E+02 2 = 4.75E+01  7.01E+01 +
ADE 590E 01 1.12E 01 4 + 1.59E+05 9.84E+04 11 + 7.79E+00 7.43E+00 +
AELPSO 463E 01 1.08E 01 1 8.15E+02  4.46E+02 3 5.76E 01 5.07E 01 1
F7 F8 F9
Mean Std. Rank test Mean Std. Rank test Mean Std. Rank test
CLPSO-LS 2.73E+03  1.42E+03 10 + 9.97E+01  3.59E+00 2 + 3.10E+02 1.40E+02 1
DSPSO 1.79E+02 5.22E+01 1 1.00E+02 0.00E+00 3 4.00E+02 2.40E+00 3
FMPSO 3.17E+02 6.57E+02 3 1.62E+02 3.34E+02 8 4.31E+02 1.15E+01 9
HCLDMSPSO  1.60E+03  7.97E+02 9 + 1.00E+02  6.48E 13 3 + 4.16E+02  3.72E+00 6 +
MFCPSO 4.47E+02 1.91E+02 5 + 1.00E+02 0.00E+00 3 4.01E+02 1.32E+00 4
TAPSO 1.05E+03  1.13E+03 8 + 1.01E+02  4.95E 01 7 + 4.30E+02  2.07E+01 8 +
GLPSO 6.59E+02 2.07E+02 7 + 1.73E+02 3.93E+02 + 4.79E+02 2. 90E+01 11
ADFPSO 6.26E+02  2.55E+02 6 + 1.00E+02  0.00E+00 3 4.03E+02 858E 01 5
EAPSO 2.46E+02 1.45E+02 2 = 4.88E+02 7.18E+02 11 + 4.46E+02 1 .24E+01 10
ADE 1.78E+04  2.50E+04 11 + 3.22E+02  3.37E+02 10 + 4.25E+02 5. 89E+00 7
AELPSO 3.25E+02  1.67E+02 4 9.96E+01 2.03E+00 1 3.58E+02  1.17E+02 2
F10
Mean Std. Rank test
CLPSO-LS 4.12E+02  1.53E+00 2 =
DSPSO 4.14E+02 1.20E 01 3 +
FMPSO 4.16E+02  9.10E+00 8 +
HCLDMSPSO 4.14E+02 3.20E 02 3 +
MFCPSO 4.14E+02  5.54E 03 +
TAPSO 4.17E+02 1.29E+01 9 +
GLPSO 4.62E+02  3.37E+01 11 +
ADFPSO 4.14E+02  7.71E 03 3 +
EAPSO 4.22E+02 1.86E+01 10 +
ADE 4.15E+02  9.34E+00 7 +
AELPSO 4.10E+02 3.66E+00 1

of signi cance

= 0:05 is used to test the signi cance of the results. As shown in Tables{® mentioned in Subsection

4.2, the Wilcoxon signed-rank test results presented in Tables 3{6 i@ denoted by \+", \

", and \=", indicating
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Table 5 Optimization results in the CEC2020-100D. The best Mean res ult for each function is in bold.
Algorithm F1 F2 Fs
Mean Std. Rank test Mean Std. Rank  test Mean Std. Rank test
CLPSO-LS 4.20E+00 2.97E+00 1 1.10E+04 4.32E+02 5 = 3.89E+02 2.66E+01 6 =
DSPSO 5.45E+03 4.82E+03 4 + 5.78E+03 1.18E+03 3 1.38E+02 5.85E+00 2
FMPSO 6.73E+03  1.07E+04 6 + 1.38E+04  1.25E+03 8 + 7.34E+02 1. 84E+02 8
HCLDMSPSO 3.60E+04 2.54E+04 10 + 9.49E+03 6.04E+02 4 8.35E+01 7.43E+00 1
MFCPSO 5.65E+03  6.41E+03 5 + 4.26E+03 5.81E+02 1 1.64E+02  1.94E+01 3
TAPSO 2.08E+09 1.07E+09 11 + 2.27E+04 3.65E+03 10 + 1.13E+03 1.14E+02 11
GLPSO 1.27E+04  1.53E+04 9 + 1.44E+04  1.35E+03 9 + 1.09E+03 1. 48E+02 10
ADFPSO 4.19E+03 5.34E+03 3 + 4.98E+03 8.87E+02 2 1.65E+02 2.68E+01 4
EAPSO 6.83E+03 8.74E+03 7 + 1.26E+04 9.11E+02 + 4.19E+02 5. 08E+01 7
ADE 1.08E+04 1.29E+04 8 + 2.61E+04 4.11E+02 11 + 9.09E+02 1.8 7E+01 9
AELPSO 1.67E+02 3.56E+02 2 1.12E+04 1.46E+03 6 3.80E+02 35 6E+01 5
F4 F5 F6
Mean Std. Rank test Mean Std. Rank  test Mean Std. Rank test
CLPSO-LS 5.35E+00 1.77E 01 + 5.30E+06 8.09E+05 9 + 2.21E+03 3.02E+02 6 +
DSPSO 1.18E+01 1.13E+00 + 5.63E+04 3.43E+04 3 = 9.97E+02 4. 43E+02 3
FMPSO 3.29E+01 1.24E+01 8 + 1.50E+06 1.26E+06 7 + 2.84E+03 4. 54E+02 8
HCLDMSPSO  1.07E+01  1.26E+00 3 + 2.58E+06  1.14E+06 8 + 1.03E+ 03  2.70E+02 4
MFCPSO 1.26E+01 9.45E 01 + 9.82E+05 3.15E+05 6 + 8.26E+02 2.06E+02 2
TAPSO 9.21E+01  1.76E+01 11 + 7.01E+06  3.10E+06 10 + 5.21E+03 1.37E+03 10
GLPSO 7.87E+01  1.82E+01 10 + 3.73E+05  1.91E+05 + 2.82E+03 5 29E+02 7
ADFPSO 1.10E+01 1.50E+00 4 + 8.67E+05 2.54E+05 5 + 7.47E+02 1.76E+02 1
EAPSO 2.27E+01  5.92E+00 7 + 5.37E+04  3.39E+03 2 = 2.84E+03 5. 11E+02 9
ADE 4.50E+01 1.28E+00 9 + 6.45E+07 8.05E+06 11 + 7.21E+03 4.5 4E+02 11
AELPSO 2.80E+00 464E 01 5.04E+04 1.91E+04 1 1.33E+03  3.87E+02 5
F7 F8 F9
Mean Std. Rank test Mean Std. Rank test Mean Std. Rank test
CLPSO-LS 3.07E+06  7.44E+05 9 + 1.17E+04  5.29E+02 6 + 1.24E+0 3 1.37E+01 7
DSPSO 4.78E+04 3.00E+04 3 + 3.26E+02 1.24E+03 3 1.23E+03 3.52E+01 6
FMPSO 1.36E+06  1.07E+06 8 + 1.47E+04  1.53E+03 8 + 1.31E+03 4. 74E+01 8
HCLDMSPSO  1.17E+06  3.42E+05 7 + 9.95E+03  5.33E+02 5 + 1.12E+ 03  9.01E+01 1
MFCPSO 6.38E+05 1.64E+05 6 + 3.20E+02 1.20E+03 2 1.20E+03 1.02E+01 4
TAPSO 5.75E+06  3.06E+06 10 + 2.43E+04  3.62E+03 10 + 1.44E+03 1.99E+02 9
GLPSO 2.40E+05 1.35E+05 4 + 1.63E+04 1.59E+03 9 + 2.08E+03 2. 57E+02 11
ADFPSO 5.59E+05  1.32E+05 5 + 1.00E+02 0.00E+00 1 1.21E+03  1.25E+01 5
EAPSO 2.48E+04 2.40E+03 2 + 1.35E+04 1.26E+03 7 + 1.17E+03 5. 00E+01 3
ADE 2.39E+07  4.71E+06 11 + 2.71E+04  4.90E+02 11 + 1.58E+03 2. 09E+01 10
AELPSO 2.03E+04 8.33E+03 1 6.47E+03  6.56E+03 4 1.12E+03 4.55E+01 1
F10
Mean Std. Rank test
CLPSO-LS 7.03E+02  3.04E+01 2 +
DSPSO 9.74E+02 4.63E+01 10 +
FMPSO 7.14E+02  7.91E+01 4 +
HCLDMSPSO 7.21E+02 4.91E+01 5 +
MFCPSO 7.39E+02  3.77E+01 8 +
TAPSO 1.10E+03 8.61E+01 11 +
GLPSO 7.85E+02  5.90E+01 9 +
ADFPSO 7.30E+02  4.48E+01 6 +
EAPSO 7.10E+02 3.33E+01 3 +
ADE 7.35E+02  3.06E+01 7 +
AELPSO 6.31E+02 3.97E+01 1

that AELPSO is signi cantly better than, worse than, and almost th e same as the peer algorithms, respectively. In
addition, all statistical results of the Wilcoxon signed-rank test are listed in Table 7. The comprehensive performance
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Table 6 Optimization results in the CEC2022-20D. The best Mean resu It for each function is in bold.
Algorithm F1 F2 ks
Mean Std. Rank test Mean Std. Rank test Mean Std. Rank test
CLPSO-LS 8.64E 01 4.17E 14 11 = 1.86E+01 8.17E+01 1 9.33E 09 1.13E 19 6 +
DSPSO 8.80E 09 5.66E 19 3 + 5.00E+01 1.54E+01 9 + 9.56E 09 5.44E 19 7 +
FMPSO 833E 09 7.43E 10 + 5.01E+01  7.18E+00 10 + 2.22E 02 443E 02 10 +
HCLDMSPSO 8.82E 09 7.24E 19 4 + 4.74E+01 3.09E+00 7 + 7.40E 04 3.00E 07 +
MFCPSO 898E 09 1.10E 09 6 + 4.73E+01  2.11E+00 6 + 9.24E 09 5.17E 10 +
TAPSO 1.22E 01 5.19e 01 10 = 5.07E+01 6.30E+00 11 + 4.47E 05 4.96E 05 8 +
GLPSO 944E 09 1.76E 19 8 + 3.91E+01  3.71E+02 = 5.79E+00  3.31E+01 11 +
ADFPSO 8.83E 09 3.39E 10 5 + 4.57E+01 1.70E+00 + 8.38E 09 9.16E 10 3 +
EAPSO 9.14E 09 6.05E 19 7 + 3.72E+01  4.38E+02 3 = 5.40E 09 1.23E 17 2 +
ADE 9.02E 02 823E 02 9 + 491E+01  8.57E 14 8 + 9.06E 09 9.11E 10 4 +
AELPSO 417E 14 6.54E 28 1 3.14E+01 4.96E+02 2 341E 14 2.81E 27 1
F4 F5 F6
Mean Std. Rank test Mean Std. Rank test Mean Std. Rank test
CLPSO-LS 2.97E+01 3.07E+01 6 = 2.58E+00 8.75E 01 9 + 5.79E+01 1.59E+03 1
DSPSO 7.23E+00  3.96E+00 3 954E 09 2.36E 19 4 + 7.14E+02  2.30E+06 4 +
FMPSO 2.85E+01 6.27E+00 5 = 2.13E+00 4.06E+00 8 + 1.32E+04 8. 58E+03 9 +
HCLDMSPSO  1.03E+01  1.90E+00 4 9.32E 08 7.75E 14 5 = 2.33E+04  8.99E+02 10 +
MFCPSO 5.98E+00 1.14E+00 2 9.25E 09 1.05e 09 3 + 6.38E+02 1.18E+03 3 +
TAPSO 4.83E+01  2.24E+01 9 + 7.07E 01 7.13E 01 7 + 3.03E+03  3.21E+03 7 +
GLPSO 5.84E+01  4.51E+02 10 + 3.25E+02  9.18E+04 11 + 1.34E+03 3.89E+06 5 +
ADFPSO 3.99E+00 1.61E+00 1 8.99E 09 1.35E 09 2 + 2.12E+03 1.37E+03 6 +
EAPSO 4.31E+01  1.54E+02 8 + 1.74E+01  8.72E+03 10 = 7.70E+03 3 .38E+07 8 +
ADE 6.05E+01 1.16E+01 11 + 4.27E 04 2.34E 03 6 = 2.65E+04 2.08E+04 11 +
AELPSO 3.07E+01  5.15E+01 7 1.10E 13 4.00E 27 1 1.47E+02  1.63E+04 2
F7 F8 F9
Mean Std. Rank test Mean Std. Rank test Mean Std. Rank test
CLPSO-LS 2.22E+01  6.26E+00 4 + 2.20E+01  1.63E 02 5 + 1.81E+02 1.67E 05 2 =
DSPSO 2.18E+01 1.43E+01 3 + 2.52E+01 4.60E+02 7 = 1.81E+02 3. 62E 02 2 =
FMPSO 3.33E+01  9.33E+00 8 + 2.13E+01  3.15E 01 2 + 1.81E+02 4.83E 04 2 =
HCLDMSPSO  2.79E+01  1.78E+02 7 + 2.16E+01  3.86E 01 4 + 1.81E+02 4.07E 16 2 =
MFCPSO 2.03E+01 3.46E+00 2 + 2.86E+01 2.05E+00 9 + 1.81E+02 8 .67E 14 2 =
TAPSO 4.10E+01  1.17E+01 9 + 2.64E+01  4.00E+00 8 + 1.81E+02 5. 84E 10 2 =
GLPSO 6.64E+01 9.48E+02 11 + 4.25E+01 2.00E+03 11 + 1.81E+02 6.88E 23 2 =
ADFPSO 2.30E+01  1.02E+00 5 + 3.34E+01  2.10E+01 10 + 1.81E+02 8.67E 14 2 =
EAPSO 4.33E+01 2.69E+02 10 + 2.15E+01 6.28E 01 3 + 1.81E+02 1.15E 24 2 =
ADE 2.34E+01  2.81E+00 6 + 2.40E+01  4.93E 01 6 + 1.81E+02 8.67TE 14 2 =
AELPSO 1.57E+01 7.67E+01 1 2.09E+01 2.03E 01 1 1.78E+02 2.18E+02 1
F10 F11 F12
Mean Std. Rank test Mean Std. Rank test Mean Std. Rank test
CLPSO-LS 1.14E+01 3.23E+02 1 2.58E+02  7.44E+03 2 = 2.37E+02 2.37E+02 1 =
DSPSO 1.49E+02 1.18E+04 7 + 3.00E+02 5.35E 26 4 + 2.68E+02 5.24E+01 10 +
FMPSO 2.13E+02  2.38E+02 8 + 3.50E+02  5.09E+01 10 + 2.55E+02 1 .26E+01 9 +
HCLDMSPSO 1.00E+02 1.47E 03 5 = 3.87E+02 1.20E+03 11 + 2.41E+02 8.86E 01 5 =
MFCPSO 2.22E+02  7.90E+01 9 + 3.07E+02  2.54E+01 6 + 2.41E+02 4 .12E+00 5 =
TAPSO 9.28E+01 6.04E+01 4 = 3.10E+02 3.06E+01 7 + 2.48E+02 8. 80E+00 8 +
GLPSO 7.02E+02  3.00E+05 11 + 3.10E+02  9.31E+02 7 + 3.18E+02 7 .T2E+02 11 +
ADFPSO 1.17E+02  5.55E+01 6 + 2.97E+02  6.15E+01 3 + 2.38E+02 3 45E+00 3 =
EAPSO 5.79E+02 2.89E+05 10 + 3.27E+02 2.02E+03 9 + 2.44E+02 1 .20E+02 7 +
ADE 4.35E+01  5.38E+01 2 3.00E+02  1.88E 13 4 + 2.37E+02  2.75E+00 2 =
AELPSO 9.09E+01 8.21E+02 3 2.00E+02 2.07E+04 1 2.39E+02 1.93E+01 4
(CP) is equal to \# +" minus \# ". As listed in Table 7, AELPSO ranks rstin most test functions. Speci cally,

according to CP, AELPSO o ers more favorable performance thanthe other ten peer algorithms in the 5-D, 10-D,
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Figure 4 (Color online) The number of test functions that obtain the b est Mean of all algorithm test results. AELPSO achieves the h ighest
number of top rankings across all test functions.
Table 7 Wilcoxon signed-rank test results between AELPSO and other peer algorithms in all test functions.
CEC2015 CEC2020 CEC2022
Algorithm CP Rank
#+ #= # #+ #= # #+ #= #

CLPSO-LS 26 1 3 29 20 9 8 10 6 45 2
DSPSO 20 7 3 26 17 15 15 6 3 40 1
FMPSO 16 14 0 48 7 3 17 7 0 78 7

HCLDMSPSO 29 1 0 41 10 7 14 7 3 74 6
MFCPSO 23 4 3 36 12 10 17 5 2 61
TAPSO 18 9 3 52 6 0 17 7 0 84
GLPSO 28 2 0 57 1 0 22 2 0 107 10
ADFPSO 23 4 3 37 10 11 17 5 2 61 3
EAPSO 18 11 1 48 6 4 20 4 0 81
ADE 25 4 1 38 13 7 16 6 2 69

15-D, 20-D, 30-D, 50-D, and 100-D cases. The Wilcoxon signedn& test results in Figure 5 further con rm the
statistical signi cance of AELPSO's performance compared to other algorithms across multiple test functions.

(a) CEC2015: As shown in the Wilcoxon signed-rank test results in Téle 3 and Table F1 in the supplementary
material, in the case of 10-D in CEC2015, the performance of AELPS in ve test functions, F1, F6, F8, F14,
and F15, is signi cantly better than other algorithms. In the case of 30-D, test results of AELPSO in seven test
functions (F1, F4, F6, F7, F8, F13, and F15) are all \+", which are signi cantly better than the other ten peer
algorithms.

(b) CEC2020: From the Wilcoxon signed-rank test results in Tables4 and 5 and Tables F2{F5 in the supplemen-
tary material, in the case of 5-D in CEC2020, AELPSO is signi cantly better than the other ten algorithms. In the
case of 10-D, AELPSO is signi cantly better than the other nine algarithms on F9 test function except CLPSO-LS
algorithm, which is because AELPSO uses multiple strategies to seancand the population diversity is too rich to
converge, so it has no obvious advantage compared with CLPSO-L$lowever, with the increase of the dimension
of the subsequent test questions, we nd that the comprehensig learning strategy in CLPSO-LS could not provide
suitable initial values for the quasi-Newton method within the speci ed number of tness function evaluations,
and the quasi-Newton method is very sensitive to the initial values, vhich ultimately lead to the degradation of
the performance of CLPSO-LS. AELPSO signi cantly outperformed the other algorithms on the F9 and F2 test
functions in the case of 15-D and 20-D, respectively. In the casef 80-D, AELPSO is signi cantly better than other
ten algorithms in F1 and F4 test functions. In the case of 100-D, tte test results of the other ten algorithms on the
F4, F7, and F10 test functions are all \+" compared with AELPSO, w hich means AELPSO is signi cantly better
than other algorithms. It is worth mentioning that the performanc e of AELPSO is getting better and better as the
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Figure 5 (Color online) Wilcoxon signed-rank test results between A ELPSO and other algorithms in (a) CEC2015, (b) CEC2020, (c) C EC2022.
Table 8 Friedman-test of Means in the 37 test functions. The top-ran ked entry in each column is in bold.
Overall CEC2015 CEC2020 CEC2022

rank Algorithm Ranking Algorithm Ranking Algorithm Ranking Algorithm Ranking
1 AELPSO 2.27 AELPSO 2.35 AELPSO 2.15 AELPSO 2.48
2 DSPSO 4.69 TAPSO 3.65 CLPSO-LS 3.9 CLPSO-LS 4.81
3 CLPSO-LS 5.57 EAPSO 4.3 DSPSO 4.42 ADFPSO 4.94
4 TAPSO 6.01 FMPSO 4.37 MFCPSO 6.26 MFCPSO 5.4
5 ADFPSO 6.21 DSPSO 4.53 ADFPSO 6.3 DSPSO 5.56
6 EAPSO 6.29 ADFPSO 7.03 ADE 6.35 ADE 5.58
7 MFCPSO 6.31 HCLDMSPSO 7.08 HCLDMSPSO 6.61 HCLDMSPSO 6.48
8 FMPSO 6.63 MFCPSO 7.15 TAPSO 6.67 EAPSO 6.9
9 ADE 6.77 GLPSO 7.62 EAPSO 7.06 TAPSO 7.35
10 HCLDMSPSO 7.69 ADE 8.52 FMPSO 7.43 FMPSO 7.52
11 GLPSO 8.56 CLPSO-LS 9.4 GLPSO 8.87 GLPSO 8.98

dimensions increase.

(c) CEC2022: As shown in the Wilcoxon signed-rank test results in Téle 6 and Table F6 in the supplementary
material, in the case of 10-D in CEC2022, AELPSO has signi cantly ouperformed the other ten algorithms. In
the case of 20-D, AELPSO signi cantly outperforms the other ten algorithms on the F3 and F7 test functions.

Table 7 shows that all CPs are positive numbers, indicating that AELPSO gererally has signi cant advantages
over all algorithms in all test functions.

(2) Friedman-test results: In this part, a Friedman-test of Mean values is used to compare the overall performance
among all 11 competitors. Furthermore, we also carried out sepate tests in the 5-D, 10-D, 15-D, 20-D, 30-D, 50-D,
and 100-D cases. The results are listed in Tabl&, where each algorithm and its rankings are listed in ascending
order (the lower, the better). From the results, we can see thatAELPSO ranks rst with a best rank of 2.27,
consistent with the Wilcoxon signed-rank test results listed in Table 8. To better visualize the ranking results, we
plot a gure as shown in Figure 6, which clearly demonstrates the superior performance of AELPSOIn addition,
AELPSO achieves the most favorable results in all three test setsDue to the space limitation, more detailed results
of the Friedman-test can be found in Table F7 in the supplementary naterial.

4.4 Final rank of all peer algorithms

To evaluate the overall performance of all peer algorithms and givehem a nal rank (FR), we evaluate the nal
performance of the nine algorithms according to the CEC201534], CEC2020 p5], and CEC2022 p6] test documents.
Three scoring methods are provided below.

(1) CEC2015. Mean and median values for each algorithm, computedver 15 problems in both 10 and 30
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Overall CEC2015 CEC2020 CEC2022
Categories
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Figure 6 (Color online) Friedman-test ranking in all test functions . AELPSO achieves the best average performance across all te st functions.

dimensions, will be aggregated to form the nal rank (FR):

XS XS
FR = mean(f 4)jp=10 *+ mean(f a)jp =30
1 s 1 s (25)
+ median(f 2)jp=10 + median(f 2)jp =30 ;
1 1

wheref, gives the averaged best function objective value for runs at MaxES and half MaxFES.
(2) CEC2020. FR is composed of a 50% weighted sum of the normalizextror values across all dimensions and
a 50% weighted sum of the ranking results for each question within edn dimension:

SNE SNEnin 504 1 SR SRnin 50, (26)

FR= 1 SNE SR

where SNEyin is the minimal sum of normalized errors among all algorithms, and SR, is the minimal sum of
ranks among all algorithms.

(3) CEC2022. The method is based on the Wilcoxon rank-sum test, lao known as the Mann-Whitney U-test, and
the observation that runs can be ranked from best to worst wherthey terminate upon reaching either the minimum
error value (10 8) or MaxFES. Suppose we have multiple runs from various algorithms ptimizing di erent functions.
To determine the nal rank of an algorithm for a speci c function, w e rank all the runs from best to worst. The
number of runs is 30, and the number of algorithms varies. Assign té highest rank to the best run. Resolve ties
by assigning average ranks to identical runs. Once the runs haveden ranked, each algorithm's score for a speci c
function is calculated as the sum of its ranks minus a correction termwhich is half of the product of the number
of runs and one more than that number. An algorithm's nal rank is t he sum of its scores across all functions.

The speci c scoring ranking methods and formulas are shown in the pplementary materials. Among them,
the lower the score of CEC2015, the higher the ranking, and the higer the score of CEC2020 and CEC2022, the
higher the ranking. It can be observed from Table9 that AELPSO ranks rst in all three test sets, indicating that
AELPSO has the best comprehensive performance. The scoreseaR.20E+10, 100, and 1.69E+05, respectively.
Due to the space limitation, more detailed results of the FR can be foad in Tables F8{F10 in the supplementary
material.

4.5 Convergence speed

The speed at which a global optimum is obtained is also an essential cetion. This section conducts experiments
in the 20-D, 30-D, and 100-D cases to compare the process. Therorergence graphs of the four classes of functions,
namely unimodal, basic multimodal, hybrid, and composition functions, are shown in Figures7{ 10, respectively.
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Table 9 Final rank of all peer algorithms. The top-ranked entry in ea ch column is in bold.
CEC2015 CEC2020 CEC2022
Ranking Algorithm FR Ranking Algorithm FR Ranking Algorith m FR
1 AELPSO 2.20E+10 1 AELPSO 100 1 AELPSO 1.69E+05
2 TAPSO 2.42E+10 2 DSPSO 66.98 2 ADFPSO 1.32E+05
3 EAPSO 2.83E+10 3 ADFPSO 65.7 3 MFCPSO 1.24E+05
4 FMPSO 3.74E+10 4 MFCPSO 63.87 4 CLPSO-LS 1.19E+05
5 DSPSO 4.91E+10 5 CLPSO-LS 59.2 5 DSPSO 1.14E+05
6 GLPSO 5.50E+10 6 HCLDMSPSO 55.12 6 ADE 1.09E+05
7 ADE 5.80E+10 7 EAPSO 52.04 7 HCLDMSPSO 9.93E+04
8 MFCPSO 9.18E+10 8 FMPSO 43.39 EAPSO 9.61E+04
9 ADFPSO 9.58E+10 9 GLPSO 36.51 TAPSO 8.60E+04
10 HCLDMSPSO 9.81E+10 10 TAPSO 36.27 10 FMPSO 8.56E+04
11 CLPSO-LS 1.61E+11 11 ADE 29.31 11 GLPSO 5.45E+04
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Figure 7

(Color online) Comparison results of convergence characte

ristics in CEC2015-30D.

Figure 7 shows that AELPSO can always nd better solutions in eight out of 15 test functions in the case of 30-D
in CEC2015. Although AELPSO exhibits a slower convergence rate tan TAPSO during the exploration stage, its
convergence speed outperforms other algorithms signi cantly, hanks to the inclusion of the AEL. The AEL enables
the elite particles chosen from all sub-swarms to possess a more digi ed search approach, and the number of
them gradually rises as the population transitions from the explorafon stage to the exploitation stage, signi cantly
bolstering the local search of AELPSO.

Figure 8 shows that AELPSO performs the best in ve out of ten functions, including F2, F4, F6, F8, and F10,
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Figure 8 (Color online) Comparison results of convergence characte ristics in CEC2020-20D.

in the case of 20-D in CEC2020. In addition, Figure9 shows that AELPSO has an obvious rapid convergence e ect
on three functions (F3, F8, and F9) in the case of 100-D in CEC2020and AELPSO shows competition results in
F2 and F5.

As shown in Figure 10, AELPSO performs best in seven (F1, F3, F5, F7, F8, F9, and F11put of 12 test functions
in the case of 20-D in CEC2022. Although AELPSO does not have the ighest convergence speed in all functions,
it is not at a disadvantage. This indirectly proves that AELPSO has a strong ability in the later exploitation stage
and can continue to nd better values.

4.6 Complexity analysis

The time complexity of AELPSO is O(0:9MD +0:1MD?), where M represents the population size, and represents
the problem's dimensionality. The Ortho-strategy has a time complesty of O(MD?), and the number of particles
executing this strategy is only one-tenth of the entire population. This design allows AELPSO to maintain a balance
between computational e ciency and the ability to escape local optima, as particles under the Ortho-strategy can
interact with and learn from particles governed by other strategies, enhancing global search capabilities without
excessive time consumption. When the problem's dimensionality is smaliethan or equal to 10, the complexity
of AELPSO is equivalent to that of the canonical PSO. From Table D4 in the supplementary material, it can be
observed that the computation time of the Ortho-strategy increases signi cantly with the growth of dimensionality.
In contrast, the time growth for the other strategies is more gradual. An experiment is conducted to compare the
run time of the 11 algorithms. The results listed in Table 10 show that AELPSO achieves the overall rank of four in
complexity. Combining the best performance indicated by mean resls and FR, it is found that the Ortho-strategy
in generating better exemplars causes extra time consumption. Heever, the appropriate parameter adjustment
and elite learning method help AELPSO gain a relatively fast convergene speed, as demonstrated in Figureg{ 10.
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Figure 9 (Color online) Comparison results of convergence characte ristics in CEC2020-100D.

4.7 Comparison of real application

In this section, two real applications, namely, the optical structure and mechanical structure optimizations, are
used to test the performance of AELPSO. These problems are tyipally expensive optimization problems in which a
tness evaluation consumes signi cant time using the numerical calalation-based method, such as the nite element
method (FEM). The initial populations for each algorithm are kept th e same, and each algorithm is executed only
once because of the excessive computing cost.

(1) Optical structure optimization. The problem of optical struct ure optimization is a 6-dimensional real-world
problem [61]. As presented in Figure 11, the optical cavity consists of mirror 1 ( xed mirror), an air layer, and
mirror 2 (movable mirror). The displacement of mirror 2 modi es the cavity length of the optical cavity, thereby
inducing corresponding alterations in the optical intensity-displacenent response curve. The mirrors are composed
of optical thin- Im layers and substrates. Given the stable refractive index and ready availability of SiO, wafers, we
chose SiQ as the substrate material for both mirrors. The material and thickness of the optical Im and substrate
exert a signi cant in uence on the optical intensity-displacement r esponse. Thus, we consider these parameters as
optimization variables. Consequently, the optical structure optimization problem can be abstracted as a minimized
multimodal optimization problem with six parameters to be optimized:

8 16 X165
16 X, 6 26

0:0016 X3 6 0:1;
(27)
where X1, X3, X4, and Xg represent the thickness of the SiQ protective layer, xed mirror,

16 X46 5

16 Xs56 26

056 X6 2

SiO , substrate, and
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Figure 10 (Color online) Comparison results of convergence characte ristics in CEC2022-20D.

movable mirror, which are continuous variables with units of micron ( m); X, and Xs represent the refractive index
of xed and movable mirrors, which are discrete variables, represating the refractive index of 26 di erent mirror
materials. In summary, the tness function of optical structure f is de ned as

min f (X 1;X2; X3;X4; Xs; Xe)

- maxfli;log 5 ; if t value> 0:95 (28)
a; else
C |ma><
t _value= — + ; 29
value = 2 > (29)
C= I max I min (30)

Imax * I'min '
wherelL; and L, are the displacement values corresponding to the monotonically in@asing and decreasing intervals
in the response curvea is a larger constant designed to remove parameters that do not net the contrast conditions,
Imax and Imin are the normalized light intensity, C is the contrast, and is the period of the response curve. The
purpose of this tness function is to evaluate the quality of the reponse of the optical cavity and to nd the
structure with high symmetry and high contrast.

In practical applications, the optical structure optimization prob lem not only involves searching a high-dimensional
parameter space but also requires adherence to strict physicabastraints. For example, the thickness of the SiQ
protective layer (X 1) must be between 1 and 5 m to ensure mechanical stability and manufacturability. Addition-
ally, the selection of the refractive indices of xed and movable mirras (X, and Xs) is limited by the availability
of materials, further increasing the complexity of the problem. These constraints render the optimization prob-
lem highly nonlinear and multimodal, demanding robust global search ad local optimization capabilities from the
algorithm.
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Table 10 Comparison of complexity (C) between AELPSO and other peer a Igorithms.
Overall CEC2015 CEC2020 CEC2022
rank Algorithm Ranking Algorithm C Ranking Algorithm C Ranking Algori thm C

1 DSPSO 1 DSPSO 5.98E 02 1 DSPSO 1.95E+01 1 DSPSO 1.86E+01

2 GLPSO 2 CLPSO-LS  7.00E 02 2 GLPSO 4.64E+01 2 CLPSO-LS  4.96E+01

3 CLPSO-LS 3 HCLDMSPSO 7.11E 02 3 AELPSO 5.94E+01 3 GLPSO 6.17E+01

4 AELPSO 4 GLPSO 7.37E 02 4 CLPSO-LS  6.09E+01 4 AELPSO 6.98E+01

5 HCLDMSPSO 5 AELPSO 7.99E 02 5 HCLDMSPSO 7.07E+01 5 HCLDMSPSO 7.40E+01

6 TAPSO 6 TAPSO 8.46E 02 6 TAPSO 9.39E+01 6 EAPSO 9.90E+01

7 EAPSO 7 ADFPSO 1.59E 01 7 EAPSO 1.48E+02 7 TAPSO 1.11E+02

8 ADE 8 MFCPSO 1.63E 01 8 ADE 1.52E+02 8 ADE 2.49E+02

9 ADFPSO 9 FMPSO 3.69E 01 9 ADFPSO 5.40E+02 9 ADFPSO 5.68E+02

10 MFCPSO 10 EAPSO 9.62E 01 10 MFCPSO 5.42E+02 10 MFCPSO 5.79E+02

11 FMPSO 11 ADE 1.03E+00 11 FMPSO 1.07E+03 11 FMPSO 1.13E+03
Figure 11 (Color online) Diagram illustrating optical structure opt imization. (a) Schematic of the membrane-based optical cav ity along with
its variable parameters; (b) typical response of the light i ntensity versus the displacement of mirror 2 (the panel depi cts the target response of

the optimization).

When conducting the test, each algorithm has a population size of 50and the tness function is evaluated 500
times. Each algorithm was run 15 times. The optimization objective is © achieve a symmetrical light intensity-
displacement response with high optical contrast. As shown in Figue 12, it is evident that AELPSO, CLPSO-LS,
and FMPSO outperform other algorithms in terms of symmetry. Table 11 shows that AELPSO ranks rst in
overall performance based on tness value, contrast, and symetry. In addition, AELPSO ranks rst and second
in contrast and symmetry, respectively. It is found that the computation time of these 11 algorithms is very close.
In summary, AELPSO performs the best in the optical structure problem. AELPSO dynamically balances these
constraints during the search process to ensure the feasibility othe optimized results in practical applications.
AELPSO achieves high symmetry (698 10 3) and contrast (0:998), outperforming other algorithms. However,
we also acknowledge the trade-o between solution quality and comptational e ciency, as AELPSO requires a
slightly longer computation time (1:51 10° s) compared to some algorithms. This trade-o is justi ed in scenarios
where solution quality is prioritized.

(2) Mechanical structure optimization. The mechanical structure optimization problem [62] is a real-world chal-
lenge with 10 dimensions, where the structure in question is the seitve element of an MEMS gravimeter, as shown
in Figure 13. It consists of a freeform anti-spring and a proof mass. By optimiing the shape of the freeform geom-
etry, as well as the width and compression of the anti-springs, thesensitivity of the structure can be improved. The
shape of the freeform geometry is de ned by control points. This, optimizing the shape of the freeform geometry
is equivalent to optimizing the coordinates of these control points. The freeform geometry is governed by seven
control points, leading to 14 coordinate values. Of these values,sare xed, while the remaining eight coordinates
need to be optimized. The tness evaluation relies on FEM, making thisa computationally expensive optimization
problem.

As shown in Table 12, X331, X41, and Xs; are the x coordinates of the 3rd, 4th, and 5th control points of the axis
of the anti-springs; ys1, Ya1, Y51, Y61, @nd y71 are they coordinates of the 3rd, 4th, 5th, 6th, and 7th control points
of the axis of the anti-springs, respectively;! ; is the width of the anti-springs; B is the compression amount of the
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(Color online) The symmetry of the optimization results in 1

Optimization results in optical structure. The top-ranked

1 peer algorithms.

entry in each column is in bold.

Algorithm Fitness value Symmetry Contrast Time (s)

CLPSO-LS 5.00E 03 8.36E 03 0.989 1.58E+05 2
DSPSO 7.83E 02 3.57E 02 0.947 1.44E+05 10
FMPSO 5.00E 03 1.65E 02 0.990 1.65E+05 3

HCLDMSPSO 1.50E 02 8.02E 02 0.983 1.45E+05 9
MFCPSO 5.00E 03 2.21E 02 0.968 1.55E+05 5
TAPSO 5.00E 03 1.67E 02 0.978 1.49E+05 4
GLPSO 1.50E 02 1.51E 02 0.998 1.51E+05 8
ADFPSO 5.00E 03 2.90E 02 0.945 1.50E+05 7
EAPSO 5.00E 03 2.59E 02 0.997 4.44E+05 6
ADE 225 01 2.65E 01 0.972 2.14E+05 11
AELPSO 5.00E 03 6.98E 03 0.998 1.51E+05 1

structure of the anti-springs. In summary, the objective function of the mechanical structuref is de ned as

min f (Xa1; Xa1; Xs1; Y31; Ya1; Ys1; Ye1; Y71, Wi; B1)

= ﬁ;R2> 0:9;S 6 300

(381)

where Z is the absolute value of the dierence of the sensitive axial displacemnt of the proof mass under the
action of 974{984 Gal gravitational acceleration, R? is the linear regression determinant of the displacement and
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Figure 13 (Color online) The sensitive unit of MEMS gravimeter based o n freeform geometries, including (a) the proof mass, (b) con necting
rods, (c) F-ASs, and (d) compression mechanisms, with motio n in the y-axis direction.

Table 12 Parameter range of mechanical structure optimization.

Parameter Lower limit ( m) Upper limit ( m)
Xa1 875 4475
Xa1 4475 8075
X51 8075 11675
Y31 6050 13250
Va1 6050 13250
Y51 6050 13250
Ye1 6050 13250
y7 6050 13250
Wi 30 40
B1 0 800

gravitational acceleration within the working range, and a is the scale factor.

In practical applications, the mechanical structure optimization problem not only involves searching a high-
dimensional parameter space but also requires adherence to striphysical constraints. For example, the width of
the anti-springs (w;) must be between 30 and 40 m to ensure mechanical stability and manufacturability. The
coordinates of the control points are limited to speci ¢ ranges to @sure the geometric feasibility of the freeform anti-
spring design. These constraints re ect real-world manufacturirg limitations and operational requirements. These
constraints, combined with the high-dimensional and nonlinear natue of the problem, make the optimization task
highly complex and multimodal. The algorithm must not only navigate a vast search space but also dynamically
balance multiple competing objectives, such as maximizing sensitivity \wile maintaining linearity.

When conducting the test, each algorithm has a population size of 50and the tness function is evaluated 500
times. Each algorithm was run 4 times. The optimization objective is to maximize the mechanical acceleration
sensitivity, and the constraint is that the linearity should be greater than 0.9. In the tests, we nd that local
searching methods, such as the quasi-newton method§], play an essential role in enhancing the performance of
algorithms. Based on this observation, we adjust the sizes of eacub-swarm in AELPSO. The modi ed algorithm
sets the ratio of particles executing the CODA multi-strategies to 13:4:2.

The ten parameters obtained by mechanical structure optimization and the corresponding sensitivity and linearity
are shown in Table13 and Table F11 in the supplementary materials. Table13 shows that all results have linearity
very close to 1, meeting the constraint. The convergence diagranduring optimization is shown in Figure 14.
Therefore, we focus on the sensitivity. Table1l3 and Figure 15 show that the modi ed AELPSO outperforms
other algorithms. At the same time, there is an increase in computaibn time due to the increased number of
particles executing the Ortho-strategy, which is reasonable bagk on the NFL theorem [23]. For alignment of
AELPSO's performance with problem characteristics, AELPSO demastrates strong performance in navigating
the high-dimensional and multimodal search space of the mechanitatructure optimization problem. Its ability
to balance exploration and exploitation allows it to avoid local optima and converge to high-quality solutions.
AELPSO achieves the highest sensitivity (14.87 m/Gal) among all tested algorithms, as shown in Table 13.
The algorithm's multi-strategy approach, including the use of the Ortho-strategy, enhances its ability to explore
the complex search space e ectively. Similarly, due to the time compleity characteristics of the Ortho-strategy,
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Table 13 Optimization results in mechanical structure. The top-ran ked entry in each column is in bold.
Algorithm Fitness value Sensitivity ( m/Gal) Linearity Time (s) Rank
CLPSO-LS 4.70E 02 2.02 1.00 5.99E+05 9
DSPSO 241E 02 6.82 1.00 5.49E+05 7
FMPSO 8.39E 03 11.43 1.00 6.52E+05 2
HCLDMSPSO 2.24E 02 5.67 1.00 4.82E+05 6
MFCPSO 1.65E 02 7.71 1.00 4.79E+05 4
TAPSO 1.35e 02 7.71 1.00 4.24E+05 3
GLPSO 6.39E 02 1.57 1.00 4.90E+05 11
ADFPSO 6.01E 02 1.65 1.00 4.79E+05 10
EAPSO 1.68E 02 5.74 1.00 4.71E+05 5
ADE 450E 02 2.44 1.00 7.91E+05 8
AELPSO 6.85E 03 14.87 1.00 8.11E+05 1
Figure 14 (Color online) Comparison diagram of convergence of mechan ical structure tness values. AELPSO achieves the smallest tness

value.

AELPSO demonstrates signi cant advantages in tness-optimal problems but shows relatively weaker performance
in optimizations requiring extremely high time e ciency.

5 Conclusion

This paper combines the idea of multiple sub-swarms collaboration andnformation sharing within elite particles,
proposing AELPSO that ts multimodal optimization problems. In the algorithm, CODA strategies are selected
according to the topology and learning exemplars. The complementy strategies are adaptively fused via the AEL,
in which elite particles are selected to execute more strategies to eape local optima, and the elite particle number
is adaptively increased to speed up the convergence. In additionhe xed elimination and competition methods are
applied to enrich the population diversity, and the nonlinear adaptive method is used to mitigate the impact of the
AEL on population diversity. The theoretical analysis interprets why the AEL can improve population diversity and
reduce local convergence. Experimental results, including 37 behmark functions and two real-world applications,
further verify the superiority of AELPSO. It outperforms ten up -to-date peer algorithms in accuracy, robustness,
and convergence speed for almost all problems. The newly propa$algorithm opens a pathway for multiple strategy
fusion and achieves excellent performance for multimodal problemsit should be mentioned that the parameters
and selection method of AELPSO are somehow exible and can be redlgt adjusted according to the characteristics
of the optimization problems. This is where AELPSO could be improved o regarded as the embodiment of freedom
for this algorithm and framework. However while AELPSO demonstraes strong optimization performance, its
computational demands for large-scale problems warrant furthe investigation. Future studies will explore cross-
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Figure 15 (Color online) Sensitivity of the optimization results acr oss 11 peer algorithms, each executed with 4 independent run s. AELPSO
achieved the highest sensitivity. (a) Run 1; (b) run 2; (c) ru n 3; (d) run 4.

paradigm hybridization with complementary algorithms and extension to multi-objective optimization frameworks
to enhance its practical applicability.
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